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— MOMEHTOB 362

— — B YeThIpexMepHoit popme 315—
322

— — KOJIMYECTBA JIBM)KCHUS B
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— sHTponuu 363

YpaBHEHUS IBUKEHUS UACATBHON
KUJKOCTU B WJIMHIPUYECKOH U
cepuueckoit cucremax 186
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DPEANCIHOBHAE

Ilosmanme mpupomsl W peMieANe MHOTMX AKTYAIBHHEX TeXHHUECKHX
3a)1ag Tpe6yT TOCTPOSHAA HOBHX Mopeneit muas raybokoro m Goxee me-
TAJIBLHOTO ONHCAHMA MHEKPOCKONAIECKAX W MAKPOCKONHYECKHX Mexa-
HAYECKNX N Boolme PmsnIecKuX 00bEeKTOB, B3ANMOICHCTBHHA W ABJIEHMIA.

OnHT ¥ BHYTPEHHASA CYIMHOCTh HAYKH YKA3LBAKT, YTO OTBETH HA
BOIPOCH O CTPOGHHE MaTe€pPHH, HA BONMPOCH ACTPOPHBNKY, HA Pas3NHIHEE
BONPOCH 0 CYINECTBEHHHIX CBOMCTBAX YCIOKHEHHKX B3aWMMONEHCTBHIA B
TellaX SKABOTO, OPTAHMYECKOTO W HEOPTaHMYeCKOTO0 MHPA BO MHOI'OM
CBA3aHK ¢ HEKOTOPHMH HAMPMYA OOMWMA YHHBEPCAJLHHMH HOHATHA-
MH, MPeICTaBICHNAMNA, 3aKOHAMHA, ANEAMA W METOTAMH.

K macrosmeMy BpeMeHH yke HAKOILTeHA OTPOMHA A HAYYHAA HHPOPMA
IHA, PASBUTH TEOPHH W COOPAHH YKCIEPEMEHTAIbHEE JAHHHE O MOBEMIe-
HAX (UBHYECKMX MHOied, O ABHMKeHWH N PABHOBECHH ra30B, ILIA3MH
JRATKOCTEH W TBePANX MeopMAPYEMHEX TeJ.

fBHoe ycraHoBIeHME OOMAX OCHOB M BHYTPEHHHX CBA3EH MEmRIyY
PasIMYHHMHA TeopHAME @A HabGIgaeMHMHU 3dderTaMr cmnocoGCTBYET YT
ny6lIeHHOMY INOHMMAHWIO NeACTBHTEIHHOTO COCTOAHHMS HAYKH, MPABHAID
HOH OIleHKe M3BECTHHX W PAa3BUBAIOMUXCA HAYYHHX MOCTMKEHUHA W HAX
aygmeil OpueHTHPOBEE B 6oraTcTee HoOHTON mEJopManuu. Bee aro ogens
Heo6XOIMMO Kak HMCXONHmI 6asmc And [anbHedmero HaydIHOTO pas-
BHTHA. ’

Ilpm wanokeHWE OCHOB MEXAHMKH W (UBMKHN IOIE3HO PYKOBOICTBO
BATBCA CIEIYIOMAM HOJOKeHHEM, KOTOpOe Heo6XogmMo HOTYePKHEYTH
ABHO. BBogmmule m ODpEMeHAeMHe NOHATHA W CBASH HMET ONpeeieH-
HHJ TOYHHHA CMBICT TOJIBKO B PAMKAX HEKOTOPOTO MHOKECTBA MOJeneif,
KOTODHIe KOHCTPYHPYIOTCA MJIS HAYIHOTO ONHCAHHA W HCCIEJOBAHUA
HHTEepeCYIOMuUX HAC KIACCOB PEANBHEIX ABIEHHN. ITO OTHOCHTCH H K
TaKuM QyHJaMeHTAJIbHHM HOHATHAM, KAK IIPOCTPAHCTBO, BpeMsA, CHIA,
TeMImeparypa, SHTponuA # T. O. Hak m3BecTHO, OpeacTaBiIeHWe O HBIO-
TOHOBCKOI cHie He HMEeT CMEICIa B HEKOTODHX B3aWMOJEHCTBHAX, OIA-
CHIBAEMHX KBaHTOBOH MeXaHWKOH, W COBEPIMMEHHO HEJOCTATOYHO [
ONHMCAHEA MeXaHWICCKHX B3aHMOJEHCTBHHA B COBPeMEHHHX YCJOKHEH-
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HHIX MOJENAX CINIOIIHKX cpef. «YHEBepCAJbHHE» MOHATHA 00 DHTpPO-
INE ¥ TeMIepaType He MMEIOT CMHICIA W He HY)KHH B MOJelAX aHAJIHNTH-
YecKo# MeXaHUKH.

TakmMm 06pasoM, HEIb3d TOBOPHUTH 00 OCHOBHBEIX HOHATHAX M 3aKO-
HOMEPHOCTAX BHE COBOKYHHOCTH OY€Hb IIMPOKHX WIH Y3KAX KJIacCOB
Mojeneil, KoTopble y:ke BBEAEHL SABHO IJIH MOTYT OHTEH elle BBEefeHH,
WA TOAPA3yMEBAIOTCHA HEABHO—HOTEHNWAJIBHO B TEOPHAX W B OIBITHHIX
mabarogenusx. Heywer sToro mnomo:KeHHWs, dYpeaMepHAsA OOMEBOCTE U
OTOPBAHHOCTH OT CYWIECTBA [ieJa MOTYT HOPOKAATH OeclpepMeTHEE pac-
CYMIEHNS 0 CMEICIE CHIH, SHTPONMA W T. . B ompenenennsx MpaBUiIb-
HO BBEIEHHEIX MOMENAX AoCTUraerca HeoOXoqumas sCHOCTH, M BO3HHKA-
I0U(He HeTOpasyMeHUs Jerko ycrpaHmmsl. Ho ecrecTBeHHO, 9T0 BCE MO-
TeNW OTPAKAIT ACHCTBUTEABHOCTD TOABKO MPHOIMKEEEO I TOMBKO B He-
KOTOpOil 06IacTH; yTOUHEHHE, YCIOKHEHHE, HOBOE MOJEJMPOBAHNE ILIH
B HU3BECTHOM CMBICIE YIpPOIIeHUe CYIMECTBYIMUX MORENeH — 310 Iio-
CTOAHHEIN IPONECC, CBABAHHHIA ¢ HAYYHEIM LPOTPECCOM.

OdeBuaHO, UTO H3yYCHHE YUAIMMMMECA MEXAHUKH OCOGEHHO IIOJEe3HO
He TOJBKO C TOUKH 3PEHUA YKe HM3BECTHHIX NPHAJIOKEHHWI, CKOJIBKO C
TOUKM 3PCHHA MePCHeKTHBHLIX MP06aeM, KOTOPEE CTAHYT MPEIMeTOM HC-
CIeIOBAHNA W IPWIOMKEHN B OymymeM.

B c¢Bsism ¢ pTUM B ImOcIeHME TOQH ACHO BHABWIACH HEOOXOIUMOCTE
BBEJCHUA B NPENOaBAHME B BHCIIMX y1eGHEIX 3aBeleHHAX Kypca Me-
XaAWKHU CIUTONIHOMN Cpejsl Kak oOmeil OCHOBH [ijif PAa3BUTHA TEPMOJIMHA-
MEKH, TEOPHH 3JIEKTPOMATHETH3MA, THPONUHAMUAKE, Fa30BOH ANHAMAKI,
TEOPHUM YUPYTOCTH, TEOPUH IIACTUIHOCTH, TEOPHU IOJA3YIECTH U MHO-
THX APYyIuX paspgenosB Quamkm @ Mexaruku., OOIMHOCTL M HePaspHBHAA
CBfA3b IePEUMCIeHHX BHINE PA3MIUTHbIX Ha NEPBLIi B3IMIAN Pa3feldoB Me-
XaHVKHN 0 QU3NKE 3aCTaBIAAIOT HAC PACCMATPUBATEL HX KAK eJUHOE HeJoe,

B ceere cPopMyIHpOBAHHEIX BHIIIE YCTAHOBOK COCTABJIEH IIpefia-
raeMslil Kypc MeXaHUKY CILTOITHOM cPesl. ITOT KYPC BOSHUK B Pe3ylAnTa-
T€ JEKIWi, KOTOPHE aBTOP B TeYeHHEe MHOIHX JeT auTaid B MOCKOBCKOM
TOCYZAPCTBEHHOM YHMBEPCHTETE W KOTOPHE GHUIN MepBOHAYTAILHO H37a-
gH Ha porampmuTe B 1966 —1968 romax.

Hypc cocrour m3 nByX TOMOB, B HEPBOM TOME H3JAraTCA YHHBEP-
calbHEHEe MaTeMaTHIeCKAe MeTORH M IIOHATHS, OCHOBH TEPMOJHHAMUKH I
SJMEKTPOAMHAMUKHA. ABTOD HAJIEETCS, YTO KPATKOE M3JI0MKEHHE OCHOB
TEPMOAMHAMAKA ¥ DIEKTPOJHHAMHUKH OKAMKOTCA IOJE3HHEIM HE TOJIBKO
coenmanueram, paGoralomuM B ofmactw MexaHusm. Hpowme toro, B
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OepBOM TOME YCTAHABIHBAIOTCA OCHOBHHE (H3WIECKHE YDPAaBHEHHMSA W
OOMONHUTENLHEe COOTHONIEHWSA HA CHIBHHIX PAa3pHBaX, a TaKKe
HAJAJbHEE, KPaeBble W Jpyrue ycaoBHsa. BMecTe ¢ 3THM YKa3HBAIOTCA
BAJKHEE CBoOMcTBA UpUOIWKEHHNX OPHEMOB, CBA3AHHHX, HAUDUMep, C
auHeapuaanmeit 3agad. TakaM 06pasoM, B IePBOM TOME ITOJTOTABIABAIOT-
¢ MPEAIOCEIIKY JJIf HOCTPOSHNA KOHKPETHHX Mojielell CIIOIHEIX cpef
¥ BHIABIAIOTCA THINIHEIE DIEMEHTH CXeMAaTUIeCKHX IPWeMOB IPH HoO-
CTAHOBKAX KOHKDETHHIX 3ajad.

B ragecrse goGaBieHUA K OHepBOMY TOMY IIPHCOEUHEHH €IIe ABe pa-
0OTH, OpPraHATIEeCKH CBA3AHHLE ¢ M3JaraeMHM B Kypce MaTepHaIoM.
B mepsoit u3 HEx pasBuTa 06MAS TEOPHUSA CHMMETPHA B TPEXMEPHOM IIPO-
cTpaHCTBe, mpobieMa KiIacCAPMKANNK KPHCTAIOB ¢ TOYeUHON CHMMeET-
pueil m TeOpPUA CTPYKTYPH HEIMHEHHHX TEH30PHHX (YHKIUHA 0T HECKOIb-
KHEX TEH30pHHX apryMeHToB. Bo BTOpPOHl cofepsKUTCA CHCTEMaTHIECKOe
u3JI0eHne 00Ier0 MeTojla MOCTPOEHHSA YCIAOKHEHHEIX Mojelell CILIONI-
HHX cpeJ ¢ BHYTDPEHHHME CTENeHSMH CBOOONH HA OCHOBE YHHBEDCATb-
HOTo 0a3UCHOr0 BaPHAMAOHHOI'O YPARBHEHUS.

3uaxoMcTBO ¢ 3tAMA  paboTamu woJe3HO U HEOOXOOMMO AAA UTEHHA
cepun Apyrux pabor mocaegHero BPeMeHH, IOCBAMEHHHX HOBHM Te€0-
pPEAM W MOJeNdsM B MeXaHHMKe CIJIOIIHOH CPefHl.

Bropoii ToM DOCBAMEH KOHKPETHHIM MOJEIAM U TEOPHUSIM B THIDOH-
HaMHUKe, Fa30BOil JUHAMUKE, TEOPDUH YIPYI'OCTH U TEOPHH IACTHIHOCTH.
3mech naercd pemieHne THUNWIHHX 3a7a7 B PAMKAX KIACCHIECKUX Mofie-
Jefl W YCTAHABIAWBAIOTCA BAayKHEHIIHMe 3aKOHOMEPHOCTH, HMemue Me-
CTO B IIHPOKAX KJIAccaX JBMKEHWH M IIPOIMECCOR.

Bo Bropoit Tom (§§ 6—10 rmapu VII) Brawgera ofmail Teopud
ra3oBRIX U TI'HpaBIndecKAX Mamnd; 3TW maparpadsl IpefcTaBIAIOT
cO0OMl yc0B2PUIPHSTBOBAHAO? WDKK IHA3 CHAMUAABHINO Kypsa JeKIHmd,
quranmerocd MH0I0 B MockoBcroM yHmBepcurere. Heworopwle H3 oc-
AOBHKIX BLIBOTOB 3TOH TEOpHH, HMEIOMel MHIKeHepHHIH xapakrep, o0o-
CHOBAaHH 0olilee CTpPOro B Hociaenywomux naparpadax raaser VII,
(JOCBAIIEHANX O0Iieil TeOpAW NBMKEHAA TBEPHOTO Tela B KHKOCTH.

B ocHOBHOM JeyKTHBHEIA CTHIb M3JI0KEHHAA, BHOOD MaTepuaaa o ero
pacmojioyKeHne CBABAHH CO CTPEMJIEHWEM JAThH JOTHYeCKHI CKeJer Teo-
PUE ABWKEHUSA CILUIOIIHHEIX CPef W MOZIAHEHH IIABHOM IHenn: CO3JaTh
IaA qETaTens npm MmHEAMyMe (artmyeckoil mHEPopManum, orpaHMId-
BafACh Haubosiee MPOCTHIME IPAMEPAMHE, IMEIOIIEMHA BayKHENMee TPaKTH~
TeCKoe 3HAYeHWe, OMATOUPHUATHYI0 HOYBY A [ETAIbHOTO MOHAMAHZA
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CYIHOCTH OCHOB MEXAaHHKHW CIUIOIIHON CPEAH ¥ TIaBHHX M3BECTHHX a¢-
$exTOB, BO3HEKAOIAX HpHE ABUKEHMA CIIOMHHX cpef. lmawe rosopsa,
MH CTPEMEIWCH NPH HEoOXOXAMOM MEHWMYMe HHPODMANHA NOIYIATH
MaKCcUMyM IOHWMAHWA.

Hexoroprie 0ueHs BAXKHES PA3AeNL THAPOMEXaHNKA U MEXaBUKY TBeD-
HOEIX TeJ He BKJIIOUEHH B 8TOT KYDC, TAK Kak, Kpome ofmero Kypca Mexa-
HEKN CINIOMEOR Cpes, AMEIOTCH MONOJIHATEALHEE COenuaibHie KYyPCH
H [gpyrame KmEmrm, rge Oosee moxpo6HO DasBUBAOTCH COOTBETCTBYIO-
mume Teopud. JITO OTHOCHTCH, HAUPWMEp, X TEOPHM ILTOCKOmapasi-
JeIbHHX [BH/KEHHI KHIKOCTE H Iasa, K TEOPAH HEYCTAaHOBHBIIHXCH
IBOKEHMIA rasa, K TEOPHW BOJH HA HOBEPXHOCTH THKENION 3KHUIKOCTHA
K Gosee feTaabHON TeOPDHH pazMepHOCTH M IOJ00Msa B MeXaHHKe, K Teo-
pUA OOTPAHMYHOTO CJI0A H TYpOYMeHTHOCTH, K IOAPOGHOI Teopwu mia-
CTHYHOCTH ¥ LOJ3YIeCTH W K MHOTOMY APYTOMY.

OcHOBOI i 5TOro Kypca IOCIYRHIN 3aIMCH MOUX JIEKIWH, crellan-
mue B. B. Posamnesoit m M. 9. 9runT; oHM OKazalu MHe OYeHD 0OJIb-
IIYI0 TOMOINb M CHOCOOCTBOBANA BayKHEIM yCOBEDPIICHCTBOBAHASM TEKCTA
B DesylbTaTe BechMa ILIOZOTBODHEIX OOCY:KIeHH, DPOXOAWBIIAX IIPH
COCTaBIeHNN M PeJaKTHPOBAHAM Bcero Kypca. fI Bepaskaio coio ray6o-
Kymwo Guarogaprocts B. B. Posanueroit m M. 3. 9rant sa upogerannyio
IMHA OrpoMAYyi0 pafory, 06ecHeynBIIyIO mOABIICHAE HPEJIIIATaeMoro Kypea.
A1 oueBr Gnaromapes B. II. HapamkxoBy, okasasmeMy MEe Goapmylo
IOMON[p IPH COCTABJIEHHW TEKCTa, NOCBAMEHHOTO TIHPOJHHAMHIKE, W
. 1. UpneBy, MEOr0o mOMOTraBmeMy MHE IPH COCTaBIEHWH TEKCTA Iia-
BB, IOCBAMEHHON IINOCKOM 3ajfade TEOPHH YIPYTOCTH.

Tlpu moproroBKe ¥ pefakTHpPOBAHEU pasjena, NOCBAMEHHOTO obmei
TEOPME Ta30BHX U TUJDPABAMIECKMX MANIMH, MHE OKa3alH GOJBIIYIO
nomomp I'. M. Bam-3enuxosma, T'. I0. CremanoB u A. f. Uepres, xo-
TOPHM A BHIPAMKai0 CBOI MCKPEHHIOK 61arofapHOCTh.

A raxxe oueds GaarofapeH Biao)xkumBmed MHoro tpypa E. W. Cpem-
HOKOBO# W MHOTEM JDYTHM MOHM COTPY[HHKAM U YYeHHKAM, KOTOpDHE
TOMOTaJl@ MHE IDH COCTAaBIEHHM IIeDBOI0 BAPHARTA POTAIPHHTHOTO W3LA-
guA Kypca. :

JonmoxEdTenbHAs JHUTEPATYPa IO MeXaHMKE CILIOIIHOM Cpeas mepe-
amcaena B xonne II Toma.

J. H. Cedos

Mocksa,
nexabps 1968 ropa



TITABA I

BBEJIEHNE

§ 1. Ilpexver m Merofpl MEXaHUKH CHJOIIHON Cpenhl

Dpegmer mexapmkm cmom- MeXaEWKA CIUIOMIHOHA cpefgsl — oGmIMpHas
HOil cpexht 9aCcTh MEXaHWKHN, IOCBsNECHHAs [IBU;KEHUIO
razo00pasHELIX, JKUIKAX M TBePEHX HedOopMUpPYEMhIX Ted.

B reoperwueckoil MeXaHWMKE M3YIAOTCA JBMKCHHA MATEPHATb-
HOH TOUKH, AMCKPETHHIX CHCTEM MaTepPHAJIbLHHX TOYeK U abCOJIOTHO
TBEpAOro Teia. B MeXaHWKe CINIOITHON CPefH ¢ IOMOIILI0 W HA
OCHOBE METOMIOB W JAHHEIX, PA3BMTHX B TEOPeTHMYeCKOH MexaHUKe,
paccMaTpMBAIOTCA JBUWKEHHAA TAKHX MATCPHANLHHIX TeJN, KOTOPHIE
3aI0JHANIOT MPOCTPAHCTBO HEIPEPHBHO, CIUIONIHLM 06pasoM, M pac-
CTOSHUS MEKIY TOYKAMH KOTOPHX BO BPeMA ABMKEHHS MeHAITCH.

IToMuMoO OGHYHEIX MATEPHAIBHKX TeJ, TOXOGHHX BOJie, BO3AYXY
WA jKelledy, B MeXaHMKe CIIOMIHOM CpeIsl PACCMATPHBAIOTCA TAK-
;e OCOOHIe CpefHl — IIOAA: JIEKTPOMATHATHOE IOJie, MOJNe UBIY-
geHNii, TPaBATAlEOEHOEe TOXNe (WOIe TATOTeHWA) U JIP.

Mo:kHO yKa3aTh MHOTO PasHOOGPABHKX MBIGKEHUN HIKOCTEH,
ragoB W TBepAHX AePOPMHPYEMHX TeJ, ¢ KOTOPHIME MHl BCTpe-
gYaeMcsd TPH DPACCMOTPEHWH ABJCHWH NPHPOAH W TPH pelleHWH
MHOTOYACICHAENX TeXHAYECKUX 3a/av.

MBormMu ABMXeHEAMHA [ePOPMHUDPYEMBIX Tl MHl MOEM yIpaB-
AATH B HEOOX0JWMOH CTelleHW, ONHEPAsCh HA IOBCEIHEBHLIH 3ie-
MeHTapHH# awgHHK ounlT. OGLiIeHHble XH3HCHHEE HAOIIOTeHAA
€03alI0T ¥ HAC IYBCTBO PEAJBHOCTH W «3/[paBOTO CMEHICJIA», KOTO-
poe 9acTo IO3BOJAET BePHO IPEACKA3HBATH M CO3HABATH HYKHEIE
HaM MeXaHmIecKme sPdeKrTH.

Onrako B cHOMHEEX cayuasax Tpebyerca ocoboe HaKaITUBaHEE
¥ KOHUEHTpamums CXEMATH3WPOBAHHOTO OIKTA, TpeOyloTCA Coe-
NUalbHEE METOJE TEOPETAYECKHX M DKCIEPMMEHTAJIBHEIX HCCIeHo-~
sanmil. [Tposenenne monoGHKX Wecie/[0BaHuil IPHBENIO K CO3NAHMIO
¥ PasBETHI0 MeXAHWKU CIIODIHOH Cpeflki KaK HAayKH.

Jlerxo mpusecTHm UpWMepH], KOrfa Ka)KIHK w3 Hac MOKET cpasy
yKasate cuocob pemieHAMA BajKHeHMWX NPAKTAYECKHX BOIPOCOB
o gemmennn nedpopmmpyemux tea. HampmMep, Kak mepeauts BOAY
¥3 OJHOTO COCYIa B APYTo#, KaK COXPAHATH TEIUIEH BO3AYX BHYTDH
IOMENeHusl, KaK 3aIfATATE cefA oT BeTpa W NOAA U T. 1. BMecTe
¢ TeM CYHIeCTBYOT MHOKECTBO JPYTAX BOIPOCOB, HA KOTOPHE MOKHO
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JaTh OTBOTH TOJBKO HA OCHOBAHHUH CHeNHANBHHX smapmii. Hampn-
Mep, KaKoBa CKOPOCTHh BRITEKAHHA Tasa W3 OTBEPCTHA B (allJIOHE,
B KOTOPOM Ta3 HAXOJWTCA B CKATOM COCTOSAHUM; KaK GyJeT ABUrATh-
cA B atMocepe BO3NYIMIALN IMUKIOH; KAK MOKHO CHE3UTH BO3JYII-
HOC COTNPOTHBIGHHWE CAMOIeTa WMJIHA BOJAHOE CONPOTHBIEHHE KO-
pabis; Kak TOCTPOUTH TeJNeBH3MOHHYIO METALIMYecKYI0 OallHIO
parcoToil 8 500 M, MOCT ¢ WPONETOM MexIy ABYMA GammcalmuMu
omopamu Gojiee ABYX KHIOMETPOB; UTO TMPOM3OUAET ¢ YBCIMIOHHMEM
MW YyMEHBIIEHMEM MaMeTpa BOBAYHOIHOTO BHHTA HA CaMoJeTe; 4TO
MOM{HO CKAa3aTh O PACHpPEIeNIeHNH JABICHWH W O ABIDKEHMH BO3-
Jyxa mpm BspiBe GOMOH W T. A. @ T. I.

OtMeTnM ¢pasy, 9TO CYMECTBYET BeChMa MHOTO BOMPOCOB W 3a-
Jad, Ha KOTOPHE MH elme He MozkeM farb Tpe0yeMmoro yZoBIeT-
BOPHTEIBHOTO OTBETA C IMIOMOINBIO M3BECTHRIX HAM SKCIEPUMEHTANb-
HHEIX U TCOPeTHICCKUX MeTomoB. Pelmenre HOBEX CIOHEIX mpolieM,
HMEIIMX HAayYHOe U TPAKTHIeCKOe 3HAYEHWe, M 3a8ad,’ Me-
CIeoBARNE KOTOPHX IOATOTOBIEHO HPEAIIECTBYIOIMM pPa3BUTHEM
HAYKH, COCTABJACT B HACTOAIMEe BpeMs HpeaMeT HaydHO-UCCIeq0-
BaTEJILCKOIH PabOTHL.

ITpuMepaMy HOBBIX aKTYaJbHHX Npo0ieM SBIAITCA: CHIKCHUE
COMPOTHMBJICHNA Tl OPHU ABHKEHHH B Bofe ¢ OONBIIMME, MOPATKA
100 m/cer, cropocTaAMA; co3flaHme N yAepsRaHNe IIa3ME ¢ TeMIepa-
TYpoif B MIIIHOHEI TPAIyCOB; BEACHEeHNEe 0COOCHHOCTEH MOBETCHUS
MaTepHAJOB NpH GONBIIAX HATPY3Kax W OOJBIINX TeMIepaTypax
(¢ yueroM sABIEHHH IJIACTAYHOCTH, WOJSYIeCTH M T. I.); OWpe-
OeJIeHHe CuJl, AeHCTBYIOMMUX HA COOPY’KeHMA NPH B3PEBAX; CO3Ta-
HEEe THIOepP3BYKOBOTO caMojeTa IS JIBHAX TACCAKMPCHUX
moNeToB; o0bsicHenme ofmeil MUPKYIANMEM Bo3AyXa B atMmocdepe;
MPOTHO3 IOTOIH; H3ydeHNe MeXaHNIeCKAX NPOIECCOB B PACTEHUAX
7 FKUBHIX OpPTamM3MaX; Mpo0IeMEl ABOJIONNN 3Be3M, ABICHMWH, Ipo-
ncxomamux ma Commme, m 1p.

ITporpecc HayKH X TeXHMKH B YKa3aHHEIX HAUPABICHUAX TECHO
CBSBAH M OIPEIeIACTCH WCCIENOBATENbCKOII paboToil, TeM He Me-
Hee B HACTOAMEE BPeMsA, HapAAy ¢ TOYHHIME HAYUYHBLIMH TaHHEIMH,
B TeXHWKe OOJLIIYI0 pPOJL WUTPaeT TaKKe PABBHUTLIA «37paBhIif
CMEICJI», TAJIAHT, HHTYHIAA U MeXanmdecKoe «4yThe» KOHCTPYKTOpA
W WH;KEHepA, KOTOPHE MOKHO PasBATH B pesyabrare 0OJBIIOTO OIEI-
ra. He caemyer mymars, 9T0 BCe CTPOAIMUECS MaOIMHEL, CaMOJETH,
Kopabadm m T. . MOryT GHITH pacCYUTAHH U 3apaHee IIpOaHAIH3M-
POBaHHI BO BCeX jeTaisax. B macrosmee BpeMA MHOTOe M3 TBOPeHMH
TeXHWKH [[eaeTcsd TaK ke, KAK BUKUWETH Gollee THICAYM JIET TOMY
Hazag crpownn kopabmam. Torga He cymecTBOBANO MeXaHHMKH Kak
HAYKU Jaske B 3a4aTOTHOM COCTOSAHAW, MKy TeM BHKUHIH CTPOH-
aum kopabim, ofgafaBImIFe XOPOIIMMHM MOPEXOMHHIMHA KadecTBaMM.

BmecTe ¢ TeM coBpeMenHas TeXHHEA YCIOMHUIACHL HACTOJBKO,
4T0 Temeph B TeXHWKe yrke Helb3sA 06XofuThCA Ges Haykwm, Oea mc-
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I0JIB30BAHUA HAKOIIEHHOTO M CHCTEMATH3HPOBAHHOTO OIETA. Tak
JHe KaK COBPeMeHHOe IPOM3BOACTBO HEMHCIHMO (e3 COOTBETCTBYIO-
meil MeXxaHU3alUy, TaK ke M Pa3BUTHEe TeXHHKU celiyac HeMEICIUMO
Oes omopH Ha cosjamEylo HaydHEyI Gaay.

HazoBeM mexoTopeie HamGojiee CYMECTBEH-
HEle paspaboTamtinie HPOGJIEMH MeXaHWKH
CIIJIONTHOM CpeJBL

IIpoGuema BosfelicTBUA KUAKOCTH U Trasa HA JBIGKYMHECS B
Hux Teja. Cuubl, JeHCTBYOIHE CO CTOPOHE ;RUAKOCTH Ha TEJO,
OIPeeNA0TC [BIWKEHHEM KHIKOCTH, HOJTOMY HU3YIeHUE IBUIKE-
HUA TeJ B KUJKOCTH HETIOCPEICTBEHHO CBA3AHO C U3YICHNEM JIBUIKe-
HESA RETKOCTH.

OcoOEIM CcTUMYJIOM pasBETHUA 9TOH IPOOJEME  IOCIY KWW
TeXHUYeCKUe 3aJa9M O IBUKEHMH CaAMOJEeTOB, BEPTOIETOB, IUPH-
xabmeil, cHapamoB, parer, kKopalieil, IOJBOJHHIX IOJIOK; 3a-
Ja491 O CO3TAHMM PABIMYHLIX JBUraTeJbHEX Npuciocobienumilt —
TAKMX, KAK BOJAHLIC M BO3AYIIHLE BUHTH, W T. . ¥ T. II.

JBuwxenue ;xupkocTE u rasa mo TpybaMm u BooGme BHYTpH pas-
JUIHRIX MamuH., B 91EX BOmpocax oCHOBHOE 3HAUEHUE HMEKT
3aKOHBI B3aMMOAEHCTBYA KUTKOCTH ¢ IPAHUIAME IOTOKA H, B 9acT-
HOCTH, BeXMIXHA COMPOTUBICHYA HONBUAKEBIX 1 HEMOABIKHEX TBEP-
JLIX CTeHOK; ABICHNA HePABHOMEDHOCTH B pacnpefeieHNH CKOPO-
crefi m T. m. OTH 3aaYM MMEIT HEIoCpPe[CTBeHHOe 3HATeHUe I
IPOCKTHPOBAHMS Ta30NPOBONOB, HeTCNPOBOOB, HACOCOB, TYpPOUH
M JPYTUX THAPABIMYCCKIX MAIIMH.

Quiprpanus — ApusKeHMe KITKOCTH CREO3b MOYBY U APyrue Ho-
pucrtrie cpenbl. Hampumep, B mouse mocTosIHHO HAGIIONaEeTCA ABIKE-
HUE BOJLI, KOTOPOC HeOOX0MUMO YYHTHLIBATE NMPU HOCTPOiiKe HyH[a-
MEHTOB PasJMIHEIX COOPYHeHMil (II0THH, OIIOP MOCTOB, THAPOCTAH~
Ouii), Ipu cos3faHMU HOA3CMHLIX TyHHeJdeld u T. JI. u T. U. Boabmoe
3HaYeHMe QUIALTpAlUs WMeeT B HedTIHOM Hele.

T'uppocratnka — paBHOBecHe KHAKOCTeH M TeJd, NIABAIIUX
BHYTDY ¥ Ha IOBEPXHOCTH FKHIKOCTH; GUIyPH PaBHOBECHA BPAMAI0-
MUXCs Mace KUIKOCTY IOJ HeiicTBHEeM CHMII HBIOTOHWAHCKOTOQ TATO-
TeHHs.

Boxrossie jsmuaenma. PacmpocrpaneH¥e BoJXH B TBEPJLIX Te-
JlaX; BOJHE HA IIOBePXHOCTH MOPA; BOJIHEI, BRIBELBaeMble ABIKeHUEM
Kopaliifg; pacmpocrpaHeHMe BOJH B KaHAAaX U peKax; IPUIUBE;
cefiCMUYeCKHe IIPOIeCCH; 3BYKOBHE Komebamms; o0masa mpobiema
IIyMa B PasiMYEEX cpemax ® T. n. Orpy:;kamomas Hac cpefa (sKHUA-
KOCTH, Ta3H, TBepAble Teja W Pa3jMYHEE M0JA) IOCTOAHHO HAXO-
OUTCH B COCTOAHUU BHOpPAOMA M pasiMIHEHX PAaCcHPOCTPAHAIUXCH
BO BpeMeHEH & No ofheMaM BosMymenHELX aswrenuil.. Hemocpep-
CTBEHHO SICHO, 9TO 9TH ABJEHWA UrPalOT 09eHL B;RHEYIO POJAb B Ha-
miell RU3HA K CYMEeCTBeHHN IPH PeHIeHVH MHOTOTHCICHHKX TeXHH-
9eCKMX BOIPOCOB,

IIpoGaeMnl MeXaHHKA CIIIONI-
HOI cpefnl
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HeycrarosuBmIuecs ABW:HeHAA Ta30B ¢ XAMAIECKMMH IIPEB panie-
HUAMA OpHA B3PHBAX, AeTOHANWM W TOPEHHH, HAOPHMED B IOTOKE
BO3AyXa, B NWINHAPAX MOPIIHEBHIX MAIIMH WIX KaMepaX peakTHsn-
HBIX ABUTATeNCH M T. [.

damuTa TBEPAKX TeJ OT CTOPAHWA U CHILHOTO ONJABICHHS TPH
BXojie ¢ GOJBUIIMYU CKOPOCTAMU B IIOTHEE CIOM aTMOCHEpHL.

Teopusa TypOynNeHTHBIX ABMKEHUI rasoB M KUAKOCTEH, Ipej-
CTaBIAKIUX c000H B ACGACTBUTEIBHOCTH OIEHB CJOMKHBIE Hepery-
JSAPHEIE, CIYJailHOTO XapaKTepa ABUKEHHUA, OYJIbCUPYIONHE OKOJIO
HEKOTOPHX CpefHHX pPeTyJApHHX IpPOWECCOB, KOTOPHE B paccMar-
PUBAaGMHX U CTaBAMIUXCA 3a7a9aX CYMECTBEHHH ¢ HPaKTUIECKOMH
rouxu 3perausa. Ilogapasaonmee IACIO ABIKEHHIT Ta30B N IKATKOCTEH
B 3Be3fax W KocMuIecKHX objiarkax, B arMocdepe 3eMiHm, B perax,
KaHajaX, B Tpybomnposojax M APYTHX PazHOO6DAsHEX TeXHHIECKHX
COOPYHeHHAX M MamimHaX mMmeeT TypOyieHTHEH Xapaxrtep. Orcio-
7ia fICHA OTPOMHAS BA)KHOCTH TEOPHUHU U BKCUEPUMEHTOB, IOCBAMEH-
HHX w3ydeHHI0 typbynerrmoctd. McciaemoBanua mo Typ6yieHTHO-
CTH 0 HACTOAINETO BpPeMeHH elfe HUKAK HeJIb3s CUUTATH JOCTATOU-
HBIMHU JiJI4 HOHMMAHHA MHOIHX OcoOeHHOCTell M 3aKOHOMepHOCTel
B MPHUPOAe TAKUX CJIOKHHIX JBUKeHUI.

IIpobaeMsl omucanusa ABMKEHNA 09eHEB CHIBLHO CIKATHIX JKUITKO-
CTell M Ta30B ¢ YIETOM YCIAOKHEHHHX (H3NIeCKUX CBOWCTB pasimd-
HBIX Cpef B TAKUX COCTOSHUAX, 0COOCHHO NPW HAJIWINA BECOKHX
reMmuneparyp. CymecTByOT HATEPECHLIEe M BayKHEE OTPACTH TeXHIKM,
B KOTODHX HeoGXORMMO WMMETh JeJOo C TelaMu, HOABEp;KeHHBIMH
GoJbIIAM AABICHHASIM (HOPAAKA MHOTHX THCAY M MIJUJIMOHOB aTMO-
cdep), HaIpPUMep TIPH MCKYCCTBEHHOM H3TOTOBJIEHHH aJIMa30B, OpH
OpHMeHEHUN B3PHBOB IJA HITAMIOBKM Aeraliei HeKOTOPHX KOH-
CTPYKIMH B B MHOKECTBE JPYruUX 3ajad.

C apyroii cTopoHH, O4eHb Ba;KHH SABJIEHHA, IPOHCXOAAIUE B
CIVIBHO paspeKeHHHIX rasax. lIpW msydeHuwm pasIHYHEIX Lpollec-
COB, CBSI3AHHLIX ¢ ABHM;KEHUEM cpefl mpu GOJBIIOM BaKyyMe B Jjgabo-
PATOPHHX OUHHTAX, B KOCMUYECKOM HDOCTPAHCTBE, B arMmocdepax
ImJIaHeT W 3Besfl, Tamyke rTpebyeTcd IPUMEHATH METOAbl MeXaHUKH
CHJIONTHOM CpepHL.

IIpobaeMEr MAarHUTHON TUIPOJUHAMHUKYE U HCCHCIOBAHUS IBUKE-
HUl HOHH30BAHHHIX cpejJ — IJAa3ME C Y4YeToM MX BaauMofeii-
CTBHH C 3JEKTPOMATHUTHRIM [OJEM B HacTosAmiee BpeMs upumobpe-
TalOT IEePBOCTEIICHHOE HO3HABATEJIbHOE H TeXHUMIECKoe 3HAYeHHe,
B wacrHOCTH, TaKWe ABJIEHHA HYMKHO M3ydJaTh IPH CO3JAHHH Mar-
HHETOTH/IpOAUHAMIAYECKHX  TEeHEePaTOpPOB  BJIEKTPHYECKOTO TOKa,
B KOTOPHIX HPOHCXOJWT HEHOCPeACTBEHHOE IpeBpameHde B3HEePruM
JBIKEHAA [IagME B 9HEPIHMIO JIeKTpHiecKoro Toxa. OTMeTHM Tak-
e, UTO pelleEde HMPOGJEeMH HCIOIb30BaHEA TePMOANEDHOH dHep-
IrEA TecHeimmM o6pa3oM CBABAHO ¢ paspemieHHeM 3ajad O IOBefe-
HHEW BEICOKOTEMISPATYPHOH MIAa3MH B CHJIBHHIX MAIHUTHHIX HOJAX.
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Hayxa o mpormose moroAsl — MeTeOpOJIOTHA B 3HAYUTEILHON
cTeOeHW mpeAcTaBiser co00il M3ydeHHe [IBHIKGHHMA BO3LYIIHEX
Macc B atMoc(epe 3eMid M SABJIAETCH BAXKHEIM PAasmeloM MeXaHHKA
CILIOMHOM Cpelhl, TECHO CBABAHHKIM ¢ MHOKECTBOM JPYTuX pasle-
0B (HanKH.

OcHoBHbIE IPo0IEMH acTPOOH3NKUA B KOCMOTOHHM W3yIaloTCA B
paMKax MeXaHHKH cmiiomHON cpegel. Cooga OTHOCATCA BOHOPOCH
0 BHYTpPEHHEM CTPOEHHH 3Beaf U crpoeHmm uX dorocdep, 0 ABHIKe-
HEH TyMaHHOCTCH U KoCcMMIecKMX 00aKoB, BCUHINKAX W B3PHBAX
mepeMeHHHX 3Be3l, 0 KoleOaHWAX mefenp M, HAKOHEI, OCHOBHAS
3a7a9a 0 Pa3BUTHH FaJaKTHK ¥ O CTPOCHHH U 3BOMIoNuU BeemenHoil.

3HauNMTeNbHAA 9aCTh MEeXaHHKM CILUIOIIHOH CpeJsl MOCTAIIEHA
HCCIACMOBAHKIO IBM/KEHII M PABHOBECHIL «TBEDAKXY NeOPMUPYEMBIX
tea. Teopua yIUpPYrocTH ABJISETCA OCHOBOM ISl MOCTPOMKH BCAKOTO
PoJa COOpY KEHWil M BCeBO3MO;KHHIX MamuH. B Hacrosuee Bpems
mpuoGperaoT Bee Gonpinee 3HAUGHUE OT/[EIH MEXAHUKH, MOCBAMIEH-
HbIC W3YUYCHMIO YCJIOMHCHHHX YIPYIUX CBOHUCTB Tell W ydeTy He-
yopyrux >PPeKToB B TBEpHAHX TelaX, TAKWX, KaK IJIACTHIHOCTS,
CBABAaHHAH C IOABICHHEM OCTATOYHLIX [AeopManmil, HOI3ydecTh,
¢BA3aHHAA C OOCTENEHHKM HapacTaEmeM AedopMamwili mpH Hewms-
MeHHEIX BHCOIHMX HArpy3KaX O ¢ ;KapOIPOYHOCTHI0 dacTeil MamImH
(ABIEHHUA WOJ3yUecTd HOPOABIAIOTCA NPH J0JroBpeMeHHO# paboTe
pPa3IHMYHEX KOHCTPYKIHWi, a IIpW LOBHIIEHHHEX TeMIepaTypax —
M B KOPOTKHE IPOMEKYTKH BPEMEHH).

Donrmioe 3HaueHne HMEIOT M3yUYeHHE PA3IMIHHX BHIOB YCTAJO-
CTH MaTepHalion, yd4eT SIBJIGHWH HACHeJCTBEHHOCTH B MPOIEccax
IBYWKeHHA U PaBHOBECHS Tel.

C moABIEHHEM M WMCIOJb30BAHMEM HOBHIX IOJTMMEPHEIX Mare-
pHUasoB CTAHOBHUTCHA COBEPIIGHHO HEOOXOAMMHIM Y4eT HX BHYTPEH-
Hell QH3UYeCKOH CTPYKTYPHI, KOTOpPAfd MOKeT MBMEHATHCSI B HHTE-
PEeCHHIX [Jf MPAKTHKH ABJIEHAAX.

Haxonen, 6Goxpmoe 3HaveHme mMelT paloTH, TOCBAMEHHEIE
o0meit 3ajade 0 OPOYHOCTH H O Pas3pyLIEHHM KOHCTPYKIMHA U3
pas3JIMYHKX MATePHANOB. JTa BasKHeHIAsa HpaKTH4ecKad 3aj7ada JIo
CHX HOp eme He MMeeT SICHOTO YAOBJEeTBOPUTEIBHOTO peIleHMA.

Mosno yuoMARYTH eme 0 MeXaHMYecKUMX mpoSieMax, cBA3ad-
HEIX ¢ [BU;KEHHEM BCSIKOIO POofia cMecell, ¢ IBHKEeHUEM MeCKOB, CHE
Ta ¥ pa3INYHHX TPYHTOB, CILIABOB, JKUAKHAX PACTBOPOB, CYCIICH3ZHH
U SMYJIbCH, JKUIKOCTEH ¢ MOMMMepHHME Jo6aBKaMu 1 T. I. H T. II.
Harepecant mpobaeMnl KaBATANWHW, XapaKTepHaylomeiics o6paso-
BaHHEM M MCYE3HOBEHUEM B IBIGKYIIEHCA JKUJKOCTH MY3HPLKOB W
GoapMuUX KaBepH, HAIOJHEHHHIX Ta3aMd M HAapaMH KHIKOCTH.

Hyxuo ocobenno mogue pKHy TH, ITO B MOCHEAHEE BPEMsT BOIIPOCH
TeXHOJOTHHM TMPOM3BOJCTBA HA XUMHYCCKHX OpeJUpHATHAX Oa3u-
pylOTCA Ha MeXaHWYECKUX MCCIEJOBAHWAX O JBIDKEHMAX COOTBET-
CTBYIOIMUX CIUIOMHHX cpef.
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BaskHH HOBBEIE COBDEMEHHEE TEOPUH, B KOTOPHEIX HCCIONYIOTCS
1po0OIeME B3aMMOTefiCTBMA MOMHAX Ja3ePHEX Iyueif ¢ pa3IHIHL-
MU TejJaMM — 337a9d HeJIWHEWHOW ONTHKMU, B3aUMOICUCTBHUMA NBU-
JKYIUECH Tel ¢ 3NeKTPOMATHUTHRIME mojaamu. Taxue B3amMomel-
CTBMS B MaKDPOCKOMMIECKHX MacmrTalbax CYMECTBEHHO CBS3aHEL C
sexrTaMm, ONNCHIBAEMEIMI B PAMKAX KBAHTOBOI MeXaHUKH. AHATO-
THYHOE IOJO0KeHUe BCTPEUaeTCs IMPH OUMUCAHUNA MAaKpPOCKOIMISCKAX
CBOMCTB TeJ, CBA3AHHLIX C JBIKEHUOM IIPI OYeHDb HE3KUX TOMIICpPA-
Typax HIHM ¢ Y9eTOM HAMATHHIGHHOCTH M DICKTPHIECKOI IO~
3ATCHM.

B mociennee BpeMs CTaBUTCA 09eHb MHOT'O HCCICHOBAHHUA B 00-
JacT GHONOTHIECKOR MEXAHUKH, B 9aCTHOCTH, CTPOSTCH MeXaHHU-
YecKIe MoJIeNIH, I03BOJNAIONIe OMUCHBATE ABMKCHIE KPOBH B KU~
BLIX OPTraHu3MaX @ sIBJICHME CORPAIEHMUsT MBI,

HpennarasMuit Kype sABIAeTCA TEOPeTHIe-

Meroasl MEXAHHKH CIMIONL  cypyy gypcoM MEXAHMKA CILIONIHOH Cpejisl.

HOH - Cpejrt B meM O6ymyr paccMaTpuBaThCS MaTeMarTH -

decKHe METOJbl H3YUEeHUsA [JBWKEHUA JedOopPMHUPYEMEIX Tel. IJTH
MeTONB XapPAKTepPU3YIOTCA CIAeIyIOmuM.

BBojzrest psam moHATHI, KOTOPHEE XapaKTepH3YIOT W O HO3HA Y-
HO OmpefedsioT ABMKeHne CILIOIIHOM ¢Pefbl. ITH IMOHATHS ORI
ONPENieIATHCA ¢ MOMOINIBIO YUCe] MU JPYIrHX MaTeMaTHIeCKUX MO-
aatuid. llpuMepaMy TaKMX TOHATHH MOTYT CIY;KHTH II0JIe CKOPO-
cTeil, moJsie JABJeHUH, TeMmeparypa, DUPKYIAODuA U T. I. B gaxe-
HeHNIeM MBI 03HAKOMHUMCS HOJ[POOHO ¢ 9TUMU U ¢ MHOTHMH JPYTHMYU
XapaKTEePUCTUKAMY JIBHKEHUS CIUIOMIHON CPemHl.

B MexanuEe CINIOMIHOI cpemsl paspabaTHBAIOTCA MeTOH CBeIe-
HUA MeXaHNIeCKUX 34747 K 3a7a9aM MaTeMaTHIeCKUM, T. e. K 3afia-
“aM 00 OTHCKAHUN HEKOTOPHX WCell WM JUCIOBHIX ¢YHRIMH
¢ TOMOMIBI0 PA3IHYHBIX MaTeMATHYECKUX  OIGpPaIHii.

KpoMe Toro, BamHeHmell Ielpi0 MeXaHUKU CILIOUIHOH Ccpean
SIBJSACTCA YCTAHOBJIeHMe 00MHUX CBOIICTE M 3aKOHOB [IBMJKEHHUA fle-
dopmapyeMbIx Tea. B panbHeimeM M TO3HAKOMEMCS ¢ PALOM 3a-
KOHOB 0 cuJaX, JeHCTBYIOIIMX €O CTOPOHHEI JKUAKOCTH HA ABIIKY-
muecsi BHYTPHY HeEe Telda; YCTAHOBUM CBA3b MeskJy /iaBJeHIeM K
CKOPOCTHIO, KOTOPAas MMEeT MECTO [JIA PAJA BaKHBIX KM JOBOJBHO
IMHPOKUX KJIACCOB ABHMMKEHMIl; BRISACHHM CBSA3bL MeKI[y BHEITHAMHE
HATDY3KAME M BO3HHKAMMIMMH OPH DTOM jeOopMamuaMA U T. I.

Caenyer eme OTMETHThL, 9TO CAMO pellieHHe KOHKPETHHIX 3ajad
MeXaHWKY CIUIONMIHOR ¢peAbl IyTeM MareMaTHIeCKUX olepanuil Tak-
sie OOHTHO OTHOCHTCA K MeXamuKe CINIONIHOM cpejbl. Ir0 00Bsic-
HJETCSA TeM, YTO, KaK IPABUIO, Jlaxie B TpOCTEHIIHX cJIYyIaAX Ma-
TeMaTAIECKN IIOCTABJCHHLIC 3aJaTd MeXaHWKW CIJIOIIHOH Cpemh
HOJYYAOTCST 09eHb TPYJHLIMH M HepaspemuMHME 3PPEeKTUBHO Co-
BPEMeHHHIMU cpejcTBaMu MateMaTnku. 1loaToMy mpHXOgUTCsT BUILO-
M3MeHSATh DOCTAHOBKM 3a[a¥ M HAXOMUTh HPAGAMMEHHLE pelleHnsa
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Ha OCHOBe DAa3JWIHHIX MeXaHWIYeCKHX rumores M coobpa-
SKeHTI.

Tloxg BAMSHMEM MeXaHWKH CHOMOIMHON cpefH PAA oTpacieil Ma-
TeMaTHKK Ioayama Gonbmoe passutme. Hampmmep, MeXaHHKA
CIUTIONIHOM cpemsl oKazana GonplIoe BIWAHHE HA PA3BATHE HEKOTO-
PHIX pasienoB Teopud QYHKIWI KOMIIJIEKCHOI'0 HePeMeHHOr 0, Kpae-
BHIX 3a71a9 JJIsA YPaBHEHMH ¢ TACTHHMM IIPOU3BOTHKEME, MHTET PAIb-
HEIX yPaBHeHHH | JIp.

BecrMa 1mostesHE aHAJOIMM HEKOTOPLIM 33jja4aM MeXaHUKE
CILTONIHOH cpeBl, KOTOphle 0GHADYKUBAOTCS IPH HImKRaneM pac-
CMOTpPeHNH B AIPYTUX OTAeJaX MeXaHUKY W QU3WKMU.

Oxasnpaercsi Takske, 9TO pAsIWIHEE ITPOOTEeMBI MeXaHUKH
CILIOITHOM CpeABl M MaTeMaTHIeCKWe Mero[db WX HCCJe0BAHUA BO
MHOTHX CJIy4YasX TeCHO CBA3aHBl Me:xAy coboii. Tak, Hampumep,
UCCTeIOBAHUA IBMIKEHUA JKUAKOCTH R TPy0ax MHOCTYRUIAM I
00BACHEHVA HEKOTOPHX OCHOBHEIX (AKTOB [BWREHHMA »KUAKOCTH
OKOJII0 KpblTa camoiderta. Mertofbl penienms samadu o6 oO0TeKaHHM
KpEHLIa caMoJletTa MMeT MHOTO 00mero ¢ MareMaTHIeCKIMH MeTo/a-
MUy pellleHms 3a7ad 0 UIBTpamuyu REAKoCTH B mouse. MHOIHE pe-
3YABTATH TEOPHI [BIKEHHMsI TrasoB B TpybaX, OKaswIBaeTcd,
MOKHO MCIIOJB30BATH IIPH PACCMOTPEHUM PA3INIHBEIX 3a7ad O BOI-
HOBBIX JBW/KEHUAX BOJR B KaHAJax M T. . W T. II.

Ha mepseix mopax MH §ymeM jfajeKu 0T U3ydeHUs yKA3AHHBIX
sHIe 3a/a4y. BHauyaje mam morpebyercsa HOAroTOBHTH MHOTO Mare-
puana ofImeMeXaHMIeCKOTO M MaTeMaTHYeCKOTo XapaKTtepa. Bma-
gaje y amrareas He Oymer 9yBCTBAa TOTO, ITO OH Y:Ke 3aHMMAETCH
WITH MOJXO{AT HEMOCPEACTBEHHO K M3YIeHUI0 BOMPOCOB, KACAOIMNX~
¢Sl pealbHHEIX, HAGMIOMAIOIUXCS B TNPUPOAe M TeXHHUKE SABJIEHMM.
YrelleHNEM K TAKOMY MOJIOMKEHMIO BEHIEN MOKeT MOCIYRUTH CCHLII-
Kda Ha HCTOPUYECKOE pasBHUTHEe MEXAaHNKH CIOJIOMIHOW CPpeJHL
IIpommmo Gonee cra xer, Ipeje 9eM MaTeMaTUdeCKHMe MOTO/H
MeXaHVKHA CHJONTHON cpelbl B TeOPHU ABIKEHWA JKUAKOCTeH u ra-
308 MOJNYIWIN YCIEeX B HPAKTHIECKHX BOMPOCAX.

B macrosimem Kypce M3maraloTcsi OCHOBH MeXAHUKM CILIOMIHOMH
cpejlEt, KOTOPHIe TOCTATOYHEL i HEOOX OJUMEL IMIA CIeNUAIBHOTO U3y~
9eHNA PasIUIHBIX KOHKPETHHX BOTPOCOB.

§ 2. OcHOBHBIC rHIOTE3BI

a) CrpoeEme peadbHHEX TeJ M rUNOTE3aA
CHAOMHOCTH

Mpwr maydenun ABUKEHNA Tedl HeoOXOOMMO OmMpaThcd HA MX
peasnHEE cBoficTBa .lHak m3BecTHO, BCE Teda mpeIcTaBIAIOT COGOM
COBOKYITHOCTH PA3HOTO COPTa MOMEKYJ M aTOMOB. MHOT/IA Teqa MOTYT
OBITh MOHW30BAHHHIMHU, T. €. COCTOANIUMH ¥3 9JIEKTPOHOB, HOHOB
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(aTOMOB B MOJIEKYJI ¢ JIMOTHEM WK HEJOCTAYOUIAM UYHCIIOM DJIACKTPO-
HOB) U HeATpadbHHX YacTmm. IlpmBenem HexoTOpLIe M3BECTHHE H3
¢uaury JaHEHE 00 DiIeMEHTADHHX YacTHHAX.
TlpuBemeM pamHEIE © pasMepax H Macce
g:;’;;gx 00 DIEMEHTAPHMIX  yacryn: pajHyc AApA ATOMA HMMEET NOpPAIOK
10-1% ¢m, pagAyc MONEKYJH  BOJOPO-
ma 1,36.1078 cm, 1. e. pagmyc Agpa aToMa MHOT'O MeHBIIC paguyca
MOJIGKYJIEl, K B TO € BPeMs MMEHHO B HEM COCPeJ0TOUYeHA OCHOB-
Has Macca BemjecTra: Macca ajexrposna 9,1066-10~2% 2, macca nporona
1,6724-10"24 2,

IIpn o6rraurix yemosuax (tremuneparypa 0° C, arMmocdepmoe pa-
BJIeHYMe Ha YPOBHE MODs) B 00beMe BO3AyXa B OMH KyOmuecKuit can-
tuMerp copepsxmrca N = 2,687.101° monexyn. Ecau B3arh KyOuk
¢ peGpaMu B OfHY THICHYHYI0 CAHTHMETpPA, YTO HEPEJKO JE/KUT 34
HpefieJaMu IIOBCEIHEBHOI TOUHOCTH H3MEPeHHA [JIMH B TeXHUKE,
T0 ¥ B HeM Oymer Haxogurhea 27.10° wactun. Ha sricore 60 ra,
49T0 HAMHOIO GOJNLIOE «IOTOIKA» COBPEMEHHHIX CaMOJIeTOR, WHCIO
gactun B atMochepe N = 8.10! 1/ead. B mesxssesnnoit cpene, rie
MMEeTCH CWABHO paspeskeHHuN ras, N =1 1/cu® =101 {/knud.
Paccroanme B KMJIOMETp MaJlo 110 CPABHCHHI) C XaPAKTEPHBIMI KOC-
MHUY9ECKHMH PACCTOAHUAMME, HOITOMY JAKe MEK3BE3HEII Ias MOXKHO
paccMaTpUBaTh KaK CpPedy ¢ OYeHb OOJIBIIMM YHCAOM YACTHI[ B Ma-
IHX 00BeMax.

Ha Jlyne mer atmocdeprr, tam N = 101 1/cm?, 1. e. B 2,7 Mua-
n@apfa pas MeHbille, 9eM y IOBepPXHOCTH JeMiad., Taroro CHIBHOrO
BaKyyMa B Ia60paTOpPUHX YCJIOBUAX HA JeMie UPAKTHIeCKU HeE
monydaor. IIpw TakoM BaKyyMe UpPH CONPHKOCHOBEHWHM BeMIECTB
BO MHOIMX CIy9YasX IPOMCXOMUT WX CBAPUBAHME.

Huas smenesa (Fe) N =8,622.10?2 1/cm®, mimoTHOCTH

ore = 1,8 2fem?,
a INMOTHOCTh AJePHOI'O BemecTBa
Onn. ». Fe = 1,16-10%4 3/CM3 | Dpe/Psn. 5. Te = 1.1071%,

Mur BuguM, 910 00BEME, 3aHHMAaeMHE TeJlaMu, MHOTO Gojblie
005eMOB, B KOTODPBIX, COOCTBEHHO I'OBOPH, COCPEJOTOYEHO CaMO Be-
DIECTBO.

Wrak, Bce Teqa, 0o CymeECTBY, «COCTOAT U3 OYCTOTHY U B TO e
BpeMsA B ILPAKTAYECKM MAJHX 0GBEMaX HPOCTPAHCTRA, 3aHATOLO
TEJIOM, BCET/(a 3AKI0IeHO (ONbIIOe TUCIO FaCTHM.

ATOMEL 1 MOEXYIEl HAXO/AATCA B HIOCTOAHHEOM Xa0THIECKOM IBH-
FHEHWH.

Ilpm OGBMYHEX aTMOCPEPHHIX YCIOBHAX CpPeJHAA CKOPOCTH
Uep MOXeKYX Bojopopa 1,692 m/cex (Gonbme cKOpoCcTH COBpPeMeH-
HOTO TMACCAMUPCKOro caMoyera). MOMeKyas Bce BpeMA CTaJKWBa-
10TCA APYT ¢ JApyroM, myTh cBoGogHoro npobera MOJEKYIBI Bo-
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gopoma B oOm4HEX arMmochepHHX ycmoBuax [ = 11,2.107% cu.
Jaa kmcmopoma vep = 425 mjcer, I = 6,5.107% cu, T.e. ommHA
MoJieKyaa 3a 1 cekyangy cramkusaerca 6,05.10° paa.
. Me)xny dacTumamMu WMeIOTCA OLpepeleHHEE
O B3amMofieiicTBAA YacTHD, BauMoJieiicTBHA. B Tage oHE CBA3aHK TOJIb-
KO CO CTOJKHOBEHHAMH. B JKHUAKOCTSAX M TBepAHX TelaX dYaCTHIIH
pPacIosioykeHH OJuyke, M B HHX CYNECTBEHHH CHJE B3amMOJeii-
CTBHA.

Cunpl, ofecmednBaiomie NPOYHOCTh W YIPYTOCTh Tejd, HMEIOT
BIIEKTPHUYECKYI0 IPHPOAY M, Tpy0o ToBODs, CBOAATCA K cmmaM Ky-
aora. YTo Kacaercsa AfEPHEX CHJI M CUJ ¢Ia60TO B3aKMOJIeHCTBHA,
TO OHH HPOABIAIOTCA TONBKO NPH ANEPHHX PeaKUMAX, KOTHA da-
CTUIBEI B3aMMOEHCTBYIOT Ha OJM3KHX PACCTOAHUAX APYT K APYrY.
Hus toro 4robsl Tak COMM3UTH YaCTULE], TPeOyeTcs KoJoccajbHas
SHeprus, KOTOPas MOKET BO3HMKAThH 34 CUET XAOTHYECKOT'0 JBHIKE-
HUA YacTHUI[ IPH TEMIEPATypaxX B MHOI'Me MIWIJIHOHH I'Paycol.

3Has dIeKTpPUYeCKHE CHIILI B3aHMOAeHCTBUA
O CYMECTBEHHMIX A MC- oy wacTHIAME, MOJKHO CTPOMTH TEOPHIO
XaHNKA CHIOMIHOI cpegnl dm-
3MKO-XmMEIecKnX mponeccax TBEPABIX medopmupyemuix tea. Ilosatomy s
HAaC 0YeHb BAKHA DJIEKTPOJHHAMHKA.

Ilpm BBegerME abcTpakumil Ajis MOJENIMPOBAHUS PEANBHBIX TeJ
HeOOX0UMO YUHTHIBATEH PA3NHIHEe CTPYKTYpHEE 0COGEHHOCTH Tell.
Tena MoryT 6biTh Ta3000pa3HEMU, SKUIKIMHI, TBePALIME, KPHCTaI-
IM4eCKUMH, ¢ paznuinbiMu dasamu. Ipu Bozpactammm TeMmeparty-
PH BO3HMKAIOT COCTOSHMA, B KOTOPHX BENIECTBO MOKHO paccMaT-
pHBATHh OMHOBPEMEHHO KaK Ta3, JKUJKOCTh WMIM KAaK TBEpHOe
TEJO.

IloMaMo cTPYKTYpHl BasgiHOE 3HAYCHEE UMEIOT IIPHPOAA BeIEeCTRA
U CBOJiCTBA COCTABHHIX dacTell cMecelf, pacTBOPOB, CIJIABOB.

Bo Mmormx ciyuasmx BO3HAKAKT MeXaHHUYeCKHe 3aaiM O JABU-~
HEHHU Tell ¢ y9eTOM H3MEHEHWA KAadeCTBA COCTABHHIX JacTell M WX
OTHOCUTEABHOr'0 cofep:xanus. TakoBH, HalpuMep, 3ajadu 0 [BH-
’KeHWH Ta30B, CONPOBOEIACMOM SAePHHIMH W XAMHYECKHUMH Deak-
UUSAMHI U, B 9aCTHOCTH, I'OpPeHAeM, [HCCOoUMalKei, pekoMOounanmei,
MOHU3aOWeH U T. 1.

Ilpu nBUKeHnH MaTepHANIBHLIX TeJ BAsKHOE 3HAYCHAE MOy T HMETh
nponecckl $asz0BHX MEPEeXoj0B, TAKHMe, KAK KOHJEHCANWd, HCIApe-
HEe, IJIaBJeHHe, 3aTBepAeBaHMe, NOJMMEepPH3alus, MePEKPUCTATI-
au3anuA B T. 1.

Ilpu wmayueHmE ABWKEHHS CIJIONIHOH Cpeisl — MaTepPHAIbBHEIX
KOHTHHYYMOB Heo(X0JuM0 BBOAUTH BHYTDPEHHEE HAIPsIKeHU.
B Temax ¢ AMCKpETHHRM MOJIEKYIADHEIM CTPOCHHEM BHYTDEHHEE
HaIPSKEHUs SBJIAIOTCH CTATHCTHICCKUMH CpEeTHUME, O00YCIOBIEH-
HEIMHK KaK HEIlOCPeJCTBEHHbIME CHIAMM B3aUMOIeICTBUSA MeKITY MO-
JeKYyJaMU, PACHOJIOYKeHHLEIME IO PAasHEE CTOPOHBI OT PacCMaTpH-
BAeMoro Ce4eHHsd, TAK A ePEeHOCOM MAKPOCKOMAIECKOT0 KOJIMIECTBa
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ABH;KeHHA 1ePe3 9T0 cedeHHe, IPOHMCXONAMAM B pe3yibTaTe
TEIJIOBOTO JABMMKEHUS MOJNEKYJI.

CroiicTBO BABKOCTH B rasax o6bAcHAETCS JeHCTBHEM TeIIOBOTO
JBWKEHAA MOJIEKYJ, BRHIDABHHBAIOIMIEM MaKpPOCKOIMYECKHe NBHKE-
HAA COCENHMX YacTHL rasa. TaxkmM o0pasoM, cBOMCTBA BHYTPEHHUX
HaOpReHUH B MAaTePHANBHEIX CPeaX ONpeelAloTcd MX MOJEKY-
JAAPHEIM COCTABOM, CHJIAME B3aHMOTCHCTBUA MY MOJEKYJIaMu
W aTOMaMH, TPOABIAKNMMUMUCA TOJLKO HA OYeHL ONHM3KHAX MEAKIY
HUMH pACCTOAHWAX, W TEIUIOBEIM IBIDKOHWEM, XapaKTePH3YEeMEM
TeMIepaTypoii.

AnanormaaemM 06pasoM o6BACHAETCH ABJIEHIE TEIIOOPOBOIHOC-
. Jlasg m06EX ABYX COCOHMX HACTHI[ CPEIL, MEKIY KOTOPHIMHA
mMeeTCH KOHTAKT, IPOUCXOIUT oOMen sHeprmeit amGo IyTeM CTONK-
HOBeHHUH, 1100 HeNOCPEACTBEHAO 3a cdeT ofMeHa GLICTPLIME M MOJ(-
JeHHBMHA MosteRynaMa. CTaTHCTHIECKH CPEIHAA DHEPTHA TeNIOBOTO
IBUIKEHUA, XAPAKTEPHUIYIOMAACA TeMIepaTypol, CTPeMUTCA K Bbl-
PABHUBAHUIO.

Mexannsm nuddysnu B cMecAX Tarske 00BACHAOTCA MOJERVIAD-
HO-KHHETHICCKHAM IPOTECCOM MmepeMelTuBARNA MOJIEKYI B Pe3yibTa~
TE TEINIOBOTO IBHKCHUA.

Hecxkonpro citoxHee omuchiBaercs sBJIeHWE H3IAYICHUA, IPO-
WCXOJAMEe 33 CI6T KBAHTOBHX 3P(QeKTOB H3BMEHECHHA YPOBHEI 3HED-~
THH B CHCTEME MOJEKYIHI, MM aTOMa, WIN Apa aToMa, a TaKkke 3a
cdeT YCKOPEHHHIX [IBUKEHWH 3aPAKeHAHHX "actuil. fABJaenue m3iy-
YeHUsI, KOTOPOE MOMKHO PaccMaTpHBATH KAK HCIyCKaHWe (OTOHOB,
BO MHOTHX CIYIasX TECHO CBSABAHO ¢ Xa0TWIECKMM TEILTOBHIM TRU-
JKeH7EM W CYIMeCTBEeHHHM o0pasoM 3aBUCHT OT TeMIepPaTypH, OImpe-
Jedsome Bo3MOKHbIe BO30Y)KIeHHA HHEPTHY IPHU CTOIKHOBEHWI
gactur. Uccmeopanue JBUMEAWIT MaTePUATbHHIX cpef mpH 6OMb-
IMUX TeMieparypax HeoOXOAMMO NPOHM3BOMATH ¢ YueToM 3(PHerToB
mepeadn 3HePIuy ¥ U3MEHCHUA TeMIepaTyphl 3a ¢9eT COMYyTCTBYIO-
MUX IPOIECCOB MOTJIOMEHUA ¥ PACCESHHUSA JYIUCTOH DHEPIHM.

INeKTpUYECKAaA NOJAPW3ANUA M HAMarAWIWBaHWE, CBA3AHHEIE
¢ TPABUIAGHHM, YHOPAJOYEHHHM pacHoNOKeHHeM 3JIeMEHTAPHBIX
YaCTHUI B TeJAX, TAKIKE MOTYT UMETh CYNIECTBEHHOE 3MAYCHHME IPI
PABIHYBEHX JBWKCHUAX MATePHAIBHBIX TOJ.

MexanmsMu BHYTPEeHAMX B3aUMOeHcTBUH B TBep[bIX Teiaax, B
MaTepUaNax ¢O CHOKHHEIM CTPOCHHEM MOJIEKYJX, B Telax ¢ OYeHb
60JBIION MIOTHOCTHIO NP CPABHUTEIbHO HU3KHX TEMOEPATYpPax U
B [PYTHX CJAY9asAx MOTYT OHITH 0UCHH CIO/KHHIME W HE OIMMCHBAIT-
¢A, Boo0me TOBOpPA, B PAMKAX HBIOTOHHAHCKO# MexaHuku. Jlua
NOHEMAHUA COOTBOTCTBYIOIMHX B3aMMOJeHCTRMH BO MHOIHX CJIyda-
AX Heo0X0oquMo HCHOAbh30BATH MOHATHS W 3aKOHB KBAHTOBOI Me-
XaHWKN.

B mepeuwcieHEEIX Bhlme ABACHWAX YCTAHOBJEGHWE MAKPOCKO-
IMYeCKAX 3aKOHOB HA OCHOBAHWMA IIYOOKOTO aHANIM3A PU3HISCKUX
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MUKPOCKOIMIECKUX MEeXAHW3MOB M CBOHCTB 9iieMEHTAPHEX YACTHIL
COCTABIAET OOHY M3 TJABHKX 33439 QUIUKM.

. 3aMeTuM, 9TO CIOKHOE CTPOGHME MOJEKYJI
CratucTHYeCKEH M  QeHO- y yrepyBalOmMe HX IIEKTPUIECKIE CIITH
MCHOJOTHYECKMIl ITOJXO/IbI -

B3aUMOJleficTBUA He Bcerja msBecTHH. Ha-
aanoch GOH, MeXaHUKY Cle[yeT pasBHBATL Ha 6ase MPEACTABIEHHSA
0 MaTepHaJBHOM Tejle KaK COBOKYIHOCTHM 2JIEMEHTAPHEIX YacTHI.
OmHako cJe/uTh 33 ABMKEHHCM KA KZOH DHIIEMEHTAPHOH TaCTHIbI
M3-3a UX BechbMa (OJIBHIOrO 9MCJa M HEM3BECTHOCTH CHI B3aHMOACi-
CTBMSI MeJKIYy HUMH HEBO3MOKHO. Q4eHD BASKHO OTMETHTDH, 9TO, Kak
NpaBUIO, Aajke HECYIMECTBEHHO 3HATH ABUKEHME KaKIOH DieMeH-
TaApHOH YaCTHILH.

Hus mpaktukm TpeGylTcA TONBKO HEKOTOPLe CpeJHUE, CYM-
MapHble, WM Ii06abHEE, XapaKTepHCTHKH.

OnauM w3 00mMUX METOTOB MOAXOfa K HCCIACTOBAHWIO NOBEICHUA
MaTepHAJIbHLX Cpel ABJIAETCA PA3BUBAEGMEIN B (U3KKe CTATHCTATEC-
KUl MeToJ.

B HemM mnpuMensercsi BepOATHOCTHEIA MOAX07 K H3yIaeMbIM
SIBJIGHWAM M BBOJATCA cpeqHue 1o GosablmoMy amcaMmbiio da-
crun xapaKrepuctuku. CrarHCTHYeCKHME MCTONE BCerga CBA3AHEL C
BReJleHHEM JOMOJHUTEeNbHEX I'MIOTe3 0 CBOHCTBAX YacTHIl, NX B3au-
MOfeHCTBUHE ¥ ¢ YOPOIGHHEM DTUX CBOUCTE M BammofeiictBuii. 3a-
MeTHM, UTO BO MHOTHX CJIYydYafaX He CYMECTBYeT jaske 6astl A IHo-
CTpoeHUA TaKUX MeTo0B. B Tex ke ciydasdx, Korja OHHU IOCTpOe-
HEI, OHHN 00BIIHO He ABIAITCA 3QPeKTHBHLIMU CPOACTBAME peIIeHNA
3a7lad B CHJIY Ype3MepHOH CJIOKHOCTH COOTBETCTBYIOIIUX YypaB-
HeHui.

HApyraM ofmuM MeToZoM IOAX07a K HCCIETIOBAHNI0 ABHKCHHA
MaTepHAJbHEIX TeJ SABJIACTCA IIOCTPoeHHME (eHOMEeHOJIOTmIecKoil
MaKpOCKOMAYECKOH TEOPUH, OCHOBAHHOW Ha 00mux, MoOBITHIX K3
ONBITA 3aKOHOMEpPHOCTAX W rumoresaX. MakpocRonn4ecKue Teopun
ABNAITCH 3)PEKTHBHEM CpEICTBOM pPeIIeHHA LPAKTUYECKH BasK-
HHX 3a7a4, X ZOOHTHE ¢ X IIOMOMBLI0 CBEIEHHS COIVIACYIOTCA C
OTIEITOM.

B nanomeiimem 6ymeM passuBaTh @HOMEHOJIOTHIECKYI0 MaKpO-
CKOIIMYECKYI0 TEOPHI0 MaTepHaJbHOU Cpejhl.

BBenem momarme cINIOIMHOUL cpefnl. Bcee Tema

Tunoresa emaommoctn COCTOAT MX OTHEJLHEIX 4acTHll, HO HX MHOIO

B M060M CYIIECTBEHHOM AN HAC 00BeMe, HOITOMY TeN0 MOMKHO

npubJuKeHHO pacCMATpPHBATH  KaK  cpedy,  3alOJHAMYIO

HpPOCTPAHCTBO CILIOMHEM 00pasoM. Bojy, Bosgyx,:xemeso U T. [.

OyeM paccMaTpUBATh KaK Teja, HeJInKOM 3aM0JHAIIIe HeKOTOPYI0
9acTh IPOCTPAHCTHA.

HenpepuBHLM KOETHHYYMOM MO)KHO CYHTATh HE TONBKO OOBII-
HEIe MaTepUAJbHEE Tella, HO W PasidIHbe I0JA, HAIpHMep DIeKT-
pOMAarHuTHOE IOJe.
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IdTa Umeanu3anmuA, B IACTHOCTH, Heo0XO[UMA IOTOMY, 4GTO Mb
XOTHM IIPH HCCIeLOBAHUN ABMKCHUA AeQOpPMUDYEMEIX Ted MCHOJNb-
30BaTh ammapaT HeNnpepHBHEIX ¢ymrnmil, AmpdepeHUHaNbHOES U
HHTeTPANIBHOE HCUUCJICHMS.

6)0 nmpocTpamEcTBEe M BpPpeMeHN

Ilom mpOCTPAaHCTBOM MOHUMAKIT COBOKYIHOCTL TOYEK, 3ajfaBae-
MHX ¢ HOMONIBI0 UWCed, KOTOpHE HA3HBAKTCA KOOPAHHATAMY.
ByneM paccMaTpuBaTh HelpepHBHEE MeTpH-
gecKHe MHOT000DA3 U — NPOCTPAHCTBA, B KO-
TOPHIX ONpefiefieHEl pacCTOSHUA Mempy Ttoakamu. Ilpumepom
MeTpHYecKOTO IIPOCTPAHCTBA MOMKeT CIYKWMTH OOLIYHOe Tpex-
MepHOe eBRJIMIOBO NPOCTPAHCTBO, TOYKH KOTOPOTO 3aJAIOTCH
¢ TMOMOMIBI0 eUHOM JJI BCEro HPOCTPAHCTBA HeKapTOBOI CHCTEMH
KOODAWHAT £, J, 2 B PACCTOAHME MEKAY JBYMA TOTKAMH &y, Yy, 2y H
Ty, Yg, 29 OIpEReNssercs mo ¢opmyie

r=V (& —Z2)? + (1 — ¥2)® + (2 — 29)% (2.1)
EBKIEAOBO  NPOCTPAHCTEO B nio6oMm aH mpocTpaHCTBE MOMHO BBECTH
eIMHYIO JIJIs1 BCETO MPOCTPAHCTBA JEKAPTOBY
cHCcTeMy KoopamHAT? PaccMOTPUM AIA UPOCTOTH JiBYMepHEE Ipo-
crpascTBa. O9eBUIHO, 9TO HA INIOCKOCTH BCETH[A MOFKHO BBECTH eJ[H-
HYIO [JIA BCeH INIOCKOCTH JIEKAPTOBY cucTeMy KoopauEar. Ha mo-
BepXHOCTH cdephl, KPUBU3HA KOTOPOH He paBHA HYMI0, HTOLO Cle-
JaTh HeJb3d, T. €. HeJdb3d Ha cepe BBECTH CHCTeMY KOOP[HHAT
TaK, 9T00K PACCTOAHMA MEKAY IBYMA JIOOHME TOYKaMH Ha Heil oI-
peneasaanchk Gopmynon (2.1). Ha cdepe mexaproBy cmeTEeMy KOOp-
JAMHAT MOAKHO BBECTH TOJBKO B MAJOH OKPECTHOCTH KajkI0i TOYKH.
B cnyuae TpexMepHEIX IpOCTPAHCTB TaK:H#e He BCEI/lJa MOKHO BBECTH
e[UAYI0 [JIA BCEr0 HPOCTPAHCTBA JEKAPTOBY CHCTeMY KOODAHMHAT.
B pannmeifiimeM Mbl B 0CHOBHOM OyIeM paccMaTpPHBATh TOJIBKO
TAKWE MPOCTPAHCTBA, B KAK/OM U3 KOTOPHX MOKHO BBECTH eAUHYI0
JJIS1 BCeX TOYEK [eKapToBy cmcTeMy KoopauHat. Takume wpocTpan-
CTBa HA3LBAIOTCA €BKIMAOBLIMHE, 4 pasBHBaeMas HA UX OCHORE Me-
XaHMKa HOCUT HasBaHWe HbIOToORMaHcKo#. OUEIT IMOKA3HBAeT, 9TO
Qu3NyYecKoe MEeUCTBHTEIBHOE NPOCTPAHCTBO B He 09eHL OO0NBIOIWUX
MacmTafax ¢ GoIbLNIOH TOYHOCTHI0 MOMKHO CYATATE eBXJIAOBEIM.
AGcomormoe Bpewst IlonsaTve BpeMeHH CBA3aHO ¢ OONBITOM M He-
00x0MuM0 B Mexauuixe. J[106oe Mexamudec-
KOe ABJEeHUE BCETIa ONUCHBAETCHA ¢ TOYKHU 3PEHMA KaKoTo-Iufo Ha-
6mwogarens. Bpemsa, BooOmie ToBOPsA, MOKET 3aBHCETH OT CHCTEMH
oTeuera HaGIOHATENA.
Mui 6yeM cYuTATH, YTO BpeMs TedeT OFMHAKOBO AN BCeX HAOMI0-
jJateneli — B moes[e, camojiere, aysuTopum... ClefoBaTeNbHO, ME

Merpaueckoe npocTpancTBO
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6yneM 1oib30BaThCA alCONIOTHRIM BpEMOHEM — Hieaim3amuei,
KOTODAas HPHUTO/HA JJA OIPABMIABHOTO OLNVCAHUA PeaibHOCTH He BCer-
14, a TOJBKO TOTAA, KOIJa He YYHTHBAIOTCA 9QPeKTs Teopum OT-
HOCHTEABHOCTH.

Hrak, OymeM paccMaTpuBaTh [ABMIKEHHE CINIONIHOH Cpejsl —
KOHTHHYYMa B eBKJIMLOBOM IIPOCTPAHCTBe M OyJeM HOAb30BATHCH
abcosioTHHM BpemeneM. TaxkuM o0pa3oM, BLIlIe BBefeHH TPH GYH-
JaMeHTAaJbHbIEe THIOTE3H, C HCIOAb30BAHAEM KOTOPHX Oyier cTpo-
MTHCA TeopHuA ABMKeHUs fepopMmupyeMux teia. Brisoast u3 Teopun,
OCHOBAHHOM Ha 3THUX THIOTE3aX, 9A4CTO, HO He BCETRa, COTAACYIOTCA
¢ onbToM. B HY)XHBX Ccly9afx NPHHATYI0 MOJEJNEL IPOCTPAHCTBA
K BpPEeMeHU MOKHO YTOUHATh M 0000maTh. OfHaKO BCe JalibHEi-
mue 0000meHna CTPOATCA ¢ YIeTOM U Ha OCHOBe MeXaHuMKH Hrblo-
ToHA, OasWpylomeica HAa ONHCAHHHLIX BhIe (yHTAMERTAIBHEX
runmote3ax. CymHOCTS JTHX THIOTE3 CTaHeT (ojee MOHATHOH M3
pasBuBaeMol jlazmee TeopHH.



TJTABA II

KUHEMATURA JTEQOPMUPYEMOU CPEJDLI

§ 1. Touka aspenus Jlarpan:Ka Ha u3yYeHne ABIKEHTA
CICIOIIHOH Cpefbl

CHcTeMBI KOOPAHHAT HBBykeHne Bcerga onpejgeNsAerca IO OTHO-
NIeHHI0 K HeKOTopoil cmcreMe oTcYeTa —
cucreMe KoopaumHAT. C IIOMOIIBIO CHCTEMEl KOODP/MHAT yCTAHABIH-
BaeTcA COOTBETCTBHE MEMY UYMCIaMW W TOUKAMU IIPOCTPAHCTEA.
Jaa TpexMepHOI0O IIPOCTPAHCTBA TOYKAM CTABATCA B COOTBETCTBHUE
Tpu yucna z!, x?, x%, KoTopHe HAZKBAITCA KOOPAUHATAME TOIKM.
JImEmy, Ha KOTOPHX Kakme-Inbo
IBe KOOPAMHATHI COXPAHSIOT TIO-
CTOSTHHEIE 3HAYEHHs, HA3HLIBAIOTCA
KOOP/MHATHEIMY HuHEAMHE { puc. 1).
Hanpumep, mumusa, BRodb KOTO-
poit x? = const, z® = const, oirpe-
7 T7=7 JeAeT KOOPAMHATHYIO JUHA0D X!,
B/IOND 9TOM NUHAH pa3AMIHbie TOY-
Puc. 1. Kpusonumeiisag W gexap- gy PurcHpy0TCA 3HAYCHIAME Ii;
TOBA CHCTEMBI KOOP/IHAT. HalpaslIeHDe pocta KOODPHMHA-
TR ! onmpepesiseT HaTpaBJeHMNe
BAOND BTOI JUEMM. Yepes KKyl TOYKY NPOCTPANCTBA MOZKHO
IpOBECTH TPH KOOpJMHATHHEE JuHun. HacarenbHsle K KOOpAHHAT-
HEIM JHHHAM B Ka)KIOH ToYKe He Je;KAT B OXHOI IIIOCKOCTH M 00-
pasyioT, BooOuie TOBOPSA, HEOPTOTOHANBHEI TPUS/IP.
Ecnu roopaumHaTHiie aunun x!, x2, 23 upamse, To 910 MPIAMOIH-
Helimag cucTeMa KOODAMHAT; eclIu HeT, T0 — KpHBOJMHeNHAas.
Hannine MBI YBHAUM, 9T0 KPHBOJWHEHHKE CHCTEME KOOPAMHAT, 10
cymecTBy, HCOOXOAMMEL B MeXAHUKE CIUIOIIHOM CPeJiHL.
Yenopumes gepes x!, x2, 23 0603HAUATE KO-
OGosnauenHa KOODPIEHAT OPAMHATEL OTHOCHUTCHLHO JW000MH, B TOM dmHC-
a bpeMend Je MHOT/IA M JAeKapToBOii, CHCTeMH KOOPHH-
HAT, a 9epes Z, Y, 2 — KOODAMHATH TOJLKO OTHOCHTEIBHO OPTOTO-
HaJBHOH [eKapTOBOM CHCTeMBI KOODAHHAT, Yepes ¢ — BpeMi.
Touyka JBMKeTcS OTHOCMTEJBHO CHCTEMAI
Apmienue TOIRH ROOpHmHAT x!, Z?, 73, eciH ee KOOpMHATH
MEHAIOTCH B 3aBUCHMOCTH OT BPEMeHM:

d=fy  (i=1,293). (1.1)

e

22
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JBWRymasncs To9ka B pasHble MOMEHTH BPEMEHHU OTOKIECTBIISETCH

¢ pasHHIMU TOUKAMY IIPOCTPAHCTBA. J|BHMskeHEe TOUKE HU3BECTHO, 6CIN

m3BecTHs Qyaknuum (1.1), HaskBaeMble 3aKOHBOM IBWKEHHA TOUKH.

Cuonomrmas cpega npejcrasisier coGodl He-

OPepPHIBHYI0 COBOKYIHOCTH To4eK. Ilo ompe-

JelleHWI0 3HATH JBMKeHNE CIUIOMIHOHW CpeJBl — 9TO 3HAUHUT 3HATH

IBUIKEHHE BCeX €€ ToueK (M3ydeHuUs aBmkeHmsa 00heMa CILIOMIHOM
CPedEl KaK HEeJOT0 BooOmEe HeA0CTATOUHO).

Il 5T0r0 HEOGXOMUMBI IIPABUIA HHIUBH-

ng ’:(‘(‘)i‘:;‘;‘:g?;;‘:?'a“““ TO=  fyanmzanuu OTHCILHBIX, COBEPIICHHO O~

HAKOBHIX C TE€OMETPHYECKOH TOYKH 3peHHA

To4eK KOHTHHYyMa. B manbHeHIIeM yBHAHM, 9YTO HCIOJNbL3yeMEe

B TEOPHHM IIpaBWiia HMHIVBUIYAIH3ANHH ONPEAeIIoTCs, BooOuIe

TOBOPS, TEM, UTO JABWCHMe KaKI0i TOYKM CINIONIHONW Cpemn Ioji-

IHHSACTCA ONpefleleHHHM QU3MIecKuM 3akoHaM. UHIUBUIYyambHEe

TOYKM CIUTONIHOM cpejibl MOKHO, HANpUMeD, 33][aBaTh 3HAUEHUS-

MU MX HAaYaIbHEX KOOpAMHAT. I{OOpAMHATHE TOYEK B HAYaJNLHBIH

MoMeHT BpeMmeHu I, 6yneM ofosnagarh jBOsiKO: &, b, ¢ uinm E!, &2,

€%, a woopamHATH ToueK B JI060 MoMeHT BpemeHm — xi, z2, z°.

Hus n06oii TOYKH KOHTHHYYMAa, BHJeJse-

daron ABWKeRHA KOHTEHY-  \ojf KoODAMHATAME @, b, ¢, MOIKHO HAIMCATE

JBH:Kenme ROETHHyyMa

Ma o

¥ 3aKOH JBIGKCHUSI, B KOTOPHIH BXOAAT QYHK-
NUY yiie He OfTHOH, KAK B caydae JBUKEHUS TOYKH, a 4eThIpex Iepe-
MEHHHIX — HA4YaJbHEIX KOODAWHAT &, b, ¢ U BpeMeHH I:

2t =a'(a, b, c, t),
x* =a%(a, b, c, 1), ; ynm ai = 2i(a, b, c, i), (1.2)
2% =2a3(a, b, c, 1)

Eciu 8 (1.2) a, b, ¢ 6yayT duKCHPOBAHHEIMU, & { — IepeMeH-
HEM, T0 (1.2) magyT sakom jABmmeHns 0JHOH QUKCUPOBAHHON TOUKH
rortmayyma. Eciou a, b, ¢ 6ynyr mepemenHniMu, a ¢ — QUKCUPO-~
paEHEM, 170 QyEENEE (1.2) gagyr pacmpejieNeHre TOYEK KOHTHHY-
yMa B NPOCTPAHCTEE B HAHHEIN MOMEHT BpeMeHH. Liciiu IepeMeHHbI-
mu 6ynyrua, b, c ut, ro ma (1.2) MoMxKHO cMOTpETH KaK HAa HOPMYIH,
oIpefieiAonue ABIKeANEe CIUIOIIHON Cpeibl, W 0 OIpPejeleHHio
dyarnun (1.2) ABIAIOTCA 3aKOHOM JBIKEHMWS KOHTHHYYMA.
Koopounatu a, b, ¢ unnm !, &2, E%, unpmeu-
IYQIU3HPYIOMue TOYKA KOHTHHEYyyMa (wim
HHOTAA oIlpefieleBHEe QYHKOUM OT HUX), W BpeMa ! HA3HBAIOTCHA
nepeMeBHEEME Jlarpam:xa.

OcHoBHasA 3ajjada MeXaHWKM CINIOIHOM Cpefbl 3aKI0UAETCA B
oupefexernu pyarnumi (1.2).

B pamnHeilmreM MBI Beerjia ABHO WJIH HEABHO OYAeM OIMIPATHCH
Ha IOHMATHE 3aKOHA JBHKCHUA.

Jlarpan:KeBBl IEPCMEHHBIC
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Pamut o0mmEocTn 3aMeTMM, WTO CIUIOHIHAA Cpefa TpPeJCTaBJAET
co0olt COBOKYHOHOCTh TOUeK, HO HE 00A3aTENHLHO MONKHA ABIATLCA
MaTepHAJbHEIM TeldoM. Tak, HANpHUMep, MHOTHA MOKHO YCAOBHTLCH
n306pakaTh TOYKAMHE HA IUIOCKOCTH HEHH DAa3JMYHKX TOBApOB H
H3Yy9aTh MeTOJaMy KHHEeMATHKHW CILIOMHON CpeAHl ABMKEHHEe IeH
B DROHOMHKe.

MosxHO TaKKe, M 3TO 9ACTO [ieJAlOT, U3y9aTh 3aKOHH Iepe-
MellleHHA B IIPOCTDAHCTBE DA3NUIHKX COCTOAHHY  JIBEKCHUS
MarepHaJbHEIX 9aCTHI, a He caMux gactul. Hamprmep, HA rMOBepX-
HOCTH DPKaHOTO IOIA B BeTPeHYIO IOrofy HAGIIONArOTCH BOJHE, X
MOAKHO TOBOPUTEL O IePeMeMIeHMAX B NPOCTPAHCTBE MaKCHMANbHBIX
BO3BHINEBUI MJK BUAJWH NOBEPXHOCTH pJKH, a He CcaMux Ko-
JI0CHEeB,

Takum o0pasoM, B KWHEMATHKE CILIOWIHYIO CPEJy MOKHO pac-

CMaTpHBATH KAaK a0CTPAKTHBIN reoMeTpmdeckmit o6pas, a HE TOMBKO
KaKk MaTepualibHoe Teio. [[BmikeEHe cmiommofl cpefsl MoKeT yI-
PaBIAATLCA DPA3IUYHKMY 3aKOHAMH. JTO MOTYT OHITEH, €CIM MHEL pac-
cMaTpHBaeM [IBMKeHHe MAaTepHaJbBHOTO Teja, ysKe H3BeCTHHE HaM
B OCHOBHOM (H3WIeCKHe 3aKOHK HJM, €CIIM ML TOBODHUM, HAIIPAMED,
0 JBIKEHWH IeH, TOAbKO II03HaBaeMhie B HACTOsANIee BPEMA Mare-
MAaTHIeCKHe 3aKOHLI d9KOHOMHAKM.
Ilpu wusyuenum Mexaduxyu AedopMmpyemoit
CPemH MBIl XOTHM ONEPeTHCA Ha anmapar xud-
depeHnIANBHOTO W MHTETPAIBLHOTO HUCIHUCTE-
mnii. IlosToMy mpepmosomM, 910 (yHEIUM, BXOAAMHAe B 3aKOH
NBIKCHIA KOHTHHYYMA, HEIIPEPHBHH M MMeIOT HelIpepPHBHLIEe IacT-
HEle IPOE3BOJHEE [0 BCEM CBOWM apr'yMeHTaM. JTo JOBOJBHO ofmee
OOUYIIeHNe, HO BMeCTe ¢ TeM OHO CHJIBHO OTpaHWIMBAeT KIace H0-
IMyCTUMBIX JIJIfl W3Y9eHUA ABJIEHUI.

HeiicTBuTensr0, BOLy, HANpUMEP, MOKHO pasbprsruBaTh. Ilpm
9TOM HAXO[MBIIMECH MePBOHAYANHHO GECKOHEIHO 6IM8KO APYT K
APYTY 9YaCTHILL BORH B HOCIHEyOmMue MOMEHTH BpeMeHE He OyayT
6amskm Apyr k Apyry. OmmcaTs TaKOro poja sBJAEHHEe B IPEAIOJo-
FKeHNHM 0 HeNPepHBHOCTH 3aKOHA [ABHKeHAsA Heab3A. B mocaemyro-
meM YBUIEM, 9T0 BO MHOTHX CIYd9afaX MpeJI0JN0eHNe 0 HelpephB-
HOCTH [BIDKEHHA IpHAETCA o0caabaATs H paccMaTpPHBATh TaKHe
OBIKEHHA, CAMH XaPaKTeDPUCTMRY KOTODHX HJIM HX IDOH3BOTHbIE
TEPIAT paspHBH  HA OTNeABHHWX NOBepXHOCTAX. Tawroro
Pofia paspHBH, HaIPAMeD yAapHEe BOAHH, MH 6yJeM pacCMaTpuUBaTh
B panbHefimem. Omgmaxo 3aMermM, 4TO v3ydesme PaspHBHHX JBU-
JHeHHi Beflercd Ha 6ase TeOpHW HENPEeDPHBHHX JIBIKeHUM.
OcHoBHBasick Ha cooGpa;keHuAX $usmuec-
KOT0 XapaKTepa, NpeJuoiouM, IT0 B Kask-
OHA ¢uKcEpoBaEHENE MOMEHT BpPeMeHH
t = const dymEknmmnm zt = xt (EY, E2, B, {) ABAAIOTCA B3AMMHO OJHO-
3HAYHEHMEA QYHKOUAMA.

HenpepuisrocTs  QyHEDMIE,
3aA0IMAX 3AKOH [BHKEHMT

B3arMo0THO3HAYHOCTS 3AKO-
HA JIBMKEHHA
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Kak ussecTHO, B 3TOM clIiyYae AKoOHWaH

dxl 9rl Izl

JET 9E% 9ED

dx2 0x* O«
A=|agr oz o |70

8x% 2% 023

51 9ET 07

T. e. ¢opmynm (1.2) MomHEO paspemmurTs oOTHOocHTeaAbHO §i, E2,
E® m mpexcraBUTh pemieHMe B BHUJe OMHO3HATHRIX HeNPEPHIBHHX
PyaKRIRIA

gi = gi (.’L‘l, xZ’ xav t)- (13)

Obmpme cpoiicTsa menpepsis-  CoBOKYIHOCTEH 3HaTeHMil x!, z2, 3 o6pasyer
ubIx oTopaskennii B IpocTpaHCTBe 06dacThb [), 3aHEMaeMyio
TeJOM B JAHHKH MOMOHT BpeMeHM t. Fcnm

Koopaunaate E!, 2, E® paccmarpmBaTh KaK B3HAYeHHAA KOODAWHAT

z!, x?, 2° B HeKOTOPHIA PYrod MOMEHT BpeMeHH f,, To o0xacTh D,

¢Z"7 M(é‘b 62; gj) M(‘Z'Z ‘Z"Z‘th

Pome. 2. JiBmxenne xorTuHyyMa. Ilpm & =1,
! = El, 22 =E?, 2% = 3.

mamenenwit El, E2, E3 cooTBercTBYET 00'BEMY, 3aHATOMY TEJIOM B MO-
MeHT £.

B sroM cayuae sakom asmxenus (1.2) = (1.3) Moxmo pac-
CMaTpPUBATh KaK B3aMMHO OJHO3HAYHOE W HeIpephIBHOE 0ToGparke-
HHOe obaacteit D u D,.

Kak m3BecTHO, 06mue TomoJiormyecKme CBOUCTBA TAKUX, NPeOl-
Pa3oBaHE 3aKJI0YAOTCA B TOM, 9T0 JioGoit o0beM V, mepexonat
B o6seM V, mosepxuocrs S; — B moBepxHOoCTh S, JmEEA L, — B
anBmio L, OpudeM 3aMKHEYTas DOBEPXHOCTH HEPEXOHT B 3aMKHYTYIO,
4 3aMKHYTad JHHUA — B 3AMKHYTYI0 jgumamio (puc. 2). Hampmmep,
00’peM He MOJKeT IepeiiTH B TOYKY, TaK KaK NPE 3TOM HapyIIHIOCH
O ycioBHe B3aMMOOHO3HAYHOCTH, & 3AMKHYTas JHHAA He MOYKET
nepefiTH B He3aMKHYTYIO JIMHKIO, TAK KaK HPY 9TOM HaPYIMMIOCH GBI
yCJIoBMe HEHpPepPRBHOCTH.
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CucreMa orcueta Hax BcAKoe ABWIKeHME, JBW/KeHHE KOHTH-

HyyMa BeeT/ia ONUpefeisieTcss IO OTHOHNIEHHIO

K HeKoTopoil cucteMe KoopxmHAT z1, 22, 22 — cmcreMe orcuera Hab-

JIofaTesd. OTa CHCTeMa KOODAMHAT MOKeT OniTh BHIOpaHa mpom3-

BoasHO. OHA BBOJUTCA 1O YCIOBHIO, M BLIGODP €¢ 3aBHCHT OT HCCJe-

gosarels. Ha mpaxkimke oHa "acro cBsizaHa ¢ 3eMieil, HO MOMKeT

OHTH cBsA3aHa ¥ ¢ COJNHIEM, 3BE3aMU, CAMOJETOM, BATOHOM M T. M.

ITo cMeicy BBefeHHMS OHA MOskeT OHITh NOABMKHOM MM MOFKET
CIHNTATLCA HEIOJABWKHOIL.

B =poTOHMaHCKOH MexaHuKe oco0eHHOe PU3MIECKOC 3HATEHHE
nMeeT PACCMOTpeHUE ABWKEHUS OTHOCHUTENLHO HHEPIHMAIbBHLIX CH-
CTeM KOODJMHAT, OBIDKYMUXCS OTHOCUTENBHO APYr APyra LOCTY-
maTelbHO ¢ HOCTOAHHON 10 BpeMenH cxopocThio. Hammgume Taxux
CHCTeM KOOpPAMHAT (TECHO CBH3AHHOS C MOCTYJIATOM O eBKJIMOBOCTH
(U3MIECKOTO TPOCTPAHCTBA U MOCTYIATOM 00 abCOMITHOM M OJA-
HAaKOBOM COOCTBEHHOM BPEMEHH JUJIA PA3HBIX TOTCK) ABIAETCA OC-
HOBHEIM IOocTyldaroM MexaHuKHN HHploToma 1),

Bee ¢uamueckme sakonH B gusuke Hrlorona o6mruno dopmynan-
PYIOTCA B MHEPNUAJIBHHEIX CHCTeMaX KOOD/AMHAT M He B3aBHCAT OT
BHOOpa MHepPIWAILHOH CHCTeMHl KOOpAMHAT. B 3TOM cocromT 3Ha-
MeHuTHH npunmun [anunes — HpioTona.

Ha npakrture, B ;KM3HH, B Kad4eCTBe WHEPIHAJBHON CHCTEMSI
KOOPAMHAT MOMKHO BHOpaTh /[EKAPTOBY CUCTEMY KOOpJMHAT, B KO-
TOPOH JTalIeKUe 3Be3HHl MOJKHO CYUTATH BEIO[BWKHLIMU.

Buecte ¢ TeM B cayuae ABMmieHUA CIUIONTHOR
CPEJH HYKHO BBECTH ele CONYTCTBYIOILYO
cucreMy rooppuHat, Hapsany ¢ kooppmuatamm z!, z2, 2® narpanske-
BH KOOPJAMHATH MHIWBUAYaIbHHX rTodek §!, §2, §% MomkHO paccmar-
puBaTh KaK Jpyrue KOOPAHHATLHI TeX ke TOUeK mpocTpaHcTsa B 006-
nacta D. CoorBercTaylomasn cucteMa Koopaamar §!, £2, E% B ToM sKe

ConyrerBylomas cmereMa

1) B cmenmanbpHO# TeOPHH OTHOCHTEILHOCTH TaKike IOCTYAHDyeTcsa Hajad-
Yme MHEPIHAANLHHX CACTEM KOODAWHAT, CBA3AHHHX Meiy cob6oi mpeoGpazo-
BaHHeM JIopeHna, ofHAKO PU3NTECKOE IPOCTPAHCTBO 3a4aeTCA KaK YeTHpeXMep-
HOe IICeBIOEeBKIMAOBO IPOCTPAHCTBO MUHKOBCKOI'O (YeTBepTad KOOpPAWHATA
cBA3aHA ¢ cOOCTBEHHKIM BpeMeHeM). B aToit Teopum faa HaGuopaTenel, oNmcH-
BAIOMEX OTHOCHTENbHOE ABH/KEHHE, TAKKe MOMKHO IMOJb30BATLCA IOOHMA
HNOABMKHLIMA CHCTEeMAMH KOODAMHAT.

B ofmeit Teopum OTHOCHTEABHOCTH JMI0KE ABIKYIGAECA APYT OTHOCUTENb"
HO JpYra cHCTeMbl KOODAHHAT CUMTAIOTCA PABHONPABHEIMH, a QH3MIECKOe IpPO-
CTPaHCTBO HE 3ajaeTcsd, a OUpefelddercd, ONHAKO B IpeANOJOKeHAHN, 9TO QH-
3M9ecKoe IPOCTPAHCTBO HYeTHpeXMepHOe WM DPHMAaHOBO, IPHYEM A MAJkX
00'beMOB_ BHIOIHAIOTCS 3aKOHH CHENHANBHOM TEOPHA OTHOCHTENHLHOCTH.

JI1060NHTHO OTMETHTH, 9TO B DE3yJNbTATE DPeEMIeHAS COOTBETCTBYIIMHEX
3afay MOIY9aercss, 9T0 MHOTOCBSI3HOE B TOIOJOTMYECKOM CMEICJIO IIycToe (0T-
CYTCTBYIOT MaCCH H 3apA/b) PAMaHOBO IPOCTPAHCTBO B M3BECTHOM CMEICJe IIO-
X03Ke Ha eBKIM/IOBO IPOCTPAHCTBO ¢ TPABHTANMOHHNM 1 3JICKTPHICCKAM HOJIAMA,
00yCII0OBICHHKME IPACYTCTBYIOIEMY MaccaMi I 3apagaMa. CMm. k. Yuaep,
T'pasmranma, meiitpuao u Bceexemsasa, UJI, Mocksa, 1962, mepes. c¢ aHra.
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opocTpaECcTBe obpasyeT HOABIKEYI0 IeopMEPyeMylo KpHBOJIH-
HeHHYI0 CHCTEMY KOOPIMHAT, KOTOPAas HABHBAETCH CONYTCTBYHOIMEH
cucTeMoil KoopameEAT. TaK, ecAM B HaUaNbHHI MOMEHT i, BHOpaTh
B CILIOIIHOM cpefle HEKOTOpHE KoopawHATHHe JuHun:§!, E2, E%,
cocTosmue W3 TOYeK CINIOMHOH cpemsl, TO B” CleAyOmMUi MOMEHT
BpeMeHM OHHM BMecTe ¢ TOIKAMH KOHTMHYYMa BHOBb LEPEHIYT B
KOOpAMHATHBIC JHHAN COMYTCTByIOmeRl cmcremsl. OOHAKO ecau B

z? t=¢, &7
7 & !
v
—, ‘
- &7
Z 52 57 EZ

Pmec. 3. 2, 22, 2® — cmcrema otcuera, £, £2, 3 —
CONYTCTBYIOMAS JAArpamKeBa CHCTEMa.

HavYaJbHHI MOMEHT BPeMeHHM OHH M ObLim BHIOpaHE NPAMEIMH, TO
B cIefyIomuil MOMeHT OHH, Boo0me roBopsA, OYAYT MCKPWBIEHHHI-
Mu {puc. 3).

Taxum 06pasom, ecaum paccMaTpHBaTh CHCTEMY KOOPAMHAT, CBA-
3aHHYI0 ¢ YacTHIAMH CINIODIHOH Cpefibl, TO OHA C TEYEHUEM BPEMEHH
Oyner maMeHATHCA. BRIOOp Tako# CHCTEME KOOPAMHAT B I060H gam-
HEIH MOMEHT BpeMeHH B HamIeill BJACTH, HO B CJAEIYION[Ae MOMEHTH
BpeMeHH OHA yyke He MOABJACTHA HAM, TAK KaK OHA «BMOPOMKEHA»
B cpeny u gedopMmmpyercs BMecTe ¢ Hell. Takas BMoposKeHHAs B
cpejly cECTeMa KOODAMHAT W ONpelejieHA BEHDIe KAK CONYTCTBYIO-
mas cucteMa. Bce TOYKM CHMOMHON Cpeisl BCerfa IOKOSATCA OT-
HOCHTEJIbHO TIOOBW/KHON COMyTCTBYIOHIeH CHCTeME KOODAHWHAT,
TAK KaK WX KoopmmmaTe §!, E2, E% m comyTcTmyromeil cmcreme He
MensaioTca. Ho cama cmcTeMa IBHIKETCH, PACTATHBACTCA, CHRHMAET-
cA, uspmBaercd... 1loHATHE COMYTCTBYIOMEN CHCTEMB KOODPAMHAT
ABagerca o600menneM Ha ciaydail cimomHOM cpembl coGCTBEH-
HOH CHCTEMH KOOPAMHAT TBEPJOTO Tela B TEOPEeTHIECKOI
Mexaunmke !).

Bcerga, ®orga Mpl TOBOPHM 0 [OBIKEHHE CIUIOMHON CpeH,
HeoOX0uM0 HHIHBHIYAJIH3HPOBATL TOUKH H, Cle0BaTeIbHO,
IOJIB30BATHCA JIAaTPAHKEBRIMA KoOpAAHATAMHU. [I03TOMY Beerga mpm
PaccMOTpeHNN [BWIKEHHA CIVIONMHAOW cpemsl MmogpasyMeBaercs

1) OueBHAHO, 4TO /I BCAKOH CHCTEME KOOPAHHAT H, B YACTHOCTH, [ CH-
CTEMH 0TCUeTa HaOJIIfaTe A BCera MOKHO BBECTH MEICTEHHO HACANN3APOBAH-
HYI0 Cpefy, AJIf KOTOpoill paccMaTpHBaeMad CHCTEMa KOOPAMHAT ABIAETCA

CONyTCTBYMOMEH,



28 Ta. IlI. Kumemarmka ARedopMEpyeMoOil cpemu

HaJlmdze CACTeMEI oTcHeTa r!, 22, 23, 0OTHOCHTeIbHO KOTOpOH paccMar -
pHBaeTCsA [BHKeHHMe, M CONYTCTBYIOMIEH CHCTEMH KOOpPHMHAT.
Hcmonp3oBaAme B KadecTBe He3aBHCEMHX HepeMenmmx Ei, E2, E3
¥ [ cocraBjsAeT TOYKYy 3peHHsa Jlarpamska Ha H3yUeHHe [BUKCHAA
CIIOIIHOM Cpefik, KoTopask, TAKUM 00pa3oM, CYHMIeCTBEHHO OIMPAET-
CA Ha ONNCAHH® MCTOPHH JBMIKEHMA KayKI0H TOTIKH CILIOITHOM CpeH
B OTAeAbHOCTH. Takoe ouMCaHMEe HA NPAKTHKE OKA3HBAETCA YacTo
CINMKOM TOAPOOHEIM ¥ CJOKHLIM, OJHAKO OHO BCerja IOApasy-
MeBaeTcs Op¥ HOpPMYIAHPOBKe Pusmieckux sakomos, Kpome moms-
THA 3aKoHA [BIIKeHHA, AJA ONHCAHUS ABMKEHWUA CIJIONIHOMN Cpefhl
HeoOX0NMO BBECTH elfe HeKOTOpPHE [DPYyTde MOHATHA, B TaCTHOCTH
IOHATHUA CHOPOCTH ¥ YCKODEHHA TOUYEK CHIIOMIHON CpEeIH.
Cropocts Ilycts HeROTOpas TOYKA CILIOITHON Cpemn
B MOMEHT { HaXOAUTCA B TodKe M TpocTpan

cTBa, a B MOMEHT { + At — B rouke M u MM’ = Ar.

Ilon Ar moHWMaeTcA Maioe HANpPABIEHHOE IepPeMENIeHUE WH-
JUBHIYaJAbHOM TOUKM CIUIOIIHOM cpennl sa spema Al. B cayuae,
KOT7la B IPOCTPAaHCTBE MOKHO BBECTH DPAflHyC-BEKTOp 7 (4 B eBKJIH-
JOBOM IIPOCTPAHCTBE 3TO BCETJA BO3MOKHO), Ay, 09eBUAHO, mpef-
cTaBisgeT co0ofi mpupameHde pagmyca-BeKTopa paccMatpuBaeMoi
TOYKH CIUIOIMIHOM Cpejsl.

IIpenen oTHOMmEHUA MBYX COOTBETCTBYIOMEX OECKOHEUHO MAJHIX
roxmdects Aru At nipu Al — 0 B caydae HeeBKIHJOBA HPOCTPaH-
CTBA WA TaCTHAS MPOM3BOJHAM PagUyca-BeKTOPAa TOYKM CIIOIIHOMN
CpeIs OTHOCHTeIbHO CUCTEMHE OTCYEeTa 10 BpeMeHWm 07/0f B ciaydae
eBRJAZIOBA IPOCTPAHCTBA HA3HBAETCA CKOPOCTHI0 TOUIKHM CIJIONI-
HOi#l cpensl. Bewrtop ckopoctm Gymem oGosHad9aTh KAPHOH OYK-
BO# w.

Pagunyc-Bexrop »* 3aBUCHT B 00meM cilydae OT TPeX HapaMeTpPOR
Et, E2, B3, MAMBHMAYyANHSEPYIOMMX TOUYKY CIUIOINHO CPeIH, ¥ Bpe-
Mend {. CKOpPOCTh BEIYUCIASTCA A MHIUBUAYAIBLHON TOIKA CIIOMI-
HOii cpes, T. ¢. Opu purcuposasHEuX &, 2, E%, moaToMy m Geperca
JacTHaA IPOU3BOJAHAA OT 2* OO L:

CKOpoCTh BEYACIAETCSH OTHOCWUTEJBHO CHACTeMH oTcdera. OweBma-
HO, 9TO OTHOCHTENLHO CONYTCTBYIOMEeH CACTeMEI KOOpJAMHAT cpefa
OOKOHUICS, M H03TOMY CKOPOCTh OTHOCHTEIHHO CONMYTCTBYIOMEH cu-
CTeMHl BCerja paBHA HYJII0.

Yepes RaKIyP® TOYKY DPOCTPAHCTBA HPOXO-
JAT TPU KOOPAWHATHHE IWHWHE, W B Karkmoi
To1uKe mpocrpancTsa M (1,22, 2% MoskHO pacCcMOTPeTh BiieMeHTa PHEIS
UpAMONIHHeHAKe HaupaBieHHA Ar,, Ary, Arg, BHXOAAMAe U3 ITOH
toukn M m coemmuAlomme ee crtouxkamMm M, (z! -+ Axt, z2, z%),

BekTopnl Gasmea
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M, (z1, 22 4+ Ax?, 23), M, (z!, z?, z® 4+ Az®) coormercreemno. B
KaKM0M TOYKe IPOCTPAHCTBA MOMKHO BBECTH IpeNeJh OTHOIICHUA
Ary/Az; wnn Ar;/AE (mpr Azt — 0 mwau A i 0) — BeKTOPH, KOTO-
pHe, OYeBHAHO, Oy T HATIPABJIGHH IO KACATEABHEIM K COOTBETCTBYIO-
myuM KOOPAHHATHHM JHHAAM B Touke M. B eBKammoBOM HpoCTpPaH-
CTBE 9TH Tpefeinl OyAyT YaCTHKRMMA HPOU3BOJHEIMHA OT #* MO COOTBET~
cTBYOmMEM KoopamHataM. Ecam mox Azt mnm AL mommMaTth AJWHE
YT BJOJH COOTBETCTBYIOIIHX KOOPAMHATHHX JHHHHA, T0 07/0x%,
Or/0Et mo BenwdumHe OyAyT PaBHH eIUHHIE.
BBenem o6o03HadeHus
or ar ~
P, =9; 1 6Ei = 3 (1./1)

u OylleM HasHBaTh 9, 3 BeKTopaMm 0asuca JJIA CHCTEeMH 0TcYeTa
W s conchTBylomeH cHCTeMHl cooTBerTcrnenno. Ecam cmctema
roopmumHat x!, x?, ¥ MeKapTOBA, TO MOMKHO MOJB30BAaTBCA 0003HA-

JYeHUAMH
31 :1/, 32 :j, 33 :k,

rne ¢, §, I — enuHMYHEKIE BEKTODPH II0 OCAM KOODAMHAT Z, Y, Z
COOTBETCTBEHHO. Ecanm CHCTEMa KOOPAMHAT zl, z2, 2% wom §t, B2, &3
KpHBOJIHUHeiHAA, TO 9, I 9 MEHSIOTCA 0T TOIKA K TOUKe MPOCTPAaH-
CTBA M 06pa3yloT, Booﬁme roOBOPA, B KAKIOHU TOYKEe NMPOCTPAHCTBA
HEOPTOTOHAJNBHEIH TPHIAD.

BeckoHeuno MaJjioe IepeMelenne TOIKH
cmiontHOR cpepsl MM’ = Ar momxno pas-
JOKHUTH IO BeKTOpPaM 0asuca 9, 9y, 93, BIATHM B TOUKe M:

Ar — Azla, + Az2a, + Az®a,, (1.5)

rae Az?, Az?, Az® ABIAIOTCA KOMIIOHEHTaMH HepeMemeHust Ar,
Paanomxenne (1.5) MoHO 3ammcaTh B COKpAIeEHOM BMIE:

KommorenTH CROpOCTH

3
Ar = D} Az'a; = Az, (1.5)

i=1
3

rfie B DOCHEIHEM BHDAKEHHN 3HAK CYMMH Zonymen. B nmane-
=1

HedmeM Mul 00bIGHO Oy/ieM ONMyCKAaTh 3HAK CYMMH, DOJpasyMeBad
CYMMUWpPOBaHHE BCAKHH pas, KoTJa B BHpa;eHusx tuma (1.5) 6y-
YT BCTPEYAThCH B ONMHAKOBHIX MHAEKCA, OfIMH M3 KOTOPHX CTOUT
BBEpXYy, a ApPYro#d BHHU3Y.

Ilogenms (1.5) ma aaemeHT BpeMeHM Af, COOTBETCTBYIOMUHA
mepeMemenri0 TOYKHE CIUIONIHOH cpefsl M3 Toukm M B Toury M’
OpoCcTPaHCTBA HabmiofnaTtensa, W B3fAB mpefed nopu Af —» 0, moxyanm
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0 OIpelefieHNI0 CKOPOCTh TOYKM CILIONIHOW Cpejsl:

oar 3t .
PP = -aT- = —at 31" — U’Qi = v131 + v232 + v333’ (1'6)

dxl axZ‘ dx3
o 38) ) - 5
\ ot ii ot Ei’ ot Ei’

OTRyJa

I7e HHEEeKCH &' BHU3Y YKa3hBAIOT HA TO, YTO IPOUBBOJHLIE GepyTes
IpH DOCTOAHHEIX mapaMerpax &, &2, &3, mmpmpupyanmampyiomux
TOURY cpeftl. Bemmauasr »!, v2, v° Ha3HBAIOTCA KOMIOHEHBTAMI BEK-
TOpa CKOPOCTH ¥ B 0asmce 9y, 9y, 93. CKOPOCTH ¥ €6 KOMIIOHOUTH 3a-
BHCAT, BooOme rosops, or &1, &2, £3, £

vl = vl (&, &2, &7, 1),
v? = 2 (1, &2, B3, 1),
v? = 03 (EL, &2, &7, 1).

Jlast manmbuelimiero yeragoBuM chaefywmue o0osHavenus: OyK-
BamMu v ¢ uEgekcamu 1, 2, 3 OGydAeM 0603HAYaTL KOMOOHEHTEI
BEKTOPA CKOPOCTH 4 B I000H (B TOM 4mciie HHOT/A W JeKaPTOBOIT)
cucTeMe KooppamHar, a OyKmRaMm u, ¥, W — KOMIIOHEHTH BEKTOpA
CKOpPOCTH TOJBKO B JIeKApTOBOW cmcreMe Koopamuat. llpmaeM u
Oyner mpoeKmuell ¥ Ha OCh %, ¥ — HA OChb J M W — Ha 0Ch 2.
B merapropoii cmcTeMe KOOPAWHAT TOJOMKEHHNE TOIKH CpeBl Xa-
paKTepuayeTcss PaJHyCOM-BEKTODPOM 7':

r =2t -+ yj -+ zk,
7 ST CKOPOCTH ¥ HMeeM

o= {5 ) = (5 0+ (5F)

'Ei

. gz
J -+ (’_Bt_):ik’

Z

: st
3 3

u_(@x U*(ﬁl-\ _(6z
T\t )y T \ot )ai’ W= \'87)

\ o \ s
Z 3

O moHsATHE BeKTOpa Msr y;ke BBeJIM B PacCcMOTpeHHe HEKOTODLIe
BEKTODH, HAUPAMEp CKOPOCTL ¥, paguyc-
BeKTop 7, mepeMemenue dr. Yro ;xe HasbiBaercs BeKTopoM? Berrtop
He CKaJAp, HO B TO e BPeMsA, KaK ¥ CRaJAD, ABIAETCH WHBAPHAHT-
HEIM, HE 3aBHCAIOIMM OT BHIOOpA CHCTEMEI KOOD/HHAT, OGBEKTOM.
Oupeneasnsa BeKTop, 9acTO TOBOPAT, UTO 3TO — TPHU THUCIA, Ha3H-
BaeMEIe KOMIOOHCHTAMHI BEKTOpa, mpeobpasyiomuecs HpH Iepexojie
OT OJHOH CHMCTEMH KOODIWHAT K JPYroil ompefeseHHEM 00pasoM.
OnHako 3TO ompefejeHNE HEJOCTATOYHO, TaK KAaK BEKTOD BCeria
3ajlaeTcsA B ompe/edieHHoM Oasmce W, 3ajjaBasg BEKTOD ero KOMIOHEH-
TaM®, BCOTMla HA/0 yKaasHBaTh 0asmc, B KOTOPOM OHH 3afaHHL.
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B npekaproBoit cucTeMe KOOpAHHAT KOMIIOHEHTH BEKTOpa IpH-
BAZAHK K ¢, §, &, a3 B IPOM3BOABHON KPUBOIMHEHHONA cHCTeMe KOOP-
DUHAT — K MEHMIOMUMCS OT TOYKM K TOYKe MPOCTPAHCTBA BEKTOpPAM
6asmuca 9,. Taxum 06pasoM, KOMIOREHTH BeKTOpA B KPUBOJMHEHHOM
CHCTEME KOOD/MHAT, B HPOTHBOIOJOMHOCTL KOMIIOHEHTAM BEKTOpA
B JIeKAPTOBOMH cucreMe, CYMeCTBEHHO CBA3AHE ¢ TOYKOH, B KOTO PO
OH paccMaTpPUBAETCsI.

ToBopsa, HampuMep, 0 BeKTOpe CKOPOCTH 2 B Ka3RA0H TOUKe
TpOCTPAHCTBA, HAJI0 pAcCMATPUBATDL Ymeia vl, v?, »® H BekTopH Oa-
3UCA 3y, 9y, 93 U OUPEAENATH BEKTOP ¥ IO (1 6), T/ie 9; ABIAIOTCH
0a3UCHEIMHA BEKTOPAMH, 4epes KOTOPHe MOMKM) HpeﬂCTaBJIHTB aHa-
JIOMMTHNM CU02000M KaMKIBIN BEKTOP B TAHHON CHCTeMe KOOD/HHAT.
KpoMe cropocrn Tpebyercsa paccMaTpH-
BaTh ele YCKOPEHWEe (& TOYKHN CIDIOMHOI
cpeibl, KOTOpPOe TAKKe SIBJISIETCS BEKTOPOM,

a=(22) —ab
- ot )4,* i

e at=a' (&, &2, B, 1) — KOMDOHEHTH YCKOpDEHH:. ¥YCKOpPEHHE
@, KaK W CKOpPOCTHh ¥, BRMUCJAETCA AJA MHAMBUAYAJIBHOH TOIKH
ctonrnoit cpefpl. Oupenerenne YCKOPeHMA CBsI3aHO ¢ BHOOpPOM
cHCTeME! KoopauHAT HabmomaTexs z!, z2, 2%, B KOTOpo# paccMaTpm-
Baercsa saxoH asmxenus (1.2). Cucrema rooppumat zi,x?, 23 Mo-
KeT OBITH TOABMKHOIM.

Heo6xoguMo oTMETHTH, 9TO COOTHOINEGHNA

cIIpaBe/INBH TOABLKO B JeKADTOBOM cUCTeMe KOODAMWHAT W He cIIpa-
BEJJIMBH B KpuBoJuHeiiHOi. [[eficTBUTeNbHO, BEKTOD YCKODeHUA
onpegeNgeTcA KaK OPOU3RONHAA OT BEKTOPA CKOPOCTH IIO BPEMeHH,

v
:<z9_t—>gi’ N [PH BHYHCICHHW KOMIOHEHT YCKOPEHHA Cclaeayer

uMeTh B BUAY, 9TO TOUKA CPE[Ibl C TeUeHHeM BPeMEHU epeMemaeres
B IPOCTPAHCTBE, a BEKTOPH 0asmca 9; KPUBOJHHEHHOH CHCTEME
MEHAIOTCA OT TOUKA K TOUKe IIpOCTpaHCTBa B rerxaprtoBoit cucreme
KOOPJAWHAT BEpHH Take $opMyIH

Pz

1
& =gE s = e

at? -

Bo MHormx ciyd4asx mccHe0BaHHA BHMKEHHN CILIOMHON cpe-
ALI OCHOBHAA 3ajada 00 OTHICKAHWE 3aK0HOB [ABH;KEHUSA MOMKET 3a-
MeHATBCA sajateil ompefenennus (QYHKHHOHAJIBHHX 3aBECHMOCTOH
KOMIIOHEeHT CKOpocT® ! mam yckopemrus at ot &!, 2, E3 m L.
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ITogueprEeM cHem@anbHO, YTO TOYKA 3peHHsA Jlarpam:ka Ha
u3ydeHHEe /[BUIKEHWS CINIONIHOH CpeJnl JIe;KET B OCHOBe (puaMyec-
KHX 3aKOHOB, TAK KAK OHM CBA3AHH C JBWKCHWEM WHIMBULYAJILHEX
MaTepHaXbHKIX JacTHL,.

§ 2. Touxa spenus Jiiiepa Ha n3yyeHge FBHKEHU
CILIOIHOIT  CPEAbI

Cympocrs rtouxm spemma  JIpemmoso)xmM Temeph, 9TO HAC HHTEpeCyeT
ditnepa He WCTOPUA ABMKEHUA MHJUBHJIYAJIBHEHX TO-
9eK CIUIOIIHOH CpeJE, a TO, 4T0 IPOMCXO0-

OUT B pasHele MOMEHTH BPEMEHW B JAHHOU I'eOMEeTPHYECKOH TOdYKe
OpOCTPAHCTBA, CBA3AHHOIO € CHCTeMoil orcdera Ha(mojarensd.
Ilyers Hame BHUMaHWe KOHIEHTPUpYETCS HA JAHHOH TOYKe mpo-
CTPAHCTBA, B KOTOPYI0O OPHXONAT pasHEe YaCTHHE CIVIOLIHOM cpe-
A, 9TO ¥ COCTABJAET CYUHOCTh TOYKH 3peHusA Jiilepa Ha H3YICHUE
ABUKEHUA CILUIOMHON cpepmn. HanpmMep, fBmixenme BOAH B peKe
MOAHO M3y4aTh, Jub0 cjefls 3a ABWKEHUEM KaKITOH YaCTHOBL BOJK
OT BEPXOBLEB pPeKM [0 ee ycrbA (aro Gyfer Todka spemmd Jlarpam-
a), mubo HabI0Iasa M3MeHeHAHe TeUeHUA BOJH B ONpe/leIeHHEIX Me-
CTaX PeKH, He MPOCHeKUBAA [BIKEHHA OT/ASHABHEIX HaCTHAIL BOJH
BIOAH BCeil peKd (9TO TOYKA 3peHHWA Jinepa).

Touxa apends Jirepa BecbMa JacTo YHOT -

pebaserca B mpmioxeHmax. ['eomerpmaec-
K¥e KOOpAMHATH HpocTpanctsa z!, 22, 2* m BpeMs ¢ HOCAT Ha3BaHME
nepeMeHHbIX Jiijiepa. JApumenve, ¢ Touxkn 3pennsa Jilmepa, cuATALT-
€A M3BeCTHHM, €CIJM CKODPOCTh, YCKOpeHnue, TeMuepaTrypa ¥ Jpyrue
KHTEpecy¥oIme BeJIWIUMHL 3amanbi Rar ¢ymkuum zx!, z?, 2® u t.
QOyakmun v =v (z!, 2% 2% 1), a =a(zt, 2% 28 1), T =
=T (21, 22, 28, £) m T. 0. upu pEKcHpoBAHAHX z!, 2%, r° mIepeMeHHOM ¢
ONpeMeAI0T H3MEHEeHHA CO BPEMEHEM CKOPOCTHM, YCKOPEHW:S, TEM -~
fHepaTypw @ T. [, B JaHHOWX TOYKe IMPOCTPAHCTBA IS PASHHX NPU-
Xofamux B 3Ty Toury 9actuy. llpm duxcupoBaHROM { B mepeMeH-
HEX z!, z2, z? oTH QYHKOUM JAOT pacupefeleHNs XapaKTepUCTHK
ABHIKeHNA B NPOCTPAHCTBE B JAHHEN MOMEHT BPeMeHH £; NPk Iepe-
MeuRnX x!, z%, 2® m { — pacupefeicHUs XAPAKTEPUCTHK IBUIKE-
HAA B NPOCTPAHCTEE B pasHhe MOMEHTH BDEMEHW.

Orimume  Tower  spemms Taxkmm o06pasoMm, ¢ TOYKEH 3peHUHA Jlarpam-

Jarpamska m Dimepa ma K8, MH HHTepecyeMCsS 3aKOHAMH WM3MEHEHMS

A3yYeHHE JBEKCHHA CIIOIN- CKOPOCTH, YCKOPEHHA, TeMHepaTypH 1 Apy-

HOH cpeart : THEX BeJWYHH JJIA [aHHOM HMHIMBHAYAJLHOH
TOYKE CIAONIHON € Pefik, a ¢ TOYKK 3PeHdsaA JiIepa — CKOPOCTHIO,
ycKopeHWeM, TeMmepaTypoit ® T. fA. B jgammoM Mecte. C Toukm
spennsa Oinepa, Mil BhIeJIAEM HOKOTOPYI 00JacTh TpocTpaH-
¢TBAa ¥ XOTUMM 3HATh BCE JAHHHE O YacTHNAaX, KOTOpHE B Hee
IPHUXOJAT.

Hepemennste Jitaepa
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Heno, uTo MaTeMaTHYeCKM TOYKA 3PeHHMA Jijiepa OTIAHYAETCH OT
TOYKY 3PeHEHA JlarpaHka TOJBKO TeM, 9TO B IePBOIl MepeMeHHEMMN
ABAAKTCA KOOPAWHATH TOUEK UpocTpaHcTBa z!, 22, 23 w Bpems t,
a Bo BTOpO#t — mapaMerps &i, &3, &3, unpuBuayannsupyomue TOU-
Ky CILIODIHOA cpejhl, ¥ BpeMA ¢{.
3axoH IBWIKCHOSA CILIONIHOHR CpefH HMeeT
Ilepexox, oT mDepeMeHHBIX BUL

Jarpamxa K mnepeMeHHRIM :
Sitnopa repet oi=of (8, 8, B, 1), (2.1)

B KOTOpOM He3aBHCHMBIE MepeMeHHHe i,
E2, B3, ¢ apaswoTcea mepeMeHHnME Jlarpam:xa. Paspemins ero oTmo-
carenbHo £, E2, E3, momydumm

E=E@" 20, (2.2)

T. e. mepeiieM K mepemeHEnM Jiinepa. Ilpm $urcmuporaEENX
zl, 22, z° (2.2) yxaasmBaer Te rouru (§!, &2, &%) cmiommoi cpemsl,
KOTOpHIe B pPasHHE MOMEHTH BPEMEHW IPHXOLAT B NAHHYI TOUKY
mpocrpancTea. Ecam cKopocTh

v=uv(E, &, 8, 1),

yeKOpeHue

a=a (giy Ezr §3) t)a

T =T@E, &, &, 0

M [pyrAe BeJIWYMHK 3aJaHK C TOYKM 3penma Jlarpamma, T. e.
xax ¢pyaruma &1, §2, E3 m £, 1o (2.2) marT BO3MOMEOCTH HAHTH CKO-
POCTh, YCKODEHNUe, TeMIEPATYPY U T. Jl. KaK QyHKIUH TeDEeMEHHHIX
ditmepa zt, 22, 2°u £. TaxmM o0pasoM, eCIE ABMKEHHEe ¢ TOUKH
apeRusa Jlarpamma u3BecTHO M ero Haj0 ONPENENHTH ¢ TOYKH
3peEda Jijepa, TO 1A dTOTO TpeGyerca TONBKO paspelaTh 3a-
Kom mpmwenusa (2.1) ormocwrensmo &), E?, E%, T. e. sammcaTh ero
B BHie (2.2); mepexoj oOT [ABWKERuUsA, 3aJaHEOr0 mo Jlarpan-
Y, K ONNCAHWI0O [BH/KEHHWA M0 OHIepy CBOLETCA TOJBKO K
paspelleHUI0 HEABHHX QYHKIHUIL.

Iepexox or mepememmmx 1aoGopoT, IycTh ¢ TOYKH 3peEmA Jimepa

Jfizepa ® mepememmuim Jlar- 3amamo pacmpejesieHEe CKOpPOCTeH B Hpo-

pamixa crpadcTee. Hak maiiTi 3akoH NBMKeHHANA, T. €.
nepeliTH ¥ OOACARHI0 ABMKeHHA mo Jlarpammy? BosbMeM mexapro-
BY CHCTEMY KOODAHWEAT Z, Y/, Z, A OYCTh B Heli U3BECTHE!

TEeMIepaTypa

u=u(xy,21t,v=v1Y2tw=uwy,ysztl.

HoMuoBeBTH cKOpOCTH U, ¥, W ABAAITCA NPOMSBOTHEIME OT
COOTBETCTBYIOINUX KOODAMHAT I, ¥, Z IO BPEMeHH ! OPH MOCTO-
AHAKIX jmapaMerpax &1, §?, £3, MEAMBHMIYanusEpYHOMEX TOURY
cwromnoii cpexhl. IloatoMy, ecnm u, v, w sajaEEm Kak QYHKOIE
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mepeMeHHHX Jiimepa , Y, 2 X £, T0 Ha COOTHOIISHMSA

dx
—5 = u(, 9,2, 1),
dy
2 =v(® Y, 30,
dz

- =w@ Y 21

MOKHO CMOTpPETb KaK Ha CHCTEeMY TpeX oOHKHOBEHHHX nufdepen-
OUANHHEX YpPapHeHUN OTHOCHTENBHO I, Y, 2. Pemwm aTy cucreMy,
HaliieM z, ¥, 2 Kak QYHKOUE [ M TPeX TPOU3BOJBHKX HOCTOAHHBIX
C,, Cy, Cg, ROTOPHE ONPEJEIANTCA IO 3HAUCHHUAM Z, Y, 2 B HEKO-
TODHHA JAAHHHIHA MOMEHT £, U, CIe[[0BATEJEHO, ABIAITCA IapaMerpa-
MU, MHARBHAYAIU3UDYIOIMAME TOYKY CIUIONTHOH Cpefbl, — IIepeMeH~
mrmu Jlarpamka. TaxkuM o0GpasoM, B pesyianTaTe pemIeHUs 9TOH
cucreMul [uddepeHI[HANBHNX YPABHOHMN HAXOAUTCH 3aKOH JBHKE-
gua (2.1), ¢ IOMOMmMBI0 KOTOPOTO MOKHO HepeidTH 0T mepeMeHHEX
ditnepa K mepeMeHHLM JlarpaHska Bo Bcex ¢opMynax, oipeneidio-
mEX pacupefenenusa @&, I u 1. 1. CaenosaTensno, mepexof oT mepe-
MeHHEIX Jiirepa K mepeMeHHHM Jlarpadxa mpu 3aJaEEOM MOJIE CKO-
pocTeil cBA3aH, BOOOIE IOBOPA, ¢ MHTEIPHPOBAHHEM OOLIKHOBEH-
HEIX AuddepeHnHualbHAX ypaBHEHHMH.

fAcno, 9T0 3ajaHMA [ABYIKEHEA CIUIOIMHON CpPEAH C TOYEK 3pe-
HOA JlarpaE;ka m Jilepa B MeXaHMIGCKOM OTHONICHWH DKBHBAJISHT-
HH IPYT ADYTY.

§ 3. CramspHble W BEKTOPLHDLIE LIOJA M MX XaPaKTEPUCTHRM

Onpepeaerme cxaxapuoro n  [Ipm mayveHHMy ABMKEHHA CINIOIIHON Cpefsl
BeKTOpHOre Iolen He00XOAUMO BBOAHATH B PACCMOTPEHH® CKa-
ASpHEICe U BEKTOPHBIE BEJIMYMHEL: TeMIepa-

typy I, ckopocts » u Ap. Hx, Boo6me roBopa, MoKHO paccMmar-
pHUBATh B PAasHEIX cHCTeMaX KOOPJAWHAT: B CHCTeMe KOODAUHAT HA-
gamofaTeliA W B CACTeMe KOOPAMHAT, BMOpOs;KeHHOH B cpepy. OHE
MoryT OuTH (yEKmuAME z!, 22, z° mau ¢ymmumamum 5!, E2, B,

B ramoil U3 5TUX CHCTEM KOOPAUHAT MOFKHO BRICIHTH HEKOTOPYIO
KOHEUHYI0 Wi 0eCKOHEedYHYI0 06IacTh M KajkAo# TO4ke 3ToM 0bia-

CTH UOCTABHTH B COOTBETCTBUE YHCIO, Hampumep Temuepartypy T,

EAH BEKTOp, HAOpPMMEp CKOPOCTh ¥, WIH, KaKk yBHAHEM LO3JHEe,

eme Jpyrue, 6oiiee CIOKHEE XapaKTEPHCTHKH. :
CoOBOKYNHOCThL 3HAYEHHMA TOH AW WHON BEeIWYWHH, 3aJaHHBIX

B Kampoll Touke paccMaTpHBaeMoil 06JMacTH, HA3HBAETCA MNOJEM
9TOf Beamdmekl., Ecam paccMaTpHBaeMad BeAMYWHA — CRAJIAD,

T. €, IHCJIO, 3HAYEHHEE KOTOPOTO B TaHHOHN TOUKe HE 3ABHCHT OT BH-

Gopa CACTeME KOOPJAWHAT, TO IIOJe HABKHBAETCA CKAJAPHEM. lIpm-
MepaMH CKAJSIPHHX HOJIeil MOTI'YT CILY;KETH HOJIe TeMOepaTyp, HoJie
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mroTHOCTed m xp. Ecam ske paccMarpuBaeMas BelMumHA — BEKTOD,
KaK, HaIpHMep, CKODPOCTh, YCKODEHMe, TO IIOJIeé HAa3HBAeTCH BeK-
ropEEM. CROPOCTh B KaMA0M cUcTeMe KoopamHAT z!, 2, 2% mMeer
TpH KOMIIOHEHTH 2', v?, v® W, clemoBaTelbHO, B JaHHOI TOYKE W B
NaHHOU cHCTeMe KOOPAWHAT ONpEReNAeTCA TpeMs gmciaaMm. llo-
BTOMY MoJieé CKODPOCTH, KaK W mioGoe Jpyroe BeKTOpHoe IIoie,
PABHOCWIBHO TpPEM IOJAM IIPOEKIUH paccMaTpMBAaeMOTO BEKTOpa.
O[HAKO, XOTA caM BEKTOD He 3aBHCHUT OT CHCTEME KOODAHHAT, ero
NMpPOEKIUA 3aBHCAT OT CHCTEMBI KoopauHAT. Ha mpmMepe mols TeM-
mepatryp 7 m moxA cKopocTeil ¥ M3yduM HEKOTOPHE 00Imude XapaK-
TePUCTUKE CKAJADHHIX U BEKTOPHLIX IOJeEi.
s s ey PPN Tomepenyp syt e
OpOA3BOAHBIE IO BpeMenn . H] ’ ¢/
TaK ¥ ¢ TOYKH speHus Jinepa: T (21, 22,23, ¢).
Ecam pacupenenenme, T 3amamo ¢ TodKm apeEmA Jlarpamska, TO
MOJICYNTATH, W3MeHeHHMe TeMuepaTtypel /' B eNIMHHINY BpEeMeHH {
B JaCTHIIe CILUIOOIHOI cpefikl 09eHE IpocTo. OHO Gymer paBHO TIpo-
W3BOJHOM
< aT \
ot )Ei'
Kak BRYUCINUTD TY e BeIMYUHY, €CJH pacHpeleleHrde TeMIepaTy-
PII 3a7laHO0 B 3aBHCEMOCTH OT mepeMemHux Jitmepa I (zt, z2?, 23, ¢)?
OgepunHO, AJA 3TOTO HANO HEPEHTH OT IEPEMEeHHEX Jiliepa K me-
pemeEHHEM Jlarpammxa

T (z1, 22, 2%, &) =

= T [z* (8, &2, &% ¢), 2% (§Y, £, &%, 9), 2* (8", &, &%, 9), ¢l

7 BOCIIOJNL30OBATLCA HPABUIOM NudepenmpoBaRTsA CIOKHOH HYHK-
nuu. Torma

<%Z;>ai: (ﬂag)xﬂr% <6x1> ™ ac::2 (ax’ >z iz ‘9”3 <‘9”s )z"

ozl O 8x
atr ot

H, CJeJ0BaTeJIBHO, HBJIHIOTCH KOMIIOHGHTaMn cKopoctm o, o2, »3
cootsercTBeHHO. IloaToMy

()=
5 )4

3ameTnM, uTo UpH safannol Gymroun T (!, £2, 23, f) AsA BETHCITE-
HuA (07 /0t):i IOMHOCTEHIO BHATH BAKOH JBHKCHUA CINIOMIHOA CPENH
He HY’KHO, HYKXHO 3HATH TOJBKO I0Je CKOpOCTel v.

T7le NPOH3BOJHEIE — - Gepyrtea mpm mocrosEEHX E!, £, E%,

oT 1 0T
—_ pt— .,
( at >xi+ ozt



36 Ta. II. Kmmematnka pmefopMmpyeMoE cpeps

Ipomssopgmas (0T /0t),: XapaKTepH3yeT H3MEHEHNE TEMIEPATY PEI
CO BpeMeHeM B JaHHOH TOYKe CILIOMTHOH CPe/H i Ha3KBAaETCA HHUBH-
OyalbHOH, miam cyOCTaHOMOHANBHON, WAM NOJHOH NPOM3BOIHOMN
tremuepatypsl I’ mo Bpemenu ¢. Oma 9acTo 0003HATASTCH CHMBOJIOM

aT/dt. pomssogmas (0T]0t),: xapakTepm3yeT H3MEHEHHWE TeMIe-
patrypel I B epumWNy BpeMeHH B JAHHOH TOYKe HPOCTPAHCTBA
zt, 2%, 2°. OHa HaskBaeTcA MeCTHOH WK JOKaJBHOW IIPOMBBORHOH
w obozragaetcss §7/9t. B ofmeMm ciydae HHAMBHAYAJLHAS MPOU3-
BogHass d7/dt me pasma mectmoii 6T/9¢, a oramuaerca OT Hee HA
BEIMIMHY, 3aBUCAIMYIO OT ABYIKEHUA WACTUIH W HAa3HBAEMYI0 KOH-
BeKTHBHOW NIpomspomuoil. Mrax,

daT oT

dt ot

. T

ot

+v

Hwxe pasGepeM ompepelnenue KOHBEKTHBHON IPOH3BOIHOM
moppoOmee, a ce#d9ac ONATH Ha OpHMepe MOJA TeMOeparyp
MO3HAKOMEMCA ¢ HMOHATHAMM, KOTODHIe MOYRHO BBECTH AJA KasK-
JOT0 CKAJAPHOTO TOJA.

Ecan remmeparypa I’ samama xar QyrRrOus
IIePEMEHHKIX Jiljepa, TO B KaKALIA JaAHEIH
MOMEHT BpeMeHH’ { MO;KHO PacCMOTPeTh IOBEPXHOCTH

T(z, y, z, t) == const,

IlopepxrocTm ypoBHA

KOTOPBIE HA3BIBAIOTCA IOBEPXHOCTAMH paBHOI‘O YpoBHA WIN

Zz

Puc. 4. IToBepXHOCTH PaBHOTO YPOBHSA M BeKTOD-TPANHAEHT TeMICPATYPH.

SKBHIOTeHIMAILHEEMYA MOBEPXHOCTAME. B ciyguae moss teMmeparyp
5TH II0BePXHOCTH HAa3HBAITCHA M30TEPMATIECKAMH LOBEPXHOCTAMM
. BufpaB Ha IOBEepXHOCTH PABHOTO YPOBHA
Hpomssofmas mo Hampasie- T _ const HeKOTOpyl Touky M, MoKHO
HHo H3Y4HTH, KaK GyXeT MeHATHCA TeMOepaTypa
T B 3aBMCEM(CTH OT HANpPABJEHHS, IO KOTOPOMY MOKHO BHXORHTH

u3 ool Toukn. OGo3maymM pTO HaNpaBJIeHHe Yepes 8.
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Hpenen
lim AT __ T
A:—'O As —W
HaskBaercsa mpousBojiEoid I' mo mampasienmio 8. Ouenmigmo, dTO,
ecIu 8 — 8,, T. €. HAIIPABJIGHAC 8 JEKUT B KACATEIHHOH B TOUKe
M mnockocTH K moBepxXHOCTH ypomHA I = const, TO

oT
081

= 0.

Tax xax AT pasusaerca T, — T,, mpuaem T, = const, T, =const
— YpaBHeHHA COCeJHWX IIOBePXHOCTeH paBHOTO YpPOBHA, ™
nasa sajapHoro AT umeer mecto dopmyna An = As cos a (cm.
puc. 4), To

%slzg%cosoc, (3.1)
rie 0T/0n — mpomWsBojHas 10 HANPABIEHHIO HOPMAJIK 1 K IOBEPX-
HOCTH paBHoTo ypoBusa I = const, a oo — yrox Memjy n u 8. fAcuo,
uro Hamboasmee 3Hadenne mpouwssoiHoit 7 /s mocTUraercs B HAL-
paBieRuu HopMaanm x (opu o = 0).
BeesieM B paccMoTpeREe BEKTOD, HAIPABIEH-
HHI{ 0 HOpDMaiu m B cTopoHY pocra T m
paBHH# mo BenmdauHe 07/0n. HasoseM b5TOT BEKTOD BEKTODOM-
CpaJiieHTOM CKAMAPHON yHKIUE, B JaHHOM CIy9ae TeMOePATYDH
T, u Gynem o6osmavatsero grad T

grad T = 3—: no,

Bexrop-rpagment

The n° — eJMHWIHHIT BEKTOD HOPMAaJH 7, HAIIPABJEHHOH B CTOPOHY
pocta I'. Ouesmmgno, abcomorraa Bemmauna grad 7 Goabme Tam,
rje MOBePXHOCTH PaBHOro ypoBHA I == const pacmolo;xeHH Tymie.
- CornacHo (3.1) mpoeknus BeKTopa-rpafilenTa TeMIepaTyp Ha Jio6oe
HaIpaBJeHNe 8 eCTh IPOU3BONHASM 0T TeMIIe PATy PH IO 9TOMY HaHpaB-
IeHUIO!
(grad T), = 6T .

B wacrHOCTH, HNpOEKOAEW BEKTOpA-TPAJMEHTA HA OCH KOODPAHHAT
. xl, z%, 2% paBHH
) o oT
(grad T) N iatwrs
¥ B [eKapPTOBOil cHCTeMe KOODAHHAT

oT . oT
gradT-— z—]—ay +Wk'
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3amerum, uro 07/0x, dT/dy, 0T/9z MommO paccMaTpWBATh KAk
KOMIIOHEHTH BEKTOpa, TaK Kak

aT aT aT

ecTb MHBapuaHT, a dr, dy, dz — KoMIoHeHTsI ZeKTopa dr.
Mu masBamM KOHBEKTMBHON TpOM3BOHOM

TeMIlepaTypEl 110 BPEMCHHM  BLIPasKCHHUC
Konpexrasnas NIpOU3BOJ~ 3 patyp P b
HasA ; oT
ZU ot , KOTOpOMY, HCHOJB3yA MOHATUA
N X
1=1

BeKTOpa-TpafiieATa TEeMIEpPAaTypH U CKAJASpHOI0 IPOM3BeIEeHUA,
MOKHO UPHAATL APYToii pmi:

. 0T

v =wv-.grad T,

dxt

ITox mpomsBofHON Bcerjga MOHMMAIT Ipejied OTHOIIEHMA IPHpa-
MeHus (QYHKOMU K NPUPAIEHNI0 apryMeHTa NpH CTPeMICHUH
nIpupameHHsA AapryMeHra K myaio. Haxoe ;e mpupameune QyHK-
nue GepertcA B ciydae OIpejieJeHHS KOHBEKTHBHON IIPOW3BOJI-

HO#? JanunieM KOHBeKTUBHYI0 HPOM3BOHYIO

v TeMOepaTypH B Bufpe
4s = vay v At.grad T
Nz 7 :
OuweBmano, ¥ Af paBHAETCA IIePEMEMIEHHIO
As (cm. puc. 5) u
. . T . (grad T), As
o 67? — lim As.grad 7' __ lim - s —
oz’ At—0 At At—)
Puc. 5. K momarmio oT As . AT
KOHBEKTHBHOH [POU3- = lim A lim AT
BOJHOM, S At—o Al—0

npuueM npupamenne AT TeMumepaTypH IPOMCXOJMT 3a CHeT mepe-
MeIeHHs 9acTUIL CILIONMHOM ¢pelibl M3 OfHON TOYKM IIPOCTPAHCTBA
B JPYIYI0 €O CKOPOCTBI0O ¥ BJOJb HAUpaBienns 8 (s ToIku 4 B
Touky B ma puc. 3).

B ofmeM cayuae KOHBEKTHBHAS NPOU3BOXHASA OTIAUTHA OT HYHIA,
TaK KaK 3HA9eHUA TeMIepaTyphl B Toukax 4 u B pasasie. OHa MOKeT
6HTH paBHON HYJNI0 TP OTCYTCTBUM [BIBKEHH:A, JHO0 IpU OTCYTCT-
BYM rpajuenTa TeMIePATy PH, T. €. TOTJa, KOorjia TeMiepaTypa B JaH-
HEIl MOMEHT BpeMeHH He MEHHETCH OT TOYKM K TOMKe HPOCTPaHCTBA
(rakoe molie HashBaeTCA OFHOPOAHEIM), NGO NPHU ABUKEHAY B0
HOBEPXHOCTH YPOBHA.
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GopMymt pas oupenerensd ( DOHATHAMY HHARBHAYAJIbHOH, MECTHOHX M
KOMIOHEHT YCKOPEHEA B N0-  yoppoKTHBHOW NIPOM3BOJHHIX II0 BPEMEHH
KapTOBOif cCHCTEMe KOOpJH-
mar TeCHO CBASAHO MPABHJIO OHPENENeHHA KOM-
DOHEHT YCKOPEHUA B TOM CIydae, KOIXla CKO-
POCTH 3ajlaHa ¢ TOYKM 3peHHs Jinepa. Iycrs B mekaproBoil cucTe-
Me KOOpDAHHAT HaM 3aJaHH KOMIOHEHTH CKopoctm »!, v?, ©v® Kak
QyHKIVE DepeMeHHHIX Jifmepa.
Kax HaliTHm KOMIOHEHTH YyCKOpPeHHA? Y CKOPEHHE ONpe/eseTcsa
A YacTHOH CIUIOIMHOM CPEefsl, I03TOMY KOMIOHEHTH YCKOpPeHMs
OyoyT ompedeNsaThCHA KaK MHIUBUAYAJIBHLE IPOASBOXHEIE IO BpPe-
MEHH OT COOTBETCTBYIMUX KOMIOHEHT CKOPOCTH, T. €.

du du du du du du
ax“‘(ﬁ) ““‘ET—(W)."‘I‘T%"‘”FJ"‘”’&T'
gt N xi
ov dy dv
avZ(ﬁ)fﬁZ(m‘) tugstogy tugy
g
Ow \ dw __ [ ow w ow ow
“z—<w).—w~(w).+“ﬁ;+vry+wﬁr-
gl xi

O6parnM BHMMaHVe HAa TO, 9TO 3T QOPMYJEI BEPHK TOIBKO B Jle-
KapTOBO# cHCTeMe KOODJMHAT.

Pasnmgasle OpomecCH M ABIDKEHHA HA3H-~
BaOTCH YCTAHOBHBIIMMWCA WY CTallMOHAP-
HEIMY, €CIH BCe XapaKTepU3YIONmHe JTH
IPOTECCH WK JBW/KEHMA BEAWIWHH B CIyTae 3afaHusl HX ¢ TOIKH
3peEnA Jilepa 3aBHCAT TOIBKO OT zi, 22, z° W He 3aBHCAT ABHO OT
BpeMeHM f. TakmM o6pasoM, [OJIf yCTaHOBWBIIMXCA IOpPOIECCOB H
IBYIKEHUI JIOKaJbHHIE TIPOM3BOJHEIe IO BpeMEHH OT BCeX XapaK-
TepuU3yOMUX UX BEJWIUH PAaBHH HYJIIO, T. €.

= . =0

YeraHoBEBMIAECA H  HeyCs
TaHOBABINHECS ABIKEHHUA

B wactEOCTH, mOJie TemMmeparyp YyCTaHOBHMBIIGeCH, ecam I =
= T'(zt, 22, 2%); ecansxe T =T (1, 22, 23, t), TO OHO HEYCTAHOBUBIIGE-
cA. Pacnpegenenus temmepatypnt 7', CKOpOCTH ¥ ¥ APYTHUX BEJIWIHH
B mpocrpaHCcTBe !, 23, 2%, B3ATHE B pasHhe MOMEHTH BDEeMEHM, COB-
majaloT APYyr ¢ APYTOM B clIyJae YCTAHOBHBIIUXCH JBIKEHWH U OT-
IMgalTCa APYT OT Apyra B cAydae HeYCTAHOBUBIIHMXCS B KEHIIA.
IlomaTre ycTamOBUBmMEXCA ABWKEHWH OYeHb BA)KHO IR IPHIIOKE-
Huil. Bo-nepBhX, MHOTHe M3 BCTPEYAIOMEXCH B IPHIOKEHMAX Te-
deHMi ABIATCA YCTAHOBHBIIMMHCH, &, BO-BTODHX, H3ydaTh TAKWe
ABMIKEHUA ¢ TOYKW 3peHms Jiiepa HPOme B CHIY TOr0, 9TO IHCIO
HE3aBHCHMKIX IIODEMEHHHIX IPH 3TOM YMCHBIIAETCA HA CAWHALY
(BpeMsa BHITafaeT).

3aMeTnM, 4TO OHO W TO Ke IABIKEHWE MOeT OHITH Kak ycTa-
HOBHBIIEMCA, TAK H HEYCTAHOBUBIIMMCA. JTO 3aBHCHT OT BHOOpa
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TOH CHCTeMH KOOpAHMHAT, OTHOCHTEIBHO KOTOpPOl OHO H3ydaercd,
Tak, HanpmMep, BOJIHOBOe ABHKeHHe BOJH, BOZHMKAIONIEE 3a KO-
pabieM, ABIKYI{EMCH ¢ MOCTOAHHOH CKOPOCTHIO, 6y/leT yCcTaHOBHB-
IIEMCA ¢ TOYKM 3peHHA HOJBIKHOTO HabmofaTeis, HaXOAAMEroCH
Ha KopaOie, ¥ HeyYCTaHOBHBIMMMCSH ¢ TOYKE 3peHEs HalaiofaTens
Ha Gepery. IloaaTHe ycTaHOBHBIIOIOCHA JBH/KEHHA ABIAETCA OTHO-
CHTOIBHEIM.

OrmersM, uro 06a yKasaEHKX HabGmogaTelds paccMaTpUBAIOT
B CBOHX CHCTeMaX KOOD[AHHAT IBIKEHHe, KOTODPOE OIPEfeleHO
OTHOCHTeJILHO OfHOM M TO# ke CHCTeMH KoopaumAaT: JaubGo ab-
COJIIOTHOE JABHKEHHEe OTHOCHTEJBHO 0eperos, A0 OTHOCHTIBHHOE
IO OTHOMEHMI0 K KopalGiio.

Bexropme : Ilepeiimem Teleph K MBYIeHUIO NOHATHA BeX-

TOKA FLEHE;  HHH TOPHKIX JMHAHA, KOTOPLI® MOKHO BBECTH JJIA

m060ro BEKTODHOTO HOJsA, HAOpHEMep A

nOJA CKOPOCTeil ¥, IOJA YCKODEHHWA @, HOJA TpagueHTa TeM-

meparyp grad I m 1. A. [aa onpefeleHEOCTH BREACHUM CMEICI

DTOTO NOHATHS HA NPHMEpPe BOKTOPHHX JMHHHA IOJS CKOPOCTH,
KOTOpHE HA3KBAIOTCA JMHHAMHI TOKA.

Hax msBectno, muasi Toro 49To6H 3afaTh HOAe ¥, HYKHO B Kask-

Joi Touke mpocrpaEcTBa !, 22, 2% B B KasHIHA MOMEHT BpeMeHH it

3aIaTh BEKTOD:

v = vig; = v'9, - %9, - %93,

e vt (z!, 2, 2%, t) - KoMIOHeRTH cKopocT: B Gasmce 9;. TpeGona-
HEe 3alaHis CKOPOCTH fBJAETCS BechbMa CHJIBLHHM TpeboBaHmEM, X
er0 MOKHO HECKOJBKO 0ciaburh, HaOpAMep, MOKHO HoTpeboBaTh
3aJaHHUS P He BO BCe BpeMeHa £, a TOJBKO B HEKOTO DL onpefeseH-
HH MOMEHT BpeMeHX £,. Mo;kHO IoiiTK elie Janabine n DoTpeboBaTh
3alaHUA B KaXKA0i ToUKe mpocTpaEcTBa !, 22, 23 B JaHHLIA MOMEHT
o TONBKO HallpaBJeHHWsA BEKTOPA CKopocTH, 63 ydera ero BeJmdin-
HH. OdYeBHHO, 9TO 0TBET Ha Takoe TpefoBaHME [gaeT IMOCTPOCHHE®
ceMelicTBa JEHHI, KacaTeIbHEE K KOTOPHM B KamJo# TOUKe IPOCT-
paHCcTBa OyAYT cOBHDAfaTh B JAHHH{ MOMEHT !, ¢ HalpaBJieHHEM
BEKTOPAa CKOPOCTH ¥ B 9TOH ToYKe, TaKWe JMHHMEA B CJydae IOJA
CHKOpoCTeil M HagHBAKTCA JINHUAMHE TOKA, & B CJIyYae IIPOM3BOJHHOTO
BEKTOPHOTO HOJA — BEKTODHHIMH JIHHHEAMH.

JIsa KayKporo moJisi CKOPOCTY ¥ MOKHO IOCTPOMTL CeMeHCTBO
IHHKA TOKA, H €CJAM CeMeHCTBO JUHMWI TOKAa IOCTPOEHO, TO B Kask-
IO# TOYKEe ¢ TOYHOCTBHIO {0 HANDABJCGHHMS N0 HEUM OyJeT M3BECTHO
HanpaBJeHHe BeKTopa cKopoctm . Ha mpakTmke wacto Ommaer
BecbMa He00X0[[AMHM 3HATH JHHAM TOKa. MX MoHO oIpemelnaTs
9KCIepUMEHTAIBHO. JTO CBA3aHO ¢ paspalboTKOi MeTOJ[0B BH3yalid-
sanmy TeueHmid. [lampmMep, [iA sKCIEPEMEHTAJIBHOIO OIpejesie-

' HAA THHEA TOKA IPOBOJAT GoTorpadEpoBaHNAe ¢ MAaJOM B PHKOM
TeUeHHI KUJKOCTeH ¢ IMOJAMENIAHHLKIMHA B HUX B3BCIIOHHHMH JacTH-
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OaMF CHeNHANbHHEX NOPONMKOB, C CO3NaHHKME BHYTPH KHAKOCTH
Iy3HPLKAaME BO3LYXa 1 T. 1. Meaxue geumxymuecs BMecTe ¢ :KEIKO-
CTBHIO 9aCTHI[H OCTABJAIOT Ha POTOrpaduAX KOPOTKHEE T€PTOIKH, KO-
TOPHE B IeJOM BOCCOBJAKT KapPTEHY AwHmH Toka. Mo)HO Jerko
YBHEAETH BEKTODHRIS JIMHWE MATHHTHOTO moisA. Jad sToro gocTaTod-
HO HACHIIATh HA JUCT GyMarH MeJKWe jKellegHHE ONWIKH U CHUSY
mOflHeCTH K Hemy Maram?. MosxHO yBHEeT: ¥ JHHWE TOKA mpm olre-
KaHWA KpEUIa caMojieTa. s 5TOTO KPHEUIO OOKICHBAIOT TOHKEMHE
IIeKOBMEKaME 1 GoTorpadupyoT KapTHRY ero o0TeKaHHA B a9po-
OUHAMPIeCKol Tpy6e miIM HeNOCPEACTBEHHO B IOJETe.
Ypasnenun mmmmii Tora Hax maittm ceméiicTBo nmHmit TOKa aHamu-
tngecku? [aa sToro Heo6xommMo yKasaTh
MaTeMaTHIeCKYIo 33/[ady, U3 PelleHNs KOTOPOH onpefleATcA TUEAN
TOKa. 3anmlIeM YCJIOBHE TOTO, 9TO HIEMEHT

dr = dazla; = dxla, - dr?a, - dz°a;,
B3ATHIH BAOJb JIMHMA TOKa, M BEKTOP CKOPOCTH
v = vla; = vla, | v2a,; - 129
TmapadiedbHH APYT ApPYIY:
dr = dh-v.

3nmech d\ — cranapHEWIT mapaMerp. B KOMIOHeHTax IoiydaeM

ann

%——v*(xl 20,1,  i=1,2 3. (3.2)

dto m ecTh gupPepeRnEaIbEEEe ypaBHeHus auEui Toka, OrM oTINW-
gaforca 0T audepeENEaAbHELX ypaBHEHMWI, ONPeIedANINIX 3aKOH
IBIKEHNA WM TPAGKTOPHH IBWKEHWs JACTHI, CINIOIIHOHA cpejH,
KOTOpHE, 09eBUIHO, MMEIOT BH

dat

— =i, 2, 2%, 1), | (3,3)

B ypasmerumax (3.3) kak B npaByl, TAK M B JEBYI JaCTH BXO-
nut BpeMA i, a B ypapHenwax (3.2) npowmsBopHHe OGepyrea Ho A,
a mpasxle gactu saBucAT ot ¢, Ilpm urTerpuponanmu (3.2) ¢ cienyer
paccMaTpHBAThH KaK IMOCTOSIHHKIA mapaMeTp, a B ypapHeHmaAXx (3.3) £
Be00X0{EM0 CYATATH MEPEMEHHEIM.

TaxmM o6pasoM, IHREWHA TOKA, Booﬁme ToBOpA, He COBIAJAIOT C
Tpaextopuamu. CemeiicTBo nmEmit Toka zf = zi(c!, ¢, %, A, )
3aBECAT OT BpPEMeHH M B pa3sHEHe® MOMEHTH BPEMEHHW pasHoe.
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OnHakxo mapaMerp ¢ BXxoamr B mpaBhe 9acTd (3.2) u (3.3) ToampKo B
cIyYae HEYCTAHOBUBINMXCA ABH;KeHMiA. B ciydae ycraHOBHBIIMXCH
NBWKGHHH pasHEMOa Memay ypasHeEmamm (3.2) m (3.3) mpouagaert,
OHA CBOJHTCA TOJBKO K pasHoMy oG03HAWEeHMI0 mapaMerpa Mo
KoTopoMy mpoBoauTca AmdpdepeRnupoBanme, 4To HE HIrpaeT HHA-
Kako#t pomam. ITosTOMY IMHEM TOKA M TPAEKTOPHH IPH YCTAHOBWB-
MUXCs JBIKEHMAX COBUAJAIOT.
PaccmorpmM mHekotophie mpmMmepil. Ilocty-
naTeJIbHEM ABIKeHHEM TBepHOTO Tella Ha-
3HBaeTCH TaKkoe JBIKEHHE, IPH KOTOPOM
mo6oit NpAMONMHEAREI 0TPe30K, B3ATHI B Telle, epeMeIaeTcs ma-
paanensso caMoMy cebe. Bee TOUKE TBepaOro TeJa NPHU NOCTyIaTe b~
HOM [BIKEHAW WMEIOT B JAHHKHA MOMEHT
BPEMCHH OJIMHAKOBHE IO BelIWIMHE M IO HA-
npaBienuno ckopocru. ClemoBaTenasHO, M-
HAX TOKa B 3TOM CIiyd9ae BCerga IpAMELe.
A tpaertopum? IlocTymaTeabHoe ABwKeHHe
TBEPAOTO Tella MOKeT NPOUCXORUTH IO II0-
6oll TpAaeKTOPHM, B TOM YACHE W 1O OKPY -
mocrm (cM. puc. 6). [losroMy nmEMm ToKa W
TpaeKTOpHE B o0mMeM CIyvae MOCTYyHATEeNb-
Puc. 6. Tocrymarenn- HOTO JBIKEHHS TBEPXOTO Tela He COBHA-
HOe JBIEHHe TBepno- JamwrT.
ro Tema 1mo OKPYK- B ciydae BpameHns TBepAOTO Tejaa BO-
HOCTH. KPYr' HENOJABUXKHOM OCH JUHHA TOKA W Tpa-
eKkTOpum coBumanaioT. OHE ABIATCA OKPY:K-
HOCTAIME, DACHOJNOKEHHHMH B INIOCKOCTAX, NePHeHAUKYIAPHEX
K OCH BpPaHIeHWsA, W MMEOIEMHA LEeHTPH HA OCH BpANICHW.

B caygae upomM3BONBHOTO [BHMEHUWA TREPAOTO Tejla ITHHUK
TOKA — BWHTOBHIE IMHNE, 4 TPAGKTOPHM MOLYT GHTH TIPOM3BOJIB-
HEIMH,

CymecTBYIOT M TaKkWe HEYCTAHOBWBIIMECH [BW;KEHHS, JUIA KO-
TOPHX JVHAA TOKA BCe K€ COBHMANAIT ¢ TpaeKTopuAMHu! Bosbmewm,
HaNpAMep, IPAMOIUHEAHOS IBHKEHHEE TEEPXOTO Tela ¢ NepeMeHHoi
cKopocThio. B 5TOM ¢ciiyuae Kak IHHEAM TOKA, TaK ® TpaeKTopud Oy-
YT OpAMEIMA, a CaMo BMeHne GyneT, KOHeTHO, HEYCTAHOBMBITAM-
¢A. AHAJIOTHYHO JAHWHA TOKA ¥ TPAeKTOPHE OYAYT COBOANATH B CIY-
4ae BPAMEHHA TBEPAOr0 TeJa BOKPYI HENOABHKHOM ocm C Ire-
peMeHHO# YINIOBO# ckopocThio. B o0meM caydae MuHME TOKA H
TpaexkTopHE GYAYT COBHAAATD APYT ¢ APYLOM IUPH TAKHX HEYCTAHO-
BHBIIHNXCA ABWKCHUAX, B KOTOPHX CKOPOCTE MEHAITCH B AaHHOI
TOYKEe MPOCTPAHCTBA € TEICHUEM BPeMeHHM TOJIBKO IO BeJIWMYHHE, HO
HE 110 HAIPABICHHIO.

CrnemopaTenbHEO, IMHAKE TOKA H TPAaeKTOPUHM COBIANAIOT [JIA IO-
meit v (xt, 2%, 2% mw v, =7 (zf, 22, 2%, &) v (xf, 23,4 2%), rme
[ (z!, 5, 2®, t) — cranapHaa QyHEKIHEA CBOHX ApryMeHTOB.

Ipumepn maAmii TOKA ™
TpaexTopmii

]
7 7
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CymecreoBanme mmnii Toka J[uddepennuanbabie ypaBHeHHA IHHWE TO-
ka (3.2) Mo/KHO mepemmcaTh B BUJ®

. dx® o2 dx®
T W am T (3.4)

M IOCTaBUTHh IiA HUX 3agayy Howm, T. e. sagady OTHC-
KaHWA TaKHX pemeHwi x? (z!, #), z® (z!, ¢), Korophe Ipm 3a-
faHHEOM z! = z; o06pamaloTcA B 3ajaHHKe BOANIHHH T, (f) &

x5 (¢) (¢ — mocrosmmmit mapamerp). Kak mspecrHO m3 ofmpeii Teo-
pun puddepeHnuanbEHNX ypaBHeHHH, 3ajaga Homm Bcerga umeeT
e[IMHCTBeHHOE pelleHHe, BO BCAKOM ciydyae Torja, Korga B (3.4)
OpaBhe 9aCTH W MX IPOMBEOJHBbIE N0 z! HempepwBHE. TakmM 006-
pasoM, BooOme roBops, depe3 KajKAYH TOYKY MOJKHO IIPOBECTH
eIMHCTBEHHYI0 JIHHAI0 TOKA.
Ocofste 1 xprrmaeckme OfHAKO MOKET CHYIMTHCA TaK, YT0 BCe KOM-
TOYRH OOHEHTH CKOpPOCTH ' 00paTATCA B HEKOTO-
poii Touke x!, z%, 73 B HyJIb WIN B OECKOHET.-

HOCTh. B »THX TOYKax mpaBhe 9acTu ypasHenuil (3.4) CTaHOBATCA
HEOIpeJeNeHHLIMN, W TAKHE TOIKM HABIAKTCA OCOOHME TOYKAMHA
auddepeHIMANBPHEX YPaBHEeHUH JIK-
Bl Toka. B HMX Mo)KeT HapymaTh-
csi TeopeMa eMHECTBOHHOCTH, ¥ B HUX
JWHUM TOKA MOTYT IepeceKaThCA.
Oco6nie TOYKH MOTLYyT HMETh THUO
HeHTpa, PoKyca, ceAaa, ysia u OBITH
Gomee cioxusME. B motoke ;KHAKO-
¢t ocobple TogKH AUPPepeHINATD-
HEX ypaBHeHHﬁ JUHAA TOKA HOCAT Pme. 7. Kpmroueckas TouKa
HasBaHMe KpHTuUiecKux Tovek. Ha- Ha npognne KpHIa.
opuMep, KPUTHYeCKOH Touko# B mo-

TOKe sABJIsAeTCA TOIKa A — TOUKa

BcTpeunm HaGeraiomero IOTOKAa ¢ mpodmieM Kphla, B KOTOPOH
AuHEWA TOKAa £ pasBeTBIAeTcA Ha #aBe (puc. 7).

Yepes KakAYI0 TOUKY ; IPDOM3BONBHON KpH-
Boit C MO)KHO IpOBecTH JHHWIO ToKa. Ilpm
aToM, ecau C He SBIASTCA JIHHWEH TOKA,
of6pasyeTcsi MOBEPXHOCTH, B KasK[0i TOYKe KOTOPOM CKOPOCTH ¥
JEKUT B KacaTeNbHOW MIOCKOCTH. JTa MOBEPXHOCTH HA3HBAETCH
NOBEDPXHOCTHEI0 TOKA. AHAJOFPMYHO HOCTPOEHHAA IOBEPXHOCTH MAJA
OpPOM3BOJIBHOTO BEKTODHOFO IIOJIA HAaBHBAETCH BEKTOPHOHW HOBEPX-
mocTelo. Kak mHafitw moBepxHOCTH ToKa f (x!, z?, x%) = const?
OuenmpHO, grad f, HanpasienHH# Mo HOpMaad K f (z!, 22, 2%) =
= const, OygerT mepHeHAMKYJAAPEH K BeKTODY ¥, H, ClefoBa-
TeJBHO,

HosepxmocTn TOKAa, BEKTOD-
HBI¢ TIOBEPXHOCTH

grad f-v =0,
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+ v —— + w . (3.9)

Mu woxygnnm Jlmbq)epeﬂnnanbﬂoe ypaBHefme B YaCTHHX UpPOHU3-
BOJHKIX /s onpefeneHnsa Qymenuu f (z, y, z).

OnucaEHE BRIIE ¢IOCO6 HOCTPOSHHUS HOBEPXHOCTEH TOKa yHa-
3EIBaET c0co6 METEerpUPOBaHUSA YPABHEHUU ¢ YaCTHHMU IPOU3BOJ -
HEIMH, UMeIOIUX BH/( 3.5). IT0 MATETPHPOBAHKE CBOFUATCA K HAXO0M-
JIeHHI0 ceMelicTBA JIMHUI TOKa, IPOXOXAmMUX depes KoHTYD C, T. e.
K WMHTeIDHPOBAHUI0 CHCTEMH! OOHKHOBEHHHX [udpdepeHIEaIbHBIX
ypaBHeHU#l (penreHusa 3THX OOHKHOBEHHEIX ypaBHEHWH Has3nBalOTCH
B o6meM ciIydae XapakTepucTuramu). BuIHO, 970 MIOCTPOUTE TAKHM
06pa3oM eUHCTBOHHOE pelleHNe MOKHO JUINb B CAydae, KOIJa caM
KouTyp C He sABJseTcA NWHAEH TOKa (T. €. XapaKTePUCTHKOH).
Ecau mpusan C saMrEyTag, TO COBOKYH-
HOCTH HIPOBEfeHHHX Yepe3 ee TOUKH JHHHH
Toka oOpasyer Tpy6KRy TokKa. B ciaywae

MPOH3BOJIFHOTO BEKTOPHOTO MOJIA AHAJOTCHIHO HOCTPOSHHAA TPYO-
Ka HOCHUT Ha3BaHWe BEKTOPHON TPYOKH.
Brime Mu paccMoTpeladm BeKTOD-TPAUEHT
HoTennuaahaoe  BeKTOPHO®  reypeparypsl 7. BosEmKAaeT BOMpPOC: Hellb-
nojae, ODoTeHOHAALHBIE Te-
T 8A JIM BEKTOD CKOPOCTM © TDEJICTABHTH B
BUle TPAMMeHTa HEKOTOPOH CKAJApHOR
¢dyrrour @ (z, ¥, z, t)? Ecau cymecTByeT TaKag QyHKOHA
¢ (z, y, 2, 1), 91O

Tpybkm TOKa, BEKTOpHLIE
TpyORH

- 99
U= oz ’
_ 99
U—-—a*y—,
__ 9¢
W= 37

TO HOJe CKOpoCcTedl ¥ HA3HBaeTCH NOTCHOMUAJBHHM, a QyHROUS @
HasHBaeTcAd HOTEeHNHAJOM CKOPOCTH. AHANOTWMIHO IPOM3BOIBHOO
BeKTOpHOE Hole A (z, y, z, t) ABAAETCA NOTEHNHAIBHEM, eCIA ecTh
¢yaroua @ (z, y, z, ) TaKas, 9To

= grad ® (z, ¥, 2, t).

Cormacro cBoficTBaM BeKTOpa-IpajHeHTa CKOPOCTH ¥ B CIydae
HOTeHOUMANBHEX TeUeHWH OPTOTOHAJIBLHA MOBEPXHOCTH PABHOTO IO~
TeHNUajJa ¢ = const u Goabploie TaM, Iie HOBEPXHOCTA PABHOIO HO-
TeHNMAda PACIOJOKEeHH Iyme; NPOeKOWsA CKOPOCTH ¥ Ha 0606
HalpaBJeH¥e 8 €cTh IPOW3BOMHAN OT MOTEHNEWAJNA ¢ IO DTOMY HA-
OpPaBIeHAK: U, = d¢/ds. CocTaBEM BHpajKeHHe

u dr + v dy + w da. 3.6)
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HeoGxopmmMoe m pgocraton-  Eciam Tewemme norennuaibHoe, To (3.6) 6y-
:2?: zg;‘gl;':;agm““"m' mer noxasM auddepermuanoM (IO KoOpAm-
HaTaM Z, Y, z) QyHknum ¢. B camom pexe,

udz+vdy+wdz=%dx+-g—(yg-dy+%%—dz=d(p.

Bepro m ofparHoe: ecan BHpas;xenme (3.6) sBiasercsa moaEsM aud-
depernumamoM, To TedeHHe motenquanabHo. MaBecTHO, 9TO ANA TOTO,
aro0ur (3.6) 6510 mosEEIM AuddepennuanioM, TOTUKHEBL BEHIIOIHATD-
cA paBeHCTBA

ou v du ow o ow

By 9z’ 8z  om ' 0z Oy’
KOTOPHIE ABJANTCA HeOOXOMUMEIMHE M JOCTATOYHEIME YCAOBHAAMI II0-
TeHIUAJBHOCTH TedeHNA. [[ajiee ME YBUAMM, 9T0 HOTEHIHAIBHEIE Te-
4eHNs UTPAI0T BaKHYI POJib, 4 IMOKA PACCMOTPHMM HEKOTOPHE IpH-
MepH MOTeHIWAJbHHX TCUeHMHIl.
ITpuMepoM HDOTEHIHANBHOTO TEUEHWS MOKET
CIY;RHUTh I[OCTYNATEILHOE TeYeHHe ¢ II0-
CTOAHHON CKOPOCTBIO U, BJOJNEL OCH Z. DB 9TOM cIaydae u = u,,
=w =0, a moTemnuam @, Taxk Kak
o o o
= 2 .,

Hocrynareashoe Teuenne

Bx Y By T oz

pPaBeH ¢ = u, = -} const. Orciofja JdeTKo cHenaTh [Ba OYeBHAHEIX

BHIBOZIa. Bo-mepBEIX, MOTEHMHMAN ONpeReNAercd ¢ TOYHOCTHIO [0

aJJIMTABHONH MOCTOSHHOH II0 KOOPAHMHATaM, BO-BTODHX, Jioboe

HOCTyHaTeMbHOE TeUeHHMEe BCerfa MOTeHNMUadbHO. [[eficTBHTENBHO,

B o01eM ciydae MOCTYyNATEeNbHOIO TOUSHAA U == Uy, V=04, W =W, K

Q@ =u + vy + wyz + C; upu sTOM Uy, ¥y, Wy B C MOryT GHTE

¢byEROEAMY £,

3aMeTuM, 4To ¥W3ydYaTh NOTeHIMAJAbHEE Te4eHMA Npoiqe, 9eM

HOIOTeHI(MAJEHREe, TaK KAaK [IOTEANHNAThHE® [IBHKEHNSA oIpefe-

aawTca ofmHOW ¢yHKOUEeR ¢ (z, y, %, t),a JBWHeHHA obuero

Bmga — TpeMma: vt (z, y, z, 1), ¥ (z, ¥, % 1), ¥* (z, ¥, 2, &)
HeroupmE B CTOR B mpoCT- PaccMoTpuM eirie OJME BasKEEIHA AIA fajdbHei-
pamcTBe mero OpwMep DOTeHIWAJBHOIO TeUeHHA.
IIyern

- -2, (3.7)
e r=7Vr2+y?+ 22, a ¢ = const wmu Q = Q (¢). fcmo, g0
IOBEPXHOCTSIMA PAaBHOI'0 MOTEHIHMANIA @ = CONst ABIAITCA B DTOM
caydae HOBEeDPXHOCTH I = const, T. e. KOHIEHTpHIecKHe CHepr ¢
OeHTPOM B Hadade koopAmHAT. CKOpoCcTh ¥ = grad ¢ oproroHaiabHA
K TEM cdepaM, T. e. HaupasjdeHa mo papmycaM. JImEEE TOKa AB-
JAAITCA JAyYAMH, BHXOOAIAME H3 Hadada kooppmEar. llycts



48 I'x. 1l. Kumematuka pediopMEpyeMoli cpejnt

@ > 0; rorga, Tak Kak grad ¢ HALDpaBIeH B CTOPOHY pPOCTa @, TO
v HanmpasjeHa mo 7. Ecium ¢ <0, 10 v Haumpasmema mo — ?°
(pmec. 8). BemmummEa cKopocTH paBHA

8
(grad )| = | 22 | = 12,

CKropocTb CTpPeMHTCSI K HYJIO OpH I' — oo U K 0ECKOHEYHOCTH IIPH
r — (0. Tourku Hy1b 1 6ECKOHETIHOCTH ABIANTCA KPUTHICCKAMH. [Ipn
@ > 0 mMeeM BHTeKaHWe MKUIKOCTH W3 Hadaja KOOPAWHAT BO BCEX

Pnc. 8. Teuemnst 0P TOYeYHHX HCTOYHAKA H CTOKA B
OPOCTPAHCTEE.

HANpPaBIeHUAX — 3TO TedeHHe HA3HIBAETCA TOUYEYHHIM IIPOCTPAH-
cTBeHHLIM mcrodHmKoM. IIpu @ < 0 — BTekaHMe >KMJKOCTH B Ha-
4ajio KOOPAUHAT — CTOK. B IepBoM ciydae B GeCKOHEYHO y[aJeH-
HO# TOYKe MMeeM CTOK, a BO BTOPOM — MCTOYHHK.

BrramcamM o65eM AKUAIKOCTH, DPOTEKAIOMeH 32 efHHUIY BPEMEHN
depe3 MOBEPXHOCTh cfephi S HEKOTOPOTO pajmyca r ¢ IeHTPOM B
Havajge KoopjmHaT. Yepes adeMmeHT cepsl dG 3a eJUHUIY BpeMeHM
mporeKaeT o6beM JKUOKOCTH v do, a [epes BC cepy

\ vdc=v§dc=4nr?v= 0
S

(v MOKHO BHIHECTH 3a 3HAK HHTErpajka, TAK KaK U = const Ha
moBepxHOCTH cepH). 3aMeTHM, 9TO IEDPBHE JBAa PaBeHCTBA BePHH
Bceryga, Korja v = v (r) ¥ ¥ opTOroHaJABHA K HOBEDPXHOCTH ce-
pul S. BrumcienHnii o6BeM IKHIKOCTE He 3aBmcHT OT 1. Ta-
KoM o0paszoM, HecMOTpsa Ha TO, 49TO Ha pasHHX cdepax paa-
HOTO pajgmyca ¢ HeHTPOM B HaYaje KOOPAWHAT CKOPOCTH pasHEe,
moctossHAasg Q B moremnmaine @ (3.7) ABaseTcsa 005eMOM SKUIKOCTH,
MPOTEKAME 32 eIMHUIY BPEMEHH Yepea KayKAyI0 Takyo cepy.
Beamunra ( HassiBaeTCcs pacxofoM MM MONIHOCTBIO MCTOYHHMEA
(cToka).
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Ecam Q = const, T0 ACTOYHKK WIH CTOK MMeeT HOCTOAHHYIO MO~
HOCTB; eclim Q = Q (f) — To mepeMennyw. Ecim B HEKOTODHIE Mo-
MeHT BpeMeEN () MeHAeTCA B Hadaje KOODAMHAT, TO MTHOBEHHO
I3MeHAETCA II0JIe CKOPOCTEH BO BCeM mpocTparcTse. CHTHAJIB H3Me-
HeHHA () CPasy CKA3HBAIOTCS HA BCEM IIOJE CKOPOCTEN, 4T0, KOHO-
HO, He MOKeT MMeTh MeCTa B JefCTBUTENLHOCTA. Bo3MyMeHUA 0JI-
JKHEL PAacIPOCTPAHATHECA ¢ HOKOTOpOil KoHeuHO# CKopocThio. Ilo-
3TOMY PaCcCMOTPEHHOS HOJIe CKOPOCTeil ABIiAeTcs ONpe/ieleHHOH Hea-
ausanuei, KoTopad MOKET HOCTATOYHO XOPOUIO OTPAMKATH AeficTBH-
TeJBHOCTL TOJBKO B TOM CJIydae, KOT[a PaccMaTPUBAIOTCA TEICHMSA
JKEAKOCTH ¢ GOJBIIOH CKOPOCTHI0 PACIpOCTpAHEHHA BO3MYINEGHHI.
Bo MHOrEX cayJasx MOMHO CYATATH, 4YTO TAKOH IKEIKOCTBIO
ABAAETCA, HAIIPUMED, BOJIa, B KOTOPOH CKOpPOCTh PacupoCTPAaHEHUA
cnabnx Bosmymenuit 1450 a/cer,

§ 4. OmemMeHTHI TEH3OPHOT( HCYMCICHIS

Mporve XapaKTePHCTHKW JBMKCGHHUA CINIOIIHOM CPEIR HMEIOT
TEeH30PHEYI0 IIPAPOAY, IIO9TOMY PACCMOTPHM OCHOBHL TEH30PHOTO HC-
9UCIEHNA. 3aMeTHM, 9TO CKAJNADP H BEKTOp TOMe ABIATCS TEH30-
pamu, Ho HauGosmee UpocTeiMH, OJHNX BEKTOPHHX W CKANAPHEIX
BeJIMIMH [JIs1 ONWCAHWA [BIWKEHNA CIUIOUIHONW Cpeibl HEemoCTa-
TOYHO.

CrcreMa KOOPAMHAT YCTAHABIHBAET COOTBETCTBAE MEXAY dHC-
IaMH H TOYKAMH OPOCTPAHCTBA. B Kammol TodKe ITPOCTPAHCTBA
eCTh TPH KOOPAWHATHEE JIXHHAH. JTO MOTYT OHKTH KOODAMHATHEIO
AWHAN CONYTCTBYMMEH cucTeMbl Koopammar &, £2, E%, mnm cmcreMur
orcueta HabGmogaTena x!, x?, z%, mim eme Kakoi-HEOYAb CUCTEMH
xoopamHAT, IloaTOMY s 0G0SHATEHHS CECTEMH KOODAWHAT B 3TOM
pasfene BocmoabayeMes Gyksamm (1, 02, 3 mma !, n?, nd.

CreTeMa KOOPAHMHAT BBOTUTCA B PACCMOTpeHMe HCCIeoBaTeeM,
7 ee BHGOp 3aBHCHUT OT MCCIE0OBATENA, a He OT H3YJaeMOTo ABJe-
HEA. OSaKOHH JBIMEHHMS MOTYT CO/Jep/KaTh KOODAWHATH, HO HE
MOMKEL 3aBHCETh OT BHOOpa cmcTeMBl KoopamaaT. OHE JOJKHE
OHTh MABAPHAHTHHMHE OTHOCHTENBHO BHIOOpPA CHCTEMBI KOODPHAH-
HAT, 49TO HAKJANHBAET W3BECTHE® OTDAaHWYeHHS HA BHJ MaTeMa-
TAYEeCKOH 3ammem 3THX 3aKOHOB.

PaceMorpnM HeoGXofUMEIe CBEJleHNA U3 TEO-
Iil(ggom::&name pum mpeobpasosamEms koopAmmar. Ilycre
P HapA#y ¢ cmcreMoii koopamHar Cf, 0%, O
ecTh CHCTeMa KoopAmHaT 1!, 112, n® W BaKOHH HIBIKEHHA MOMKHO
PacCMATPHBATH KaK OTHOCHTedbHO cmeteMmu (1, §3, TP tak m oTHO-
catearsHo 1, n?, 13, IlycTh ecTb COOTBOTCTBHME Me:KIy BTHMH JBY-

MfA CHCTeMaMu

gi = Ci ('fll, 7121 na)v (4'1)
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HasnBaeMoe IpeoGpasoBaHEEM KOOpPAWHAT. BymeM paceMaTpmBaTh
HellpepHBHEE B3aMMHO OFHOSHAYHHeE IpeobpaszoBaHMA KOOPAMHAT,
Omm ofpasyloT rpyooy. DByfaeM mckaTh COOTHOIIOHHH, MHBApH-
AHTHHE OTHOCHTEILHO IPYUOK HENPEPHBHHX B3aHMHO OJHO3HAY-
HEIX mpeoGpasosamuii. Ilo (4.1) mMeem

agt = S5z dnt Gk ane o+ S,

ag? = oo dnt + ﬁ,ﬁ dnt 4 ;,",3 an?, (4.2)

dc3—6nld'1+a,] M+ e dn?,
nia

i
agt = %5 ay, (4.2")
an’

rie mo j uuer cymmuposamme ot 1 ;o 3, a i mpoGeraer smadenmsa 1,
2, 3, 4r0 B fanpHelimeM He OyneT yKaswBaThCsd, HO OyHeT MOKpasy-
MEBATECH.

Wrar, B6nusn nroboii FaHHON TOIKHW €CTH CBA3Hh UpHpAMEHHH
roopauHat d{i m dni. IIpomssommne 44dv apuatores pyEROIEAME
TOYKH, HO B 3aJaHHON TOUKe OHM IOCTOSHEH, U (4.2) fABAsAeTCA IU-
meitmofi cBA3bI0 Mpupamenuit koopauEar di! m dnt B KaEHOM TouU-
we. Bmegem o6Gosmauenus:

(A3 manpueiimero cxenyeT, YTO PacCTAHOBKA WHMIEKCOB BBEepXy H
BHH3Y M HOPANOK HaIOMCARWA WHAGKCOB BechbMa BasKHH.) Beawdmunl

af;- 06pasyoT MaTpuIy
ok = A

Ifle TepBHIl MHAEKC, {, COOTBETCTBYET ee CTPOKe, a BTOpOH, j, ~—
ee cTombmy. Ma B3amMHOU OJHO3HAYHOCTH CJENyeT, d4T0 AKOOHAH
npeoGpa3oraHus, PaBHLIE AETePMEHAHTY MATPHIEH | o%| oTdmIeH
oT Hyng, T. €. A = |a§;]+o. Tar rar A == 0, T0 IMHEHEE COOT-
gomenuA (4.2) MOKHO pa3pemuTh OTHOCHTEIbHO dn! m Hapamy ¢
(4.2) mamucats QopPMyYIH

dnt = d§’ (4.3)

ag’
Baegem marpmmy
B =[0j1,
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rae

Manmm A 7 B BBeJeHH I mpaMoro m ob6paTHOro mpeo6paso-
BaHmit. OHR B3amMHO OGpPAaTHH, T. €. X NPOU3BEJCHHEE paBHEASTCA
equHWIHON MaTpume. [leiicTBHTeABHO,

A-B =] a[] bl = | akel;

HO
ottt i et _{1 npm i =k,
0 opm ik,

TaK Kak §!, (2, (3, kak mn!, n?, n®, ABAAOTCA HE3ABECEMHIME KOOD-
nmEatamu. Jansme GyzeM monabsoBaThea cuMBodamm Hpomexepa

st {1 npm { =k,
g ==

0 npm i<k,
Nmeem
100
A-B=85]=|010]_F
001
rie E — egmawsEag Marpuma. OdeBHAHO, 9TO [eTepMEHAHT MaT-
pamsr B
. 1
|85 =+

IlpuBeneHHEe BHIIE paccys;K[eHUA OBLIM IpPOBEJEHH JAA TPeX-
MepPEOTO TPOCTPAHCTBA, HO OHY BEPHH B 1A J1060r0 B-MEpHOTO Ipo-
CTPAaHCTBA, B TOM 9HUCIEe OJHOMEDPHOIO, ABYMEPHOTO H YETHIPEX -
MepHOI0, BCTPEUAIMUXCA B MeXaHWKE CIUIOMIHON CpeMmEL.

3aMeTHM, d9TO TPHBOMHEMEIE pacCy;kieEmA He TpeGyioT BBeje-

HHEA METPHKH mpocTtpadcTBa. Ilpoctpamerso (!, {2, {® Mosxer
OHTH HEMETPHYECKWM IpPOCTPAHCTBOM IJIH IIPOCTPAHCTBOM C
BeCEMa CJO0KHOH MeTpHKOM.
Temepp pagy MOJIHOTH H3JI0KEeHAA M TOXIEP-~
KUBaHHA yHOTPEOIAEMHX TOYEK 3POHAA IOB-
TOPEM BOIIPOC O BBEJEHWH BEKTOPOB Gasmca 3, 9,, 93. B cumcreme
Koopammar !, &%, {3 paccmorpmM Toury M ¢ woopmmmEataMm (i,
{2, ¥ m OGecxomeuno GuausKyl eii Touky M’ ¢ KoOpgHHATAME
¢t + dgt, .2+ dir, T® - di® (pme. 9). Bmemem B paccMoTpeHme
- HOBHIH OOBEKT

Bexrops! Gazmca

dr = MM’,
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T. e. mapy GeckomeuHo Gumskux Touex M m M’, BaATHX B ompese-
JIeHHOM HOPAJKe (YHOPALOYEHHYI0 Mapy TOYeK), W m30GpasuM ero
Ha depTeke CTpeikolt; MM’ ompenedsercsa TOJNBKO KOOpAHHATAME
Touexk M m M’. Hapsany c¢ dr BBeflev B paccMoTpenme Ipyroit

00BOKT
k dr, (4.4)

rie k — HexkoTOopoe uYmcio; o06BeKT kdr HampaBieH mo dr, ecam
k > 0, m mporuBonouoskuo dr, ecim k < 0. IIpoBenem ma Touxnm M
KOOpIMHATHEHE JHAWA ¥ PAacCMOTPEM Ha HAX Touk:m N;, N, Ng,

M%)

Pmc. 9. Bexrropm 6asmca 9, 94, 9s.

ompefieigeMEle COOTBETCTBeHHO IPHPAMEHMAMHU TOJBKO OJHON M3
kKoopaumuar d{!, mau d{?, manm d{®. Amanormuno o6peKTy dr BBeleM

o6bexTsl MN,, MN,, MN, wm 1o (4.4), monaraa k, =1/di,
00 BeKTH

or
ag‘i = 9'17
KOTOpEIE ME HA30BeM BEKTOpaMn 6331103.; OHH HAaIpPaBJEHEI IO
KacaTeJIbHEIM K KOODAWHATHHIM JIMHHAM.
B oGmem ciydae dr HampaBJieH NPOHW3BOJLHO, U IO OIpefene-
HHIO MO;KHO HaOn@AcaThb :
dr = dlls, + di?sy + dT® 9;..

Ilpmaem di!, di?, di® masuBaloTca KommosenTamm dr. OueBmisdo,
BeKTOPH 6asuca 9;, 9y, 95 CHCTEMH Kooppummar !, {2, {% B cucreMe
roopameat {!, {2, {® Bcerga mmeror kommorertH (1, 0, 0), (0, 1, 0),
(0, 0, 1) cootBeTcTBeRHO. BekTOpH Gasmca MOKHO BBECTH KaK B CH-
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creme xoopamuar {!, C?, C%, rak m B cmcreMe xoopmmHAT M!, 12, 1°.
B pasHHX cEcTeMax KOODAKMHAT B OJHOH M TOI Ke TOUKe OHH OYyAyT
pasEtmMu. O603HaYAM BeKTODH Gasmca B cmecreMe Koopimmar 1!,
12, n® wepes 9’;, 9,", 9" m B cucreme koopamHAT !, 12, M Gynem
HMeTh

dr = dv'a;.

OueBmyiEO, 910 KOMIOHEHTH d* M BEKTODH 6a3mca 9; 3aBUCAT OT
BRIOOpA CHCTEMH KOODJAHHAT.

HomyanMm ¢GopMyJIE, ¢ IOMOmBI0 KOTOPHX

Tlpeocpaaopanme  BekTOpoB EBeKTOPH 0asumca ;" B HoBo#, !, n?, 13, cu-
Gagrca M KOMIOHORT d7° MPH  orgMe KOODIMHAT MOTYT GHITH BEDAIKOHH 10~
nepexone or OI[HOK CHCTEeMh 6 i 2 3
KOODIAAT K MPYTOi pes BexTopH Oasuca a, B crapoi, §!, £?, P
Jas aroro [OCTATOMHO BOCIOTB30BATHCA

ompefieieEAeM BekTopoB Gasmca 9i W 9;:

i .
9; ar  dr I o (4.5)

oy’ ort om i
Huna wommoment dr coramacHo (4.3) mMeeM CBf3b
dnt = v;dg’. (4.6)

Bamermm, 9To BeKTOpH Gasmca 9, mpeobpasylorca cornacEo (4.5)
¢ IOMOIBI0 MATPHIE A, a KOMIIOHEHTH dp — 10 (4.6) ¢ moMomni0
mMaTpuus B, o6patroii Matpume A. (Heo6xogmMo o6parurs BEEMa:
HEE Ha pacliolioyKeHpme WHAEKCOB B (4.05) m B (4.6).)

O6Bexr drr HEBaPHAHTEH OTHOCHTEABHO Hpe-

UapapmamrrocTs dr  OTHO-  Gnhagopammit KoopAMHAT. B camoM fede,
CHTEIbHO NpeoGpas3oBaHmil

EOOpAMHAT dr = dnja; = b’; dgid?j.a‘ = d(;‘ai,

TaK KaK

bJ{d = {é _7_‘= ::} f—;.

CreoBatenniuo, BHpasKeEAe di Yepe3 KOMIOHEHTH W BEKTODH
fasmca COOTBETCTBYIOMEH CHCTEMHI KOODAMHAT He MeHAeTIcA IpH
nepexofe OT OHEOV CHCTEME KOOPAMHAT K APYToil; 0HO HEBADHAHTHO
OTHOCHTENbHO npeo0pasoBaHUil CHCTEM KOODIHHAT.

Benwumbr, nDpeo0pasylomuecs aHAJXOTHY-
O ropapmaHTHWX H KOHTPA- g, pexTopaM Gasmca d, mo (4.5), HasuBamwT-
BAPDMAHTHRIX BeIHYHHAX
¢A KOBapHMAHTHEIMH. Beamumasl, mpeobpa-
3yIOImMEeca aHaJOTHIHO KOMIOHEHTAM dr mo (4.6), HasEBaOTCH KOHT-
paBapumauTHEMA. IlogdepkHeM, 4o mpeoGpasoBandsa, obpasyiomue
KOBAPHAHTHHE H KOHTPABAPUHAHTHHE BeJIWYHHE, ABIAIOTCA B3aHM-
HO 00paTHEM™T.
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Onpeptenenme BeKTOpa Teneps 1o mprEMepy dr MOKHO BBeCTH 06 BEKT

A, KoTophii mOpeAcTaBiAerca depe3 6a-
auc caexyomuM 0Gpasom:
A = Ay,

W ero KOMIOHEHTH A! mpm mpeoGpasoBaHEmE KoopgmHAT Ipeobpa-
3YI0TCA KaK KOMIOOHEHTHI dr:

AI} b] Al

O6bexT A, THBADHAHTHHEH, Kak # dr, OTHOCHTEJIBLHO Mpeolpa3oBa-
HAH KOOPAMHAT:

A = A'9;—= A", (4.7)

HA3EBAETCS BEKTOPOM.

HupapmarTHOCTH BeKTOpa A obecmedumBaeTcsi B3aUMOOGDATHO-
CTHI0 mpeolpa30BaHUi KOMOOHEHT BeKTOpa A! M BekTOpoB Gasmca
9,. Bexropn 6Gasmca ABIAITCA HOCHTENIAMHI KaKAOI'0 BEKTOpa, KO-
apunmenTs npw HEX B (4.7) ABAAIOTCA B 006MIEeM ClIyYae YHCIOBLIMEA
¢yaxnuaMu TouRuM M.

Bextop A MoxeT uMeTh AI00YI0 reoMeTpHIECKYI0 miau Quamdec-
KYI0 OPHEpPOAY, HO 4epe3 BeKTOpH (a3wmca OH BCerja ompejesisaercs
pasnomenueM (4.7), rie uucaa (Pymknum) A? 3aBUCAT OT CHCTEME
KOOD/[UHAT. Bexropu Gasmca 9, ynpaBiaoT ynciaMu A? u cospaior
HOBHI# 00BEKT — BeKTOp A.

Bosamkaer Bompoc: meanss nm, Kpome 3,

Hoamannne HPOASBENOHHA  ppocTy eme KaKHe-HUGYAD 6a3ncHHe 06BeK-
BEKTOpOB Oasmca

TH, KOTOpHe, MOX00HO 9,, ympaBiAa dumc-
JaMu, mo3poiamiau OH BBecTH eme Oosee cnomﬂme 9eM BEKTOp, HO-
HATHHA, HHBApUAHTHHE OTHOCUTEILHO npeo6pa3onamm KoopAHmHAT?
Takme 00BEKTH MOKHO BBECTH, H, B 9aCTHOCTH, 3a TaK¥e 00BHEKTH
MOKHO B3fTh

B, =09y, By = 9,9,, E3 = 3,95, E; = 9,9,
Ey =049, BEg= 0,93, B; = 939,, Eg = 939,, Ey = 959,

H paccMoOTpeTh
T =TE,, (4.8)

rme T* — umcna, HaswBaeMHe KommoEentramu I° B Gasmce E;
i =1,2.,9).

Basncﬁme 00BeKTH E, Ha3HBaoOTCA MOMTHANHEIME IPOR3BE/[eHNA-
Mz BeKTOpoB Gasmea 3, (B MAHHOM caydae MX MOKHO HasBaTh HHAl-
HEIMM, TaK Kak Ramnoe OpPOM3BeJeHNe COCTOUT M3 ABYX BEKTOPOB,
HO MOKHO BBOJHTH M IpOH3BEHEHUS MHOTHX BeKTODOB BHUAa &, =
= 9, 9j 9 9;, B TpexXMepHOM mpocrpaHcTBe s = 1, 2,..., 81). Ilo
OIpellelIcHUI0 HOJHMAJHEE NPOM3BEJEHHA BEKTOpPOB Gasdca C9H-
TAIOTCA JHHEIHO He3aBHCHMHMI, T. €. paBeHCTBO I° = () BO3MOKHO,
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ToabKo ecam 9 umcen T pasEnl Hymo. BMecto HOBHX 0603HadUe-
muit  E, yno6HO HONB30BATBCA HEHNOCPENCTBEHHO 00603HAYCHUAME
9,9; U IIcaTh paBeHCTBO (4.8) B BUAE

T=T ij9;9j.

MonnagHoe yMHOMEHME BEKTOPOB HpeACTaBiIAeT Co00# HEKO-
TOPYIO OTEpanuio HAZ BEKTOPAMM, TPUBOAAMYIO K HOBHM 00BEKTaM
(He BeKTOpaM . He ckandapam). [[asa ompefeneHusa sTo# omepanum
DOCTATOYHO YKasaTh ee CBOHCTBA. B dacTHOCTH, CymecTBeH mopdA-
TOK IIePEMHO;KaeMBIX BEKTODOB (3,3, == 9,9,). Ilo ompenenenmio ome-
panusA DOJIHafHOTO YMHOKEHNA ABJAeTCA JuHeHHOH (BHOoJaHAETCA
CBOMCTBO [AUCTPHOYTHBHOCTH, MOPSAKOBOE IOJOKEHNWe YNCIOBEIX
MHOJKETeJed B mpousBefeHdn HecymectseHHo). HampmMep, cmpa-
BeAJHEBO DPaBEHCTBO

01(a2; + bay) = aaya; -+ boyoy, (4.9)

roe @ u b — 4ucaa.

IlonmapHEle mpousBeJeHUA BEKTODOB 0asmca 9i9;, TAK e Kak
H caM¥ BeKTOpH 0asmca 9;, 3aBHCAT OT CHCTeMH KoopgzmHAT. Qop-
MyJaH npeo6pasoBaHNA BeJIHIHH 9;9; JETKO HOJYINTh, 3HaA Gop-
MyJH Opeo0pasoBaHWA 9; M MOJB3YACH CBONCTBOM JHHEHHOCTH
IOJIMAJHOTO IpoM3BefeHMA. ITH GOPMYIEH HMEIOT BHJ

9;9; = ag.a?_i.spaq- (4.10)

HoMmoHeHETH HOJUAafHHX (IHaJHHX) MPOM3BEJEHUH 9;9; B COOTBET~
cTBYyIomeil MM cHUcTeMe KOOPAHHAT MOKHO 3aIMCATh B BHJe MaTpHI,
COCTOAMUX M3 ONHOM eNMHHMIL M ocTaiabHHX mHysdeir. Hampmmep,
KOMIOOHEHTH 9;9, 00pasyioT MaTpuiy

010
000

000

C moMoImpi0 MOMMAfHEIX IPON3BONEHAN MOKHO BBOJUTH OOBOKTH,
Ha3LIBaeMHBEe TEeH30paMHu.

ITorpeGyem, uro6u T'p,9; GHIO WEBAPMAHTHO OTHOCHTENBHO
upeobpasoBaHmd CHCTEM KOOpPAHMHAT, T. €.

TYa,9;, = T'"9;0;, (4.11)

ree T4 w T’ otHOCATCA K pasHEIM cHmcTeMaM Koopammar. Otcroma
I W3 mpaBuiaa HpeoOpasoBaHWA NOJUAgHHX Hpomssegenuit (4.10)
AcEO, 4To T¥ JOMKHK Tpeo6pa3oBHBATHCSA INIPH 3aMEHE CHUCTEM
KoopauHAT mo QopMymaM

TV = blybl, TP, (4.12)
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Oupenenenue renzopa Wnpapnantasii o6vexr T — T¥p,9; Hash-

BaeTcsA TeH30POM BTOPOTO PAHTra WJIHM BTOpPOKR

BaJeHTHOCTH. PaHroM WIE BaJeHTHOCTHI0O TEH30pa HA3HIBAETCS

9YACI0 MHIEKCOB ero KOMOOoHeHT. OueBWaHo, BEKTOD €CTh TEH30D
OepBOro paHra.

Rax u B caysae BekTopa A, WHBapHAHTHOCTL TeH30opa T
ofeceanmBaeTcs B3aUMOOGPATHOCTLIO IPeo6pPasoBaHMIl IOIHATHEIX
npoussemennit (4.10) m koMmmomeHT Temszopa (4.12).

ABAIOTMYHO TEH30PY BTOPOrO DPAHTa MOKHO BBECTH TEHBOD
ao6oro paHra, HampuMep TeH30p IITONO pPamETa, Kak

T =TV¥my.5.0.0,9,, = T'"¥1"3.9.910,0,, (4.13)

rpe o6bexTaMy, yupasagomumy dncaamMu Tik™  remepn ABAANTCA
HONMA/HEE LOPOMBBENeHHA 3,3;339,9,, KOTOPHE mpeofpasyoTes
araxormuno (4.10), a KoMmoHeHTH TeH3opa mpeolpasyTcsa aHAIo-
rugeo (4.12).

IloggepkaeM, 9TO BEKTOD U TEH30D OHpeNeNAlTCA Kak 00BeKTEH,
He 3aBHCcAIMe OT npeobpasopaAWil KOOPAMHAT, & He KaK IPOCTO HAa-
60op KOMmOHeHT, KoTophie ITPeofpasynTea IO 3aaHHOMY 3aKOHY 1).
Brepennnie mo (4.11) u (4.13) xoMmomeHTH
TeHgopa T't, Tikm ppeobpasyoTcs KOH-
TpaBapHAHTHEIM 00PasoM M Ha3kIBAIOTCHA KOH-
TPAaBAPHAHTHEIME KOMIIOHOHTAMH TEH30pa.

B o6mewm cayuae Bce koMmomenTs Tersopa I' pasmame. Ecam ixe
OpY IepecTaHOBKe KaKOW-Im60 mapH WHEKCOB 3HAUEHWE KOMIIO-
HeHT teHzopa T coxpamaerca, Tikim — Tiikim 1o temszop T HasmH-
BaeTcsA CUMMeTPWYHEIM IO STHM HHpeKcaM. M3 mpasumaa mpeo6pa-
80BaHEmA KOMIOHEHT TeH3opa (4.12) sAcwEo, 910 CBOHCTBO CHMMeT-

CamMerpaunnie ®  amTECHM-
METPHYHLE TEH30pPHl

1) Mu onpefesunym HAHEBAPAAHTHEE OGBOKTH — BEKTOPH H TeH30pH, 6asmc-
HEI® OGBEKTH M KOMIOHEHTH KOTOPHX HpeofpasyloTcA IpH Hpeofpa3oBaHMH

roopmumar N} = n} (£, £2, £3) ¢ HOMOIMBIO B3AWMHO OGPATHEIX MATPHIL af; =
= aai/aqj u b.iji = On/o%i. AHasornyENIM 06Pa30M MOKHO BBOAHTE ApyTHe Ga-
BHCHEIe OGBEKTH ¢;, HPeoOpa3oBaHme KOTOPHX oONpeneliAeTcA HPyraMu (CBA-
8aHHEIMHA WHHM CoocofoM ¢ mpeofpasoBaHEEM KOODPAWHAT) MaTpHLAMHA A{ B
Bgi, H CTPOHTh HA HX OCHOB® COOTBETCTBYIN[H® HHBAPHAHTHEE OGBEKTH
Q= Qle= Q']e]:, P = Plge; = P'kle;;e; A T. . TakEM o6pasoM, ITOOH

) C G
ey = Ale;, Q" =B|Q', P"" =BIBiPY, 4B} =5s..

HanpaMep, npw paccMOTpeHWME OPTOrOHAJLHHX Ipeo0pa3oBaHEH, KpoMe
BEKTOPOB W T€H30POB, BBOJAT COMHODH ¥ CHAH-TEH30DH, 0a3nCHEIe OOHEKTH B
KOMIIOHEHTH KOTOPHX npeolpasyioTcd ¢ HOMOINBI0 HEKOTODHIX MaTpHiy A:- u
Bg, ABAAIMMUXCA ApYrEM (He COBHAZAIOIMEM C a?; 24 bf;-) MAaTpEYHEIM OpeICcTaB”
lJeHEeM TIPYUIE OPTOrOHAJABHHIX HpPeo0pasoBaHMA HPOCTPAECTBA.
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pUE TeH30pA WHBADMAHTHO OTHOCHTEJIBHO mOpeofpasoBaHHME K0Op-

JuBarT.
Ecam mpm mepecraHoBKe KakoH-EmOYAb Daphl HHAEKCOB KOM-
DOHEHTH TeH3opa I' MeHAWT sHaK, Iikim — — Tiklm 1o tem30p

T magpBaercsl aHTHCEMMETPHYHHLIM HO 3TmM HHAekcaM. CBo#icTBO
AHTACHAMMETPHH TEeH30pa TaKsKe HMHBAPUAHTHO OTHOCHTEIBHO Ipe-
o6pasoBaEmi KOODAMHAT. -
Ecnm Basatb Temsop I = T¥a,9;, to obwexr I'* = T'*i.9;,
rge T*4 = T, tome Gymer TemsopoM, mpmueM I = T'* TombKO
IJIA CEMMETPHIHOTO TeH30pa.
Bospmem nBa Ttemsopa A = A¥F 3,9;0, @
g’;;’l:“eme TOH3OPOB M yM- B — Bik 3.9,9, M COCTABEM KOMGHHAIIUIO
eHHe HX Ba HCIO A + B — (Ai } Bii¥)5.9,a,, KoTo -
;9795 pas, oge
BUAHO, Takmke Oymer TeHzopoM. DToT HOBHHA TeHsop A -+ B
Ha3HRBAGTCA CyMMOH TeH30poB 4 m B. TaxkuMm oGpasoM, ¢ IOMOMBIO
YKa3aHHOTO NpaBuiia W3 AaHHHX TEH30POB MOMKHO 00pasoBaTh HO-
BEIe, KOTODHE ABIAITCA MX CyMMo# mau pasHOcThio. CKIagHBATH
H BHYHTATH MOKHO TEH30DH TOJBKO OJUHAKOBHIX PAHTOB.
OueBnpHO, 4T0 ecm MH HMeeM TeH30D A, To o6beRT C = k-4,
rme k — moGoe 4mcao, He 3aBWCANMEe OT CHCTEMBI KOOPAHWHAT (CKa-
AAp), Takxke OyIeT TeH30pOM.
Honpsyach mpaBUiIaME CIOMEHHA M YMHO-
JKEHHA TEH30POB HA 9HCTO, JIGOMY T€H30DY
Broporo panra I = T%3,9; MomxHO mocTa-
BUTHh B COOTBETCTBHE CHMMETPHYHEI TEH30D

Ty = (T¥ 4 T%) a30;
M aHTHCHMMETpDHUYELIA TEH30D
Ty =5 (T" —T")99;.

Onepanun CHMMeTpApOBa-
HAA B aJbTEPHAPOBAHAA

Onepanun moxydenus TeHsopoB Iy m T, HocAT HasBaHUe Ole-
panuii CUMMETPHPOBAHUA W aJbTeDPHHPOBAHUA COOTBETCTBEHHO.
Ecnm temsop I cmmmerpuunmsii, 10 Ty =T, a T, =0; ecim T
agracmMMmerpmanni, 0 Ty =0, a Ty, =T.

3ameTHM, 9TO IO ONpeNeJeHUI0 TeH30p paBeH HYMNIO, €CJIH BCO
ero KOMIOHEHTH PaBHEI HYJIO.

Bextopr 6asmca 9, mpeobpasyiomuecd I0
®opuyan npeobpasesaHEA (4 5) gocAT HA3BAHWE KOBADMAHTHHIX BEK-
KOHTPABAPHAHTHLIX  BEKTO™  1qn0p Gagmea. IlycTh uMeeM HEKOTODHI

as|ca
pos Gazm TeHSOP BTOPOT0 DAHTA % = % 9:9; H B
HeKOTOPO#l cmcTeMe KOOpAWEAT tt, ¢z, C® BmemeM
9' = xVa;, (4.14)

rme, HampmMep, xYa; = x'la, + %123, + x'%; = 9! aABmAeTCA
cyMMoit Tpex BeKTOpoB 0asmca 9y, YMHOKEHHHX HA IHCIa nlf,

.
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ABanormuso B gpyroii cucTeme KoopamHaT Mi, N2, B® MoxEHO
BBECTH

8’ = %'Ply,,

®opmyast mpeo6GpasoBanmit xP2 (4.12) m 9, (4.5) maMm m3BecTHH,
¢ WX mOMOmbI0 motyumM GopMyian mpeoGpazoBanus o'

D8, BB ge ik .
7 =K "9 = b-t b?,-u”a.qsk = bﬂ %”3]' = bﬂ 31, (4.15)

rak Kak b%0% = 8%, Bupgmo, uro o' mpeoGpasyiotcsi komTpaBa-
puaHTHEM o6pasoM. OHE Ha3bHBalTCA KOHTPABAPMAHTHHIMH BeK-
TopaMu Oazmca.

Hrar, ¢ momMompio mpomsBOJBHOTO TEH30PAa BTOPOTO PaHTa %
MOKHO BBeCTH KOHTpaBapHaHTHEE BEKTODH Gasmca 9. 3amerum,
9TO €CJM KOBADHAHTHHIE BEKTOPH 0asuca 9y 3aBECEAM TOIBKO OT
CHCTeMH KOOPRHHAT, TO KOHTpaBapHaHTHEE BEKTOpPH Gasmca 2t
3aBHUCAT U OT CHCTEME KOODIWHAT, X OT TeH30DA X, C IOMOIIEI0 KOTO-
poro oHE 06pa30BaHHL.
3maa KoHTpaBapWaHTHEE BEKTODH Oasmca
5%, MOKXHO HAWTH KOBADMAHTHHE BEKTODPH
Gasmca 9;, T. €. MOKHO paspemuTh (4.14)
OTHOCHTeNBHO 9,. Jlas 9TOro HeoGxXoamMo BBeCTH MAaTpHLy ||%yj,
obparylo marpume [[x¥||, 9ro TpeGyer cobmoeEEA YCAOBBA
Det |jxt7||4~0. Us amemeHTOB anreGpsl H3BeCTHO, dUTO

— Ly 4.16

Kij = x> (4.16)

re k;; — NOTMONHMTeNBHE MEHOPH MaTpunH |||, a A = Det |[x!|].

Taxmm ofpasom, smas Marpumy ([x¥||, merepMumEaET KOTOpOH OT-

IAWUeH oT Hyxasd, MoskHO 1o (4.16) cocraBmTh Matpumy |%i;|| 1 pas-

pemnts (4.14) orHOCHTENBHO 9, B Heroropoil cmcreMe KoopamHAT
gt, &, C® Gymem mmers

3; = wy9'. (4.17)
AEHanormuHO B [pyroii cmcTeme KoopamEAT 1!, m?, M3

9 = %ijQ'i.

C moMompl0 H3BeCTHHX (opmysa mpeobpazoBaEWi 9; (4.5) m 3

(4.15) moayamm ¢opMyny mpeoOpasoBaHHA [ KOMIOHEHT X,y
HeiicTBUTONBHO,

. ! Al i is K . ke i

9j = %139"" = Q.j9y = A. Ay = Q.50 %4, D,
OTKyJa
. ’ P Q-
%Kiy = % G Kpq. (4.18)

-
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BuaHO, 9TO eCNE COCTABHMTH BHIpakeHMe X,;9'9/, rme aia! — momm-
ajHBe NPOHW3BEJCHHWA KOHTPaBAPHAHTHHIX BEKTOpoB Oasmca 9t
. KoTopHe mnpeobpasyiorca mo opmyaaMm

89" = bliblia*a',

TO 0HO Oy/eT mpeRcTaBIAThL coGoit 00BOKT, He 3aBHCAMMUI 0T BRGOpPa
CHCTEMEl KOOpAHHAT, m60 x;i mpeo0pasyloTcs KOBapHAHTHEIM,
a moJWajfHEE NPOW3BENeHWS 99! KOHTPABApPHAHTHEIM 00pasoM.
HKpowme toro, mo (4.14) u (4.17)

#j9'0 = KPR Wy;8,9, = %P19,9,.

TakuM 06pasoM, MBI BH{UM, 9TO X;; MOKHO HA3BATh KOBAPHAHT-
HEIME KOMIOOHOHTAMH pACCMOTPEHHOrO BEIIIEé TEH30PA BTOPOTO
paAra % B KOHTpaBapmaHTHOM Oasmce 9. Pajqm IPOCTOTH B AaJb-
HeiimeM Gy/ieM CUNTATh % CHMMETPHIHLIM TEH30DOM, T. e. k¥ = xit,
a CIEMOBATENBHO, H X4 = Hjj
Ina mo6oro BexTopa A, OYeBHIHO, MOMKHO
HAIECATh

A = Alg; = Alnya' = Ao,

KosapuanTHEHE  KOMOOHEH-
THl HpPOHM3BOJLHOTO BEKTOpA

ecJIM IOJOXATH
Ay = ng Al (4.19)

Buamo, 9T0 y KOHTpaBapHaHTHEX KoMioHeHT A7 Bexktopa 4, Kak n
y HKOHTpAaBApHAHTHHX BEKTOPOB Oasmca &' MHIEKC OMyCKAETCH
¢ IOMONBI0 KOBAPUAHTHHIX KOMOOHEHT TeHszopa % (4.19) m (4.17).
CnegoBarenrro, 4; mpeo6pasyloTca TaK ke, Kak W 9, T. €. KoBa-
pHaHTHEM 00GpasoM:

S
Ai=a.idy;

A, Ha3LIBAIOTCA KOBAaPHAHTHRIMM KOMIOHeHTAMH Bextopa 4 B KoHT-
pasapmanTHOM Gasmce of. CiegoBaTennHO, A5 Kamaoro sekropa A
MO)KHO BBECTH KOMIOHEHTH A¢, mpeo6pasymomupecs ¢ IOMONIBIO
MaTpEOH B, HashiBaeMhle KOHTPABAPHAHTHHIMH KOMIOHEHTAMH,
U KOMIOHEHTH A,, mpeoGpasyiomuecsi ¢ DOMOMBI0 MAaTPHIH A,
HasHBaeMHe KOBADHMAHTHEIMIA KOMIOHeHTaMH. B ofmeMm caydae
KOBADHAHTHEE M KOHTDABADMAHTHHE KOMIIOHEHTH BEKTODA OTIH-
"aoTCA APYr oT Apyra, A== A;.
Kosapmasrae m cveman- PaccysxneHns, mnpoBefeHHHE A BEKTOpa,
Hhe KOMIOHeHTH Temsopa  MOKHO [DHMEHAT K TeHsopaM aroGore
paHra ¥ IOJyYHTh, HAIPUMep, AJAsA TeHzopa
9eTBEPTOr0 paHTa

- g
T = T""a9;050) = T7¥ %4 W1 979%™ 0™ = T pmndPo%™om =

__ ikl _ el

= IV %5 Rng94979%; = T.pg.9;9%9%,. (4.20)

L
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KommomenTel Tpgmn Ha3HBalOTCA KOBAaDHAHTHEIMHE, a Tf',;qf —
CMOIIAHHKIMA (KOBADWMAHTHHIMA II0 MHIEKCAM D, ¢ M KOHBTpPaBapu-
AaHTHHIMHA 0 HMHAeKcaM i, [) KommoHeHTamu TeHsopa I. Dopmynn
npeo0pasoBaBMa AJf CMEMIAHHEX KOMIOHEHT HMEIOT BHJ

"TMees ’L-l
T = Topg b abmal;

T. €. upeo6pa303a1—me KOBAapHAHTHOE IO HIKHHAM UWHIEKCAM R, T
A KOHTpaBapHMAHTHOE IO BEPXHUM WHIEKCaM m, S.

Mmx BUAAM, 4YTO C IIOMOImBIO TEH30pa *
Y KOMIIOHCHT moboro TeH3opa MOKHO ony-
CKaThk N ODOAHVMATHL MHAEKCHI. dra onepanus HOCHUT Ha3BaHHe oNe-
pPaniun ;KOHTJIAPOBAHHA HUHIEKCaMH. HaupnMep,

T = T9'9" = Tyn'aa’ = T5ae’; (4.21)

BMECTO 3a0MCH TeH30pa I ¢ DOMOMbI0 KOBAPHAHTHHIX KOMIOHEHT
T,] ME MIOJYYRIM er0 BHIPA;KEHHe 96Pe3 CMeMAHHEE KOMIIOHEHTH
T fAcno, aro onmycramme HBJ[eKCOB (4.20) mpoBOMATCSA ¢ TOMOIIBIO
x,], a mogaATHE (4.21) ¢ mOMompBIo %,

3aMeTnM, 9TO CKAAAKBATD ¥ BHYHTATH MOMHO TOJBLKO KOMIIO-
HEHTH TE€H30POB ¢ OJUWHAKOBEIMHU CTPOSHHAME uHAexkcoB. CBoiicTBa
CAMMETPHH ¥ AHTHCHUMMETPHU TEH30DPOB TAKKe OIPefeiANuCch HaMA
OTHOCUTENHHO OJUHAKOBO PACHOJOMEHHLIX HHIEKCOB.
Bce mpuBemeHHEle BHINEG pAacCy:;KIeHHA OT-
HOCHANCH K ONHO# WPOMBBOALHOW, HO (HK-
CHPOBAHHON TOYKe HOPOCTPAHCTBA. BBefeM Temeph METPHKY LpO-
CTPAHCTEB, T. €. YKa:KeM cmocol ompe/ieieHUsA JIAMA B IPOCTPAHCTEE.
JaA ompefmeneHuA AJAMHbB BEKTOpA XOCTATOYHO ONpPEAEIAUTH CHA-
JADHEE OPOM3BENEHNA BeKTOpoB Gasuca

;95 = Bij»

KOTOpEIe, BooOme rosops, B JAHHOH TOYKE MOTYT OHITH OIPOM3BOJIE-
HEIMEH vHcJaMH. KBagpaT JAuMHH BexTOpa d1* 1m0 ONPE/eJIeHHIO
6yner pasen

|dr|? = ds® = dr-dr = dC'dla;- 9; = d'dlg;, (4.22)
a KBajpaT MJIWHLL aboro BEKTOpa
AR =AlAlg;.

Jauaa x060ro BEKTOpa BHIPA;KAeTCA 9Yeped ero KOMIIOHOHTH K
CKaJIADHHIE IpOU3BeNeHHA BeKTopoB Gasmca g;j.

Venosme wHBapMaHTHOCTH AJWHH |dr| oTHocureasHO BHOGOpa
CHCTeMH KOODAWHAT HWMeeT BHJ

|dr 2 = gppdnPdn® = gydtidy = gyai,alydnPdn?.
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OyagaMeRTATbHLIA  MeT- Orcioma BEITEKAIOT TGHBOpHHe dopMyaH
KBH TEH30)
PHECCKHEN TEHI0P NpeoGPABOBARNSA g,j: pg = G.plygij. LAKEM

0obpasoM, B CHJIY HMHBADHAHTHOCTH [JIHWHH |dr| BeIHYHHHN  g;i;
cle/yeT paccMaTpuBaTh KAK KOBADMAHTHE® KOMIOHEHTH TEeH-
3opa g = g;;0'9%, KOTOpHIT HasmBaercA ¢(yHTAMeHTAaIbHEIM Me-
TPUIECKAM TEH30POM.

CorsacHO ompegeNeHUI0 CKAAAPHOTO IIDOH3BEJEHMA TEH30D
g ABNAETCA CUMMETPUYHHIM TE€H30DOM:

8y = &ii.

Keagparuunas oTHocumTeldbHO Tpupamenmit roopmuuar di* ¢opma
(4.22) masmBaercs QyngamMeHTadbHON KBajparmumoil  ¢dopmoit,
3aMaoIeil MEeTPHKY — pPacCTOAHWEe MEeMKIYy OJUSKMMH TOYKAMHE
IPOCTPAHC TBA.

Nz aare6ps H3BECTHO, 9TO BCAKYIO KBaJpaTwdHylo ¢opMmy
¢ TOCTOANHHME KO3QPUOEeRTaAMH MOKHO IPHBECTH K KAHOHHIECKO-
My BHIY, T. €. B KaKgoil BHIODAHHON TOYKEe MOKHO HAWTH Tax@e
RKoopauHaTh z!, z2, %, aro KBappaTuanas ¢opMa (4.22) sanmmercA
B BHAE CYMME KBajipaTOB:

2 — (dx!)? 4 (dx?)? + (da®)?, (4.23)
a MaTpuna TeH30pa g mpPHUBENeTCA K BUAY
100
010
001

3aMeTHM, 9TO BHIIOJHHATH TAKOTO pOja HpeodpazonaHHe cpasy BO
BCEM DPOCTPAHCTBe, BOOOINEe TOBOPsI, HENb3d, T. €. HEJIb3d HalTH
TaKyl0 cucTeMy KoopawHAT z!, 2, 23, urobrr (4.22) Bo BceM mpocT-
paHcTBe HpmBeldack K BuUAY (4.23). Ecau takas cmereMa KOOpmH-
HAT CYINECTBYET, TO IPOCTPAHCTBO HABLIBAETCA eBKIMAOBLIM, €CIH
HeT — HeeBKIWNOBEM. Kciam B n-MepHOM HpocTpaHCTBe (opMy
(4.22) ¢ DOMOmBH BemECTBEHHOTO NPEO0Pa30BAHHA KOODIHHAT
MOJKHO BO BCeM IPOCTPAaHCTBEe IPUBECTH K BUAY ds? = q; (dzt)?, rje

a; ==x1,i=1, 2,3, ..., n, 1 no Kpaiineit Mepe oamo u3 a;
OTAMIaeTCA B3HAKOM OT [pPYyTUX, TO NpPOCTPAHCTBO HA3LIBAGTCH
TCeBIOCBKIMIOBEIM.

OgeBupHO, AJIf TeH30PA g HAPANLY € KOBADHAHTHHIMM KOMIIO-
HEHTAMH g;; MOKHO BBECTM KOHTDABADHAHTHHE KOMOOHOHTH gt
TaKAM jKe ¢Ioco00M, Kak Anad GurypHpOBaBIIEro paHee TEH3OPA X.
Ilpy sromM Heo6xomaumo TonbKo, dUro6m Det || g4 || =0. C mo-
MompIo g¥ MOMHO BBECTH KOHTPAaBAapHAHTHHE BEKTopH Gasmca 3':

= g, (4.24)
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¥ OPOBOMUTH KOHINIMPOBaAHME WHJIEKCAMH YKe He ¢ NOOMOmbIO
HPOM3BONIBHOIO TeH30pa %, a ¢ DOMOIbI0 (PYHIAMEHTaABHOTO
MOTpPHYECKOT0 TeH3zopa g£.
YcraHOBUM CBOHCTBA CKAJAPHHX TPOH3BE-
BaammoceaA3h  KoBapmamT-

HOT0 H KOHTPABAPAAHTHOrO NeRitit 37 9.
6az@EcoB, eCIA B KauecTBe N3 (4.24) nveem

NOAb3 i i ii i
X ACHOABIYETCA TEH30D g 97‘91) — guai_ap — gugw — 61,, (425)
T. e. 3.9, =1, 919,=0, 9%9; =0mr 1.
¢ Orcwopa caeqyer, 9To BeKkTop 0aszmca ' OpTOTOHAJIEH MIOMAanKe,

06pa3oBaEHON BEKTOPAMH 9,, 95, W T. 1. HeTpyano mposeputs, 910
IJA KOHTDAaBADMAHTHEIX BEKTOPOB 6asmca BepHHI CJeqyIOomue

dopMymnr:
1 2 X 33 2 33X31 3 _ 31><32
2= 91- (92 X 33)° T 91 (92 X 33) T 91 (92 X 93)’ (4.26)
a A KOBAPHAHTHHIX — (OPMYJIHL:
9% x @° . # Xt o atlxe?
9 = 31'(32X33)’ = T al. (9% X33)’ I3 «31-(32X-’~)3)’ (4'27)

rfe 3HAKOM X 0003HA4eHH OOHYHEE BEKTOPHHE IIPOU3BENEHUA.
TFoBopsT, 9To KoBapHARTHEE M KOHTPABAPWAHTHHIS BEKTOPH Gazuca
B3aWMHH. fICHO, ITO B JEKapPTOBOI OPTOTOHANBHON CHCTEMEe ROOp-
IMHAT &' = 9;, CiIe[OBATENLHO, B TAKON CHCTEMe KOOpAWHAT HET
PasHEUOE MeK/AY KOBAPMAHTHHIMH W KOHTDABADUAHTHEIMA KOMIIO-
HeHTaMH BEKTOPOB U TEeH30POB H I0ITOMY HANHCAHHE HHIEKCOB
BBEePXY 1 BHM3Y CTAHOBUTCH HECYI[ECTBEHHBIM.
W3 (4.25) AcHO, 4TO CMemaHAbe KOMIOHEH-
f,’::;‘f,ﬁ;‘;o“ﬁf’e‘;‘;‘;;‘;m e g4 §yHAAMEHTANBHOr0  METPHTECKOTO
TeH3opa g B M000H cucreMe KOOPRMHAT
o6pasyoT eIWHHYHYIO MATDHIY:

g 8% g% 100
leil=llg% g% g5|| =)0 1 O =]&}].
gy g% g5l (1001
Heoupenenemloe yumosKe- MBI yiKe II03HAaKOMHAJJIHCHL C . HEKOTOpPHBIMA

HHe TEH3OpOB oNepan#sMA HaJl TEH30PaMHA, YKaKeM emle Ha
omepanAl yMHOKeHHA Tem30poB. IlycTs

mMeetca BenTop A = Als, m Temsop T = T%5,9%; $opmanbHO
ofpasyeM

B = A'T%3.0,0'

B* = A'T5a,9'9, = T A;09,9'.




§ 4. OueMeHTH TeH30DHOTO0 WCYMCICHHUA 61

OueBupno, B m B* G6ynyT teHsopaMd, HO B <= B*. 3ta omepanus,
" IPUBOAAMAA K MOJYYICHHIO TEH3OPOB Gosee BHICOKOTO, TeM HCXOJL-
HEI®, PAHra, HOCHT HA3BAHME ONCPANME HEOUNPCACICHHOTO YMHO-
JKEHUA TeH30pOoB. e peayibTaT 3aBHCHT OT IOPAAKA YMHOMCHMA.
C moMompio HeopeeIeHHOT0 YMHOMKEHNA BEKTOPOB MOKHO o6pa-
30BaTh TeH30p Jdi0Goro pamra Ai4iA¥ ... 3,9;9;..., HO He BCAKUM
TEH30p MOKHO MNpE/CTABUTH KAK IPOU3BEACHMS BeKTopOB. C mo-
MONIBIO HEOUPEeNeHHOT0 NPOM3BEACHHA MOKHO BBOJHTH TEH-

30pH BH/A
@ = gng‘Jgrs L. 9i9]9p3q9r96 =
== giifpolrs - - - 999P9%"9° . .. = 85058 . . . 99'9,0%,0" . . .

OueBnpHO, ©UTO CMEITAHHEIE KOMIOHEHTH TeH30poB ) B MIOOHIX
CHCTEMAaX KOODJAWHAT OAWHAKOBH, T. €. OHHW SBIAIOTCA WHBADPH-
aHTaMu 1UpeodpasoBaHWA KOOPAMHAT. OTH KOMIOHEHTH  PaB-
HH HYJII0 HIN eJUHHIE.

Cransap & MomHO paccMarpmBaTh KaK TeH-
30D HYJIEBOTO DAaHra, OH XapaKTepHayeTCs
opEmM TucaoM (3° = 1), BeKTOp — TeH30p MEPBOr0 paHra B TPeX-
MEePHOM MNPOCTPAaHCTBE WMeeT TpPH KoMmmoHeHTH (3' = 3), TeH30D
BTOpOTO paHra mMeeT 32 — § KoMmoHeHT W T. K., TEH30pP pPaHTa p
mMeeT B TPEXMEPHOM HPOCTPAaHCTBe 3” KOMIOHEHT, a TeH30p paHTa
r B n-MEepHOM IIPOCTPAHCTBE MMeeT n” Kommouenrt. Mmorga, Hampm-
Mep IPH HaJIAINHN CHMMETPHH, THCI0 He3aBUCHMHEX KOMIOHEHT TeH-
30pa MO’KeT COKpamarhesi. B 4acTHOCTH, JBYXBAJEGHTHHIH CHMMe-
tpmansi tersop (7;; = Tj;) WMeer TONBKO HIeCTh HeaaBHCHMEIX

KOMIOHEHT, a aartwcuMMerpuanntit (7;; = —7T;) uMeeT TOJBKO
TPH He3aBMCHMEIE KOMIIOHeHTH. [loHsiTHe cMMMeTpHM TeE30pa O3HA-
9JaeT WHBAPHAHTHOCTh €TO KOMIOOHEHT OTHOCHTEeNBHO HEKOTOPOM
rpynusl npeoOpasoBaHmii. Hampmmep, yKasaHAble BHIIe CMe-
NMaHHEbe KOMIOHEHTH TeH30pa ) WHBAPHWAHTHE OTHOCHTEIBHO
TPYNOH BCeX HeIPePHBHHX ImpeoOpasoBannii. HOMIOHEHTH TeH30pa
% ¢ nm00HM CTpOCHEEM WHAEKCOB WHBA PHAHTHE OTHOCHTEJBEQ PPYN-
O OpPTOTOHAJXBHHX NpeoOpasoBanmil, ompelelieHHOH W3 YCIOBHA
WHBAPMAHTHOCTH KOMIOHEHT $yHAaMEeHTaJbHOTO TeH30pa £;;-

B o6mem ciydae KOMIIOHEHTH TeH30pa 3a-
BHCAT OT BHOOpa CHCTEMH KOOpDAWHAT, HO
_ MOKHO TOCTaBUTH 3a/lady: OTHCKATh TaKuhe
dyrrnma @ (7)) oT KOMIOHEHT TeH30pa, KOTOPHE 6yayT HHBapKaHT-
HEIMH OTHOCHTEJBHO BHIOOpAa CHCTEMH KOOpAMHAT, T. €.

D (T5) = D (T7T).

Yhcao KOMIIOHEHT TEH30pa

CranApHEle MHBAPAAHTEHI TEH-
30pa

Takme QyHKOUE KOMIOOHEHT TEH30PAa HA3HBAIOTCH WHBAPMAHTAMHA
TeH3opa. OEm ABIAIOTCA YACHaME ¥AK QYHKOAAME TO9eK IPOCTPAH-
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crBa. VIMeHHO TakWe YHKOUE KOMIOOHEHT TEH30POB M BEKTODOB
TDOJKHE, HapAAy ¢ JAPYTUMM HHBADHAHTHRIMH O0BEKTaMH, BXO-
IUTH B MaTeMATHIeCKYI) 3anuch (H3WMIeCKAX BaKOHOB, KOTOpas
noM;KHEA OHTH WHBAPHAHTHON OTHOCHTENBHO CIO0CO0OB ONHUCAHHMA
¢r3mUeCKOTO ABJIEGHUN W, B YACTHOCTH, He [OJGKHA 3aBUCETH OT CH-
CTeMEl KOODAWHAT. AHAJOTAIHEM CHOCOOOM MOYKHO OMPEJECIHATH
HHBADHAHTHHE (YHKOME OT KOMIIOHOHT HECKOJBKHX TEH30DOB.
Taxkwe QYEKNUE HA3WBAKTCA CKANSAPAMHA. YKaKeM IpOCTHE Iipa-
BHia 00pasoBaHHA HHBAPWAHTOB BEKTOPA M TeH30pa. BoabMeM
BEKTOD

A = Ay, =Apl = Alg,;5
H COCTAaBHM CHAIsipHOE ITPpOM3BEIEHUE
A.-A = AiATay.5; = AlAlg, = AlA,,

IonyuesHOe BrIpa)KeHWMe SBISETCS WHBAPHAHTOM (KBa[paTOM JIJIH-
HBL BeKTopa 4), Tak Kak npeo0pasoBaHnA PasSHOMMEHHHX KOMIIO-
HeHT BEKTOpa B3amMHO 0OpaTHH. ¥ BEKTOpa TOABKO OJWH He3aBH-
CHMEII MHBapHAHT — €T0 /[IMHA, BCE OCTAJbHHE HMHBAPHAHTH
ABIAITCA e¢ (YHKIUAMI,
Temepr BosbmeM mI000if TeH30p BTOPOTO paHTA
T = T%a,9;

u o6pasyeM cBepTKY m0 060MM HHIEKCAM ¢ METPUICCKAM TEH30DPOM
Tiig;; (cBepTKOM HA3HBAeTCA ONEpANUA CYMMWDOBAHHA LO BEpX-
HeMy A HIGKHeMY HHEKCaM), KOTOPas JiacT 4ucjo, He 3aBHCHIMEe
OT CHCTeMH KOODAHHAT, TaK KaK Ipeo0pasoBaHWS KOMIOHEHT C
BePXHBUMY ¥ HIKENMY WH[EKCAMHE B3amMHO ofpathHH. MoskHO 3a-
THcarh

ii _ 1o 1. Qe 3 .
T"g,-]-~T.i:T.1—|~<T.g+T.3.
CpepTrE T5TE, (4.28)
1s j. P
T5T,T5
Takae Oyayr wpsapmanTaMu. MTak, [Jd TeH30pa BTOPOTO pAHTA
MH DOJYYHJW TpW HHBAPMAHTA: JUHEHHHI, KBa/paTHIHHI H Ky-
OMYHHN OTHOCHTENLHO KoMHIOHeHT. Hiswe GyjieT NOKasamo, d9TO
B Cclly9ae CUMMETDPHYHOTO TEH30pa BTOPOTO paHTa, 0COOEHHO Bark-
HOM JIJId HAIIMX OPHJIOKEHHIT, Bce 0CTaJIbHKE CKaIAPHEE HEBADPUAH-
TH OyAyT QyHKOWAME STHX Tpex.
BossMeM npoussoabayio TouKy O ® OIH3KYIO

K Hedt touxky M. Ilposegem B O KoOpAMEAT-
Hhe amEEA (Y, {2, {® m paccMoTpmM BeKTOp

Tensopnas mOBEPXHOCTH
OM = dr = dtls
¥ CHMMETPHYHHI TeH30p
T = T¥ge; = Tyo'9l.




I'naBHBIe OcH ¥ TIJaBHBE
KOMIOHEHTHI TEH30pa
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OueBmpno, T;;d{!d{/ aBasercsi MEBAaPHAHTOM, W MH MOKeM IIOJIO-
RATH

Tdtidgi = Tidnidni = ¢, (4.29)

rfie ¢ — HeKoTopoe Tmedao. B Mamo#l okpecTrOCTE Toukm O ypaBHe-
Hme (4.29) npu ¢mKCHPOBAHHOM ¢ M 3HaveHHAX [,;, B3ATHX B TOY-
ke O, ompefenAeT MOBEPXHOCTH BTOPOro MOPSAAKA, KOTOpPAas HABH-
BaeTcA TeH30DHOU moBepxXHOCTHIO. lupdepenmmann dii mam dn?
pPacCMAaTPHBAIOTCA KAK KOOPAMEATH TOYEK DTOH TEH30PHOH MOBEPX-
HOCTH., HasKmqoMy CUMMETPWYHOMY TeH30py I BTOPOTO pAaHTa
B KQKIOM TOYKE MOMKHO TIIOCTABHUTH B COOTBETCTBHE HOBEPX-
HOCTb BTOPOTO HopsAAka (4.29).

Hax msBecTHO, YpaBHEHEE 3TOH HOBEPXHOCTH
BTOPOTO MHOPAAKA ¢ HOMOmMBIO mIpeoOpaso-
BAHUA KOOPAMHAT MOKHO NPHBECTH K KaHO-
HU9ECKOMY BHAY, T. €. B Touke (O MOJKHO BHIOpAaTh CHCTEMY KOOP-
nuHaT z!, 22, 2° tak, o (4.29) mpmmer BmA

Ty, (dxt)? + Ty (da?)? + Tgy (d2®)? =c.

CucreMa kooppuwHat x!, 22, 3 B Touxe O Oyjer mpm 3TOM OpPTOTO-
raasHOf. Cle0BaTeNBHO, B KAKAOH TOUKE MPOCTPAHCTBA MOKHO
BBECTH OCH KOODAMHAT TaK, YTO TOJBKO TpH KOMIOHEHTH I, Tag,
T,; CHMMOTPHIHOTO TEHS0PA BTOPOTO paHra OyAyT OTAXIHHIME
or Hyasa. Taxuwe ocH HAa3HWBAWOTCA IIABHKEIMH OCAMH TEH30Da, a
OpAVOYrolbHAA [eKapToBa CHCTeMAa KOODAWHAT, OCH KOTOPOM
HAOIPaBJEHE IO IVIABHEIM OCAM, HA3HBAGTCH [JIABHOH CHCTEMOH
KoopauHaT Temzopa. OueBHAHO, pasHUIA MEKAY KOBAPUAHTHAIMH
I KOHTPaBADMAHTHRIMH KOMIIOHEHTAMM B TJIABHOH cuCTeMe KO-
OpAWHAT TWPOHAJaeT:

T8 =Ty=Ti=T,

(cyMmmmpoBaHHMe 1O i 3iech OTCYTCTBYeT). I'pm BooOme pasiIMIHEIX
¥ OTAMYHHX OT HYJIA KOMIIOHEHTH TEH30pa B TJABHOH CHCTOMe
HA3HBAIOTCSA €r0 TJIABHEIMH KOMIOHEHTAMM.

Temeps MOKHO JeTKO OTBETUTH HA BOIPOC O YHC/Ie HE3ABHCHMEIX
MHBAPHAHTOB CHMMETDPHYHOTO TeH30pa BTOPOTO paHra. Bce oHE
B TJIAaBHOH cHCTeMe KOODAWHAT MO/UKHBL OHITH QYHKUASME TOJIBKO
TpeX KOMIOHEHT, H, CJel0BaTeJI-HO, WX 4YACIO HO MOKET
OuiTh GoZbmIe TpPeX, 4 W3 3aOHCH WHBApHAHTOB (4.28) B riiaBHOK
cHCTeMe ACHO, 49TO BCé TDPH HAHJeHNHX paHee MHBAPHAHTA He-
3aBHCHMEL.

Ha sToM Myl 3aKOHIMM W3JI0KEHHE DIICMEHTOB TEH30pHOH ai-
re6pu. B manmpmeiimeM HaM moTpebyercs pAx CBeJeHME M3 TEH30P-
HOTO aHAJIM3a, KOTOPEIe Ml GyfieM H3iarath mo Mope HeoOxoxd-
MOCTH.
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§ 5. Teopusn gedopmanuit

Ilyers oTHOCHTENEHO cUCTEME KoOpAUHAT HabOalogaTean »!, 22, 2°

apwxercs abcomorHOo TBepjoe Temo (pme. 10). Ormermm xBa
€ro HOJIOKeHHA — B HAYaJbHHHA MOMOHT BpeMeHH f{, @ B IpO-
M3BOJBHEIA MOMEHT [,
O saBHCHMOCTH  BEKTOPOB G rampoit Touxoit M rema MOKHO CBA3ATH
fasdca  COUYTCTBYHMEI COMYTCTBYIOMYIO CHCTemy Koopumuar El, E3,
cHcTeMBl OT BPEMEHH &3, ComyrcrBylomas cucreMa Oymer ABHTATE-

¢ BMeCTe C TeloM, H BeKTOphl 0asmca CONyT-
cTBYyiomei CHCTeMBL B MOMEHTHI £, 1 ¢ OymyT PasHBMM. O6o3nadnm ux
B MOMOHT £, Iepea ;, a B MOMeHT ¢ — depes 3,. fIcHo, 9T0 BeKTOPH Ga-
amca conchTBonm;eH CHCTEMHEl 3aBUCAT, Booﬁm;e roBopA, or Toaxd M

!’

Puc, 10. [pmxenne aGcoaoTHO TBEpPJAOTO TeJa.

TeJa H, KpoMe TOr0, MeHAITcA co BpemeneM. (Q4eBHIHO, YTO, €CIH
cucrema £!, &2, E3 mMopoxena B cpefy, a cpeja IBHKETCS Kak abco-

JIOTHO TBEepHoe TeJo, TO TPHUIJPH 3; MOKHO HMOJYUYHTh M3 TPHIAPOB
[
9; LOCpPEACTBOM IIOCTYHaTeJBRHOTO0 MNepeMemeHus MW I0BOPOTa

° A A

o - .o A .
19s] =19y B /99 =/, 99;, T. e.9; 9; = 8- ;.

Cinoxxgee Oymer oGCTOATH JeJI0 B caydae JBWKeHwWA medopmu-
pyemoro Tesa. JlelfiCTEATeABHO, MPH ABHKEHUA [6(0PMAPYEMOTO
Tella paccTogHMA Mexny ero toaxkamum M m M’ memswTca. Kooprm-
HATHHeE JUHWA COMYTCTBYION[eH CHCTeMH KOOpHHMHAT Redopmu-
pymTCa, M BeKTODH 0asmca 5 MEHAKTCA CO BPEMEHEM TaK, 4TO Me-
HAIOTCA ¥ WX BOJAMYAHN ¥ YIIH MEXLY HIMH.

IPpPerr maMeHEHUsT DPACCTOAHMH MeMAY TOYKAME CIJNOWIHON

‘CpeflEl BO BpeMsa JBM;KeHMA OYEHDb BajKeH. B YACTHOCTH, YHKa’KeM

HA TO, 9TO CHJH B3aWMOJefCTBAA MEKAY YaCTHNAMHI 3aBHCAT OT
M3MeHEHIA pacCTOAHUN MeKAYy HHMH.
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PaccMorpuM mBa mpowsBONBHEIX MOJOKeHHA HeOopMEpPYEMOro
TeJa M, B 9ACTHOCTH, €ro Touek M u M’ B IpPOU3BOIBHE® MOMEHTHI
Bpemenn ¢ u ¢’ (puc. 11). Bexropu Gasmca B Touke M B Momenrt ¢’

22

'_Zrl
Pre. 11. [Bwxenme pmedopmupyemoil cpemsl.

o0osHaYMM Hepes i, a B MOMeHT ¢ — depe3 3,. OueruanO, B COMyT-
CTBYyIOmeH cucreMe KOOpAMHAT GymeM MMeTh

dr = dtia,

dr' = dtia;,

MH X0THM BBECTH B PACCMOTpPeHHEe XaPAKTePUCTUKY H3MEHOHHA Pac-
CTOSHNI, MOBTOMY HEOOXOMMMO BBECTH MeTpUUECKHe TeH30PHl CO-
IyTCTBYIOINEH CHCTEMH KOOpAMHAT B MOMEHTH BpeMenm ! m t'.

OpHaKo eme Jio BREJICHNA METPUKHW yKaskeM, 4To nio6oit Gecko-
HEYHO MaJIBIA OTPE30K mPsAMOM, BRIXoAAmu# ud Touky M, B mpolecce
IBM;KeHUSA CIIOMHOR cpefH NepeXo UT B MAJHMA OTpe30K IpPAMOH,
BHIXOQAMAN N3 TOYKH, COOTBETCTBYIomeil aroit Touxe M.

HeifictBurenpr0, HapARZY ¢ O0eCKOHEYHO MajhHM 3JIEMEHTOM
CILIOMIHOM CPejiE d7” B MOMEHT £, KOTOPOMY B MOMEHT ¢’ COOTBETCTEO-
BaJ dr’, MOKHO BBeCTH B MOMEHT [ 3JIeMEHT CIUIOINHOU CpeJhl
k dr, rne k—Bexortopoe uncio. B mpocrparctee Ef, £2, £ B MoMeHT
1’ 3TOMYy 3JeMeHTY COOTBETCTBOBAJ 9JeMeHT Kk dr’, Tak KaK B 9TOM
OPOCTPAHCTBE B CHIY COXPaHEHUA JarpaH;KeBEHIX KOODJAMHAT BCEX
TOUeK CIVIOIIHOH CPeNHl JOJKHO MMEeTh MEeCTO pPasjiosKeHHe IO BOK-
TopaM Oazuca 3i:

kdEig; =k dr' .

Ilpu pasEmx xoHeuHHX k m fanHOM dr ajeMeHTH kdr ompefelsAioT
B MOMEHT { MaXLIii OTPE30K mpAMoil, Buxopamui na roukn M, Ko-
Topomy B mpocrpanctse £, £2, E3 B MOMeRT ¢’ COOTBETCTBOBAJ MAJHIH
oTpesok mpamoii kdr’.

3 J. HU. Cemos
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Tenepr BBejieM METPUKM IPOCTPAHCTB CONYTCTBYIOMEN CHCTEMEI
KoopanHAT B MoMeHTH ¢ # §'. IlycTh B MOMeHT £

dr| =ds, ds*= g;d&dy,

rie | Al A BulSE (5.1)
8ii = 93,

u B MOMeEHT %’

dv’ | =ds',  ds'? = gydEdE,
rie l s .. 808 5.2)
£ij = ;3.

IToguepkHem, uro woopaunHathi Todek M umw M’ B MOMeHTH §
u ¢’ B COLyTCTBYIOmEH cHCTEMe KOODIMHAT ONMHAKOBEE, a KOM-

TOHEHTH §;; W g3 PAsHELE.
Hasosem rosddunuentoM oTHOCHTEABHOTO

Hoaddungent ornochmrens- YAIMHCHUA OTHOUICHHE
HOTO YAMHHEHHA ds — ds’ ds 1

(5.3)

rae ds 1 ds’ 1poOXOAAT B COOTBETCTBYIOIME MOMEHTH BPEMEHU 4epes
OfIHH W Te ke MHAMBUAYaJIbHBEe ToYKM cpexsl. Hosddumment !
BaBMCHUT OT TOYKM J// M HAIPABJIEHNsI HIEMEHTA, IS KOTOPOro OH
BHMUCIAETCA, U He 3aBUCUT OT HaUHN dr. Ecau [ B Kaskmoll Touke |
negopMupyeMoil CpefiEl M B KasKI0M HAIPABICHUH 0ECKOHeYHO MaJl,
To JefopMamusi HaswsBaeTcd OeckoHewHO Madoil. Kcam [ mmeer
KOHeYHOe 3HadeHMe, To pefopmanua KoHeuHas. Ilo ompejenennio
A aGCONIOTHO TBEPHOro Teia Bee Koadduuumentol [ paBHLI HYIO.
O6parnM BHuMamue, 410 AedopManuy 1 Kod3GHUUUEHTET OTHO-
CHTEJBHOTO VAJWHEHMs | MOKHO BBOJIHUTEH, paccMaTpuBasg JBa CO-
BEpHIEHHO TIPOM3BOJBLHBIX TOJOKEHUA CHJIOHIHOI/I cpemsr, W 4T0 !
I 11006070 d¥ MOKHO BEIYUCJINTE, 3HAS g”, g” u Hampasienue dr.

Beenem o6GozHauenue:
Tenszopw gedopManmi 1,4 .
put Recgop e = 5 (84 — 8i); (5.4)

mo (5.1) m (5.2) GymeM uMmerhb
§? — ds'? = 2g;;dEidE,

U3 (5.4) BujHO, 4TO £ MOKHO PACCMATPHBATH KAK KOBADPHAHTHLIE
KOMIOOHEHTH TeH3opa. Hak M3BecTHO, ¢ IOMOLIBIO JA000r0 TeHzopa
BTOPOTO paHTa ¥ MOYKHO 10 KOBAPHAHTHHIM KOMIIOHEHTAM HEKOTO-
poro TeHzopa o0pas3oBaTh €ro KOHTPaBapHAHTHEIE KOMIIOHEHTHI.
B MeTpuuecKkoM IpocTPaHCTBE ME YCIOBWINCEH B KAYeCTBE TEH30PA X
NCHOAb30BATH yHIAMEHTAILHEIR TeH30p g. B HameM caywae MOKHO

NOAHEMATL WHAeKCH aubo ¢ moMompio g'¥, aufo ¢ moMompio gil

m L | 4
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¥ TOTOMY II0 KOBaDHAaHTHHM KOMIOHEHTAM £;; MOKHO 00pa3oBaTh
IBa pasHEHX Ha0opa KOHTPABAPHAHTHBIX KOMIIOHEHT: £ (MHIEKCH

DOTHUMAIOTCA TOCPeACTBOM gi) w &' (mHmeKcH mogHEMAOTCH MHO-
cpexcTBoM g'¥), JT0 03HATAET, UTO MOMKHO 06pa30BaTh IBA PA3HHX
TEH30pAa:

& =g90m& =¢0t 0,

UMemuX OJMHAKOBbe KOBapHAHTHEE KOMIIOHEHTH! (D.4), HO OTHe-
CEeHHEIX K pasHpM OasmcaM 3 m o'l ITu ;XBa TEH30DPa HAZLIBAIOTCH
TemzopamMu jgedopmanmii. HoHTpaBapuauTHEIC W CMeIIaHHLE KOM-
TNOHEHTH TEH30DPOB & W &’ pasHbe, M Mbl YCTAHOBHM A HUX 000-
sHauweHnst €, &'t u &%, &'}; cooTBeTcTBeHHO; &'; == £!;, Tak Kak
'Y = ep;g'Ph, adl =epgPim g L gPh

Terzopn medopMmanumil ABIATCA OCHOBHEIMH XapaKTepPHCTHKA-
MH BO3HHKAKIOWX B Ternax gedopmaliuii,  uX KOMIIOHCHTHI BXOTAT
B OCHOBHBIE YPABHEHUS, ONMCHBAIIINE IBIROHAE CILIOMHOI CpeIL.

fcuno,4ro B mHTEpECYIOMUI HAC MOMEHT [ Be-

Hasampnoe — cocrodmme TuauHE gefopManuy 3aBUCAT HE TOJBKO OT
¢HAYATLHOE COCTOANNE) paccMaTpUBaeMOro COCTOSHIASA TIa, HO ¥ OT TO-
r'0, 10 OTHOTTEHWIO K KAKOMY COCTOSAHMIO 3TH Ae(hopManuu BLI9HCIs-
forcsa. Hak BpIOpaTh 5TO COCTOSHME, €CIM MBI XOTUM HOAYYHTH
onpenenennne Quandeckue xapakrtepucTuku Aedopmamuu? Oue-
BUIOHO, OHO He MOeT OBTH COBEPLUICHHO INPOM3BONBLHEM, a JOJKHO
OBITH ONpEIeNeH0 W3 KOHKPeTHHX (usmdecKuX coobpamennii.
QTMeTHM, 4TO ero MOKHO ONpeAeNATH 10-Pa3HOMY, H cefitac B Teo-
pun pedopmamuii MEr He OyneM QUECHpPOBATH HTOT CHOCOG ompeme-
JeHHs, a HA30BeM KaKuM-1o o6pazoM BhrOHpaeMoe INA CpaBHOHHA
¢ JAHHBEIM COCTOSIHHeM CIUIOIIHON CPemsl COCTOSHWE HAYaJbHHIM 1
yKaxieM TOJBKO Ha MOTyINee BCTPETHUTHCA MPH HTOM CIEIYIOINee
06CTOATENBCTRBO. JTO HAYAIbHOE COCTOAHHNE He 0013aTeIbHO NOKHO
peaspHO oCymecTBAATECA. Hampumep, 3a HavambHoe COCTOSHUE
MOJKHO NPHHSATEH TAKOE MBICIEHHO BBEIeHHOE COCTOSHHE, B KOTOPOM
CTPYKTYpa KajKIOr0 3JIEeMEHTa CINIOIIHON cpefbl ymopsAgoYeHA K
aJTeMeHT IIPEelOCTABJEH caMoMy cefe, T. e. Ha HEr0 HE AEHCTBYIOT
puKakne cmibl. O603HAYAM METPHKY B 9TOM MEICJIEHHO BBEIEHHOM
COCTOAHMUM 9epes £;;, & BeKTOpH 6asmca COmMyTCTBYIOMEN CHCTEMEI
B HAYAJBHOM cOCTOAHWM Yepes J;. OUeBMHO, 4TO BBefleHHAA TAKUM
o0pa3oM MeTpUKA MOJKeT 0KaszaThcsAd HeeBRIUAOBOH. Peanbmoe ke
ABMKEHNE CINIONIHOM CPefll MPOMCXOMUT B eBKIAWIOBOM IIPOCTPaH-
¢TBe, M, CIEIOBATENbHO, B 00mMEM cjydae MOKeT He CyIecTBOBATH
HeficTBUTENBEOr0 (peajhbHOr0) IepeXoma CILIONIHOX Cpembl U3
HAYaILHOTO COCTOAHMA B AamHOoe. WoeanbHoe MpUMBICTEHHOE «HA-
JanpHoe cOCTOAHUE)Y {B KABEUKAX) MOJKHO HCIIONbL30BATH M OMEH-
KHE W3MEHeHUs MeTPHKW W JJA BBefAeHUA TeHszopa medopmammii.

3‘
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IMoscruM crasammrOe Ha NpEMepe IBWAKEHUS B JBYMEpPHOM eB-
KIHJOBOM IPOCTPAHCTBE, T. €. HA INIOCKOCTH. Y CJIOBHMCA paccMa-
TPURATH JIBUMKEHUE HOKOTOPOH MACHKU B MIOCKOCTH, a 3a HAYAAb-
HOE COCTOSIANMe BHIOMpAaTh TakKoe, KOTAA K IUIeHKE He HPUIOKEHH
HEKakWe cwiIH. IlycTs mieHKa pacTAHYTA 110 KpasgM M TOIBKO Gia-
TojlapAa BTOMY paCTS;KeHuI0 ocraercA maockoil. Eeam e ocoGo-
OATh NIeHKY OT PACTATMBAIOMUAX YCHAHWH, TO OHa MmOKopobures,
MOKPOETCS MOPIMUHAMH M, OCTABAACH IBYMepHOH, y:ke He Oyjer
TJI0CKO#. YCTAHOBHUTH B3aWMHO OJHO3HAYHOE COOTBETCTBHE MEMHIY
TOYKAMM IJIOCKOH ILICHKW B JAHHHIA MOMEHT M IOKOPOGIEHHOI,
MOPMUHACTON (B CIydYae CHATHA C Hee BCeX HATPY30K) MOYKHO, HO
A 9TOTO, BooOmie TOBOPA, HY:RHO BHHTH B TpeXMepHOE NPOCTPAH-
CTBO; OCTABAfICh B JBYMEDPHOM IPOCTPAHCTBE, ¢ COXPAHEHMEM THIA
MeTPHKE TPOCTPAHCTBA, HTOTO CAeNaTh HeabsA. IloaTomMy Hepac-
TARYTOE HOKOPOGIeHHOE COCTOAHME MICHKHY IO OTHOINEHUIO K IBU-
JKEHUAM B ABYMEPHOM eBKJIHOBOM IIPOCTPAHCTBE MOKHO paccMa-
TPHUBATH TONBKO KAK «HATaJNbHOE COCTOSHMWE» (B Kapndkax). MTax,
€CJIH BBOLEMOE II0 KAKAM-TO Pm3mdecKMM coo0paskeHUsSM HAYadb-
HOE COCTOSIHWE KAK COCTOAHWE CIUIOMHOW Cpemnl Mo;KeT OCYMmecT-
BJAATHCA MHCJICHREO HJIX (PAKTHISCKH ¢ TOMONBI0 HEKOTOPOro IBH-
JHeHHA, TO 3TO HAYAJIBHOE COCTOSHWE MOKHO ONpEJelNTh Kak Ha-
JaJIbHOE COCTOSIHEE 0e3 KaBEYeK. ECIH ;Ke BBOZUMOE MEICIEHHO
COCTOAHEE CPaBHEHHA He MOMeT OHTH NOJAYYEHO HENPePHIBHEIM
JOBYSKCHHMEM Cpelil B TOM e CaMOM IIPOCTPAHCTBE, TO 9TO «HAYAJH-
HO€ COCTOAHMEY (B KaBHYKAX!)

KommorenTsl 2;; B o6meM ciygae MoryT 3asucers or &', E2, B3
u {; eCIW NPAMEICIEHAOE (HATAJAbHOE COCTOSHWEEY QHKCHPOBAHO, TO
g,j MOTYT 3aBHCeTh TOAbKo oT E1, E2, E3.

Briacaum Temeppr TeoMeTpWIeCKME CMEICI

Teomerpruecknit emmen xo-
BAPHAHTHHIX KOMIIOHEHT TeH30pOB Hedo
BapHAHTHHIX KOMIIOHEHT TeH- KoBap pos Aedop

30poB medopmanmii Manmit & m &. 3anmmeM KOMIOHEHTE Me-
TPHYECKHEX TEH30POB B CJIEAyHOImeM BHje.

g = 9:-9; = | ;|| 97| cos Py, (5.5)

rae V;; — YIJIH Me;KAY BEeKTOpaMd d; U Jj, U
o

8 = 5i'5j = l.;il-IQj’COS 'lIJiJ', (56)

Qo
rie ;; — yris Mexay Bekropamm 3, m H; CocraBuM OTHOMEHME

or

l';i] ' Jdr;]  ds,

5= o]~ [l = o=kt (5.7)
oE"

tie ds, m dsy; — PMeMEBTH AYT KOODAMHATHHX JWHMMA E,a I, —

-
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K03pPUOMEeHTH OTHOCHTOAbHHX YIJAHMHeHWH B HampaBieHHAX i,
Teneps ¢ momompio (5.7). w3 (5.5) MoxHEO HOAYIATH

13 =8;]-|9;1(1 + 1) (1 + ;) cos by, (5.8)

a ¢ momomsio (5.6), (5.8) u (5.4), NpUEAB 3a COCTOSAHWE CIUIOIIHOM
cpefsl B MOMEHT !’ HadaJbHOE COCTOSHNE WM «HATAIBHOE COCTOA-
mUe» £,j, TMOIYIHM Caeylomue PopMyJbL:

28 = [(1 + L) (1 4 ;) cos §;; — cos Pisl |°9i|'|°9:‘|’ (5.9)

KOTOpHe YIOOHH [asA TeOMETPHIECKOTO HCTOJNKOBAHHA &4
PaccMoTrpmM- cHavana TeoMeTPHIECKOe MCTOIKOBAHUE &;; C OJHU-
HakoBuME mHAeKcaMu. M3 (5.9) Gygem mMeThb

2e5 =[(1 + L) — 11 ga, (5.10)

zi:1/1+2—i“—d1. (5.11)
git

Ecnn pmedgopmammm Mame, TO €;; Manm; pasiosxkus (5.11) B pap,
HOJyIuM

OTKYy/a

[~ i (5.12)
gt

HpoMme ToT0, €cim CONYTCTBYIOMASA CHCTEMAa B «HATAILHOM COCTOS-
HUE» B3ATA JIEKApTOBOH, T0 §,, = 1, I moaToMy

ly~ey, (5.13)

T. €. KOBAPMAHTHHEC KOMOOHEHTH TeH30poB AefopManuii ¢ ofuHA-
KOBHIMH UHJEKCAMH B CciIy4ae OeCKOHeYHO MauHX JedopManmii
COBIANAOT ¢ KO3pOUIMEHTaAMH OTHOCHTEIBHHX YAJINHEHUH BIOIH
JIeKapTOBHX 0Cefl KOOPAWHAT HAYAJIHEHOIO COCTOSIHMA,

OGpaTuMcA K BOIPOCY 0 T€OMETPIMIECKOM MCTOIKOBAHNA KOMIIO-
HEHT €;; C PasIWIHHMIU HEJeKcamu (mpu i == j). Jlas aroro pagm
OPOCTOTH B «HAYAJALHOM COCTOAHWM» BHOepeM B JaHHOH TOdKe
TaKyi0 CHCTeMy KOOD/MHAT, B KOTOPOH §, B3aMMHO OPTOTOHAJBHHI,
T. 6.

K T
Pij = 5 .
Torma, momosxus
o=
Ip‘i]' 9 ——X‘EJ"

u3 (5.5), {5.6) m (5.4) Oy IuM

2ey; = | 5i|f|9a‘ls~in %ais -
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nim

. 2855
$in Y5 = =, (5.14)
Vg ii ngi

OTKYJa BUIHO, UTO B 0O0OmMeM ciiydae yIJbl, OHBIINE B «HAYAIBHOM
COCTOAHKMNY NPAMHMHU, mocie fefopMamum mepecTaioT OHTEL NpPH-
MBIMH, X KOBaDHAHTHbIE KOMIIOHEHTH €;; C Pa3IHIHBIME HHACKCAMY
(i 5=J) xapakTepmsyioT CKaOlUBaHWE IMEPBOHAYANBHO IPAMOIO
KOODAMHATHOTO yria. Kcxam medopManum GeCKOHEYHO MAJH U CH-
cTeMa KOOPRHWHAT B «HAJAJNbHOM COCTOSHUUY AeKapToBa, 10 &;; = 1
ug;; =1 O (e) (e — Geckomeuno Malasa BexmInAa). C HOMOIIBIO
pasNOoeHUusaA B PAM JIeI'KO MOJydYnM

sin Xijzzsijv (515) |
Wi

%ij zz&ij, (5'16)

Tnasunie  oem  remsopor ( KaKIEIM CUMMETDHYHBIM TEH30POM, B TOM

Recopyarmif guclie M ¢ TeHzopaMHu HedopMamuii, MOKHO

cBA3aTL KBagpatmuayio Qgopmy e;;dEdEl,

N3BectHo, 4T0 B KaKIOH TOYKE MOMKHO HAUTH TaKyI OpPTOIOHAIb-

HYI cucTeMy koopfumHAT 11, 12, 113, B KoTopoit KBagpaTUIHAS BopMa
e;;dEidE’ mpusemercsa Kk BUAY

Byj dgi dgi =&n (d"ll)‘z - 99 (dN?)? - &35 (dM®)2. (5.47)

IIpeoGpaszonanue oT & & 1! 3aBUCUT OT KOMIOHEHT £;;, [O3TOMY
COOTBETCTBYIIMAN OPTOTOHANBHEI TpHa/p 1! Mpu ABMKeHNU GyfeT
Boo0IIe PasHEM B Pa3IWTHHe MOMEHTH BpeMenu. BosznMeM B mIpo-
CTpPaHCTBe &;; Takme och n!, m2, 1% w moKakeM, 4TO B peayiabTaTe
IBVOKEHUA OHE MepelilyT B TpPOCTpaHCTBE £;; (MNIA COMYTCTRYMOIME
CUCTEMB) B TaKHe HampaBieHus oceit n!, 1%, m? naa KoTopmix J,
TeKe OYAYyT OpPTOTOHAJBHHL. JleficTBMTeNLHO, M TaKAX oOcel
W1, 12, M® KOMIIOHeHTH &;; IPH | == j paBHKI HYJIO, W, CIef0BaTelNb-
Ho, 1o (9.14) y;; = 0, 1. e. oc; 1!, n?, 1® ocTaHyTCA OPTOTOHANLHLI-
mu. flcHO, WTO B TAKHX OCAX B CHJY WX OPTOTOHANBHOCTH &;; =
=gy =¢; =0 opui<=j, oTkyAa cuenyer, 910 u & = &¥ =0
npu i =~ j. Takme oCw HA3HBAKITCHA TIaBABIMU OCAMU TEH30DOB Je-
dopmanuii. B Hux oJHOBpPeMEHHO TIPHBOMATCA K JHATOHAILHOMY
BEAY MATPHITHI

1870, 1871 Teslh Bl €]

O0pasyeMHA TIaBHEMH OCAME OPTOTOHANBHHI TpWsXp Ipu JaH-
HOM IepeMeHIeHHA OCTAeTCS OPTOTOHAABHEIM: YTIK MEKAY TlaB-
HHMH OCAME He CKaIIWBAOTCA, OFHAKO OPTOTOHANBHEIR TPHOMP

18,1 g,
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TIaBHBIX oceil MOjkeT HmepeMelNaThCs KaK TBepHoe Telo, T. €. CMe-
MATHCA MOCTYNATeNbHO M MOBOPAIMBATEC. TakuM o0pas3oM, € Kak-
IO TOYKOIT ;[ed)opanyeMoﬁ cpefibl MOKHO CBA3AaTh OpPTOTOHAIbHLI
TpUA/p TAABHBIX OCeH, KOTOPHIA IPHM JAHHOM IepeMeImeHuN BeJeT
cebsi Kax aGCOMIOTHO TBEpOe TeXOo. 3aMEeTHM, 9YTO JJIeMeHTH d7,
BasThle BROJb IJABHHX oceil, BO BpeMs JBUKEHHA MOTYT CHKM-
Marhcs wiam pacrarmBarbes. llofuepkHeM, wro moHATHE TIAaBHHIX
oceit Terszopa gedopManuii BBeeHO HAMH B Cilydae IpOU3BOIBHBIX

KoHeyHHX pgedopManmii. [1aBHEIE ocH TeHzopoB pedopmammii &
1 & B cOOTBeTCTBYOIMX LpPOCTPAHCTBAX NIPOXONAT UEpe3 OHH

¥ Te K¢ MHIMBUAYAJbHEE TOUKH CpejHL.
Bmoas raaBubix oceil w!, n%, m® Temsopa

I'zapHble KoMOOHeHTHI TeH- JeopMamuil B MOMEHT BpeMeHH [
30poB fedopManmit ~ ;
P P ds? = g, (dn')? (5.18)

(cyMMupoBaHHe HO i OTCYTCTBYET), M B TIABHHIX OCAX KBajapar
AAWHB IIPOH3BOJLHO HAIMPABJEHHOTO 3JieMeHTa d# Moser OHIThH
npejcTaBieH B BHje

ds* = ds} + ds; -+ dsi. (5.19)
AH&.}IOI‘I/I‘IHO B (HAYAJBHOM COCTOsSHHHN»
ds; = gy (dn')? (5:20)

(cyMMupoBaHWe IO [ OTCYTCTBYeT) M
dsy = dsg; + dsjy + dsi,. (5.21)

BasiThie TAKMM IyTEM BOJNb IABHEIX 0CEH BIEMEHTADHEE O0TPEe3KH
ds, m ds;; MOTYT PaccMaTpMBATLCA KaK OOEYHEIE JIEKAPTOBH KOOD-
1 AWHATH B OKPECTHOCTH JIAHHOW TOYKH B JAHHOM COCTOSHHUM W B «HAa-
i YaJbHOM COCTOSIHHHY COOTBETCTBEHHO (Macmralnr Xoopammar ds,,
: Kak H MacmTalbl KoopaumHAT ds,,, BJOJNb DASHBIX IIABHBIX OCEH
OpU 2TOM OfWHAKOBH). B mpoCcTpaHCTBE HaGIIOATENA CHCTEMEI
ds,,, dses, dss M ds;, ds,, ds; B o0meM cilIydae He COBIAJAIOT.

| Bocnoaszosasmucs (5.18), (5.20) n ompepenenneM KopapuanT-
! HEIX KOMIOOHEHT TEH30DOB ,ue(bopMaU;m“a (5.4), nerxo momyuuM

d—wﬁZZ"ﬁ22Z"w (5.22)

Ile mMTpHX y &';, BBEPXY yKasLBaeT, YTO KOBAaPMAHTHBIE KOMIIO-
HEHTH TeH30pa ;[ed)opMaunH B3ATH B TJIAaBHHX ocAX. MaTpumu
“é’u” " ||g”” MMEIT B TJaBHHX OCAX [OWATOHAJLHHIA BHI, Io-
9ToMy o0paTHble WM MATPHITH ”g”“ m (g% B rmaBEHHX OCsx
: TaKKe WMeIOT A¥ATOHAJBHEN BUE & git =1/g,,, a g =1/g,,

—
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IToaromy Bxogsmme B (5. 22) OTHONIGHHA € ”/g” m e ”/g” Oynyr

} COOTBETCTBEHHO DaBHH &, 0“ = 8" —‘8 m & .ig =g, = 8'
(B mociemEUX ABYX Bmpamemzmx cyMMHpOBaHHe o i o'rcchTByeT)
H, €Ie[0BATeIBHO, SBIAITCA CMONIAHHKRME KOMIOOHEHTAME TeH-
30pOB gedopManAi B COOTBETCTBYIOIMEX INIABHHIX 0CAX. BripaxeHne
(5.22) temeps Moxer OHTH 3aMHACAHO B BHU[E

ds? —dsi= 2(g,ds: + B,dsy -+ E,dsl)=
=2 (%, dsgy + Eudsyy + Eudsys).  (5.23)

Urax, ¢ Kammodl TOYKOM . [JBIKYMENCA CpelEl MOKHO CBS3aTh
OOHYHYI0 OpTOTOHAJABHYI0 [EKAPTOBY CHCTEMY KOODAHMHAT (Soq,
Sgay So3), HAIPABIGHAYIO BAOJAH TIABHEKX Ocell TeH30pa AedopMariui,
KOTOpasg B IpoLecce NABIKeHUs1 OymeT MepeXOJWTHh TaKyKe B OOHI-
HYI0 OpPTOTOHANBHYIO AeKaPTOBY CHCTEMY KOODAMHAT (S;, Sy, Sg).
Pacnmonoskenue mHmeKCcOB (BBePXY WM BHH3Y) B DTHX CHCTeMAax,
MOCKOJIBKY OHW SIBISIIOTCA OPTOTOHAJNBHBLIMU J¢eKaPTOBHMH, Hecy-
MECTBEHHO. CooTBercTByIONHEe KOMMOHEHTE TeH30poB jedopMa-
Ouit €, W &, B BTUX CHCTEMaX FIBJAIOTCA TIABHEIME KOMIOHEHTAMH.
Terzopsr gedopmanum & Hcg I/IMeIOT pasme
TJIaBHBE KOMIOHEHTH, g, =€, HO
Meny &, u €, cymecTByeT cBA3B. YeTa-
moBuM ee. M3 (5.22) ansa HaHpaBJIeHI/IH dr;, B3ATOTO BLOJB i-il
r1aBHOMN ocH, OyjeM HMeTH

CBA3p TIABHLIX KOMIIOHEHT
~ o
Tensopos aedopManmii 1 §

ds? — ds, = 2¢,ds? (5.24)
OTKY/(a
~ ds?.
28, =1 — ds%’ (5.25)
AHaslornaHO
ds3 — dst, = 2e;ds?, (5.26)
n
. de}
26, = . 4, (5.27)

2
0i
U3 coornomenmit (5.25) m (5.27), B 9acTHOCTH, BUfHO, 910 & ; == &;
M U3 HHUX K¢ JIeTKO IOJYYATH, UTO
- ' 2,
28,;_: 1 — ! T — 10 ) (5-28)
14 2e, 142, .

T. €. HAliTH HCKOMYIO CBSI3b IMABHHX KOMIOHEHT TEH30POB & & g.

YcTaHOBIM eme CBA3H MeXAY KoopPUOMeHTAMH OTHOCHTONBHBIX

ds -—ds'
YJ.UII(IHGHHK B HAIIPpaBJIeHUAX I'JaBHEX ocelf l,-, = ——d—:—- u rjaaB-
Sot
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HHME KOMHOOHEHTaMHE TeH30poB Hepopmammit. Ma (5.23) caemyer

1
li—‘/T:z';“i' (5.29)

u agazormiso m3 (5.27)
L=V1+26,—1. (5.30)

Qopmyan (5.29) u (5.30) BepEHN Ana KoHeuHHX Aedopmanmit. Ecan
e flegopmanun GeCKOHETHO MAJH, TO MAJE KOMIIOHOHTH TEH30POB
nedopmanuit & m & u u3 (5.29) u (5.30) mocre pasno;xeEAA B DAL
OJy9InM

li = & =&,
T. . K03 QUIMeRTH OTHOCUTEABHHX YAJWHEHWI BJONEL TJIaBHEIX
oceil B caydae OeckoHeyHO Maamx /fefopMaumil COBHANAIOT KakK

¢ TIIaBHEIMZ KOMIOHEHTaMH TeH3opa Aedopmanuii & B aKTyadbHOM
HPOCTPAHCTBE, TAK M C IIABHEIME KOMIOHEHTAMM TeH30Da nedopma-

i Eé’ B «HAaYaJBHOM» IpoctpaHctiBe. lloaToMy pasEHMIa TeH30POB

& u % B cayuae Geckomeuno Manmx JefopManmit Tpomagaer.

Temepp HamOMHEM cIO0co0, ¢ HOMOIIBIO

Cmoco§ ompefeneHEA TAAB- KOTOPOTO MOMKHO HAfTH IJIaBHEE KOMHIO-

HHIX ROMIIOHEAT TEH30pa HeHTH TeHzopa pedpopmanumii. Pagm rpar-
KOCTH BOSEMEM MAaTpPHIY

C= ﬂc’jll =| 7"615* Eﬂ-ﬂ,

THe A — HEKOTODPHIl YHCH0BOA mapameTp, u OyneM Iofx Heil moapa-
ayMeBaTh Kak Marpumy ||AS%—el|], Tak m marpumy ||A&,— &}l
B raaBEEX ocaX MaTpmna C mMeer BHX

h—egg O 0
C=] 0 A—g O |.
0 0 h—eg

Ecan Bsare Det C¥ m mpupaBHATH ero HYNI0, TO MH, OYeBHAHO,
DoayInM KyOwdeckoe OTHOCHMTENBLEO A ypaBHeHHe

(A — &) (h—82) (h —£5) = 0
miA, B PasBEPHYTOM BHIE, (5.31)
A3 — I A%+ Ioh -—13 =0,
Kopuu A, Ay, Ag 9TOTO ypaBHeHNA OGYyAYT ITaBHEIME KOMIIOHEHTAME

€1, €, &3 COOTBETCTBYIOIEro Temaopa fedopmarmii. Tak oGeToRT
neno, ecam (5.31) cocraBiaeno B raaBHOM cmcreMe 1, 12, 1P
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BoatmeM npomsBoXbHYI0, He IJNAaBHYI0, CHCTEMY KXOODPAWHAT
1, E2, E® u B me# cocTasmM Matpuny C. PaccMoTpmM mpeoGpasoBa-
gme ot n!, 02, n® k §&i, 2, &3, Hommomemtsr Marpumer C, Kak pas-
HOCTH KOMIIOHEHT IBYX TeH30pOB O m &, ABIAIOTCA KOMIIOHEHTAMH
TeH30pa, U coraacuo PopMynaM mpeobpazoBaHHA CMEIIAHHEIX KOM-
MOHEHT TeH30pa MBI HOJIYIHM

* = biaT] = BCB™,

oTRyxa BugHO, 9T0 Det C* = Det C, u, ciemoBaTesbHo, ypaBHe-
gue (9.31) unm

| A%, — i = 0 (5.32)

WHBAPHAHTHO OTHOCHTEIHHO BHIGODA CHMCTeMH KOOPAMHAT W KOPHH
ero BCeTfia OMpeJeNsaioT I'IaBHbe KOMIOHEHTHI TeH30pOoB aedopma-
nuii. Eenu B (5 32) BMeCTO g'; cToaT &%, TO MOMYIAM KODHHU &;
eclIu BMecTo &'; B3ATH €5, TO HodaydmM Kopum &.. Ypasmenue
(5.32) masmBaeTcA XapaKTePHCTHISCKUM UIH BEKOBEIM YpaBHEHUEM
KaK W3BECTHO, /UIT CAMMETPHYHOTO TEH30PA OHO BCerfa uMeerT
TpU [geicTBUTENBHEX KopHA. HosddunueATnt BexoBoro ypasHe-
HEA (5.31) ABAAIOTCA HHBaPHAHTAMI OTHOCHTEIBHO IIPeolpasoBanusa
KOODAMHAT, TaK KaK OHE MOJIHOCTHIO OIPefeldAl0TCA KOPHAMH, T. €,
ITaBHKME 3HAYCHWAME Tensopa gedopmanuit. PackpeBasa (5.31) n
5.32), momywnum ¢opmynm gas I, I,, I,

I, =gy + &y 1 &3 = &%,
1
Iy = £48y + E983 + €98 = — [(£%)" — e%geP, 1, (5.33)

I3 = €885 = Det | eij I

Wrax, naa onpefeleHus TJIAaBHHX KOMIOHEHT TeH30pOB Aedop-
MaOumii ciefyeT cOCTABHTH B [aHHOU cucTeme Kooppmmart £l, £2, E3
BeRoBoe ypasmenme (5.32) ¢ kosdpdummentamu (5.33) m Halitu ero

KODHH.
I/IHBapI/IaHTH I,, I,, I; gna TeH30pa (‘é’ 6y;[eM o0o3HATaTh depes

I°1, 5 Ig, @ ms Temsopa & qepes Il, 25 Ia, UHBAPUAHTH Il, 12,13,
OYeBHUIHO, BHIPAKAITCA depes el, €q, 83, a Il, I2, I -— gepes
&y, &, €3, W, TOCKONBKY &, == §€,, I a&[ 'napatie KOMOOHEHTH
&, m €, cBA3AHEl ApyT ¢ ;[pyrom TM03TOMY W WHBAPHAHTEL I CBSA3aHK
¢ WHBaPHAHTAMH I B caydae GeCKOHEOYHO Maliol ;(ed)opMamm
e. = e n HHBapHaHTH I n I cosmagaioT. B caydae xoHedHOH [e-
(bopmamm 1o (0.28) = (5. 33) JIeTKO HAlTH CHEAYIOMYIO CBA3H MEKTY
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(] AN
upBapuantamu [, m [;:

[ e 8 et — f1+4i24:12f3
1= Bt e e {4 26, + 41, + 815
Iy = 818y 1 £ay - gty = — 1208 | (5.34)

1428 4415 4815
j3 >: 81£2g3 == ) 13 5 = .
1 +-2f; + 41, 4- 815

lf)‘;fig)gmunenr Kyonueckoro MayuuBs cooTBeTCTBHE JIMHEWHBIX 3JeMeHTOB
PeHH ds 1 ds, B AKTyaJbHOM H (HAYAJIBLHOM» CO-
CTOAHUAX, HalijleM COOTBETCTBHE 3IEMEHTAP-

HEIX 00BeMOB B 5THX COCTOAHMAX. BozbMeM B ITaBHEIX OCAX TeH-
30pa RedopMalui B HAUATBHOM COCTOSHIH DIeMEHTApHBIl IPAMO-
YTONBHBIH Hapaiiejenumes ¢ pedpaMu dsy, dSe, (Sys, €0 00beM

dV, onpegensercs dopmynoit dV, = dsydsydsys. llpun ABMmKeHNN

eMy COOTReTCTBYeT IPAMOYTOJNBHBIA Iapaseienumes ¢ pebpaMu

ds;, ds,, ds; u ¢ o6vemom dV == ds,ds,ds,. Hazosem koodduimenTom
Kybudeckoro pacmupenusd BeJUInHY OTHOCHTEILHOrO M3MEHEHU

obsema;
AV —dV,
0= —p— (5.39)
Corxacro (5.26) paBeHcTBy (5.39) MOKHO NPUAATH BUJ
0=V (1281 4 28) (1 + 2e5) —1, (5.36)
a mo (5.33) — Bupg
0= V1421, & 4l, +8I,—1. (5.37)

Benmauna 0 ompeperena Wak WHBAPHAHTHAH TeOMeTpHIecKad Xa-
pakrepumernra. Gopmyia (5.37) naer BEpaskenue i 0, HIpuUroanoe
OPH MCHOIB30BAHME NMI060i CHCTeMbl KOOD/JUHAT.

AHAJOIMIHEM IMyTeM MOJKHO BBecTu O AJIs 3I6MEHTADHBIX IHa-
palileNenuiesios B moboii KpuBOJuHeHHOH cucTeMe KOODJAMHAT.
Huske moKaskeM, 910 ompefiedieHHb opmynoit (5.35) KosgdunuenT
KyOW9ecKoTo PacIHpeHus: He 3aBMCHT 0T QOPMEl HePBOHATAIBHOTO
o6sema dV,. OH paBes OTHOCHTEIBHOMY H3MEHEHMIO JIOOLIX Malbix
06BeMOB BONMBW JAHHON TOYKEM B CiIydae KoHeYHHX JedopMaluii.

B cayuae Geckoneuno Maisx gefopmanuii us (5.36) mam (5.37)
cienyer gopmyna R

B_N_Il == eiiz;:ii.
TakuM 06pasoM, IepBHil KEBAPUAHT TeH30pa jAedopManuil B cirydae
GecKOEEYHO MaJHX AefopMamuii MOKHO paccMaTpuBaTh KaK Ko-
spPunment Ky6udecKOro pacIIHpeHN.
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BrigecneHse rommnoment OOpaTmMcsa Temepsr K BONPOCY O TOM,
| TEH30pa lle‘;.’zg“‘m“ H0  gak ONpefelATh KOBADMAHTHHE KOMIOHEH-
! sarody ABmiKe Tl TeH30pa Medopmammii €;; O H3BECTHO-

MY BSaKOHY ABHKEHIA

=o' (B, 8, 8% 1), B =F(d, e 1), (5.38)
.’l:: - xi (Elv §27 §37 t0)1 gi = gi (I:, xiv CC:, tO) (5'39)

I M3BECTHOM MeTpHKe g,; MPOCTpaHCTBa Halmrojarens r!, z?, 2°.
ITopgepkmeM, d9To BpeMs ¢ paccMATpPHBAETCA KaK IlapaMeTp LPH
npeo6pa3oBannd KOOPAMHAT OT COMYTCTBYIOMEH CHCTEMEl K CHCTEMe
vabmoarens. Eciu HauanpHOe COCTOAHWE COOTBETCTBYET WONOMIE-
HHIO CPeILl B MOMEHT 1y, TO IpeodpazoBague KOOPAMHAT OT CHCTEME
HabmnofaTels K JarpamXeBOH CHCTeMe IJA HAYalIbHOTO COCTOSHUS
ompefiensiercss Gopmynamm (5.39). HoBapuanTHbIe KOMIOHEHTH
TeH3opa fedopManuii B CONYTCTBYIOMEN CHCTeMe KOODPAHHAT OIpe-
ReIAITCA PABEHCTBAMU

~ 1_ ~ °
&y = o (g,'j _ gij)v

rie g,; — MeTPHKa aKTyaJXbHOTO IPOCTPAHCTBA B CONYTCTBYIOMEH
cucreMe. Tak Kak

g,;d8 a8 = g daPdar,
TO
0xP 929

845 = 8pq EET;E-

?

H, CIeOBATEIBHO, B CONMYTCTBYIOMEH CHCTeMe KOOpIMHAT

A 1 dxP 2 o
qi = (g:vq Rz g”) ’ (540)

rie mpomsBopHEe dxP/OE! ompegenenn m3 (5.38). 3amerum, dUro o
MeTpnKe £ ;; IPOCTPAHCTBA «HAYAIBHOTO COCTOAHMAY B 00meM caydae
HUYero cEaaaTL HEIb3HA, TAK KAaK OHA MOKET BBOAMTBCA B PA3HAEIX
CAy9aAx ¢ DOMONBIO Pa3iNIHHX PU3HIECKHAX cooﬁpamennﬁ. Onna-
KO BIMATH HA KOMIOOHEHTH MeTPUIECKOTO TeH30pa & ;; BCE e MOKHO
mocpeacTBoM BaiGopa cucteMur EY, E2, E® B (<Ha‘IaJILHOM COCTOAHANY.

Ecny nmepexop ot cucTeMn HaGI0aTe st ¥ HAYaIbROMY COCTOAA~
HOWO ompefieied (5.39), To B iarpamEKeBofl cumcTeMe HAYAJILHOTO
COCTOSIHHA WMeeM

A 9P 921
8 =578 —Epq gEt pEl/’

rRe 0xT/0E™ oupepmenenn us (5.39).
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Ha ocHoBammm dopmyn upeobpasoBaHMsA KOMUIOHEHT TeH30pa
& or comyrcrsyiomei cuCTeMH K cuCTeMe Habmiogarens, HapARy
¢ popmymnamu (5.40) B comyreTByomeit cucTeMe, B CACTEMe KOODA-
HaT Habmmogarensa GygeM mMeTh
=t (g 6,y 2 )
J ij

2 Pe 54t ot

rie mpoHsBofHEEe 0E™/dz™ ompeneneHH m3 (5.38).

PacemoTpuM caywaii, xorga HadadabHOE CO-
CTOSIHFE MOJKET PEAJBHO OCYMEeCTBIATECA
W ero Merpuka g;;, KaK H MeTpHKA §;;, ABJIACTCA eBKJIH/OBOI.
B 3ToM cayuae MOMHO BBECTH BEKTOp IlepeMemesusi w0 (puc. 12):

r =1r, + w, (5.41)
e ry u 7 — PAAHYCLI-BEKTOPHI OTHOCUTEJALHO CHUCTEMBl OTCUETA

!, x?, 2% opHO# & Toii ske ToukH MM cHJIOIIHON cpefbl B HadaJ bHEIN
MOMEHT BPEMeHU I, U B JaHHEIX MOMEHT [ COOTBETCTBEHHO.

BekTop mnepeMemennsa

7
z3 o

7

2

Lz-'7
Puc. 12, Bexrop mepeMemeHHA.

C momompio (5.41) MOKHO JeIKO YCTAHOBUTL CBA3L MEAY
BeKTOpaMu 6a3HCOB 9, M J; ¥ ¢ ee MOMOINBI0 HANUCATH HOPMYJIIHI JJIsI
KOMITOHEHT TeH30Da ne@opmamm &5, UIpopuddepennuposar (5.41)
mo &}, noayumm

dw __ Or ary o
T T
OTKyza
~ o ow ° A ow
91’—':91'—}--5&7—, IR 9; = 9; — 'a—&{, (5.42)
IO3TOMY
A 8w ° Jw ow ow
8ij "91 97—319]+9 + 9 —+

“og7 o o
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~ Jw A dw Jw Jw

ogt oEL gl

L
S
|

. o o ~
g'ij = 9;-9; = 9;*
CregoBaTenbuo,

1 -~ o 1] dw o dw Jw Jw
eijzt_z'(gijﬁgij)zjlai' *‘_!—31‘—‘_!— : ]

ol o' | oegl ogl
L[ow 5w s ow  aw
_T[&T.aﬁrw b~k agj]. (5.43)

Mopmyasi (5.43) BepHE! Ipu M060M BRG0P BooOITe KpHBOTHHEHAHEIX
narpamxkesnx koopauwnat §!, E2, E%. 3amerum, 4T0 B BHpayKenuu
(5.43) st KOMIOHEHT €;; BXOAAT TOIBKO NePBbIe HPOUBBOJHEIE OT
BeKTOpa IlepeMemennsa ¢ Ho Kooppmuatam §!, £2, £, wrortophe Xa-
PaKTepH3YIOT OTHOCHTEIbHBC NePEeMeI[CHIA TOUeK CILIOMHOH Cpeibl.

Mpt moXyaman BHIpAMKCHHA IJIA KOMIIOHEHT

O pudpepenmmposaman sek-  reggopa gedopMainuii &,; depes BeRTOP Hmepe-

TOpau ero KOMIOHEHT IO KO-

Memennd w. Temeph NoXydYuM BHEIPAKCHUAS
KOMIIOHEeHT TeHzopa medopManuil &;; depes
KOMIIOHCHTH BeKTopa hepeMemenuil . [aa sroro Heofxopumo
yCTAHOBHTL, KAaK BEIPAKAGTCA NPOM3BOJHAS OT BeKTOpa depes
NpOW3BOJHBE OT €r0 KOMIOHEHT.

Ouennano, o0RYHEbIE TPON3BOJHBIE OT KOMIOHOHT HE OIPe/ledsaiT
U3MeHEHMA CAMOT0 BEKTOpa, TAK KaK IpH Hepexofie oT TOYKH XK
TOYKE IIPOCTPAHCTBA MOHAIOTCA, BooDNIe
TOBOpPA, ¥ BeKTOpH Gaszuca. B camom
jelle, BO3bMeM, HATlpHMep, NOJAPHYIO
CHCTeMY KOODAMHAT HA ILIOCKOCTH M
PaccMOTPUM 110Je MOCTOAHHOT0 KakK 10
BeJIMYMHE, TAK W [0 HAUPABIEHHUI0 BO
BCeX TOYKAX INIOCKOcTH BeKropa A.
Bexrop 4 mpm mnepexope oT TOYRI K
TOUKE INIOCKOCTH He MeHseTesd, X ero
IIpOM3BOJHAS, 0UeBHIHO, MOJKHA PAB-
Puc. 13. Tonspmas cmereMa HATHCA HymMo. Hoopgummatamm E! m E?
KOOpAWMHAT Ha IJIOCKOCTH. 6yJIYT pagmyc r um yrox ¢, BEKTODSL

Gasuca OyQyT HATPABJICGHH CJeAYIOIUM
ofpaszoM: 9, — IO JIydYaM, BEXOQANUM H3 HadajJa KOODAUHAT, a
9, — N0 KacaTeIbHEIM K OKDY)KHOCTAM r == const. B pasHbIX TodY-
Kax IJIOCKOCTH 9; H 3, OyAyT HampaBleHH [0 PasHOMY, M IIPOEK-
MU TOCTOAHHOT0 BeKropa A Ha HAUpPaBienuaA 9, B 9, B PasHHX
TOUKAX IJIOCKOCTH OyAyT pasHbnMm (CM., Hanpumep, Toukd B u C
Ha puc. 13), T. €. MPOU3BOJHEIE OT KOMIIOHEHT IOCTOAHHOI'O BER-
Topa He OYAYT paBHH HYJIIO.

OpAHHATAM
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B nexaproBoll cucreMe KOOpTUHAT

ow o w
el Gl w3

1 I

TAaK KaK Ga3HCHEE BEKTODH 9y = %, 9 = J, 9; = K He N3MeRAOT-
¢S 0T TOUKH K TOYKe.
Kopapmantioe  muddepen- B npomssonsHOl KpHBOJIMHEHAHOH cHCTeMe

umpoBanEe rommomenT ten- KoopamHAT M, M2, M Bekropw OGasmca 9;
30DOB H BeKTOPOB W €ro [epeMeHHH, I I03TOMY HYKHEO HaIHCATh
CBOHCTBA

ow aw aak A
- 9, +w . 0.44
o o o (-44)

OueBumHO, IO OUpPENENCHAI0 MOKHO IPUHATE, 9TC IPOU3BOIHAN
09,/0m* rtakme upencraBiaser co6oil BERTOp, XapaKTepU3Yio-
muii CBOHCTBA KPHUBONHEEHHON CHCTEMHB KoOpamHaT. Pasmorxum
5TOT BeKTOp o Oasmey 9; u 0003HAUMM KOMIIOHEHTH 5TOTO pas-
nosenMs cuMBoyamm I,

- PMQJ (545)

Benwannn Tj; asasiorcs ¢yERmmaMu KoopaumHar 1!, M2, n® ¥ Ha-
3nBaloTca cuMmpomamMm Kpwmerodpdens mim Kosddunmuenramu cBaA3-
poctr. Hume mur nuayunm senwuuns I'y; noapo6ro. Ha ocaopanmm
(5.45) pasenctBO (5.44) mpmuauMaer BHJ

Jw ow® .y
e = on Qk—f—w Pkif:)j.
M M

Bropoit anen npepcrasmser coboit cymmy no k u j. llomensem B neit
0603Ha9eHNA HHIEKCOB cymmmpoBamua kK wua j w j Ha k. Torma
MOKHO HAIMCATD

dw 6w - (’)wk ipk
ani ot o+ w'lfiay = <3_1’I1 +w Fii) 4T (5.46)

0wk .
Kosdpdunments: opm 9y, T. €. —— —f—w’F?i , C ABYMs HHJeKCaMH
a 1

HMET cnenmuangbHoe o0O3HAUeHme V,Ww'; OHM HA3KBAIOTCH KOBa-
PHAHTHHMHE TPOM3BOJHHMA KOHTPABAPHAHTHHX KOMIOHEHT BeK-
TOpa w:

) av
V' = a"n+ TE. (5.47)
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YcraroBmEM cBolicTBa Y ,wk.
B neraproBoii cucreMe koopamuaT (Nt =zf), Tak Kak 09,/0x =0,
1. e. I'f; =0, mmeem
k
aw __ 0w
o ozt

KOBapHWAaHTHAs IPOM3BOJHAA COBNajaer ¢ oGHYHON IPOH3BOAHOM
KOMIIOHEHT BEKTOpa II0 KOOpAHHATE.
HosapuarTanie npoussofukie o6pasyioT KOMIIOHEHTR TEH30DA.
B camom pexe, mycts §Y, G2, §® — momas, a i, m2, n® — crapasa
cucTeMn KooppmEar. Torpa
ow Sw ont

agk ot ark”’

U BHJIHO, 9TO, TaK TAaK % MHBAPHAHTHEI 00BeKT, To Ow/On' mpe-
o0pasymoTcsa, KaK KOBapHAHTHHE KOMIOHEHTH Bekropa. [losTomy

T =%,
ant

upefcTaBiger coboil WHBapUMAHTHEIT 00BekT; HO mo (H.46) m (5.47)
ME MMeeM

ko o

T = V,w"*s9',

1. e. T ABAseTcA TEeH30POM BTOPOTO PaHTa, CMEMAHHBIMEH KOMIIO-
HeHTaMH KOTODOTO ABIAKTCA KOBAPWAHTHEE HPOW3BOMHEE VW
3aMermM, 9T0 mpomsBOjHEE Owk/dn He ABAAITICA KOMIOHEH-
TaMu TeH30pa. JleHCTBUTEALHO, €CIH MoK 3HAK IPOM3BOAHOM /01
BMeCTO w¥ MOJCTABHUTH WX BLIpAkeHHE B HOBOH cHCTEMe KOODAHHAT
61]"
6§]

i

w —w]

b3

to o N} ByxH0 Gyger muddeperumporath u InE/0L}, ¥ MBI He 1OXY-
WM TEH30PHOTO 3aKoHA mpeobpasoBamma mas dwk]omt.

W3 ompemenenmsa KoBapWaHTHOW IPOM3BOKHOM OUEBHAHO, UTO
KOBaPUAHTHHE UPOM3BOJHLE 0T CKAlAPA ¢ COBMAKAIT ¢ OORIHEIMU
MPOASBONHKEMHI

¥ 0oOpefelifAl0T BEeKTOpP, KOTOPHIHA ABIAETCA BeKTOPOM-TDPaJHEHTOM
CKAJAAPHOTO IOJA . IT0T BEKTOP KAaK XapaKTePHCTHKY HOJAA
MH paccMoTpelm IoZpo0HO BLIME.

OupepenuM Temeph KoBapPHAHTHYI0 TPOU3BOJHYI0 KOHTDAaBapH-
aHTHHX KOMIIOHEHT TeH30pa. BosbMeM AJA KOHKDPeTHOCTH TEH30D

A=
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Broporo pamra H = H’*3;5, u upoBefeM BEYACIeHAe CJACRYIOMAM
o6pasoM:

oH _ oH'™ ; N
_ O o+ HF 2y g, K —
a’f] an1, J k + Tk + H 3] 31]1
BHJ
pr 99 + H'*Tj9,9 4+ H"9iTha,.

Bo Bropoit cymMe noMenseM 0603HaYCHEA HHIEKCOB CYMMEDOBAHHA
luj, as perveit l uk, Torga momyanmm

oH (aHJ
an' ot

-+ H*D 4 H Fh>9]9k = V.H'*3;0,,

rjge 1mo onpepeIeHnIo
. ik . ,
V¥ %%’_ 4 H™¥7S 4 H'T

HABHBAGTCA KOBAPHAHTHOH IPOM3BOJHOM KOHTPABADMAHTHHIX KOM-
HOOHEHT TeH3opa BToporo paHra H. Jlerxko Bumerh, 9T0 B CBf3H
¢ TeH30pOM BTOpOro panra H MoMHO BBECTH TEH30DH TPETHETo
pamra mo opmymam '

T,= ﬂa — V,H"3,5,9',
1 87] i )
nian
T, = V,H*39;9,,
NI

Iy = V,H"9;0'9,.

Ouesuano, uro teusoput Iy, Ty, T3 BooOme pasimIHEL

AHaJOTMIHO MOJKHO MOCTPOMTh KOBAPHAHTHYIO IPOM3BOMHYIO
OT KOHTPaBAapMAHTHHIX KOMIOHEHT TEH30poB moGoro paHra.

W3 ompefesneHns KoBapUAHTHOM HPOM3BORHON (ee NUHEHHOCTH
0 KOMIIOHEHTaM BEKTOpa) fSICHO, 9TO KOBAPDHWAHTHAA IIPOMIBOJHASA
OT CYMMEI KOHTPABAPUAHTHHX KOMIOHEHT pABHA CyMMe KOBAapHAHT-
HHX NPOH3BOIHEIX:

V; (v* + w*) = Vof + Vot

IToramem, wto mpaBmio AuddepeHNUPOBAHNA NPOU3BEACHMI
B KOBapHAHTHOM CMEICIe COBHAaZaeT ¢ IpaBuioM AupdepeHnumpona-
HEA IPOU3Be/eHnll B 00sI9HOM cMbicie. ITycTh TpeGyercsa BHIUCIUTD
V; (vw*). Jlaa >Toro HEO6XOZMMO BOCIONB3OBATHCA INPABHIOM
KoBapmaHTHOTO guddepeEnupoBaHmsa KOHTPABAPDHAHTHEIX  KOM-
IHOHEHT TEeH30pa, TaK KaK HpPOM3BEfeHHs v'wk, Kak H3BeCTHO M3
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npensiaymero (§4ra. IT), ABAAOTCA KOMIIOHEATAMY TEH30Pa BTOPOTO
pamra. Wrax,

ik , ,
Vi(int) = 227D ot L ot T =

i

e 1nj k 3 auw'” 1k
:(ani.—l"vru)w T v —an7+wfzi =
= (V') - w* + v' Vo,

410 ¥ lokasniBaeT TpeGyeMoe yrBepsxienue. CoBepmeHHO aHAIOT Y-
Ho OyneT audpdepeAmUpPOBATECA B KOBAPHAHTHOM CMEICIE IIPOM3BE-
JAeHUe IPOU3BOJBHOTO TUCHA LICHOB,

PaccMorpmm Bompoc o KopapmamTHOM AnddepeHnHApPOBAHAU B
B TOM ciydae, KOTA BEKTOD 3afaH He KOHTPaBapMAaHTHHIMM, a KO-
BapHaATHEMH KoMioHeHTaMu. Ilycrs

w = w;d

dw
u rtpefyercs BHYUCIUTD o Torga

39’
6ni'

ow, .
8uf' =219+ w;
an’ '

(5.48)

OueBnnno, §a//dni, rak me Kak ! 03;/0vi, Gymer BEKTOPOM; pasio-
JKUM ero 10 9*. B caydae eBrauoBa mpocTpaHCTBA M B Golee o0mem
cllydae PHUMAHOBLIX IPOCTPAHCTB BepHa ¢opmyra

09 — _ Tk, (5.49)
an’

rae I'i; — BBenenmbie pamee cuMBodn Hpueropdens. Has  ye-
TAHOBJEHMA cHpaBegiaupoctn (5.49) Bo3BMEM CKaJApHOe NpPOW3-
BefieE#e

a7 $ I = 6]k

u mpopuddepennmupyeM 3TO PABEHCTBO, BePHOE BO BCEX TOYKAX
IpPOCTPAHCTBA, II0 KoopAmHATEe ni:

39’
8ni

-ay 401 -(Iay) = 0.

B mocnenmei cymMme oTim9eH OT HYJd TOJBKO TOT 9j€H, B KOTOPOM
l =j; nosroMy
KEY N3
—1I Tie

—a—n‘i— .Qk::
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Ouesugno, uro sra gopMyna pasmocmabaa (5.49). @opmyna (5.48)
¢ yuetoM (5.49) mpumer Buj

ow ‘91”]' ; i

o= a—mef — w;Tyak.

Ilocne sameHHI B TOciefHeHl CyMMe WHJCKCOB CYMMMUpOBAHHA j
Ha k, a k Ha j momydumm

dw ow; 5\ .
3 :< ] — U)krﬁ 97 = Viwj'aq.
an on'
B i T,
BIpasKeHme ani — w,I'; ompesensier KoBapHAHTHYI0 NIPOM3BOX-
HYI0 OT KOBapMAaHNTHLIX KOMIIOHEHT BEKTOpa:
ow;
J k
Viwj = A wkI‘ﬁ.

AHAOTMYHO MOJKHO BBECTH KOBAPHUAHTHYIO MPOM3BOJHYIO OT KOBA-
PHAHTHHX KOMIIOHEHT Jo000ro TeH3opa.
3aMeruM, UTO V,w; apamioTcsi KoBapmaHTHHMH, & V,w/ —
CMEIIAHHLIME KOMIOHEHTAMM OfHOTO W TOTO ke TeH30pa BTOPOTO
pamra
ow i s g . i
T = — 3" = yw;9%9' = V,wi9;9".
ant

Orcioma ciegyer, 4To KOMIIOHEHTH METPUYECKOTO TEH30DA g;;
u g¥, HeeMOTpA HA TO 4TO OHM 3aBMCAT OT 1!, 12, 13, MOIKHE BeCTH
cebAa 10 OTHOIICHMIO K KOBapHMAHTHOMY AupdepeHEOUPOBAHUIO KaK
NOCTOSHHEIC Beamuumbl. VHade roBopsi, He MeHAA peaylbTaTa,
HX MOKHO BHOCHTD W BHIHOCHTE 3a 3HaK V. [lelicTBuTennHO, MeRTY
Vw m Viwy, Kak MemxIy DasiMYHHMA KOMIOHEHTAMH OHOLO M
TOI'O 6 TEeH30Da, CYMEeCTBYeT CBA3L:

V' = gV, (5.50)

Ho . .

w = g'*wy, (5.51)
M, CIeIOBATENBHO, . .

Vi(g"Mwy) = " Vywy,

T. e. V;g/" = 0. AHaJlorm4HO NOJIYYHUTCHA, UTO

V'lgjk = 0,
eCIIE BMECTO (5.50) B3arp V,w, = gn;V,wi, a BMecTo (5.91)
Wy = gpjW’
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Caoiicrea cauponos Kpuerod- OcTaHOoBMMCA Temeps Ha BOIpOCe O BRIYHCJe~
Qeun HAu cuMBoaoB Hpmeroddena B merpudeckoM
€BRIUJOBOM HPOCTPAHCTBE M BEIACHUM CBOM-
crea cmMBonoB Hpucropdema. 3amermM, dro cymecTsyloT Goiee
CJIOKHEIE IPOCTPAHCTBA, YeM eBKJIMJIOBH WM PEMAHOBE IPOCTPAaH-
CTBa, B KOTOPHX cuMBoJH Hpucroddeins He BHUMCAATCH, a 3a-
Jamrcsd, I coocol BX 3aJaHNs BXOLUT B oOpe/leleHHe HPOCTPAHCTBA.
CmmBonbn Hpueroddenn Be ABIAOTCA KOMIOHEHTAMH KaKOIO-
am6o TeH30pa. ITO BUIHO, HAOPUMED, W3 TOTO, 9TO B OJHOM H TOM 7Ke
OpOCTPAHCTRE OHM B JEKAPTOBOM CHCTeMe KOOPAUHAT PABHH HYJIO,
a B KPUBOJHHEHHOR oTaAMYHEH oT Hyasd. OueBHIHO, 9T0 KOMIOHEHTH

TeH30pa TAKUM CBOHCTBOM 00JIaJaTh He MOTYT.
B esxnmgosoM mpocrpamctBe cuMposini Kpuctopdens cumme-

TPUYHH [0 HUMKHUM HHTEKCAM:

i i
ki = Dik.

HOKa}KeM aro. B €BRJIHAI0BOM IIpOCTpaHC'TBe BCerga CymecrtByerT
pagmyc-sexrop 7 (1, %, n°) u a; = 0r/0n/, a

99; o ar 89, (5.52)
on*  onfon’  onion" oy’ )

1

OTRyja
T T
ik == 1 k9.

Mamam QopMmyJsisl [yt BLIUmCSIeHHsA cuMBOIOB Hpmeropdess
II0 KOMIIOHEHTaM MeTPHIECKOT0 TeH3opa g£.
BozsmeM cooTHOmMEHUE

og; 03; - 02
e B R
o om* am
M U3 HETro I0IyYuM
085, da, . ;
—_ 2 .g9;=1TI%0,-9,=T2
57\" 57\" J JEIL" Iy kS g
M aHAJOIHIHO
og 099
ks 3 7. . 7.
ey T Iy0,-9, = Inig

CiIox¥B 5TH [Ba PaBEHCTBA M BOCUOJb30BABIIACH CHMMETpHEH CUM-
BoiioB Kpucroddenans mo HmxHEEM HHmeKcaM, pPaBemCTBOM (5.52)
¥ TeM, 49T0

03,

o '
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DOy IIM
98, (9gk 08k
bt — ok = 2Thg,
CrepHyB DocllefHEe COOTHOMEHHC c%gsi, moJiyddM TpeGyeMuie
dopmyan:
s dg; a ag;
T = 4o e 4 ot i), (5.53)
2 am onf on’

Buipamenme Temsopa pe- ~ DBepHeMcA Temeph K dopmyie (5.43) m moary-
¢opmManmii vepeza xommo- UEM (OPMYINB, BHPAKAOIUE KOMIOHEHTH
He;;"ﬂ"‘ BeKTOpa  mepeMe- tempzopa JeopMamHil Wepes KOMIOTOHEHTH
e BEKTOpa TepeMemeHwms. DeKTop mepeMe-
TEHNA @ MOKHO DA3MOMKHTh KAK OO aKTyadbHOMY &;, TaK I
OO0 HAYaJXBHOMY §; 6asncy M COOTBETCTBEHHO BTOMY BBECTH JBa
COpPTa KOMIIOHEHT o;moro ¥ TOTO K€ BEeKTOpa ), T. . Wk m F:

L] o ~ .Y
w =wka, = way.

MosxmO BBOCTH H ABa COPTa KOBAPHAHTHHX DPOM3BOJHAEIX:

0 o o0, 0
———-a};li = Vikak (5‘54)
n
Ky A A A
29 (5.55)

ITepBas W3 KOBapPHAHTHHX IPOMU3BONHEX BHIHUCIAETCA B HATaJbHOM
TPOCTPAHCTBE, W B Hell CHMBOJES Kpucropdenss sraucasorea 10

gii» @ BTOPAS — B AKTYaJIBHOM OpOCTPAHCTBe, W B Heil CHMBOJBI

Hpucroddens BHIWCAAIOTCA TIO g“. ITogcrasum (5.54) B mepBoe
pasencTso (9.43), moxydamm

'1 o o, o o o, o o o c © o
8ij = 5~ [(Vavk) g 4+ (V0k) grs 4+ (Vo V') gl

Bocnoapaopasimuch TeM, 9TO KOMIOHEHTH MeTPHIeCKOI'o TEH30pa
MOMHO, He MeHAA pesyibTara, BBOAMTH HOJ SHAK KOBapHaHTHOH
IpOM3BOLHOH, OyJeM HMeTh
1 o o c o e o o o
&5 = 5 [Vaw; + Viw; + Vao, V'], (5.56)
AHaJOrmIHO ¢ TOMOIIBI0 (5.55) M BTOPOro paBeHCTBA (D.43) MOKHO
HONYIHTH

£:: = —é—- [€7{17;,+ %j'{l}i — ﬁﬂl’}ij{l}k]- (557)




i

86 Ta. 1I. KunmemaTura pedopMEpyeMoi cpemel

B carygae 6eckoHeTHO MaJEIX 0THOCHTEJNBHHX IHepeMemeHHit Iocie
0TOpacHBaHEWA KBAJPATUYHEX II0 ¢ WIEHOB IOJYIHM

1 o o o o 1 A A A A
&j = 5~ [Vaw; + Viwy) = — [Vaw; + Viwy). (5.58)

OquHILHO, 9TO &;; COBIAJAIOT ¢ KOMIIOHEHTAMM CUMMETPU30BAHHOTO

Tenzopa V,w;a'9’.
B nmexaproBoit cucTeMe KoopAMHAT

q 6w’. ow,
£1j = 7( + —-> (5.59)

Azt P

IomueprreM, aro popmyast (5.43) u (5.56) must KOMIOHEHT TeH30DA
aedopManmit CUpaBeIMBH TOMLKO TOIJIA, KOT/Aa MOFKHO BBECTH
BEKTOD MepeMenieHus w I8 BCeX TOYEK JBIKYMECH CpPesl, ToTaa
KaK TeH30p pefopManuil ¥ €0 KOMIIOHEHTH OMpPeleAAIOTCA 110 Me-

tpukam ds® u ds; mo Gopmynam (5.4) mm (5.40) HeszaBmcEMO OT
TPOIOIOKEHAA 0 CYHIECTBOBAHUM BEKTOpa TIePEMeIeHus.

Tensop pedopmanuii wMeer HeBATH KOMIIO-
HeHT, U3 KOTOPHX B CHIY CHMMETDHH E;j
PasJRIHBIX TOJBKO Imecthb. llpw naamdun
nepeMemeHHil w0 3TH IIeCTh KOMIIOHEHT &;; 1o (5.56) BHIpaskaoTcsa
B Kayk[0f JaHHO# TodKe dYepe3 JeBATh LUPOM3BOJHHX Jw,/dE! m,
CIe/I0BATEIBHO, MOT'YT OHTH B JAHHOH TOYKEe HPOCTPAHCTBA IIPO-
M3BOABHEIMHA guciaamMu. OfHAKO &;; BHe MOryT OHTh IPOM3BOIb-
HuIMu QYHKIMAME ToueK mpocrpamctsa &1, E2, B3, Tak Kak o TeM ke
dopmyaam (5.56) mecrs ynrmuit e;; o &', &2, E3 BRIpaskaloTcs depes
IpousBOJHEe TONbKO Tpex dymenuit w; or E!, &2, E3. Iloatomy &;;
MOJHHB YIOBICTBOPATE OMpejieJleHHHM YDAaBHEHHUAM, KOTOPHE Ha-
3HBAIOTCA YPABHEHUAMH COBMeCTHOCTH AedopMariuii.

Y pasuenns coBMeCTHOCTH [{OJIKHEEL CYWECTBOBATE TOJBKO TOT/IA,
KOT/[A BEKTOD IepeMemeHusA ¢ CYIIeCTBYeT, T. €. TOIr/a, Korja Kak
aKTyaNbHoe, TAK W HAYANLHOE COCTOAHWA CIUIONIHONW CPexH IpH-
HaJIeskaT OBRAMI0BY mpoctpanctBy. llostromMy paccmoTpum npej-
BAPUTEABHO YCIOBMA eBKIMAOBOCTH IIPOCTPAHCTEA.

Cmmsoanr Kpucroddensn I‘fj, KaK HU3BECTHO,
He ABIAKTCA KOMIIOHEHTAMH Kakoro-mubo
TeH30Pa, B TPEXMEPHOM UPOCTPAHCTBE OHH
o0pasyor sKcTeHCUB U3 IBaguaTH cemu peamdmn. Cumsoxast Hpu-
crodenda CBAZAHH ¢ KOMIOHEHTAMH METpHYeCKOro TeH3opa dop-
MyJdaMu

O cymecTBoBanmm  ypagme-
HEAH COBMECTHOCTH

QopmMyan npeoGpazoBaHAS
camMBonos  Kpmeroddenn

og, 0g; 0g.;
FE‘IZ 1 gks< g'z? + gJ.s - g17>’ (5533)

2 oz’ ox* oz®
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KOTOPHIe BHINe OHIIN MOAYYeHHl [JIs1 eBKIM/[0BA IPOCTPAHCTBA ¥ 1O
OIIpefieJIeHUI0 CIPaBEJIMBH JJIs PUMaHOBAa IPOCTPAHCTBA.
O6ozmaunm cumBoasl Hpucropdenss 8 cucreme koopgmmar mi
e .
uepes I';5, a B cucTeMe KoopamBaTt Ef wepes I‘i? M yCTAHOBHM ¢op-
Myast mpeoGpasoBaEmA cuMBOIOB Hpucroddens mpm mepexome
OT cmcTeMH KoopamHAT Ei K cucreme M. QueBmmHO, 9TO
, 9E*

31 = Iy a'r]i ;

npojudpdepeHNNPOBAB 3TO PABEHCTBO IO %/ M YYUTHBAsA, 9TO

da; w09, o L o
o = Fij3a, _C:)E_ﬂ :FaB9m :Faﬁ £ 9
'
Tak Kak 9o = 7.58, momydmM
. Y GE* ggR %E® o'
TR | AN i S
0g® om' on'  om'om' ESL Y

YMHO;KEB 06e WacTH 5TOr0 paBeHCTBA CKalApHO Ha 3'Y, GynmeMm
UMeTh HCKOMYI (opMyiy:

: o kP a%e \ an”

I =(re 202 4 TN IT

ant an’ aton' / 0k
Ypagaenns, onperensa0-  MoxkHO JM HAHTH TAKYIO CHCTEMY KOODAU-

AC CHCTEM KOO HAT . ’
m oy k PIHAT,  par 1%, aro6er Bee I'; o6parmiauch B HYIb?
B xoTopoii I';; =0

B eBRammoBoM IpoCTPaHCTBE MOKHO
BBECTH EIHHYI [JIA BCero IpOCTpPaHCTBA
JeKapTOBY CUCTeMy KOODPJAWHAT, B KOTOPOH g;, = const u, clefoBa-
TeabHO, Bee ' §, = 0 BO BCeX TouKax mpocTpaHcTBA. B prMaHOBHX
NIPOCTPAHCTBAX IS0 O6CTOUT He TaK. HamuimeM ypaBHeHI/I}I, olpe-

0,
agm =

mosToMy Bee I'j; MOIyT OGDATHUTBCA B HYJIb TOIBKO IPU yCIOBHH
BHIIOJTHEHHS PaBEHCTB

a 8 95 0
re, B %L TR (5.60)
ot o' ontoy
(@, 1, j =1, 2, 3).
I/I B €BRJIUJIOBOM, I B pAMaHOBOM HpOCTpaHCTBe 9TUM paBeHCTBaM

BCETTa MOKHO Y/OBIETBOPHTH B HEKOTODOW 3afaHHOl TOUKe, T. e.
BCerZia MOKHO BBECTH HOBLIe KOOD/{MHATH 1)* TaK, uTo0H B 3af]aHHOM

TOUKe no, COOTBETCTBYIONMEH TOUKe EO, sce [} i; = 0. Haa aroro,

Ieasomue cucTeMy Koopaurat, B Kotopoi I'yy = 0. Det
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O4YeBHAHO, NOOCTATOYHO IOJIO¥KHUTH

() W (0] 1 w
E—E=06Mm—")—3Taem —5) ™M —n5)+...

Ycuopue — eBRIBOBOCTH Ecim ke wmorpeGoBars, 49TO0M paBeHCTBa
npocTpancTea (5.60) BHDOIEATIMCE BO BCEM HPOCTPAHCTBE,

T. e, ToTpeboBaTh, 4T0BE NpOCTPAHCTBO GLLIO
€BKJIHJOBEIM, TO 3TH DaBEeHCTBA 6y}1yT npeACcTaBIATE c06oil cucTeMy
AuddepeEnUaTbERIX ypaBHeHHH s ompejiesleEns npeobpazoBaHNs
AaEHO} cleTeMsl §! B ekapToBy cHCTEMY 1)' BO BCEM HpOCTPAHCTRE.
B o6mem crygae sTa cucreMa HemATerpupyemMa. YCJOBHE eBKIHTO-
BOCTH TIPOCTPAHCTBA COBHAAAET C YCJIOBUAMHU WHTETPHPYEMOCTH
cucTeMH udpdepeHONANBENX ypasHeHEmit (5.60). Buummem artu
yenosma. Jlas aroro upopuddepernynpyem (5.60) mo n* n mexmoamM
W3 HOJXY4eHHOTO pAaBeHCTBA BTOPHE MPOU3BOJAHEE C NOMOMEBI0
(5.60), Gymem mMetn

or? ] a B8 3y 00
aB © A 0E> OE™ OF 3%
—Terh ok, | LBk %, dE
( oE® » s )6nk ont oy +6n‘6n"6n"

IlepecraBuB WHAEKCH CyMMupOBaAmA s H } m wHAeKCH & u j & BoC-
IOJB30BABIMACH CEMMeTpHelr cuMBOIOR Hpmcroddena mo HmuEHM
mHAEKcaM, IOJYYRM Jpyrue aHAJTOTMYHLIE PABEHCTBA:

are ) 9E8 gre gl F%®
( 5 mFlB“F:llBs)Lj oot i = 0
73 o’ om* an o' am" o

BrrgmraEneM COOTBETCTBYIONIMX PABEHCTB HCKIIYUM TPETBH IPO-
M3BOAHHE. Bocmons30BaBIIACH eMe TeM, 9TO JeTePMUHAHT Tipeobpa-
sopaEmA oT & K 1! goisxeH GHTH OTIMYHEM OT HYJA, IIOJYIHM
HeoOXOoiMMEle W AOCTATOYHEIE YCIOBUA WHTEIPHEPYEMOCTH CHCTEMEL
(5.60) B caemyromeM BHfe:

aTS, 9T

oo _ T2
T

T8,y — TSI = (5.61)

Eciu npocrpaECTBO €BKRIMNOBO, TO 9TH PaBeHCTBA [ OJKHH
BHIIOJTHATECA B MI060M creTeMe KoopauHAT. Ecam 11pocTpaHCTBO HE
eBRIAI0BO, TO paseHcTBa (D.61) He yoBIeTBOpAKTCA.

B o6meM caywae pmMaHOBa HPOCTPaHCTBA

Temsop Pamana — Kpaetod- .o onnue raxuM myTeM  Bemmamen Ryo,~

'MOKHO PACCMaTpHBaTh KAK KOMIOHEHTH TEH-
30pa 4eTBeprToro paHra. J[ns /0KasaTedbCTBA HTOTO yTBEDHKICHHA
BO3EMeM HeKoTopH# nudpdepeHnupyeMHE BEKTOp ¢ W pacCMOTDHEM
IBa CIeAyMIMAX TeH30pa:

T =V;V.a%.9'9’ u T* = V,V;a%0,9' .




§ 5. Teopusa mepopManmit 89

OueBugno, 9T0 BoOOImE I == T'*. Eciu HenocpencTBeHHO BHIYNCIATD
passocth I — T'*, To TOJyYMTCH, UTO

T —T* = R;;;,%a*3,0'9".

Tax wax 7 — T'* — TeH30p, a @ — HPOW3BOJBHLIE BeKTOp, TO

BeNWUMHH Rjj,. NOWKHH Npeo6pa3oBHBAThCA KaK KOMIOHEHTH
TeH30pa UeTBEPTOI'0 PaBra. JTOT TeH30D HOCHUT Ha3BaHHE TeH30pa
Pumana — Hpucrodpdens.
Jns eBraumoBa npocrpancrea Tenzop Pumama — Hpumeroddenn
TOJKJIECTBEHHO PaBEH HYNIO, U Pe3ysbmam MNoemopHO20 KOG PUAHM -
K020 Juepenyuposanus 8 esraudogoMm NpPoCMpPancmee ke 3agucum
om nopsdKa 2o 6HNOAHEHUS.
Uncro KoBapWAHTHHIE KOMIOHEHTH TeH30pa
BLAKEHHEe  KOMIIOHEHT Pumama — Hpucroddens nmeor Bup
TeA3opa Pmmana—Kprcrod- B Ria 6I‘vui 6I‘vw-
dena gepes  KOMIOHEHTHI iipy = 8y Aijp. = —F — P +
MeTPpHYECKOTO TEH30pa

+ g*® [Fmp.j Fazv'i. - Fmp.iravj], (561')

Tfme coryacHo (5.93a)

1 [9g,, agjv agaf
Fvaj:_ : + z i IS
2log? © og* 4

B nro6oit 3ajaHHEOM TOYKE MOKHO BHIOpPATh CHCTEMY KOOPAMHAT
Tak, 9To0n I'yy; = 0, omHaro mpomssogaiie oT I,4;, ecam mpo-
CTPAHCTBO He E€BKJIUNOBO, OTIMYHE OT HYJs, M0DTOMY H B CBA3H
¢ TeM, 910 I'ypj = I';y;, A4 KoMmOHeHT TeH30pa Pumara — Hpucrod-
Pend B Taxoll cucTeMe KOOPAMHAT r' Bcerga MOKHO HAIMCATh Clle-

Ryoomyo dopMyny:

R 1 [ 0%g. azgp.j azgp.‘i angJ' ]

Y =

dz! gat dsxtox” a9zl 8z” dzt oz™

CeoiicrBa cummerpmm koM- I3 3T0it OPMYJNH HEMOCPEICTBEHHO BLITE-
111(0':;3;"(') d);g}':i@a Pamana—  gapor crregyomue CBOHCTBA CHMMETPHH, KO-
P TOPHE II0 CBOHCTBAM TeH30PHHX Ipeolpaso-
BAHMII BHIOJHATCA B MIOOHX CHCTeMaX KOODAMHAT M B M0G0
TOYKe IIPOCTPAHCTBA:

RiJ'LW = - Rj‘lp.v’ Riipv = 01
Ri]’uv = Riivw Rijvv =0,
R‘iJ'P-V = RP-V‘U’ Ri.‘hw + Rp-i.‘/'v + Rj'p.{v =0.

OTMeTHM, YTO He BCE M3 OTM@UeHHHX 31eCh CBOMCTB cnmme'rpnn
HEe3aBHCHME MEKAY co6oi.
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mcno mesasmcaMbIX koM- B TpeXMepHOM mpocTpaHCTBE (n=23) TEH30D

'f’{‘;)*;e;’;q) d:jl‘:f‘ﬁ’aﬂ : Elé“’“a' Pumana— Kpucrodpdesnsn nmeer ToibKo meECThH

i = He3aBHCUMHX KOMIIOHEHT, KOTOpHE B 00IIeM

ciydae PUMAaHOBA IIPOCTPAHCTBA MOTYT OTIMYATHECH OT HYId. JTO,
HaIpyuMep, CIAeAYIOMMe KOMIOOHEHTH:

R1212’ R13131 R2323y
1213 2123? 3132- (562)

JIs mepeduciaeHHA 9THX KOMIOHEHT MOJKHO HCIIOJIb30BATH Clie-
ayomue coobpasxeHus. CoOTIACHO YKa3aHHEM BHIDE CBoHCTBAM
cumMmerpun K., = 0. Ecam cpepu MHIEKCOB HMeeTCA TOJIBKO IBA
PaA3TUIHBIX, TO A QUKCHPOBAHHHEX ABYX HHIEKCOB BCE KOMIIO-
HeHTH BRpa:RaoTc depes oguy. Tawum ofpaszom, mpum n =3
C IBYMH pa3iIWIHBIMM HH/EKCAMH HMEIOTCA TOJBKO TPH HE3ABUCH-
MBle KOMIIOHEHTHI, HAPMMep yYKasaHHbe B mepBoidl crpoke (9.62).
Ecxm pasnuaas TPHE HHEKCA, TO MPA B = 3 Cpeju YeTHpeX WHICK-
COB KOMIIOHEHT /IBA BCerjga OAMHAKOBHL. OTH PaBHBIC WHGKCH s
KOMIIOHEHT, OTJIMYHHX OT HYIA, AOMMKHH NPUHANISHKATH PAZHEIM
mapaM. VX MO/RHO CYUTATL PACHOJNOKEHEKMHY Ha IEPBOM # TPEThHEM
Mecrax. llpm ¢urCHpOBaHHHX paBHBIX WHAEKCAX TOJABKC OJ(HA
KoOMOOHeHTa R;j;» HeszaBucuMa. Bcero Takux He3aBUCHMBIX KOM-
MOHEHT Mojrydaercsa Tpu. Bce OHE HepeumciIeHbH BO BTOPOIl CTPOKe
(5.62).

YcanoBue eBRINAOBOCTH MPOCTPAHCTBA 3AKIIOIACTCA B PABEHCTRE
Hymo tegsopa Pumana — Kpucroddens. Yeaorue 06 obpamenuu
B HyJb TeHzopa Pmmana — Hpucroddens, a ciuemgoBareabHo n yc-
J0BYE eBRAMAOBOCTY NPOCTPAHCTBA, DPABHOCWILHO IIECTH YpaB-
HeHUsIM, KOTOPHIe TOAYYalTes NPUPABHUBAHEEM HYIIO INECTH KOM-
mOHeHT, Hampumep (9.62).

HoMuoHenTsl TeHsopa pgedopManum ompefe-
JIAIOTCA PAaBeHCTBAMHE a

- o
28aﬂ = 8ap T Bap

ITpu ycmosmu CymecTBOBAHH BEKTOpPA NepeMemieHus w0 obe
KBajipaTAdHEie HOPMHI

ds? =g, d&* d&® m ds} = g_,d&"dE’

YpasHeAHA COBMECTHOCTH
HdedopManmit

ONpPefe 0T KBAfPAT DJIEMEHTAa [JMHH B eBHINJOBOM IPOCTPAH-
crBe. ITosromy remszopsl Pumanma — Hpucroddens, cocraBienHnie
A GyHAAMEHTAIBHKX TEH30DPOB Zap M §ap, ROIKHH 06pamarbca
B HYJb. JTO NPUBOAUT K YPABHEHHAM

-ﬁijp.v =0 = ﬁijp.v == 0, (563)

Onun @3 KOOpAMHATHHX 6asmCOB 3, WM »; MOKHO BHIGPATh HpOM3-
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BOJIBHO, BTOPOH HOCJIE 3TOro BUOJHE ompefensercs dedopmamueii.
CrmepoBaTenbHo, OARE W3 ypaBHeHuit (5.63) yaoBaersopaoTca apTo-
MaTW4YeCKH B pe3yJabTaTe BEIOOpAa KOOpAMHATHOIO §asuca B €BRIU-
JOBOM IPOCTPAHCTBE, & BTOPHE MOMKHO PACCMATpUBATH KaK ypaB-
HOHMA 1A KOMIOHEHT TeH3opa AedopManuit. ITH ypaBHEHAUA HOCAT
HasBaHUe ypaBHeHHH coBMecTHOCTH pAefopmanmii. Ux MomxHO
JIETKO BHIIMCATH B Pa3BePHYTOM BWje ¢ moMoIplo gopmyn (5.617).
B wacrrocTH, eciu B aKryanbHOoM edOpMUPOBAHHOM COCTOSHHE
BrifpaHa TmpAMONMHe}HAA AexkapToBa (BooGme He OpPTOrOHANBHASN)
CHCTEMa KOOPAMHAT, TO 08p/08" = 0, m03TOMY ypaBHEHHA COBMECT-

goCTH Ky, = 0 MOKHO 3anmcaTh B clegylolueM Bupe:
32.8‘& + 32.8&7- . 32'8M B 828w. +
oglog*  getor®  ogtor’  dtot

+ éojam [Gmp‘jGavi - Gwy,iGavj] = O,

] (5.63a)

e

Ay v %)
Gonj = — — ,

a KOMIIOHEATH £ ONpPeleNAITCsH KaK 3JeMeHTH MaTpUOH, obpaT-

HOIl MaTpuOe ¢ KOMIOOHEHTAMH fow — ZE8ao!
5 s -1
”gaw£ - ”gam - 280.0)” .
AHAJOTUYHO 3aNUCHBAITCA YPaBREHUSA COBMECTHOCTH fiiju, = 0,

KOTZa JarPaHs;Kena CUCTeMa B HAUAIHHOM COCTOSHHUU HpAMOJUHEHHA
u 8,5 = const.

VYpasrenua (5.63a) mpegcraBusor coloit AnsA mectu QyHE-
nuit €5 (8, &% &) nupdepennmmannurie ypaBHeHHS ¢ YACTHHIMH
OPOU3BOHHIME BTOPOTO MOPSNKA, JTHHEHHEE OTHOCHTEIBHO BTO-
PHIX NPOM3BONHEIX ¥ HeIWHeHHBE OTHOCHTEIBHO IEPBHX IPOU3-
BOJIHBIX.

Ilpu BCerRO3SMOKRHEIX 3HAUEHUAX MHIEKCOB i, j, U, v m3 #HaGopa
1, 2, 3 cucrema ypasueHHIi (5.63a) COCTOUT BCET0 M3 ImecTH HE3aBH-
cUMHX ypasHeHui. flcmo, uro dopmymsr (5.57), BeIpakalomue &;;
Yyepe3 w,, ABAANTCA O0MEUM WHTEIPAJOM CHCTEMH yDaBHEHWH
cosMectrHOCTH (0.63a).

YpappeHHs COBMECTHOCTH B B caywae OeckoHeuHO Maubix nedopMamumit
ciydae OeckOHeTHO MAambIX yDABHEHHS COBMECTHOCTH (0.63a) umeloT Bup
nedopmanmii
0% ; d%, . %, ; %,
e = U ey | (5.63b)
og’ogt  ogtog’  oEToEY  oEToEt
M HasmBawrca ypasHemuaMm coBmectHocTH Cen-Bemama. Hemo-
CpeJCTBeHHON MOACTaHOBKOM dopmyxn (5.58) B ypasmenmma (5.63b)
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MOKHO TPOBepHTH, 9T0 GopMynH (5.58) mpE HpOMSBONLHHX Tpex
$YHEKOUAX W, ABAAITCA OOIMEM WHTETpaloM CHCTEMH ypaBHeHHH
(5.63b).

VYpasmerus cosmectHOCTH (0.63b) B cinyzae GeckomedHo MajEx
nedpopManui mpefcTaBAAIOT c060il MeCTh He3aBHCHMHX JIHHEHHEIX
nuddepeHTHANBALNX YDABHEHWH € YaCTHHIME NPOM3BOJHHMHU BTO-
poro MOpSAZKA OTHOCHTENBHO €;j.

Wrax, B TOM ciiy4ae, KOTIa MeKay Ha4ajJbHEM U pacCMaTpHBae-
MEIM COCTOSIHHAMM CHJIOITHOM CpEJBl MOMKHO BBECTH BEKTOp mepe-
MeIeHds 0, JO/UKHL BHIOOJHATLCA YPABHEHHS COBMECTHOCTH, M
BHIDAKEHHA I €;; Yepe3 KOMIIOHEHTE ¢ MOMKHO pacCMaTpHBATh
Kak o0mme pelneHus DTHX YPaBHEHWH.

QcragosmMcsa Temeps Gonee moApoGHO Ha TeoMeTpudecKoil Kap-
THHe AeQopMANdy CILIOITHONW CpeJEl MPU HepeMemeHuH.

Paccmorpum cmauana nmepeMemeHns abco-
TIpeoGpasoBanue TpE Depe-
emenEm aGcomforno Tep- JHOTHO TBEPJOro Teja. BossMeM pBa ero
I0T0 Texa npom3BoaLHbX nonosrenns I w 1 (pme. 14).
Ecau Ttouxy M’ cosMectuTh ¢ TOukoit M,
T. €. HCKJIYATH U3 PACCMOTPEHHUA TOCTyHaTelbHOe HepeMeleHwme,
TO 3T0 mpeobpasoBadme OygeT MPOCTHM IOBOPOTOM.

Y r3

‘yIZ

Pmc. 14. IIpeo6pasoBaHme Ipm Nepememennan aGco-
JIIOTHO TBEPROTO TeJAa.

B monosenuu / Bo3bMeM BMOPOMKEHHBIE B TeJO OCH KOODAWHAT
zl, z?, 23, ¢ HagamoM B Touke M, B nomomenumn I/ oM mepelmyT
ryq 79 ’3 4
B ocu ¥4, y'?, y’3 ¢c mavamom B M’ (cM. puc. 14). OGosmagum depes
y', y?, y® ocu, monydYHBIIHECA HIPU IOCTYHATEIHHOM CMEIICHHH
r

y't, y'*, y*® us toukm M’ B Toury M. IlpeoGpazoBaEmMe HOBOPOTA
upu mepexofe ot ¥ K y* MoeT GHTH 3aOHCAHO B BHAE

y' = c'ad,

i
rae ||c'jll — omma m Ta e oproromambHam MaTpmma AJA BeexX ToO-
gek M TBepaoro teaa. TakuM 06pasoM, NIpOH3BOIALHOE IIePEMeNeHRo
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TBEP/OTO Tesa (3a BEUETOM IOCTYHATEABHOTO IEpPEMEMmEeHns) ABJA-

eTCsl MPOCTO OPTOTOHANBHEIM UPeoOPa3OBAHEEM.
Ilycte Tenmepsr Teno Moer pgedopmumpoBarhea. BosHmkalomgee
1pH 9ToM npeopazoBaHNe HMeeT CAaMHEi oOmuE BUE, MEl OIPERI0I0-
JKEM TOJIBKO, 9TO OHO Y/OBJETBODPAET CBOHCTBAM B3aWMMOOJHO3HAY-
HOCTH, HempepHBHOCTH U AupdepeHOUpPYyeMOCTH HO KOOPFUHATAM.
Ecam paccMorpers GeCKOHETHO MAIYI0 OKpe-
HpeoGpazonanme Geckomes-  orpocry, Toukm M CINIOMHON Cpegsl, TO BTO

HO MAalJioM vYacTHNH cuxonr-

T npeofpa3oRaHEne ¢ TOYHOCTBIO [0 MAJBIX
HepBOr0 MOPSAKA MokHO cumTath addma-
BbiM. lloxasmeM aTo. B MoMenT ¢, BeKTOpE Gasmca JarpaHAeBOd cH-
CTeMH KoopjmHAT B Touke }/ obosmadalTCA dWepes J,, a MOJOs ke~

HHe BCeX TOYeH OHPeCTHOCTH M momHOCTHIO 3ajgaercda d’ro, IpaYeM
d’ro = dgl{-)i.

Momosxenne Bcex Touek OKpecTHOCTA ToUKu M’ | B KOTOPYI B pac-
CMaTpHBAaEMBIii MOMeHT ¢ mepeiifeT Touka M, ompefeiasercs BeK-
TOpoM dr, KOMIOHEHTH Koroporo B 0asmce 5, Takke paBEH d&':

dr = dg’{;l

Ecaw cosmecTurs Toukd M m M’ w B3aTh paszioxeHEne dr IO BeK-
TopaM Gasmca 9;, TO KOMIOHEHTH 3TOTO Dasio;keHHA OyAyT oTiH-
vatbesn oT dEf, ofosmaumMm mx gepes dni:

dr = dn's;.

Caaspe mMexxny dn' u dEf ompepeiaser mpeolpaszoBaHWe YaCTHUIE
cmIomHAo# cpegsl. Jro mpeobpasoBaHMe HANEEM K3 PaBEHCTBA

dr = dt'a; = dn's;. (5.64)

Ha ocmoBanmu cBasu (5.42) Mexpay 9,, 9, n w:

9; = 9; + g‘g = 9; + Viw'a, = (8 + Viwo®) 5, = ¢iay,
rge
eff = 8F + Vb, (5.65)
MO}XHO HAHNUCATH
dr = dgis, — dEes, = dqidy,
OTKYJa HOJYYHNM
dnf = ¢ dg!. | (5.66)

Hpeo6pasosanze ot df! ® dn® — ogmHoponHOe JNHEeiiHOe Hpe-
ofpasoBaEFe ¢ MaTpunei ]lcik”, KoTopas He 3aBmcur ot gagdepen-
umanoB dEi, T. e. NpHOAMKEHHHX KOOPAHHAT ONH3KHX TOUEK; C4
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MOTYT 3aBHCETh TOJBKO OT KoopmumHAT Touku M. CmemoBareib-

k .
HO, K02(QQHOUeHTH ¢; MJA MaIo# 9aCTHIE MOCTOSHHH, a Ipeobpa-
soBanume (0.66) apdunno.

CroiicTna adpumanx npeod- Tlepeuncaum Temeps CBOICTBA apPuHEHRX
pasoBasmii npeobpasoBaHuil, BHTEKAWIHE HEIOCPE-
CTBEHHO H3 JuHeliHoctm dopmyn (5.66),
[Ipn adpdwrHnx mpeobpasoBaHHAX NpAMEE HePEXONAT B P~
MBle, INIOCKOCTA — B IJIOCKOCTH, HPHYeM HapajjcibHLE IpAMEE
¥ IIOCKOCTH IePeXOofAsAT B NAPAIIeNbHbE NPAMHE M IIOCKOCTH.
B gactHOCTH, mapamienorpaMM IEpeXOg¥T B NAPaJLIeNOoTPAMM.
Orciofa cieyer, 910 Bce PaBHEE, OJJMHAKOBO HAPABJICHHEE OTPE3
KU pacTATMBAKTCA (HIN CHRUMAIOTCS) OXHHAKOBO.
Oreomenue jyruH A0000T0 OTpesKa A0 M MOCie MpeolpasoBanua
(B cmry TOTO, TTO OHO ABASIETCA OTHOIIEHYEM OJHODPOAHBX GyHRIUE
TIePBOTO MOPSA/KA) Be 3aBMCHT OT MEPBOHAMANBHON NIUHL OTPE3Ka,
a 3aBHCUT TOJIbKO 0T ero Hampasienud. OTciofia caeayer, 9T0 Koap-
QUIMERT OTHOCUTENBHOTO YIJIMHEHHA T000TO OTPEe3KAa TaK:ke He
3aBHCHT OT €T0 JJIMHB, & BaBHCHT TOJBKO OT €ro HalpaBJIeHHA,
OTpesok Bcerjla MepexoguT B OTPE30K, NPUIEM OTHOIICHHE,
B KOTODOM TOYKA JIEJINT OTPE30K, OCTAETCH HEW3MEHHBIM.
AnreGpamdeckas KpHBAf WIHN IOBEPXHOCTHh MEPEXOMUT B anared-
panNdecKyl KPUBYIO HJIM MOBePXHOCTH TOTO ke MOpsAgKa. Hampm-
Mep, NOBEPXHOCTh BTOPOTO WHOPAAKA IEPeXOJUT B MOBEPXHOCTH
BTOPOro mopsagxa: cdepa mepeXofdT B 3IMAICOMA MIH B cdepy,
TIpHYeM COTpsKeHHBe JuaMeTph cdepsi NepexogaT B CONPSIKEH-
HBIE AMaMETPHl HIaumcoua. ¥ chepsl Bce CONPSKEHHBIe AMaMeTpPH
OPTOTOHAJIBHE, ¥ ILINICOMAA B OOWEM CIydae CYI[ECTBYET efiHH-
CTBEHHAA TPOMKA OPTOrOHAIBHLIX COMpPS;KEHHHIX IMAMETPOB, CJe-
JIOBATeJIBHO, BCOT/A CYMECTBYET Mo KpaiiHeil Mepe OfiH 0 PTOroHA b~
HEH TPHOAP, KOTOPHM IMEPEXOAWT B OPTOTOHAJEBHEIN TPUIApP, T. e.
CYIIECTBYIOT TJIaBHEIC HAIPABJISHUS.
O6wemnr npu adduaHbBIX mpeobpasoBaHuAX, Boobmie TroBOPH,
MEHSAIOTCA, HO BeIWINHA OTHOCHTENBHOro wu3MeHeHMsA ob6Dema
0 = (V — V,)/V,He 3aBuCcHT OT NePBOHATATLHHX ODPMHE H pasMe-
poB o0bema.
Nmenno mosToMy, KOTA MH BHYACISIN BeJIAIAHY OTHOCHTEIb-
HOTO mM3MeHeHus ofbeMa vepes KOMIOHEHTH TeH3opa pedopManmii,
HMCHOJB3YS JJIA BTOTO DJIEMEHTA PHHI MApaJIielienne]|, MEl oIy Ia-~
IH pesyibraT, cUPABEIJIABHII i MO0HX MaJLX O00DHEMOB.
Beakas sheneanas B cIitomHoil cpeme Hec-
Teomerpmueckan  kaprHa  yopeumo Mamam cdepa npeofpasyercs HPH
npeo0pa3oBaHdsl MAaJNOH va-
CTHIR cOMOMEON epeyst nedpopManmu B sanuncony. Ecam upm 2TOM
npeoOpasoBaHAYW TJABHEE HANMpaBJIEHUSA He
MeHAIOT CBOefl OpHEHTaNmWM B IPOCTPAHCTBE, TO TOBOPAT, UTO
npomsomiia wnuctad pedopMamus, KOTOpas CBOGUTCA K PacTA-
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JKEHUI0 WM CKATHIO IO TPEM B3aMMHO TePIEHIMKYJISAPHBIM TJIaB-
HBIM OCSM.

Ecan cdepa npeobpasyerca B 3ILIMOCON], TAK, 9T0 TJIaBHEE Ha-
IIpaBJieHust MeHAIOT CBOK 0pHeHTANUI0 B IPOCTPAHCTBE, TO TOBOPAT,
YTo HMeeT MecTo ofmuil cayuail apduBHOrO mpeoGpasoBaHusA, KO-
TOpPHH cBOAUTICA K 4YUCTOH pgedopmammm (pacTAkeHUAM IO TPeM
TIABHEIM OCAM) U IOBOPOTY B MPOCTPAHCTBE. 3aMeTHM, 9TO B CIyUae
gucroil gedopManmu a06Ee OTPE3KM B YacTUIe, He HANPABIGHHEe
0 TJIaBHEIM 0OCAM, MEHAIOT, BooOIme IoBOpH, CBOe HANpaBJeHHe
B NPOCTPAHCTBE.

Ilpy pewmeHmy wacTUIR Kak aGCoTIOTHO TBepjoro Tema cdepa
IepexonuT B cfepy TOTO jKe pajmyca, IpUIeM Bce B3aUMHO IepPIeH-
IURYIAPHEE TPHSAPH MOKHO pACCMATPHUBATHL KAk TIaBHEE, BCe
OHM TOBOPAYMBAIOTCA OKOJO OJHOH M TOH ke OCH M HA OOHH M
TOT Ke yrom. B »roM cmydae TOBOPAT, YTO MPOMBOIIES YHCTHU
HOBOPOT.

Marpuna a¢durHOr0 TpeoGpaszoBaHHS l|cik” ompefesifaercs
mo (9.66) ueBATHI0 MPOMBBOJHEIMM 0T KOMIIOHEHT BEKTODA mepeMe-
meHns w 1o KoopauaaTtam §t, £2, £3; B oOmewM cayuae B TaHHON TOUKE
sTa MaTpuua o0pasoBaHa M3 MPOU3BOJLHLIX JHEBATH Yucey. ducras
nepopMamua XapaKTepU3yeTCS TpeMsi TIJaBHBIMEA KOMIOHCHTAME
TeH3opa JedpopManmil m TpeMA mapaMeTpaMu, ONPeEJIAIOMHMU
HAUPABIEHNA TIABHHX Ocell B mpocTpadcTBe (MM IECTHI) KOMIO-
HEeHTaMHU TeH30Da /lepopMannil); IMOBOPOT IJIABHKHX OCeH B IMpOCTPaH-
CTBe XapaKTepU3yeTcA TpeMs OCTABIIMMHCA mnapamerpamm. B ciay-
Yae YUCTOTO MOBOPOTA MATPHIA OPTOTOHAJBHAA U 3aBHCHT TOIBKO
OT TpexX He3aBHUCHMHX napaMerpoB (HAalpaBIEHHWs OCH ITOBOPOTA
I yraa II0BOpOTa).

Hrak, mpoussoabHOe mepeMemenye GeCKOHEYHO MAIOil YacTHIE
CILIONIHOH Cpefsl CBOAUTCA K IOCTYHATEJNLHOMY IepeMeieHnIo
B IPOCTPaHCTBE, MOBOPOTY M dYHCTOMH - medopmammu (ckaruio
HIM PaCTAKEHHWI0 MO TPEM B3AUMHO NEPHeHIUKYIsSpPHBIM IJIaBHEIM
0CaM).

IeoMeTpmyueckme XapaKrepHcTHRM jedopMaumil BaykHBHL B OC-
HOBHOM JJIA TBepRHX Tej. B sxmukocTAX m rasax XapaKTepHCTHKE
gedopMamuit camu o cefe UTparOT ropasyo MeHbITyo0 posas. Hampnu-
Mep, IepexuTad U3 COCYHA B COCYM FKUAKOCTD (eCa’ 0OHA OMHOPOIHA)
ocTaeTcs Bce TAKOI ke 'KUIKOCTHIO, XOTA HPHU HepeJUBAHUN B Heli
MOTJIM HPOM30ATH CKOJL YTOIHO CJIOMKHEE M CHJIbHEeE pAedop-
MaiuHd. B ruprocTaAX m rasax cpoificTsa mepopMariuil IpoOABJIAIOTCA
CYHIeCTBEHHO TOJABKO 4epe3 U3MeHeHHA 06peMoB. MRUIKOCTH W Tash
OKA3BIBAIOT CONIPOTHUBJIEHHE C/KATHIO; CKaTHe JKHAKOCTb H Ias OT-
JAUY9al0TCsA 0T HEC)KaTHIX.

Tensop medopManuii urpaeT OCHOBHYI M OIPEAeIAIONYI0 POIb
B TeopuH [epOpMUPOBAHHA TBEPAHX Ted. B Teopum apmkxeHnsA
SKUKOCTH H Tasa — TugpofuHaMuke (M teopmu peopMupoBaHHA
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HEKOTODHX TBEDAKIX TeJ) HrpaeT OONBMYI0 POJMb Apyras Xapak-
TepHCTHKA — TEeH30p cKopocteir medopmanmii. Mosker OHTH Tak,
gro camm pedopManumd HECYI(SCTBEHHH, OJHAKO CYMECTBEHHO,
HACKOJNHKO ORICTPO OHH NPOWCXOHAT.

§ 6. Tenzop cropocteil gedopmanmii

Ounpepenerwe Temsopa exo- Temszop medopMmanmit
pocreil pedropmanmii

1 -~ o

Eijz'f(gij—gij) (61)
BBOAUTCA B CBA3SH € [ABYMA COCTOSHHMAMH CINIOITHOM CPe/HL:
JaHHBIM, paccMaTpHBaeMHM g;; M, Boobme roBopsA, «Ha-
qanpHBM» ;.  Ecau  HavaapHOe cocToAHEME  §;; peadm3y-
eTCA B JHCTBUTEIBHOCTH, TO CYIECTBYeT BEKTOp LepeMemeHus w
BCEeX TOYEK CIVIOIIHO¥M Cpefhl M3 HAYAJBHOr0 COCTOAHHA, JOCTH-
raeMoro B MOMEHT f,, B pacCMATPHBAEMOE COCTOSSHHME B MOMEHT ,
1 A TeH30pa AedopManmi mMeloT MecTo dopMyant (5.56), (5.57).
Tlommmo aTmx ABYX cocTosAHmiE CILTONIHON CpeJH PAacCMOTPHM elme
COCTOAHME B MOMEHT { - Af, GIU3KHE K pacCMaTPUBAEMOMY &ij.
HoMmomeaTs MeTpmaecKoro Temsopa B 3TOT MomeHT ¢ + A¢ o6o-
3HAYEM uepe3 g’;;. O4eBHAHO, MOMKHO BBECTH KOMIIOHEHTHl TEH30pa
ZedopManuii mO OTHONIEHHIO K COCTOSHUAM CILIOIIHON CPEJ(El B MO-
MeHTH ¢ B ¢ + A¢. O6o3HaumB 5TM KOMIOHEHTH wepe3 Ag;;, OyeM
HMeTh

1 -~ ~ 1
Aeii = 'Tz"(gij - gij) =7 (Viwj + iji + Viprjwp), (62')

rie w = w,5', a KoBapUaHTHEE NPONUBBOKHEE BHUNCIAINTCA B JaH-
HOM CjIy9ae B HawyaJbHOM IpocTpamCTBe £,;. Mopmyma (6.2) mmeer
MECTO B CBA3MW € TeM, UYTO IepeMelieHAe # U3 COCTOSHMA B MOMEHT
¢ B cocTogHne B MOMeHT I -+ Af cymecTByer. OueBmgHO, 9TO

w = v At = v;2'At,

T. ©. w; = v,Af umeer mopanok At m ABiasgercA GeCKOHEUHO MAJLIM
mepeMemerneM, ecam At mamo. ITosromy

lim a2 — L (v V) —e (6.3)
=5 [} Vi) = €ij. .
atsp AL 2
BeJIH‘IHHLI e;;j ABJIAKTCA KOMIIOHCHTAMHA CKMMGTPH‘IHOI‘O TeHBOPa,
KOTODHi Ha3HBAETCSA TEH30POM CKopocrTeit neopmanmit. Ecam moie
CROPOCTeﬁ ¥V H3BE€CTHO, TO KOMIIOHEHTHI e,-j MOXHO BHYACJIUTH IO

(6.3). OgaeBupnO, 9TO POpMyIBI€;; == % (Viv; 4+ V;v;) coxparsioT coit

BHUJ B J000f TOABWKHON RPUBOJUHEWHON CHCTEMe KOOPAHHAT HpPHU
ydeTe TOTO, 9TO BeKTOD ¥ OIpeeleH C NOMOI(BIO CACTEMH HaOJII0-
JaTensi ¥ COMyTCTByIomell cucTeMbi, HOJOMKEHHHX B OCHOBY pac-
CMOTPeHHA JBW;KeHAA KOHTHHYYMA.
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Ceasp ‘bxomuongm- tenso- I3 (6.2) HemocpefCTBEHHO BHAHO, YTO JAAA
POB JCOpMANBH B CKOPO-  poMpoHEeHT TeH30pAa CKopocTeil jmedopmammi
ereii pepopManmil BepHa (opMyia P P bop

= (6.4)

‘=7 a0

CIpaBeInBasi B CONYTCTBYIONIEH cHCTEMe KOODAMHAT.

Uz (6.3) ¢ momompio (D.4), ecam «HAYadbHOE COCTOAHHE» &y

He 3aBHCHT OT BPEMEHH £, JerKO CJIeAYIT POPMYJIE], CBASHBAONIHE

KOMIOHEHTH TeH30poB medopManmii u ckopocreit fedopManuit B co-
OyTCTBYIOmEe# cucTeMe KOODAHMHAT:

~ dey

€7 Tar

(6.6)
TlogueprreM eme pas, uro paseHEcTBO (6.6) BepHO ToaABKO TOTJA,
KOTZA §;; = const 0 BpeMeHN, a paBeHCTBO (6.4) mo ompefeaeAuio
BEpHO BCerja.
Temsopu pmedopManmii m ckopocreil paedopMamuit ABIAAIOTCA
pasHEIMH TeH30paMH, HO ¢,;Al ABIAIOTCA KOMIOOHEHTAMHE TeH30pa

OeckoHEeTHO MaNKX AedopManuil, COOTRETCTBYIOMETO lI€peMemeHHI0
3a Bpema Af, T. e.

eijAt = €4j. (6.7)

3aMeTnM, uTo TeH30p AedopManmil & BBOOUTCA B Pe3yAbTATe
CPABHEHHA [IBYX COCTOAHWI CINIOIHHOI CPENL], a TeH30p CKOpOCTel
JepopManmii ABAAETCA XapaKTePHCTUKON MaHHOTO COCTOAHHAA B
JaHHRIA MOMEHT BPEMeHH.
flcao, 9ro KOMmOHeHTH TeHz0pa AedopMa-
Yexopua cosMecTHOCTR LIy (6.7)  OMKHE YAOBJETBOPATH
KOMIOOHCHT TEH30pa CKO-
poereli seropManmii YCHOBHAM COBMECTHOCTH. IlopcraBus (6.7)
B (5.63a) m mepeiina k npegeny npu At — 0,
IIOJIYyIEM CIEAYIOMHUO YCIOBUSA COBMECTHOCTH A KOMIOHEHT TeH-
30pa ckopocteii medopmammii:
o% d%

581 gEw +

. 0%, 0%, ;
Wi pi vi
dEbgEY  oelor”  ogtore 0. (6.8)

Tar ke Kak ¥ cdHcreMa ypasHemH# (5.63b), cmcreMa ypaBHeHmI
(6.8) comep:KHT mecThb He3aBHUCHMHX JWHeHHHX ypaBHeHHA B
YaCTHHX  OPOH3BOJHHX BTOoporo mopsagka. CooTeercTBYIO-
mue HESABHCUMEE YPABHEHWS MOMKHO HOJIYYATDb JUJIS yKasaH-
HHX B (D.62) rom6mmanmit mEzercoB. @opmyam (6.3) mpm mpo-
HW3BOJILHHX TpPeX (YHKNWAX v; Aal0T o0muii MHTErpay CHCTEME
ypasHenmit (6.8).

4 JI, A, Cenos
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ABalorHYHO TEH30PY cKOpocTeil medopMamuil MOKHO BBECTH
Apyrue TeH30phl, KOMIOOHEHTH HKOTODBIX ABJIAITCA ONPOHU3BOJHBIMHA
OT &,y 1m0 ¢ Golee BHICOKUX HOPANKOB. MOKHO paccMOTpeTh TaK:Ke
TEH30DPhl, KOMIOHEHTH KOTOPLIX ABJIAKTCA NIPOU3BOAHLIMH OT 8”
1o OpOCTPAHCTBEHHEIM  KOODAWHATAM, HampwMep, TeH30D
V €i9%9797.

§ 7. PacnpegereHue cropocreii B 0eCKOHEUHO
Majoiff uacTume CIVIOmMHOL Cpexbl

Becxomeuno Maxoe adupmp- DB03bMeM 6eCKOHETHO MaJyo 9acTHHy CINIOII-
Hoe mnpeobpasomamme Manoii HOIl cpefhl M M3YIMM BOIPOC O pacmpe[ee-
;’:c“:'ﬁ;a °K't“°m“°ﬁ CPeRtl  guyp ckopocredt B srodl wactume. Ilon Gecko-
P HeUHO Maloii dacTmmeit OymeM DOHEMAThH
COBOKYIHOCTH TOUEK CPEIh ¢ KOOpPIHHATAMHA
Bt + dEi = E! + p!, ynmameEEEX oT [gaHHOH Toukm O ¢ KoopAuHA-
tamm E!, &2, E3, magmmBaeMoil IeHTPOM 4acTHIE, HA GeCKOHEUHO Ma-
ase paccrosEus p. Ilome ckopocTeil ¥ IpefmojaraeM HeImpepLIB-
HEIM ¥ MMEIOLIAM IPOM3BOHEIE 110
KpaliHedl Mepe IepBOr'0 LOPANKA.
Ilyctp cropocts Toukm O
v,4¢ ecTb v, a aoboit Toukm O, Ma-
o dWacTHUB Cpefl — v,. 34
>\ Oeckomeuno Mamoe Bpema Af
BC® BpeMs COCTOAIHA w3 Ofi-
HHX U TeX ;Ke YaCTHI] CPes BeK-
Top OO, =p mpeBpaTUICA B
" BekTop 0’0", = p’, W, 0UEBUIHO

Pxc. 15. Tlepememenne Geckoneunolt  (pue. 15),

MaJIOK 9aCTHIE CIJIOIIHOA cpeaur At.

o' =p+ (vy — )AL, (7.1)

Bospmem pasnosxerue ¥ B oxpectHOCTH O ¢ TOYHOCTHIO 0 Ma-
JIBX IEepBOTO HOPAAKA OO P:

B0 %dE)

\ /
N +4¢ 7
~—————T

v =0, (Z—S—)op’ +00 (p). (7.2)
Ilogcrasms (7.2) B (7.1), nonyumm
o = p+(%) p' At +p0 (p) At (7.3)

Orcrona BujHO, 9TO ¢ TOUHOCTEIO {0 pO(p) At GeckoHETHO MaIas Jac-
THIA CILTONIHOI cpenH 3a GeCKOHEUHO Masoe BpeMs Af mperepmeBaer
GeckoHeyHO Majioe addmEHOEe mpeobpasoBaEde (3HAYCHES POM3BOJ-
HHX oT ¥ mo §f Gepyrca B menrtpe gacrmmou O).

) | 5
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Pacnpenexenme  cropocreit  [lepenmmem (7.2), BHpaskaomee CKOPOCTB
B GecroHewno MaXolf Wac-  moGoit Toukm O, GECKOHEUHO MAJNOW HACTH-

e MHpyeMoii .
Reqopmmpyemoit Nl CONIOITHOH Ccpefl ¥; dYeped CKOPOCTh

ec IeHTpa v, Opon3BOgHEIE OT ¥ B
NeHTpPe M HKOOPIAMHATH paCCManlZ[BaeMOfI
TOYKHA, B JAPYIOM BHUMIE:

vy = v, + Vivgp'ak + pO (p) =
1 . )
=+ 5 (Vivp + Vivy) p'o* + %(Vivk — Vyvi) p'o* +
+ 00 (p) = vy + 00" + 0ip'0* + O (p). (7.4)

B mocaemmeit dopmyme (7.4) BReNeRH UIEHH, COJASDPIKAIIAO
CUMMETPHYHHN TEH30D ep; W AHTHCAMMETDUYHWH TEH30D ©p;!

1 1 (Ovy v,
Oy = 7(Vivk — Vi) = (— ——

7ot — ) (7.5)

PaccMorpny Tenepn MeXaHTIECKOE MCTOIKOBAHTE KAKAOTO TICHA
dopmyasr (7.4) mma ckopocTeit TOUeK MasoH YACTANH  CINIOIIHOM
cpenel. B cBAsm ¢ oTmM  maA  HaraapgHocTH mepenmmeM (7.4) B
IIPOEKNHAX Ha JeKapTOBH OCH KOODPIMHAT, CYWTAA, UTO

o =zl + 2% + 23k = zi + yi + zk.
MMonyunm
Uy = g + ey; 2" + 0z,
i
Uy = Uy + ey +- gy’ (7.6)
; ’
Wy = Wy + €5 %" + 05",
KoMuomentsr e;, m ®;, B 3Tux ¢popMmyaax He 3aBmCAT oT zt,
Ji Ji

a WIEeHH 6o0Jiee BHICOKOTO HOPAMIKA [0 !, 9eM MePBHIA, OMYIMEHH.
BBemeM kBaspatmumyo gopmy:

® = - epga®2; (1.7)
oueBmgHO, Gy/neM mMeOTh
; o
el = 55 . (7.8)
@opmyan (7.6) MoykHEO mepemmecaTh B BHIE
oD
Uy = Uy + 55 + o', )
o
V1= Vg + 75 -+ @y, (7.9)
oD .
Wy = Wy + Fre + g2, J
4

- | |
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Takmm o6pasoM, CKOpoCTh TodeK OECKOHOYHO MaJIOH YaCTHIIH
CIUTOIHOA cpefH pasbHTa HAa TpH COCTABAAIONMME, IepBAas W3 KO-
TOPHX ¥, (Uy, Vg W,) He 3aBACHT OT KOOPAEEAT !, 22, 23 m, ciaemo-
BATEJIBHO, MHpeACTABJAET cOGOH CKOPOCTh MOCTYIATENLHOTO JBH-
/eHUsA BCell JacTAnsl (OHA COBIAAET CO CKOPOCTHIO IBMKEHMA MEHT-
pa gacTHEOH), a BTopasa cocraBiagmmasn (0D/ozt, d0/oxz?, dD]oz?)
uMeeT notesnmay . [ns Gomee qeTalIbHOTO WCCICOBARAA TPETheH
coctaBisomel (o;,xi, 0,,7%, @;.z!) BBEeM B AeKapTOBOH CHCTEMe
KOOPAWHAT AHTHCHMMETPHIHYH MATPHILY

0 o o3 0 W1g O3
lojpl|=|{0an 0 oy|=|—0n 0 o=
03 @3 0 — 3 — g3 0
0 —o; o,
= W3 0 —of,
—my O 0

T. e. BBegeM o0o03HAaYeHNA
07 = Wgg, Wy = W13, Vg == Bgy. (7.10)

ITo (7.5) m (7.10) B merapToBO# cECTeMe KOOPAUBAT Oy/ieM UMeTh

1 fow v ‘l
=2 \oy %)

@227(3_:_%’5), T (7.11)
1

HemocpencTeernoit mposepkoit MokEO ybeauThes, 910 HopMy-
ast (7.11) nerko mosydawTed W3 CIEAYIOMETO CHMBOJIHISCKOTO
NIPeCTABJICHUS:

J kK

o . 1 a 4
0):0)1@-*—0)27-*—0)3]0: -5 '5':!/—'5; . (7.12)

v w

ITocite BBemeRHA o6o3HAYeHHH ®;, Wy, ®z; mo (7.10) dopmynn
(7.9) mepenmmyTcs B BHAE
o

u1=uo+‘5;+0325—‘0)3y1

o
vy = v, + T + 05 — 03, (7.13)

N it s 08 i e’

oo
Wy =W + 5 T O — 0T
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unu coraaceo (7.12) B Bmae
=ty + G + (@ X p, 1‘
v = v + G + (0 X oy, (7.14)
wlzwoql-a;z)—ql-(m X p),. J

B BexkTOpHOM BHfle MMeeM OKOHYATENABHYI (GOpMyny
vy =17, +grad ® 4+ o X p +p0O (p), (7.15)

| saMenaomyl $opmyian (7.4) u (7.14).
. Hdua pacmpefenenus ckopocreii B ab-
gpﬁ?lz;?";g'ig)acﬁi;gﬁgggz COIIIOTHO TBEPJIOM Teje, KAK M3BECTHO, IMeeT

cropocreli B  aceomormo MecTo opMyna Jitmepa
TBEPIIOM Tele
P vl = vO + Q X P»

I
’ rge ¥, — CKOPOCTH HEKOTOPOH OmpefesNeHHON TOUKH abCOMIOTHO
' TBEPJOT0 Teda, ¥; — CKOPOCTh MPOH3BOJLHOM TOYKH Tema, Q@ —
| BEKTOD MIHOBEHHOU YII0BOH CKOPOCTH TBEPAOTO Teja, p — pajguyc-
, Bertop 00,. Mopmyna (7.15) xna ckopocreil Todex OeckoHEUHO
MaJIo#l 9aCTHIE! CIUIOINHOH Cpejbl OTIMIAeTCA 1O BUAY OT HOPMYIH
ditnepa mpucyrtcrsueM wxeHoB grad @ um p O(p), mocnenauit ms Ko-
TOpHX GeCKOHETHO Mal 10 CPaBHEHHIO ¢ P, U €ro B IIEPBOM IIPHG-
JMKEHUY MOKHO He YIHTHIBATH.
BosicamMm  poan uwiema grad @. B pesyuasn-

TaTe JIBWKEHHA CILIOINHON Cpefbl BEKTOp P
mepexofuT B p’. HsmeHenme BerTOpa p,
T. ¢. p° — p = Ap, MokeT GHITH OOYCIOBICHO TOJBKO TEM, UTO
pasHHe TOYKN 6eCKOHETHO MAlOo TACTHIH ABIGKYTCA C pPa3HHIME
' CKOpOCTAMH; AeiicTBUTeNbHO, U3 (7.1) B npepene upu At — 0 umeem

CropocTs OTHOCHTENHHOTO
YATHHEAAS

| de

-Et— = V1 — Vy. (7.16)

BrramenuM oTamuEylo oT HynA AAA AeOpMHPYEMOro Teja Be-

JINYAHY, Ha3blBaeMYI0 CHKOPOCTHI0O OTHOCHTEJIBHOrO YAJUHEHUA OT-
Pe3Ka cpefn B HAaIIpaBJCHMHA P.

e — Ldlel_ tdp 1 1 dp"
P el e T Tp At T T2 e dt
| L tdep) 1 do
| =T e e\
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Bocnonnsyemcss paseHctBamum (7.16), (7.15) m, Tak Kak
p-(® X p) =0, momydmm

1 d 1 1 (0D o0 I 3
o = 5 (03 ) = (0 grad @) =5 (oo + 5w+ 577) =
= ZL.; == eij—%‘pi —a;i == e‘lj a,i'd,j, (7.17)

. i .
e o' = -—z— = cos (p,z').

Urax, ecau M3BECTHH KOMIIOHeHTH TeH30pa cKopocTeit medop-
Manmit ¢,; B HampaBJeHHe P, TO MOKHO BHYNCIHTH CKOPOCTH OT-

HOCHTEIBHOTO YIJHHEHHA €, B 3TOM HaImpaBIeHHN.
N3 (7.17) HenocpelcTBeHAO BHITEKaeT KHHe-
KuremaTnuecroe HCTONKOBA-  MaTHYECKOE HMCTONKOBAHHE KOMIOHEHT TeH-
T RoDO c;«ggfﬂ;:gg’l‘mu;%ﬂ%pa 30pa cKopocTei gedhopManmi ¢ ofHOMMEeHHEIMA
P P pHIekcaMd. JIycTs p HampaBieHO mO ocH ri,
TOT/IA BCe WIGHH, KpOMe OJHOTO, B mpaBoii 3acTr (7.17) o6pararca

B HYAb, ¥ MH IOJYyIEM

€4 = €.
Taxkmm o6pazoM,

€x = €11, €y = €99, €5 == €33,

T. €. KOMIIOHEHTH! TeH30pa CKopocTeit JeopManuii ¢ OJHOMMEHHEIMHE
WHIEKCAMHA SABJIAIOTCA CKOPOCTAMH OTHOCHTENBHBIX YAJNHHEHWH
OTPe3KOB Cpejsl, NepBOHAYANBHO HAIPABIEHHHX HapajilelbHO
COOTBETCTBYIOIIAM KOODAHHATHHM oCiAM. To xe caMoe HCTOMKO-
BaHHe IOJYy4aeTCA W B pPe3YAbTATe APYTOT0 pacCyXIAeHAdA. 3a
BpeMa At OecKoHeUHO Masasa 4uacTmma cpeisl, mo (7.1), mperep-
meBaer OecKoHewHO Manyo NedopManyi0 N0 OTHOMEHHID K COCTOA-
HEIO CIUIOIIHOMH Cpefbl B MOMEHT BpeMeHH f. MoXHO BBECTH TEH30D
gedopmanmit & o OTHOMEHHI0 K COCTOSHUAM CPEME B MOMEHTH £ H
t + At, m torma Gymem mMeTh

& = e AL,

Orciofa ACHO KMHEMAaTHIeCKOe HCTONKOBAHM® KUMIIOHEHT e,
€ TOYHOCTBI0 N0 MHOKHUTENA Af COBOAJAOIHX € KOMIIOHEHTAMH
€;; TeAE30pa OeCKOHeYHO MaaHX JepopManmii. Benwmumsen e;; mpm
i==j <XapakTepmsyiOT CKalIEBaHWE NPAMEX YILJIO0B  MEmIy
OTPe3KaMH cpepfpl, OepBOHAYAIHPHO pACIONIOMKEHHHIMHA  BJOJIb
KOODJEHATHRX ocefd z, y, z. HoMIoHeHTH e;; npHi=~j paBHH
MOJIOBEHE CKOPOCTH CHRAIIABAHAS NEPBOHAYANBHO  HPAMEX
yraoe, o0pasoBaHHHIX OTDPE3KAMH CPEfE, B JAHHLIH MOMEHT Bpe-
MeHH DapallelbHHMH COOTBETCTBYIOINAM KOODAHMHATHRM OCHAM.
Ws (7.47) swmamo, uto wmen grad @8 dopmyme (7.15) pas
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CKOpocTed Touexk GECKOHEYHO Majoil 9acTUI(bl CIJIONIHOH CpejL
OTBETCTBEHEH 3a fedopMannio vacTunbl. BeemeM o0o3HaueHme
v* =grad © (7.18)

M Ha30BEM 3Ty CKOPOCThCKOPOCTHI0 TrcToli eopmamun. Ecau v* =0,
toBce ¢, = 0 u medopmamma OTCYTCTBYET, T. €. AJIUHE OTPESKOB 0,
B3ATHIX B JA060M HAUWpaBiIeHRM, He MeHATCA. HaobopoT, ecau fe-
dopmanma orcyrcTByer, To Bee e, = 0, u Torma mo (7.17)

grad @ = v* = 0.

Taapanle ocH H TaaBHbIE Kak pgus BCAKOrO CHMMETPHYIHOIO TeH-

KOMIIOHEHTHI ';85309‘“‘ CKO- s30pa BTOpPOTO paHra, JJd TeH30pa CKOpO-
i/ 4 . . o

pocreii Aedopuana ¢reit medopmMamuii MOKHO BBeCTH IJIABHEIG

OCH; B J[IeKapTOBOA cHCTeMe KOOpAWHAT,
HAUpaBjIeHHOH II0 IVIABHEIM OCAM, MAaTpHUNa KOMIIOHeHT ¢;; TeH-
3opa ckopocte#t meopManuit Gyler MMeTh BUJ,

e 00

0 e 0}f.
0 0 ey

Mo;kHO yKasaTh IMIABHEIE OCH TeH30pa cKopocTei jedopmamuii

B /1000l JAHHHHA MOMEHT BpeMeHH ¢ W B Juo0oli Touke O cpefpl.

BenuumnH e,, ¢,, €5 HA3LBAIOTCA IVIABHNMHA KOMIIOHEHTaMH TeH30Da

ckopocTeir medopManuiL, Jns HaxXo)keHEWA TJIABHHIX oceil TeH-

30pa cKopocTedl AedopMammil CIefyeT NPUBECTH K KAHOHHIECKOMY

suy KBagparmumyio dopmy @ (z', 22, 27) (7.7). Ouenmumo, ¢, >0

COOTBOTCTBYET pacTsUKeHMI0, a e, < () — cikaTHio BOAL i-H oOCH.

Kak ©m co BCAKHM CUMMETPHUYHHIM TEH30POM, ¢ TEH30POM CKO-

pocTeil medopMammii MOMKHO CBSI3aTh TEH3OPHYI0 IOBEPXHOCTE.

Oma Gyner SIIunCOMIOM, eCIli BCe e, ONHOTO 3HAKA, U THepGoson-

JIOM, €CHH e; UMEIOT Da3HEe 3HAKM. TnaBubie ocum Temsopa Je-
dopmanmit m ckopocrell meopmanuil, Boobme rosops, pasHbIe.

PaccMorpuM  Tperumit wimer gopmyan (7.15),

Bekrop @; cpasp amrmcEM- 1. €. ® X p. IIpesgme BCero mokaskeM, 4To

MeTpHYHBIX TEH3OPOB ¢ BEK- pRereHHAsA BHIIE B JIeKAPTOBOM  cucTeMe

;gg::;“;nc’r:e TPEXMEPHOM g oopAMHAT BeAMYMHA © SIBISETCS BEKTOPOM.

P B camom pexe, dopmyma (7.15) mpemcras-

nser cofoif BeKTOPHOe pABEHCTBO H, CJEJ0BATONBHO, ® X p —

BeKTOD, a CKajApHOe NpomsBefieEne (® X 0)- ¢, IJie C—IPOASBONb-

HHIiT BeKTOp,— HHBapHWaHTHAS BejquunmHa. OueBHUIHO, B 3a0HCH HH-

BapHAHTHOI BeAMIHEEH {® X )€ MOKHO IePecTABUTH YICHH W 3a-

OECATH e B BHAe @ - {(pXe) = (0, b), Tme p, cm p X ¢ =b —

IPOM3BOJbHEE BeKTOPH. U3 Toro, 910 CKaNApHOE IPOU3BEACHHAE O

HAa IPOM3BOJBHHIEA BeKTOp b — WABAapWAaHTHAS BEJIUYMHA, CIEJYer
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9T0 ® — BEeKTOD, W mo o6muM mpaBmiaM mpeo0pasoBAHHA KOMIIO-
HeHT Bekropa ¢ moMompi (7.11) ©, MoryT 6uITh HaliieHEl B IpPOH3-
BOJBHOR cHCTeMe KOOpKHHAT.

Wz mpoBefieHHRX pacCyIeHHA BHITEKAeT, YTO HOJI0 CKO-
pocTeil v Bcerja MOKHO IOCTABHTH B COOTBETCTBEE TEH3OP e,;9'9
B BEKTOD .

W3 cnocoba BRefenns o moaydaercsa o0IMUA BRIBOJ, & AMeHHO:
B TPeXMepPHOM IPOCTPAHCTBE JIOOOMY aHTHCHMMETPUIHOMY TEH30DY
BTOPOr0 paHra

Q= W% alah

BCerjla MOKHO LHOCTABHTH B COOTBETCTBHE BeKTOP!) @ rak, 4To B Je-
KapToBOil CHCTEMe KOODAMHAT KOMOOHEHTH £ W @ GyAyT CBASaHH
dopmymamm (7.10).
O roMmyrarmemocrm  Ge- HKax 610 MOKAazaHO BHINE, 6GeCKOHEWHO
CKOHEYHO  Maawx addmi- yajasm wacTHma cpefTst BO BpeMsi HeIlpepHB-
HBIX IpeoGpasosanmii
HOTO [BH/KEHHA 3a GEeCKOHEYHO MAajoe Bpe-
Ma d¢ uennitniBaer GeckoHewHo Manoe addmmHoe npeobpasoBa-
HHE, KOTOpOE Telleph MOKHO 3aMHCaTh B BHU/E

o' =p -+ grad @dt + (@ X p)dt + pO (p)dt, (7.19)

rge BTOPOl W TPeTHH YIeHH HMEeIT OOPAAOK MajocTdH pdt
Paserctro (7.19) MoskHO mepemmcarh caegylomuM o06pasoM:

't = (84 ¢y e =2t ¢, (7.20)

rae z'f w P — KOMIOOHENTH P H P COOTBETCTBEHHO, & c'; HMMEIOT
OOPANOK di.

HanomauM, 4To B cjiyuae KoHeunnix jedopmaumit Gec-
KOHETHO Majlad 4acTHIA Cpefll TaKKe HCUHTHBaeT -afpuHHOE, HO
KoHeuHoe mpeoGpasosarme ¢ Marpuneil (5.60). Homyctum, d4To Mu
uMeeM J[Ba WOCJIEHOBATERbHHX adduuHEX npeobpasoBaHHUA:

2= (¥ +a'y)a¥ (a)
H
¥ = (8p 4 b'p) ”. (b)
CocTaBuM peayibTHpyiOmee npeobpasoBaHHe
z't = (6ip+ aip + bip + a? bjp) zP, (7.21)

COOTBeTCTBYIOIEe cHadajga mnpeoGpasosammio (b), a moTom (a).
Ecim e, Bao6opoT, cHaYajia BHIOJHETH upeoGpasopasme (a), &

1) Orserum, 9T0 © BOJeT ceffA KaK o0 MHMI NONADHHWA BeKTOp H UpH |
pcex mpeobpasopammax xoopgmaar, Cm, cTp, 183—188.




§ 7. Pacupefenenne cKopocTeil B GeCKOHEYHO MaJjOd 9acTHOE 105

motoM (b), To momygmm

' =

(8% + bp + atp 4 b alp)aP.

Ho Tak wak Boobmie a';¥p=-bja',, TO oTCIOga CJaeAyer, 9To
afppuEHEEe mpeolpasosaHAsa B 0o0mEM ciaydae HEKOMMYTATHBHEHL
Opnako ecam addmmmnie mpeoGpasoBarud GecKOHEYHO MAJIHI,
TO WIEHHl MATPHI ”a,i,-b"p”,“ b';al|| ®MeHT BTOPOH mOpAROK
MamocTH; OecKoHedHO Majsie adQuHHHE IpeolpasoBaHmsa ©
TOYHOCTLI) [I0 BTHX YICHOB KOMMYTAaTHBHEL

Paznoskenme  upeofpazoBa-
HEA OecrOHEYHO MAaIoil wac-
TANBL CPebl 3a BpeMa Af Ha
cyMMy mnpocTefimmx mpeod-
pasoBaHmii.

Bepuemcs Temepnr K $opmyae (7.19), omm-
cuBaomeil npeobpasoBaHue GeCKOHEYHOH
Magoii 4acTmum cpednl. 910 mpeoGpasoBa-
HYWe MOKHO pasbuTh, He 3aboTACH 0 mocie-
I0BATeIBHOCTH mpoBedeHns mnpeobpasoBa-

HEH, HA [[Ba, a UMeHHO Ha mpeoGpasosamme,
ompefeNsomeecs TEH30POM cKopoctell medopManmii:

o* = p + grad @ dt, (7.22)
n HpeoﬁpaBOBaHHe, onpefensaomeecsa BEKTOPDOM ®:
o' = o* + (0 X p *)dt. (7.23)

K b O = - o i ceit
BafgpaTHYHYI0 QOpPMY = —5~ 32’7’ II0OBOPOTOM oCell  KoOp-
OHHAT MOKHO HpHBeCTE K KAaHOHUYECKOMY _BHJIy:

D= —;— (€12 -+ ey® 4 e52%),

m npeoGpasosanue (7.22) MOKHO HAUACATH B INIABHEIX OCAX B CJIe-
AYIOMeM BUJE:
¥ = (1 +edt) z,

y* = (1 +edt)y, | (7.24)
2* = (1 +eydt) z, J
rie
Nz"——x Uy Nz"'—z
a=rga = Tymo 8 g

ABJAITCA TJIABHEIME CKOPOCTAME yaauHeHHH (e;>> 0) mam crxartmii
(¢; << 0). IIpeo6pazosanme (7.22), oueBmAHO, MOKET GHTH 3aMeHe-
HO TpeMsa mpeo0pasoBaHWAME BHAA

r** = (1 J edit) z, ,
yrE =y, (7.25)
¥ — 7,

KaKI0e M3 KOTODHX IPefCcTaBiseT co00i UmMcToe pacTAXeHMe WIH
C)KXATHe IO OJHON W3 I'JIABHHKIX OCeil.
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Wrak, moGoe Gecxomeuno Majioe mpeobpaszoBaEme GECKOHETHO
MaJofl 9acTHOH CHJONIHOH CPeIJH MOKHO Pasi0KHTh HA YeTHpe
opeo6pasoBammA, OFHO W3 KOTOPHX, (7.23), onpefesnsieTca BEKTOPOM
: ®, a 1pH, (7.25), mpeacTaBasnT cofoH YHCTHe YIJIKHEHUA IO TpeM
B3aUMHO NEPHOEHIUKYJISPHHM IVIABHHM ocsM. Ilpm 9ToM, B IpoTH-
BOMOJIO}KHOCTH CIYyUal0 KOHEUYHHX AedopManmii GecKOHETHO MaJioi
YacTAIL Cpefnl, MOPANOK BHIOOJHEeHHS yKasaHHHX mpeoGpasoBa-
HOil HeCcymecTBeHEeH.

daMermM, 4YTO BCe pACCYKICHMA OHJIM IPOBEJEHH OpAMEHH-
TeILHO K BEKTOPY P, BHXonameMy m3 HeHtpa uactmgu 0. Ho, Ba
OCHOBAHMH cBOHcTB adduHHEX mpeo6pasoBaHuil, wsMeHeHNEe MJIHH
BCeX HAPAJJIENBHBIX OTPE3KOB OfMHAKOBO, M II03TOMY IPOH3BOJE-
HEIH Manuil BeKTOp (He BHXOAAmM u3 ToyKu () UCIHTHBAET TO Ke
caMiie npeoGpasosanusa. Bce BeKkTOpH, mapaiieabHke OCH X, YA~
HAIOTCH Ha ¢;dl, DapajielbHbe ¥ — Ha e,df, ¥ mapajiaelbHue 2 —
Ha eyd!, UPOU3BOILHKEI BEKTOpP 0 YAJWHAETCA HA €,df Ha Ka-

OyI0 eNUHHNY IJTUHEI,

JdagnM  KAHeMarHdecKoe  HMCTONKOBaHUE
Berrop Buxps m ero Kmme-  popropy v, Bossmem npeoGpasosanme (7.23),

MaTHYeCcKO0€ HCTOJIKOBaHWE
* 06yCJIOBJIeHHOG BeKTOpOM @, 1 CcOCTaBAM
N3MEeHeHHe BEeKTOpa p, BRI3BAHHOE 3THM npeoﬁpasoBaHneM:
’ ¥ L3
o’ — p* = dp*.

Ecam My cOCTaBUM cKaJspHOe IpomsBemenme p*.dp*, To B cu-

ay (7.23) oHO OKasKeTCA PaBHEIM HYJIO, T. €. H3MeHEHNe BeKTOpa p*
OpTOTOHANLHO caMoMmy BeKkTtopy p*. CiuemoBartensHo, Bce e, = 0.
Taxum o6pasoM, upm npeoGpasopammu (7.23) GecKoHeuHO Majas
gacTuma cpeinl BemeT ce0s Kak aGCoOMIOTHO TBepJoe Teao, W MH
MOeM HCTOJIKOBATH (6 X p*)di Kak mepeMemeHde MpPX BPalleHAR C
MTHOBEHHOW YIJIOBOH CKOpOCTBI0 ® OGECKOHEUHO MaJoil JaCTHIIH
CILIOIIHOM Cpemsl, MTHOBEHHO 3aTBepAeBINell 10 MM MOCHe IPOHC-
memmei gepopManun, Vtak, BeKTOp ® ¢IOTyeT TOXKOBATH KAK MTHO-
BEHAYI0 YIJIOBYI CKOPDOCTH BpAamEHWA Teja, CBA3AHHOTO ¢ OecKo-
HEYHO MAaJO# 9acTHUeH cpepmsl, KOTOpoe 3a BpeMsA di ocTaeTcs TBep-
JIEIM, T. €. TPESAPA TIABHHX OCell TeH30pa CKopocTeil fedopmanmit.
Taxum o6pa3oM, BEKTOD ®, HA3KHBAEME BEKTOPOM BHXPA CKODO-
CTH, ABJAETCSH MTHOBEHHOM YTJIOBOM CKOPOCTHIO BPameHAA TJIaBHEIX
ocell Temaopa cKopocTedr medopmammii.

B cayuae xomeunoit zedopmammm GeCKoOHEUHO Majyol YaCTHIIH
€peNH IBMKEeHne TAKKEe CBOLUTCSA K HOBOPOTY B YUCTOR AedopManmm.
Haijtta Bexrop moBopoTa, 3HAA KOMIOHEHTH MAaTpPHIH addmHHEOTO
npeoGpasoBaHns Hc’j ", MOKHO, HO 3Ta 3aJiada CI0KHA. B caydae
IBUKeHNAA 6eCKOHOUHO Maiofi 9aCTHIE CIUIOMIHOM CPe/il 3a BpeMs df,
KoTjJla OOMCHBAalOMmMee ero mpeofpasoBaHdme ABIAETCSA GecKOHETHO ,
ManeM apduEERM mpeoGpasopandeM, BeKTop NIOBOPOTA paBeH o df. '

t
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Teopema Komm—Tleasmroms- Haxomen, co6epeM BMecTe pesylbTaTH BCEX

':(“)‘qu pg:;‘::‘ﬂ%qﬂz’:‘) Mg’;‘gg’i‘;’f upegsgymux paccy:xaenunit. Cdopmynmpy -

CTHIEI CPEeJBI eM Teopemy Hommn— eapMroasna o paziose-

HIA CKOPOCTH TOYeK 0eCKOHEYHO Maioii gac-

TANL cIIOmMHOH cpenst. CrkopocTdh v, noboi

toukrn O, (7.15) GeckoHeyHO Maloil WACTHUAI CIIOMHON CPEHH C
neHTpOM B O paBAsercH

=1, + o X p+grad ® (7.26)

E CKJIAJHBAETCH W3 CKOPOCTHM HOCTYHATENBHOTO ¥, W BPAIATENEL-
HOTO @ X p ABIKEHWH JaCTHI(EH KaK aGCOIIOTHO TBEPROH M CKOPO-
ctn v¥=grad @ umcroit mgedopmanmu

V1 = ¥y - Vppam + V™. (7.27)

O [EBEepreHIAA CROPOCTH Beenem monsaTHe AMBEePTEHNMN BEKTOPA CKO-
poctz v. Bosbmem B MoMent ¢t GecKOHETHO

Manyio cdepy
2t 4yt 4 2t = R,

COCTOALIYI0 M3 TOYEK CPefinl.
Yepes Bpema Al oHa nepeifieT B SNIMACOR], YpaBHEHNE KOTOPO-

T0 B TJIABHHIX 0CAX OyAeT, OYeBMIHO, MMETh BHJ

%2 *2 *2
z Y z = Re

TFeady T Fah)y T T Lol

(upmgeM cdepa 06s3aTeTBHO IEPEXOJNT B DILINICOM/ MK B YaCTHOM
caydae B cdepy, Tak Kak e;dl Malbl 0o cpaBHeHHMIO ¢ 1).
ITocMoTpuM, Kak H3MeHHTCS 5a ppeMa dt o0beM Takoil Gecko-

4
HeYHo MaJjoil cdepsl. Odermmuo, B MOMeHT ¢ 0GbeM Vi = —3—-31;R3,
a B MoMeHT { + Af Te ke JAaCTHLH cpequ GYIYT COCTABAATH 00beM
LIENCORA

V=2 mR (4 e At) (1 + ey At) (1 4 5 A1),

CocTaBEM H BHYACIOM IOpefie] OTHOCHTEABHOTO UaMeHeHus (eCKOo-
HeuHO Manoro ofmeMa cpeanl opu At — 0 1 V, — 0, mMeeMm:

V—"Vo
Altlm0 VAT =@ + eg 4- €. (7.28)
Vo 0

Cymma e, + ¢, -+ e; siBIAETCHA, 0YCBHUHO, HHBADMAHTHOR BeNMIM-
HOW—IePBHM HHBADPHAHTOM TeH30pa cKopocTeil pedopmanmii. Hak
H3BECTHO, Yepe3 KOMIOHEHTH TEH30pa CKopocTell RedopMmanmit B
NPOU3BOJBHONA ~CHCTEMe KOODJAHMHAT STOT MWHBAPMAHT MOKHO
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3amucaTh CIeqyronuM obpasoM:
e+ ea + e3 = €3 = g*Peqp.
W3 ompenenenns e;; (6.3) sugmo, 4ro
ea = Val®.
Ilo ompegenenuio MEBapMaHTHAsA BeJWYMHA V,U* HaB3HBaeTcA
IABepreHnueil BeKTOpa CKOpocTH M o6GosHadaercs div »:
divy = y,v°. (7.29)
B gexapToBoii cucTeMe KOOpAWHAT, OYCBHIHO, Gy/eM HMETh
dive = %:— + Z_Z + %lzﬁ .

W3 (7.28) BupHO, 910 div ¥ ¢ MEXaHWYECKOi TOYKH 3peHHS mpe]-
cTaBJsAeT cOG0d CKOPOCTH OTHOCHTEJIHHOTO M3MEHEHHS (eCKOHEUHO
MAaJIoT0 MEAMBUAYANLHOTO 00'BeMa CILIOIIHON CPEefH:

. . V—V
diveo = lim ?

Al =0 Vodt
Vo -0

8. Teopemm Croxca u I'aycca — Ocrporpaackoro
HEKOTOpbIe CBA3AaHHBIE ¢ HUMH CBOHCTBA BEKTOPHBIX IOl

Poranusa m pupeprennns Bek- [lycTh mMeeTcd HelpepHBHOE I0Jieé HEKOTO-

Topa poro Bexropa A, @ mycTs BeKTop A mMeer

OpOM3BOJHEE @EePBOr0 HOPAAKA IO KOOp-

puaaTaM. Bee paccysknmeHus, mpoBejieHHEE OTHOCHTEIHHO TOJMA v,
MOKHO TIOBTOPHTL NPUMEHHTEAHHO K M0N0 A M IoiyduTh

A=A —]—grad‘l"—l—é—Q X 0+ p0(0),
rye
1 i !
‘F:-z—aﬁxx], a;; =—2-(V5A:‘ + vids)

H B JIEKapTOBOH cmcTeMe KOODAWHAT

i j K
0 0 0

Q=13 % |- (8.1)
A, A, A,

ITOT CHMBOJMYECKUH OIpPONeNNTeNb MOKHO COCTABHTEL M TOT[A,
KOTJ{a BMecTO KOMIOHEHT BeKTopa A;, A,, A5 B3SATH TPOCTO KaKue-
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Enbyns tpu gunddepernupyemnie dynxumm P, Q, R or z, ¥, z (B
duKcHpoBaHHOH cHCTeMe KOOpPAWHAT JIOGHE TPU YHCJIA MOYKHO pac-
CMaTpPMBAaTh KAK KOMIIOHEHTH BEKTOpa).

Ecar A — pexTop, To BeKTOp {2, BBOJUMEIH 110 OIpeTEIICHHIO
pasencTeoM (8.1), HasHBaeTcA potanuei sekropa A m o6ozmagaercs
caegyomuM obpasom:

Q=rot 4.
Anamormano  (7.29) MOKHO OTpEJeJNTh AABEPTEHIUI0 BEKTO-
pa 4 nrax
diV A = VaAa
AW B J{eKAPTOBOH CHCTeMe KOOpIWHAT Kak
. 04 | 84 | 84
divA = —a-;- + 'a—y‘ + 2z "

Taxmm o6pazoM, MOMHO CYATATh, UTO

1
0 = -2—'1'0t v,

T. €. BOKTODP BUXPA DaBeH HOJOBWHE DOTALUHN BEKTOPA CKOPOCTH.
BossMeM B obnacTm ompeflelIeEMA BEKTOP-
HOTO moisi A HEeKOTODHH DA3OMKHYTHH £
mid 3aMeayTei C xoETyp. CocTaBUM CKAaNAPHOE IPOW3BE/CHHE
A .ds, rme ds—manpaBieHHLT pjeMeHT KoHTypa £ wmam C. Iro
cKajfApHOe  mpomsBefileEde OygeT, OYeBHAHO, HHBAPHAHTHOI
pemuguaoii. (O6paszyeM HHTerpaln

Ilapryasnms BerTOpa

B A
{ (4.05)=T. , 4
AB s
Bpegennmit TakuM myteM ckanap I
HashBaeTcAd NUPKyIANuedl Bextopa 4 mo 1
Koutypy ¥. Hanpasnenue o6Xoa 1o KoH-
TYpy AoiukHO GHTH yKasaHo. llmpryxas- P
mua I’ saBmeut B o0meM cilydae OT KOH-
typa £, 0 KOTOPOMY OHA BEMYHCIAETCH.
OueBupmno, Puc. 16. K ompenenennio
UM PKYISAHAH.

F4ap= —TBa.
Ecuam Bextop A ecTb CROpPOCTD TOUEK CIIO INHOH CPeAH ¥, TO

r={ @wds)=(udz+vdy 4 was

AB AB

Ha3KBAETCA LHPKYIANHEH CKODOCTH.
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HYCTI) BEKTOP CHKOPOCTH ¥ HMeeT HOTCHIHAJ

v = grad ¢,

TOr/A

a
= g (v-ds) = S%ds:(pg—qu.
AB AB

OTciofia BUIHO, 9TO B CJIy9ae IOTeHNUANbHEX IBIKOANH MUPKY I~
OusA CKOPOCTM 3aBHCHMT OT KoopawAaT T09eK A m B; 3nadenue [’
He 3aBHCHT OT BMa KOHTYpa £, ecal HOTEHIWAN ¢ ABIAETCA ONHO-

3HaYHOH ¢yHKmmeit kooppumar. HanpmMep, mpu ¢ = oy TAe

Q =const, I me saBucur or I,
u OTcIfla CcliegyeTr, 9T0 B 3TOM
caydae OUPKYIANMA 0O  3aMKHY-
toMy Kourypy C pasHa Bymo, I'¢=0.
Ecaun e, mampuMmep,

¢ = k0 = karetg-L  (8.2)

(k — mocToAHHAA BeAWIHMHA), TO

Puc. 17. Uuprynanua B cay- _ _ .
ae (8.2): I'y = 27k, I'py =0, ¢ —@a=Fk(05 —04),
I'. = 2nkn npm obxoxe TOd-
KH O n pas. M OTCIOfIA ClIe[lyeT, 9TO B 3TOM cliydae

CYmecTBYIOT TaKue 3aMKHYTHE KOHTY-
pxH C, oXBaTHBalOI¥e HAYAJN0 KOOPAMHAT, 10 KOTOPHM IHp-
RyJIANAA OTIUYHA OT HyAA (pme. 17).

IIycTe Teneph CKOPOCTh » HE MOTEHIMAJN HHA .
Bosbmem samxEyTHIE KOETYD C T J0IyCcTHM,

970 HA HEr'o MOKHO HATAHYTH IJIaKyI0 HOBEePXHOCTH X, HA KOTOPOi
moJie ¥ HempepuBHO U AnuddepeRUpyeMo, T. €. ZOMYCTAM, 9TO KOHTYD

C MO}KHO CTAHYTH B TOYKY, OCTaBasich B 06JacTH HeIPepPHBHOCTH |
u qudpdepengupyeMocTr . PasGus moBepXHoCTH X KoHTypaMm C

TaK, Kak moxaszaHo Ha pme. 18, Oymem mMeTh

I ={(@-ds)= 3 w-ds). (8.3)
C

k Cp

Teopema Crorca

OT0 pPaBeHCTBO OYEBHAHO, TAK KAK HHTErPAJbl, B3ATHe mo 06mum
CTOpOHAM KOHTYpPOB (), IPH CYMMHDOBAHHE COKDATATCA WH3-3a
OPOTEBOMONOKAKX HANpasjeHHi o6xoma (pme. 18).

Koutrypu Cj MOKHO B3ATH CKOJIb YIrOAHO MAIHME, A IPH BH-

unciermn ', — \ (v-dg) MOMHO CINTATh, ITO CKOPOCTH ¥ HA Cx

v

Cx i
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oxpepehsercsa no TeopeMe Homm—TI'eapMroasna o pasoMeRIH CKO -
POCTH YO4YeK MaJlofi 9ACTHMI(E CIIONTHOHM Cpefsl ¢ HeHTPOM B He-
KoTopoit Touke O, NeKameil Ha MOBEPXHOCTHE % BEYTPH KOHTYDpA,

Ve, = Vo, + © X p + grad ® 4 p0 (p). (8.4)

IIpm shamcaennn e, craraeMsie ¢ vo, u grad @ papgyt Hyaw,
TaK KaK 3TO NOTEHNNAJAbHEE BeKTODH U OTeRIANE NX OfHO3HAYHHI,

6’

Puc. 18. K BuBony reopemu CToKca.

a BKnag ot wiena pO (p) Gyner Manoii BHCIIEro DOPAAKA IO CPABHE~
HHEIO ¢ YJICHOM K[(mXp)-ds].
&
Jlerko yGemgutbea (cM. pme. 18), gt

[(@xp)-ds]= [(@xp)-dp]= { [@-(oxdp)1=0- § (pxdp) =
K Ck Ck Ck
= 20-nds = 20,ds, (8.5)

e

TaK KaK BEKTOp @ B Ipefenax OeCKOHEYHO MajJoro KoHTypa Cp

HOCTOAHEH (OH 3aBUCHT TOJNHLKO 0T 0}), (S (pX dp) paBeE mO BeaH-
k

guae 2d¢ ¥ HAIpaBJeH 00 HOpMaiad 7 K do B TY CTOPOHY, ¢ KOTOPO#
OOBOPOT P K dp BUfEH IIPOTAB YaCOBOH CTPEJNKH, a 00JacTh mOBEpPX-
HOCTH X, HATAHYTasd Ha GECKOHEYHO MAJNHIN KOHTYD (g, MOMKET CUM-~
TAThCA INIOCKOM (71 — eJUHWYHHI BEKTOpP HODMAJH).

Teneps mo (8.4) m (8.5) B ipepesne npm k—> oo u Cy, CTATABAEMEIX
B TOUKY, moxyumM fopMmyly, HashiBaeMylo TeopeMoit CToKca:

\ vids = 2§ 0.ds, (8.6)
C b

T. 0. HEPKYJIANAA CKOPOCTH IO 3aMKHYTOMY KOHTYpY C paBHMETCH
VABOPHHOMY IOTOKY BEKTOPAa BHXPH CKBO3b NOBEPXHOCTH X, HAa-~
TAHYTYI0 Ha 3T0T KOHTYp. IloguepkaeM, uro B (8.6) HampaBaeHme
HODMAJIK 7 AOHO OHTH BHOpamo Tak, 4ToOH ¢ ee KOHIA 06Xof
KoHTypa C ORI BUJeH OPOMCXOAAMUM NPOTHB YacOBOHW CTPENKH.
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Ogespupno, teopemMa CroKca BepHA He TOJNBKO NS BeKTOpa
CKOPOCTH ¥ CINIONIHO® CpejHl, HO ¥ JJis AI060ro JPYroro BeKTOpa
A = A3, yIOBIETBODAOMEro HEOGXONWMEIM YCIOBHAM Hempe-
pmnocm a gapdepennupyemoctr. Hanmmem remepns Teopemy CTok-
ca AjaAa Bextopa A B PasHEIX BHAAAX:

{ 45 =\ 4ydzi = S (rot 4),ds —
C C

:S [(%‘3—3—— aaAz)cos(n x)—{—(%- %Aa)cos(n y)+

pH]

+ <.%‘g2— — ‘z;;l )cos( )] ds.

Norermmaspabie m Gespux- J[pmskeHDe CINIONIHOH cpefll HA3HIBAETCA B
PeBLIe NIBIGKEHHA HeKOTOpoil o6macTH Ge3BHXDEBHM, eCJIH

® =0 BO BcexX TOYKAxX 3TOl 06JacTH, W BUXpe-

BHIM, Korfia 0<=0. B ciaydae GesBmxXpeBHX [BHKeHUH BOJOKHA, pac-
TONOKeHHEe B JAaHHOH MOMEHT BpeMEHM BJ0Ab TJIABHLIX ocell TeH-
sopa cKopocreil meopManuit, coxpa-

<7 HAKOT B TeueHme OCCKOHEYHO MAJoro
g MPOMEKYTKAa BPeMeHH CBOI0 OpHEHTa-
A OuI0 B OpOCTpaHCTBE.
B (DopMaIbHOR IPOBEPKOH JIETKO IO~
L7 JYyYHTH, 4TO ecium v = grad @, TO

Puc. 19. K oxBHBaJI€HETHOCTH 0= 0’ 1, CJ6/[0BATeILHO, UMPKRYIALNRA
GespuxpeBHx W morTemmuans- U0 JIO0OMY  3aMKHYTOMY KOHTYPY,
BHX TeTeHMi. YIOBJIETBODAIOMEMY YCIOBHAM Teope-
mu Crokca, paBHa Hyml. TakmM 06-
pa3oM, eciid IBUAKeHNe MOTeHIMANbHOe, TO OHO ¥ He3BUXPeBoe.
Ioraskem obpaTHoe, T. e., ecam npwaenume Gespmxpenoe, @ =0,
TO OHO NOTEeHINHUANLHOE, T. €. CYMECTBYyeT Takag (QYHKIHUA ¢, HTO
v = grad .
JIa 0KasaTeNsCTBA BO3LMEM MesKIY NAHHEIME Todkamm A
u B nBa komTypa &) m £, (pme. 19), KoTopue MokHO AedopMuEpo-
BaThk IPYT B JpyTra B 00IaCTH HEUPEPHBHOTO 0e3BHXPEBOTO JBHIKE-
Bus. Ilo reopeme Crokxca mmeem

uder +vdy +wdz=0,
Li+iy .

mo3TOMY

Tap= S uder ;- vdy +wdz = S ude - vdy + w dz.
£y —£s
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Tak Kak KOHTYPH £; W £, HPOM3BOJBLHEE, TO OTCIO[A CIELYy-
eT, 4TO

\wdz tvdy +wiz =gz, v, 2),

AB

T. €. DUPKYJIANAA MesKAy ToukaMa A u B He 3aBHCHT OT IyTH HHTET-
PHPOBAHMA, a 3aBHCUT TOJHKO OT KOOPAMHAT KOHEYHOU Touku B3, ec-
am HavaasHasg Touka A ¢umrcmposana. Ilpupamerue I ma mroGom
GeckoHeYHO MasoM yuacTke BB’, ouenmgno, GymeT paBHO

udr 4 vdy - wdz = dy,
¥ CIe0BATEIBHO,B CHIY NPOU3BOIBHOCTH dx, dy, dz GysemM NMeTh

o ) 3
R T

u—=
Taxkum 006pasoM, HOHATHA HOTGHIUMAJBHHX ¥ 0e3BEXPEBHX
JBWXEHWIL SKBHUBAJCHTHEL.
Kak wusBecTHO, 00,1aCTH HA3BIBAETCA OHO-
MnorozHasmoCTs ~ MOTEH-  cpaapgji  ecau J10GOH 3aMKEYTHE KOHTYD,
OHaAAa H HEOMHOCBAIHOCTD o o
0GAACTH TeSeHH B3ATEIA B 9TOM 006JIaCTH, MOKHO CTAHYTH B
TOUKY, HE BEIXOAd 8a npefeist oljacrd; B
OPOTMBHOM CJIydae 08IacTh HA3HBAETCA MHOrocBasHo#. OdeBmmHO,
uTO ecau 00JAacTh HENPEepPHBHOTO MOTCHOMAILHOTO IBHKOHEA
OTHOCBA3HA, TO MOTEHOMAJ () — OXHO3HAYHAA (YHKOUA KOOD-
OUHAT, ecaum 3Ta 00JacTh MHOTOCBA3HA, TO ¢ MOKeT GEITH MHO-
rosHauHoil ¢yHrmmedr koopamaar. B MBoroceasHo# obGxactm mup-
Kyxaanma [' mo KOHTypaM, He CTATHBAIOMEMCA B TOUKY, MOKET
OTIMYATLCSA OT HYJIA X OXMHAKORA 110 KOHTY PaM, KOTOPEE MOJKHO Ie-
peBecTH JpyT B [[pyTa, He BHXOAA 3a mpefeias obmacta. B mpmmepe
(8.2) o6Gaacth HempepHBHOCTH LOTEHIEAALHOTO ABIIKEHASA ¢ = kO
He OXHOCBA3HA, OCh z ABIAeTcA 0Co0oit nmmmeil.
Ilone BewTopa B HasHBaercs CONEHOMZAND-

Cozemompaibanie  moAs B pypy ecm MMeET MeCTO MHBAPHAHTHOE yPAaB-
HX CBOHCTBA HeHme -

divB = V,B* = 0.

Honnsyaco onpenenenuamu div B m rot A, HemocpeicTReHHOH
MPOBEPKOIi TETKO YCTAHOBUTH, 9TO II0Je POTANMN J060ro BekTopa A
BCET/[a COJEHOWTANLHO, T. €. eCIH

B =rot A,
TO
diVB = 0.
B =actrocTm,
1
O = - rotv,;

2
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II09TOMY TIPH JBWKEHUH J1000# CILIONIHON CpeAsl A MOJA BEXpei
BEPHO paBEHCTBO
div ®W = O

WIN, B JEKapTOBOH cuUCcTeMe KOOPAHHAT,

dw1 dwy 003
ox + dy + oz 0.
TaxuMm o6pasom, IIoJe BEKTOpPA BAXPA CKOpocTH (moJse BEXpel)

BCErJa COJEHOMIAJIBHO.
Ecam cpema Hec)kumaeMast, T. €. ee 00BEM BO BPeMA [JBIDKE-
HAsA He MeHsercsa, To mo (7.28) mMeeM

dive =0,

T. . IOJIe CKOPOCTeH HeCKMMaeMo# cpefhl COJIeHOMIaIabHO.
Kak msBecTHO W3 pU3HKH, I0Je BEKTOpa MAaTrHATHOI HaIpaKeH-
HoctE H TakiKe Bcerjga SABJSETCH COJEHOWJANBHEIM:

div H =0.

JI1060f comeHomAANLHERN BeKTOP B MOMHO HpeJCTaBHUTEL B BHJE
B =rotA. (8.7)

B caMoM fene, wacTHOe mpeacTaBieHne BekrTopa B mo dopmyie
(8.7) gepes BexTop A, MOKHO HOCTPOHTR CJeAylomuM ofpasoM.
BoarMeM fAexapTOBY CHCTEMY KOODAWHAT M monoxmM A,, = 0.
Torma pasercTB0 B=rot 4; IpUBOANT K clefyomeil cucTeMe ypas-
HeHuil nnA onpenenennsa A, m Ay,

_1_ 8A1y .
T2 Ta T e
1 04, 8 7/
D Tz = By, (8.7)
1 (aAl_,, e\ g
2\ or oy ) TF

9ra cmcreMa mpu ycaosum div B =0 Gypmer ynoBaersopeHa,
€CHM HOJOKHUTH

2 x
Alll: ——25 Bxdz + ZS Bz(zv v, Zo)d‘z?

z

A, =2\ Bz,

Zo
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JleCTBHTENBHO, HEIOCPEICTBEHHEO BUHO, YTO MepPBLIE BA YPaB-
’
menusa (8.7") upu sToM yRosaersoparca. Tperse ypasHenue (8.7)
TaK)Ke Y70BJETBOPAETCH, TAK KAK B CUJY PAaBOHCTBA

0B 0By OB
X, + — 2z
ox oy 0z

MOJIY4aeTcsaA, H4TO

1 /04 04, ¢ /0B_ 0B
(= ) = = (52 5t e + Bula, v, 20) =

2o

I

z
S a{iz dZ—i— Bz (l‘, Y, ZO):Bz (1‘, Y, Z).

Zp

OueBuAHO, YTO BCe BEKTOPH A, YAOBIETBOPAWINUE YCIOBHIO
(8.7), Moryr OHTH mpefcTaBJIeHH B BHUJE

A = A, 4 grad ¥,

rue ¥ — mpomsBoapHadA cKanapaas pysrnuA. leficTeurensHo, fid
pasuoctn A— A, NOKHO BHIOJHATHCA PaBEHCTBO

rot (4 — A;)=rot A — rot 4; =0,

T. €. 974 PA3HOCTH JOJIKHA IPENCTABIATHCA B BHe IpafueHTa He-
roropoit pyErnun V.

Ha npuMepe mosist BeKTOpa BUXPSA @ PACCMOTPHUM 00Ique cBoHCTBA
COJeHOMIAJNBbHLIX MOJEH.

Kax mus BcAakoro BeKTOPHOT'O IIOJIsA, JJIA IOJIA BEKTOpPA BUXPA
MoyKHO BBecTH (cM. § 3 ra. 1) moEATHA BeKTOPHHX JIMHEH, IOBEPX-
HOCTeH U TPYOOK, T. €. IOHATHA BUXPEBHX JUHHII, IOBEePXHOCTEH B
Tpy6oK. Buxpepoii nuaMei Ha3KBAETCA JIHHNA, KACATEIBHAA B KaK-
JOH To4Ke KOTOpOi COBIAJiaeT ¢ HANIPABJOHWEM BEKTOpPA BHXPA ©.
Jurddepennuansasie ypaBHeHNA BHXDPEBHIX JHMHUHA HMeIOT BHJ

Lo Gy _dz (8.8)
o1 2 o3

Buxpepas mosepxHOCTD f (z, Y, Z) = const CINIOIIB COCTOMUT H3

BHXPEBHIX JIMHUA, W ee YPAaBHeHWEe HMeeT BK,I[

0 a]; + o, af —|—m3 = 0. (8.9)

Buxpesas TpyOkra obpaayercs, eclu yepe3 BCe TOYKH 3aMKHY-
Toll KpEBoH C (He ABAAIOMelicA BUXpPEBOH JUHWe() OIPOBECTH BHX-
peBuie nuEmu. BokoBas IIOBerHOCTb BUXpeBO#l TPpy6KHM — BHUXpe-
BaA [OBEPXHOCTH, M Ha Hell o

PachOTpn.M CBOHCTBA BHXpeBLIX pr60n. Ha Goxoroii moBepx-
HOCTH BMXpPeBoil TpyGKHU Bo3bMeM fiBa KoHTYpa C; m €, TaK, Kak-
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noxazaBo Ha pmc. 20. CoegmHNM 9TH KOHTYDH paspe3oM Z;,%,.
K o6pasoBaBmeiicA mpu 9TOM TOBEPXHOCTH X, IEJHKOM JIe;Kameil
Ha G0KOBO# NOBEPXHOCTH BUXPeBON TPYyOKH, HPEMEHUM TeopeMy
Croxkca. Iloayamm

(v-ds)= 0.

0 MpasMie I

Hanpasnerne of6Xofa TIpaHuOE IOBEPXHOCTH X YKAa3aHO HA
puc. 20, nBa Gepera £y U £, paspesa NpH WATErPUPOBAHUH IIPO-
XOIATCS B PAsHHX HANPABICHUAX, M MOITOMY HHTErPadsl IO HAM

Pnc. 20. K cpoiicTBaM BHXpPeBHX TPYGOK.

B cyMMe jaioT Hyab. Kortypsr C, u C, takme IPOXOFATCA B IPO-
THBOMOJO¥KHNX HANPAaBJICHUAX, H, CJIEIOBATENLHO, CMeHUB 06X0
OJHOr0 W3 HAX HA oGpaTHHIH, HOJIYyIuUM

S (v-ds) = S (v-ds),
C1 C:
MK
L¢, = Te..

Konurypu C, u C, MoryT OBITH DA 3TOM, 09€BRHO, IIPOU3BON D~
HEMM KOHTYpaM®, OXBAaTHIBAUIMMM OIMH Pa3 JARHYI0 BHXPEBYIO
tpybry. CaemoBaTenbho,

I'c = const,

rie C — TpousBOJBbHEI KOHTYP, OXBATHBAKMUI 0JWH pa3 TaHHYIO
BUXPEBYI0 TPYOKY.
upKryasanus

To =\ (v-ds)
C

wiId paBHas et no reopeMe Crokca BexmdmHA

2 S w,ds,

z
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Tie & — MOBEPXHOCTh, OTpammdenHas C, a HaunpasieHusa o0xoja
C u HopMand 7t K 2 CBA3aHH TaK, KAK YKA3HBAIOCH UPH BHIBOJO
! reopeMul CToKca, Ha3KBAETCH HANPAKEHHOCTHI0 BUXPEBOH TPYOKH.
Hanpssxenmocts  BEXpeBoil TpyOKM ofim-
HaKOBa BIOJbL TPYOKM H SABJASAETCA XapaKTe-
PUCTUKON AaHHOH TpyOKm. dTo yTBEpIK/eHHAE
HOCHT HasBaHWe UePBOH KUHEMATHYECKON TeopeMu I'eIpMroabma
j 0 BHUXpAX.
Bropas xunemaTudeckas TeopeMa I'eIBMroJabIA COCTOHMT B TOM,
YTO BUXPeBHE TPYOKH He MOTYT HAYMHATHCA M KOHYATHCH BHYTPH
CpPenn. 9JT0 HeIOCPeNCTBEHHO BHTEKAET M3 YCIOBHA HEIPEpHB-
HOCTH ITOJIA ® X HEBO3MOKHOCTH NEPECeYCHWA BUXPEBHIX JHHHIL,
Taxum o6GpasoM, Buxpesse TpyOKu ambo MOTyT OHITHL IAMKHY-
TEIMH, JAR00 MOTYT KOHYATHCA M HAaYMHATHCA HA TPAHMOAX [ABH-
ymewica cpensl, ambo, ecam cpega HeorpaHMYeHa, MOTYT
YXOJuTh B GeCKOHEUHOCTS.
MuryuturHO KajkeTcd, 4TO TEUCHWE KUITKO-
CTH BceTa BHXpeBoe (® ==0), ecim B moTOKe
HMeIOTCH 3aMKHYTHE JAHWH ToKa. J[lefict-
BUTENLHO, €CJIM B IIOTOKEe HAGMIOMAeTCs pacipefielieHAe CKopocTeil,
aHAJOTMYHOE NOKazaHHOMY Ha puc. 21, ¢, TO TUPKYIAIAL IO
HAapHCOBAHHOH HA PUCYHKe JWHUH TOKA OTJIMIHA OT HYJA,

T'c :S Veds =0,

C

KuanemaTHueckne TeopeMn
T'eapMromsna o BHEXpAX

IIpaMeps BAXPEBHX Te-
9eHui

TAK KaK MOAHHTErpajibHOe BHpAajKeHHe HA BCEM IPOMEMYTKe HH-
TETPUPOBAHMA He MeHSeT 3HaKa, mo TeopeMe (CTOKCa HA IOBepPX-
HOCTH, HATAHYTOM Ha KOHTYp C, OOIDKHBE CYUIECTBOBATH TOYKH
¢ w,=~0, tesemue Buxpesoe. Ho 3TOT BHBOJ CHPABEXIUB TOJBKO
B YCIOBHAX UpuMeEHUMocTH TeopeMn CToKca, T. €. TOIfa, KOTAA
Ha C MOHO HATAHYTH HOBEPXHOCTH 2, Ha KOTOPOH 10Je ¥ BMecTe
€O CBOMMM 9acTHHMM NDPOM3BOJHKIME HempepmsHo. Hampmmep,
HEeNb3s CHeAaTh BEIBOGA O TOM, 4TO TeueHHe OPH HAJIWIMM pac-
upefenenns cropocteit (puc. 21, a) BuxpeBoe, ecam KoHTYp C
OXBaTHBaeT TBEP/0e IWIMHApUYecKoe Telxo ¢ ofpasyomei, mapai-
neasHO# ocH z (puc. 21, 6). Hexpasa cjlenaTs TAKOTO BEHBOJA U TOTAA,
KOIfa TOJA ¥ HAM ® mMeoT BEyrpu C ocobeHHOCTH.
B sroii cBAsm ocTaHOBHMCHA mOjipofHee HAa HmpuMepe TedeRHA

¢ = k0 = karctg 2 (8.10)
9TO0 TedYeHHe MOTEHONMAABHO, PV = gradq), ero JNMHUH TOKA
OpPTOTOHANBHL TIOBEPXHOCTAM @ =const u ABIAAIOTCH, ClI6A0Ba-

TeIBHO, B naocKocTy xOy okpysxmocTAME. CKOPOCTH HaNpaBIeHA B
CTOPOHY pocTa @, ¥ MOo3TOMYy, ecim £ > 0, TeueHMe HAIpPaBICHO
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TaK, KaK IokasaHo Ha puc. 21, 6. Hupkynanua I’ mo moGoit oxpymx-
HOCTH, COBNAJAIOMEH ¢ JUHHON TOKA, OTAWIHA OT HYJA, XOTA TETe-
HZe HOTeHIHAJBHO BCIO/IY, KPOMeHAa9ajia KOOPAMHAT, TAe MOTOHIIHAT
He ompefeneH. Ecam ME mofcIuTaeM BEKTOD BUXPS JJA DTOTO Te4e-~
HHA, TO YBHAWM, IT0 OH OymeT paBem HYJI0 BCIOAY, KPOME OCH Z;
HAa OCH Zz BeJIHYMHY @ HYXHO LIDHDABHATL OeCKOHEYHOCTH.
TaxkuMm o6pasoM, BIOJIb OCH 2z NOAA ¥ M @ HMelOT ocoleHHOCTH,

V4

t  t4t /

7 D oy

v ]

A FA F
Z V/) Z

v
S a 4 8 2)

Pmc. 21. IlpmMepH BO3MOKHHX BHXDEBHIX TedeHHIA.

Bpoas ocu z mMeeTca m30JMpoBaHHAS BUXPEBas HATH KOHEYHON HH-
TeHCUBHOCTE I' = 2mk. T0O TedeHUe HOCHT Ha3BaHMe Te9eHHA OT U30-
auposaHHoro smxpa. He caegyer myMaTs, UYTO BHXPeBhHe TeYeHHSA
06s3aTeIbHO CBASAHH ¢ HAJWIAEM B NOTOKe 3aMKHYTHIX JIMHHII
Toka. PaccMorpmM tegenme (puc. 21, 2)

u —=ay, V=W =O,

Ifle @ — TMOCTOSTHHAA MOJOKUTENbHAA BeJIMIMHA.

TpaerTopuum, COBHAfaiol(Ae C JIZHUAMH TOKAa B TOM TEUGHUH,
— mpsAMEe, [apajieibHble ocu . Pacupefmenenme cKopocreit
BHoAb JdoGoil mpsaMoit z = const auHeliHoe. HemocpectBeHHOE
BHUUCJIEHAE KOMIOHEHT ® B [JEKAPTOBEIX OCAX KOOPJAWHAT JaeT

a
0 =y =0, W3 = — 5,

T. €. TedeHWe BUXPEBoOe, ( HANPABIEH IPOTEB OCH z U He MeHAeT-
CA OT TOYKH K TOoYKe. DeCKOHeYHO MajadA KEAKAsg dYacTHIIA,
B3ATafd B MOMEHT ! B Buje KBagpata ABCD, B MoMenT ¢ 4 At me-
peiiger B poM6 A’B’C’D’. MomxHO 10KAa3aTh, YTO I'JIaBHEE OCH TeH-
s0pa cKopocTell fefopManAii B MOMEHT ¢ COBHAAAIOT ¢ AHATOHAIAMHE
KBaJipaTa, a B MOMeHT ¢ + Al oHM mepeXoJAT B AHarcHAaJ® pomba.
¥Yram Memay TIaBHHIMHA OCSAMH B IpPOLECCe JABIKEHUA OCTAITCH,
OYEBHIHO, IPAMEMHA, HO UX OPHEHTANUA B IPOCTPAHCTBE MEHACTCSA.

. a
OHZ BpamarTcA ¢ YrIOBOH CKOPOCTBI0 ®© = — 5 k.
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Teopema Iaycca—Ocrpor- Hanomuamm rtemepp Teopemy I'aycca — Oec-
papcxoro TporpajcKoro. BoabMeM B IBIRymeiica cpe-

Ae B MOMEHT { WHAWBHAYaXBHHE 00BeM
V cnmommo#l cpepnl, orpaHWYeHHEHIH WOBePXHOCTHIO 2. B rammoit
TOYKe IIOBEPXHOCTE 2 BHOepeM BHEIIHIOW IO OTHODIEHHIO K V
HOpMads 7. B MoMenrt ¢ 4 Af sToT 06BeM mepeiimer B 06BeM V', a
3 — B moBepXHOCTH 2’, orpammumsanmyio V' (puc. 22).

Pumc. 22, K reopeme T'aycca—OcCTporpagcKoro.

Usmenenwe o6wemMa V' — V, ouwesmmmo, GymeT pasHO

V-V = S v, At ds.

z

YMersmenne V' mo oTHOmenuio K V yYATHBaercs NIpPH 3TOM
aBTOMATHYECKH YCIOBHEM O TOM, 9YTO HOPMAaJh BCEra BHEINHAA
k V.

Cropocts m3MeHeHNA o0BeMa paBHA

lim -YA_—:V = S v,do.
At J

Ananormaso s GeckoHeTHO Masoro o6beMa V¥, orparnaeRHOTO
NOBEPXHOCTHI X*, OyHeM mMeTh
. Ve —ve
lim —x— = S v,ds.
Al—0 S
BocnoapsoBaBmMACE OnpefieieAneM AHUBEPTeHOUA BEKTOpPA CKO-
pocra (7.28) m BCIOMHUB €6 MeXaHWYECKWil CMEICI, B [eKapTOBOH
CHCTEMO KOODAWHAT IIOJIyYNM

S Upds = S [ucos(n, ) + vcos(n, y) + wceos(n, z)]ds =
n* bt
.3 N du dv ow . N
=V d1vv+Ve=(—a; +E+W>V + Ve, (8.41)
rie € — GecKOHEYHO Majiafg BeJMIMHA.
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Honeunniii 06beM V Bcerga Moxxe0 pasGuTh Ha GeCKOHEYHO Ma-
anle 06peMu V¥ w muig Kasoro m3 HMX HammcaTh pasenctso (8.11),
ecan v BEyTpE V HempepsiBHO B Auddepernupyemo. Ilpocymma-
poBaB (8.11) mo BceM cocTapustomuM V* u BasgB mpefea npd Yucie
pasbmenmii, cTpemsmeMca K GecKoHeuHocTH, I V* — 0, moayumm

S [ucos(n, x) + vcos(n, y) + wcos(n, z)]ds =
)
::S (%Jr _g.;_+ _g_;‘L) dv, (8.12)
v

TAK KaK B JeBOH YacTH HHTETDAJbI, BBATHE N0 CMeKHKM MOBEPXHO™
cTAM 2%, B CHIY DPOTHBOIOJOKHHX HaNPaBIeHHA HopMaleil K
HIM COKDATATCA U B Iipefiesie OCTAHOTCA MHTEI'DAN TOJIBKO MO BHEII-

Hell mOBepXHOCTE 2.
Pasencrso (8.12) n mpepicraBaser coboii reopemy l'aycca — Oc-

TPOTPAJICKOr0 0 npeo0pa3oBaEMM WHTErpata, B3ATOr0 IO 3aMKHY-
TOM NOBepXHOCTH 2, B MBTETPAJ, B3ATHH IO OrpaHHYeHHOMY 3TOM
moBepxHOCTEI0O X 00BeMy V. Pasencrtso (8.12) MokHO HamucaTh B
BIJe, HE3ABMCHMOM OT BHOOpA CUCTEMH KOODAMHAT:

S vods = S divedr. (8.12)
\4

n

QuesupHO, M0G0 BenpepPHBHHA ¥ HMeONHH IepBHe HEenpe phlB-
HEle TPOM3BOJHLE BHYTpY V I Ha IOBEPXHOCTA X BeKTOp A MOMKHO
TPAKTOBATH KaK CKOPOCTH ¥ W MOJYYHUTH st Hero gopmyny Taye-

ca — OcTporpajickoro:

S A-ndo= divadr

2 L

Boxee Toro, Tak Kak B JaHHOH cucTeMe KOOpAMHAT X00Le Tpu

BenmumHs P, @, R MOMHO TPaKTOBATHh KaK KOMIIOHEHTH BEKTOpa,
teopemy I'aycca — OCTpOrpajicKOro MOKHO HAIHCATh Hiaf JIOOHIX
Tpex HeupepHBHHX u AudpdepernmupyeMmux ¢Pymxmuit P, Q, R or
z, Y, %z, 4 UMPHHO:

S [Pcos(n, z) + @ cos(n, y) + Rcos(n, z)]ds =

Ilom mBTerpamamum B ¢opmyre I'aycca — Ocrporpamckoro
KaK cOpaBa, TaK I CJeBa CTOAT MHEBADWAHTHEE, He 3aBHCAIIEE OT
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BHfopa CHCTEMH KOODAMHAT BEJUYHHH. ECJIYM OHI U3BECTHH B fie-
KapTOBOH CHCTEMEe KOOPAHHAT, TO HX JIETKO BEIHMCJINTEH B J1000H
Apyroit cmcTeMe KoOpAHHAT. A MMemHo, mycTh B JoGolt cmcte-
ve 1, 1%, 7’

A = A%, n = naY
TOTAA

An = A_’f_nk']

divd4 = V, A% = i‘il-]i-i— ATS;,
ank

rae cumoms Hpucroddens TI'y; BHUHCIAITCS COTIACHO MOJydYeH-
HHM BhIe GopMyaaM Ho g;; B mpocrpancTse 1!, 0%, n® (g;; MoxHO
BHYUCIUTE 10 HopMynaMm npeobpasoBaHusa 0T AeKaPTOBOH CHCTEME!
KOODJWHAT K AaHHO# cucteMe n!, 12, n°).

Tenepsr teopemy I'aycca — OcTporpafcKoOro MoKHO HaIMCATh
B CIeAyomeM Buje:

S Afnyds — S v, Ak dr, (8.14)

z vV

KOTOpHI CHOpaBe[IuB B NPOM3BOALHOH KPUBOJMHEHHOM CHCTeMe
KOOpJHHAT. 3aMETHM, 9T0 YHCJIO0 W3MeDeHHH IPOCTPAHCTBA IIPH BEHI-
Bojie TeopeMul 'aycca — OcTporpajickoro MokeT OHThL IPOH3BOJb-
HENM. B Mexammke m B (H3HKe 3Ta TeopeMa YacTO LIPUMEHAETCH
A OBYMCPHEIX, TPEXMePHHIX W 4YeTHpeXMepHHX obaacteil.

BruBeneM eme ofHY NOJE3HYI0 AJAA Hadb-

BaBEA 00 BpeMenn mA- Helimero ¢QopMysy BEKTOPHOIO aHaJHM3a.
Terpana, ssAToro mo mof- Ilycth uMeercd mpou3aBoJbHasg QYyHKIuMA f
BHIKHOMY 0GBeMy (oHa Mosxer OBITHL M TEH30DOM), B3aBUCAMAA

0T KOOPAUHAT TOYeK INPOCTPAHCTBA ¥ OT BpeMeHnm ¢. PaccMorpuM
HWHTEIpaa

&f @, ¥, 2, t)dv

IO HOABMKHOMY 00OBeMy V. BHUMCIEM OpoOU3BOIHYIO

d
_dTS f(xy Y, 2, t)dT,
\2

TAe OT ! 3aBWCAT He TOJLKO TOALHTErpaidbHAasd $yHKOus, Ho ¥ 06-
zactes ummTerpEpoBagma V. Ilo ompemenemmio mpomaBomHO# (CM,
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pEc. 22) MOMHO HamHCaTh

d
ra ‘ f(x, 9,3, t)ydi=
v(t)
f{=, v, 2, t + A2) d‘l‘——S f (=, y, z, t) dt
\4

= lim =
A0 At

Yo

SUe@ v sirag—revanat { ey t+sna
= lim ¥ v =
At—0 At

of (=, y, 2, t
=S AR TLALY B8 S fouds,  (8.15)
Vv z

Tak Kak o6seM V' — V cocToMT M3 iIeMPHTADHEIX NHEIANHIPOB (CM.
pac. 22).
dt = v,do At

u opa At — ( moeepxHOCTh X' cTArMBaeTcA K Z, a

[, y, 2t + Aty > f(z, y, 2, t).
IIpumenus k mociaegaemy materpaxy (8.15) popmyany Taycca —
OcTporpajckoro, HOJIYIHM

d S’f(x, y,z,t)dt = S [%];- + Vi (fvi)] dv. (8.16)
v

dr

O6nact, wnHTerpmpoBaHHA V mofBmikHA, H, eCTeCTBEHHO,
pesynbrar namdpdepeHnUpoBaHEA BABHCHT OT HOJA CKOPOCTEH ¥,C
KOTOPHM JIBEAYTCA TOYKH oGmeMa V.

QueBnnHo, BCera BepHO Clefylolee KHHeMAaTHYeCKO® paBeH-

CTBO:
;) ; 8 i d i
G4,y = Lo Vi 4+ V' = L 4 Ve, (8.1T)
rae

df _ of i
= t? Vif (8.18)

ecTh BHpa)KGHEE INOJNHOH NpoM3BOJHOE oT QyEKmEm [ @O
BpeMeHH { B NPOH3BOJIbHOH CHCTeMe KOODIHHAT.
Iloaromy ¢opMyny (8.16) Mo;xHO BammcaTh eme B BHfe

Vi@ na= g [+ 17] av. (8.19)
1 4 .
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IlpmmermM gopmyny (8.16) x wactEOMY cayzano. Ilycts

1
f::_V—i

rre V — obvem coiomHEoil cpegsl. O4eBEAHO, B 3TOM ciaydae GyHK-
nms f 3aBHECHT OT HepeMeHHOro ofbema V — ofmacTy mETErpHpoOBa-
musa (8.15), T. e. 0OHA 3BaBHCHT TONBKO OT ¢ M He BaBUCHT OT KOOPHH-
HaT. flcHO, 9TO BCerja BePHO KMHEMATHYECKOE TOKHACCTBO

\ 7=
u mo (8.16) Y
1
g (5L 49 (4 v)]ar =0 (8.20)
nJjimn d_}_
gl_a‘t’_Jr_iV_ div v]dv = 0. S

ITO TOMIECTBO MOKeT GHTH HAMHCAHO KaK AJA Bcero obbeMa
V psmmymetica cpefsl, Tak ¥ gas ao000# ero gact.
ITpmmensasn (8.21) ¥ GeckoHewno majyoMy ob6bemy AV, momyamm

1
d<‘“’> + -1 dive=0 (8.22
s Ay VY=Y .22)
rae div v BasATa B TOH TOUKe, K KoTopoi crarmBaercsa A V. Iloguepxk-
HeM, 9TO 3TO PABEHCTBO BePHO Aad M00HX cpef X HMKAK He CBA3a-
HO €O CBOHCTBAMH JABWKymeiica cpefsl. B WacTHOCTH, OHO BepHO H
ISl HeMaTepHaJBHEIX Cpefi, HampuMep ($asoBoro IpPOCTPAaHCTBA.




T TABAII

JTUHAMAYECKAE NMMOHATUA N IHHAMHYECKHME
YPABHEHUA MEXAHVKMN CIIOIMHONA CPEJBI

§ 1. Ypapreune Hepa3pBIBHOCTH

IlepefineM K M3y4YeHNI0 ABUKEHHUS QU3NTIECKHX O0HEKTOB, T. €.

MaTepHaJbHKEX Tes H osiedt. B oToM M B psAfe mocieAyomux pasfe-

JIOB B OCHOBHOM OYAYyT pacCMaTpPUBATBLCA 3aKOHEL JBIMKEHUHA TOJb-

KO MaTepWaJbHLIX Ted, MaTepwaIbHHIME TenaMHM Ha3HBAKOTCA Teja,

ofnapmalomye cBo¥ictBoM wmHepmuu., CBOHCTBO WHePOWM XapaKTe-

pusyeTca Maccoil. Maccy MoKHO BBECTH Kak JUIA BCero Teja B Ie-

oM m,TaK u Aa ool ero wactu m,. Ilo ompepenenuio mMacca Bee-

TO TEeNIA M paBHA CyMMe MacC m; BCeX COCTABJIAIIIMX TeJNO dacTei.

DyHgaMeHTaJbHEM  3aKOHOM HBIOTOHMAH-

3aKOH COXPaHeHHS MacCh; CKOIl MEXaHUKHE ABJIACTCA 3aKOH COXPaHeBHA

ILIOTHOCTE; ypPaBHEHHE He- Macchl m J1000r0 MEIABALY aJILHOr0 06BeMa,

Pa3PLIBHOCTA B IIEPEMCHHBIX

Biinepa T. ¢. 00'BEMa, COCTOAMETO W3 OfHUX H TeX

K€ YACTHI[CPeJIE. JTOT 3aKOH MOYKHO paccMat-

PUBAaTh KaK ONBITHO YCTAHOBJCHHHY 3aKOH HPHUPOJH], BePHHIH B
OIIpefieTeHHOM NPHOIMIKEeHUTN.

OnHO W3 OCHOBHBIX YPpPAaBHEHUI MeXaHWKH CIUIOIMHOR cpefnl

3aKJI09aeTcs B TOM, 9TO [Aid JI000TO MHAMBHAYyalbHOTO oOBeMa

m = const.

JTo ypaBHeHHe MOKHO 3anwWcaTh eme B Apyroil dopme, a

NMEHHO!
dm
-Ft— = 0. (1.1)
BeeneM cpefpon0 IIIOTHOCTH
__Am
pcp AV

rie AV — oOreM, samaTsil Maccoil Am; HCTHHEYIO INIOTHOCTH OH-
PellelIAM KaK CIeRyIONIHE Ipened:

p = lim Am
AV ) AV
B wMmexanmxe cIIOMEOM ¢peXE HOYTH BCET/la BMECTO MACCH M pac-
CMaTpHBAOT WIOTHOCTH P. Jlas Mamoro o6'beMa BePHO DaBEHCTBO
Am >~ pAV;
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IJi KOHEYHOT0o 00'beMa — pPaBEHCTBO
m= S' pdrt,

rle WHTErPAJ B3AT IO NOABHIKHOMY WHAMBHAYAJALHOMY OGBEMY-
Taxmm oGpasoM, sEasg p, MOKHO HalTH m.
, IlmoTHOCTS P NAA WHAEBHAYAJBHON YaCTHUIBI MOKET I HE CO-
i XPaHATHCSA, TAK KaK 0056M JACTHIH BO BPEMs ABIKEHASA MOKET Me-
HATBCA.
3aKoH COXpaHeHAS MacCH i WHIEBALYAIBHOrO o6GBeMa
CIUIOMHOH Cpefbl MOKHO, OYeBHIHO, Temeph 3aMMCaTh B BH[E

d
WS pdt =0, (1.2)
\4

IlpumeswB mpaBuao puddepermumposanusa (8.16) wmmTerpaua,
B3ATOTO 110 HOJBWKAOMY 00BEMY, DU YCIOBUE COGMIOEHHAS 3aK0HA
COXpaHeHUA Macchl, OyIeM HMeThb

_dm ap . _ dp .

; O"T_S<W+dlv pv)d'ci_S<—dT—1—pd1vv>dr
v v

WK, TaK KaK 9TO PABEHCTBO CIPABEJIWUBO IJA AI06Oro WHAUBHAY-

aJpHOTO 00BEMa, IONYINM HEePBOe OCHOBHOE HuddepeHmEAIBHOE
ypaBHeHHEe MeXaHAKH CINIOIIHOW cpeph:

d ,
%—f—pdlvv:O, (1.3)

KOTOpOe HOCHT Ha3BaHHMe YPaBHCHWS HePAasPHBHOCTEH B Iepe-
MEHHHX Oiimepa.

dro e ypaBHEHWe, TAK KaK Macca COXpa-
YenopHsa HAa BeMHUHHEL, €0-  pgercg s AI060T0 WEAUBHEAYAJILHOrO 00be-
XpaHIOMue CBOM JHATEHUH . yoxHO, OYEBHIHO, HEIOCDPEACTBEHHO

B MHTABAAYaIbHOM ofbeme ’ ’ ’
moayauth w3 Qopmyan (8.22). :
Kpome Maccer m €crp m gpyrne ¢mamdecKdme XapaKTepHCTHKH,
OCTAIOIEEeCH BO BpPeMs JBHKEENS IMOCTOSHHBIME B J060M HH/IWBH-
oyaabEOM ofbeMe cmomuod cpearni. HanpmMep, mycte N — amcio
MOJEKyJ HJIM aTOMOB B NPOM3BOJBHOM HEJWBHUAYaAbHOM o0beMe.
Yacro N mocToSHHO B HHIHBMAyalbHOM 00BeMe. Brema umcao Mo-
JeKysl WAN aTOMOB B efmHEMIe ofpemMa n = %’im%, Ha OCHO-

—0

BAHAH NPEIIoNoKeHAA 0 NOCTOAHCTEe N B a1060M WHIABHAYAIb-
HOM o0BemMe ¢ moMompio ¢opmynan (8.22) moayumM AAA N
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asagormgaoe (1.3) mupdepernmanrEOe ypaBHeHHe:
B ndive=0. (1.4)

Ecan B curomuoit cpefie IpOMCXOAAT XMMHEYECKAE PEAKIHUH, TO
ypaeeeene (1.3) sumonmsercsa, a ypaBueenme (1.4) Her.

CymecTByI0T H ApyTrHe CKAJIADPHEE, BEKTOPHEE WJIH TEeHE30PHEHE
BEJIMYAHK, COXPAHAIIHE CBOE 3HAUeHUE B JI060M MEAHBAAYAIBHOM
o6beme. OGo3HATMM TAKYH COXPaHAKMYIOCH Beaudnny depes O m
BBe/leM IIOTHOCTH BTOH BeJMIHMHBIL:

. AD
= lim — :
f AV—0 AV

Ouesupao, 9T0 AMA O U f BEIOONHAITCA CIEAYIONAE YCIOBHUA:

d®
=0

(D:Sfdr,

df o
&t fdive = 0.

B ¢u3ure Bo MHOTAX caydadXx [OCIe[HEe YCIOBHE BHIOJHAETCH
OIS IUIOTHOCTH 3apfAfga e. YCTAaHOBJIeHHWe TeX XapaKTepHCTHK,
KOTOpHE COXPAHAIT CBOI0 BEIWYMHY B MHEIHBHAYAIBEOM 00BeMe,
ABJNAETCA ONHOH H3 OCHOBHHIX IpoGiaeM (USHKH.

Ilyctb MBI uMeeM cMeCh, COCTOAMYI U3 1

YpaBHEHHA  Hepa3pLIBHO- KOMIOOHOHT, HAIIpEMep: CMech BOJAODPOJA,

CTA [AJAA MHOIOKOMIIOHEHT-

HBIX CMecei KNWCJOPOAa ¥ mapoB BOAH (n = 3); cmias
0JloBa M MEJiM; PacTBOP COJH B BOAE; IIA3-
MY — cMeCh CBOGOIHBIX BJIGKTPOHOB H MOHOB — M T. il. Bce Taxoro

pO/ia MEOTOKOMIOHEHTHEIe CMOCH MOJKHO IPeICTaBUThH cebe KakK co-
BOKYIIHOCTD 7 KOHTHHYYMOB, 3aN0JHAIOMUX OJUH B TOT 3Ke 00BeM,
BaHATHH cMechio. J[JIA KaskHOro M3 STHX KOHTHHYYMOB MOKHO BBeE-
CTH CBOIO IJIOTHOCTH M CBOX CKOPOCTh. O003HAYMM UX 9€De3 Py, Pg,.-.
vy P, T ¥y, Vg, ..., ¥,. B Kampoi rouxe o0'beMa, 3aHATOTO cMe-
cbio, OymeT n MIOTHOCTER p,an CKOpOCTell ¥, Ka3KAaA U8 KOTOPHIX
OTHOCHTCSI K CBOEMY KOHTHHYYMY.

TaxwM o6pasoM, B 3TOH IOCTAHOBKE MeXaHWKA CMECH ABJIAECTCA
MeXaHWKOX Ha6opa KOHTHHYYMOB, 3alOJHAIMAX OfWH M TOT Ke
o6seM.

PaccMorpmm crauasa ciyqait, Korjja B CMeCH He IPOACXONAT XH-
MPYeCKEe PeaKknEd WA HORM3andA. B pToM ciydae fad Ka[goll H3
7 KOMIOHEHT CMeCH JO/IKeH BHEINOJHATHCHA 3aKOH COXPaHEOHMA Mac-

i
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chl, ¥ MK OyleM HMeThb N ypaBHEHHM

dmi
; @ =Y
nam
— T divpw; =0. (1.9)

Ecau e B cMeCH HPOMCXOAAT XHMAJeCKHe PeaKIWM MIH MOHH-
sanuA (9TOT caydali WHTEPECeH ¢ TOUKM 3peHHA HPHIOMKeHNi), To
Macchl KOMIIOHEHT 71; MOTYT MeHATbCA. BBeneM x, — namenenue Mac-
CHl m; I-it KOMIOHEHTH CMECH B efIHIILY BpeMeHH Ha efmENDY 06D~
eMa 3a CueT XHMEYECKOH PearNmi WIN MOHESALMN. Beamumest %,
ompefeaaoTcsa B Xumuu. Torjga ypaBHEHHA HePa3PHBHOCTH IUH-I
KOMOOHEHT CMECH MO)KHO 3aIlNCaTh B BHIE

dm{ ’
TR S %id‘l}'
\4

NI

a .
& + divp; vy = % (1.6)

OcHOBHOIl 3aK0H XUMHYECKHX PEaKOMil 3aKJII09A6TCS B TOM, 4TO
ofmas Macca CMeCH OCTaeTcA IOCTOAHHONM, M HMOSTOMY

D) %; = 0. (1.7

ia=1

, Kpome r mioTHOCTEH M 7 CKOPOCTEel KOMIIOHEHT CMeCH MOJKHO
BBeCTH OJHY INIOTHOCTH P ¥ OJHY CKODOCTH ¥ CMeCH KaK IeJIoro.
ITo ompesiefieHMI0 Macca CMecH B JaHHOM oGhbeMe paBHA CyMMe Mace
KOMIIOHEHT.B DTOM ke o6beMe:

n
m = Z my,
i=1
a OIJAOTHOCTh CMEeCH p OOpefeIaM KaK
Am

lim —:
Av—o AV

HJIOTHOCTB KOMIOOHEHT CMecHh
Am‘

Py= lim .
AV AV
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H I03TOMY
n
p=2 pu
i==]

CoorBomenue, ABIAIOmMEECA Pe3yabTaToM cyMmmpoBanusa (1.5),
¢ ydetoM (1.7) Mo)KHO HammcaTL B BHE

n
17 .
—6%- —l— dIVZ Pivy = 0.

=1

9dt0 ypaBHeHUe 6yHeT uMeTh OGEYHKII BU/] yPABHEHNS Hepa3phB-
HocTH (1.3), eciim CKOPOCTL ¥ CMeCH B IEJOM OLIPEJeICHA CJEAYI0-
muM o6pasoM:

n
pv = D) piwy,

=1

n
my = 2 m;vy,

i=1

7:1 n
2] miv PRI

== == (1.8)

m P

3aMeTuM, 9T0 TaK OIpejelJeHHAsT CKOPOCTH ¥ HpeNCTABIAET CO-
6ol cropocTh 00mero IMeHTpPa MacC ' MHAMBHAYAaJbHHX 06HeMOB,
COOTBETCTBYIOIMWX 72 KOMIOHEHTaM CMeECH.
Mosker caydHTBCA, 9TO BCe KOMIOHEHTH
Ypaenende  Hepa3pLIBHO- CMeCH [BIKYTCA C ONUHAKOBHIMH CKOPOCT:-
;:%’;,3;‘:? 46 MPOUECCOB € g, KOTOphIe COBUANAIOT B ITOM CIydae €O
CKOPOCTLI0 [BH/KEHUA CMeCH B IIEJIOM:

VI=Vg=...=VUp=17.

Taxoro poma mpomecCH HA3HBAIOTCA npomeccamm 06es pmd-
$ysum.

Ecanm ckopocTn KOMOOEEHT ¥, pa3HEe, TO EMeeT MecTo Auddysnd;
B DTOM cJydYae OfHM KOMIOHEHTH CMECH ABIUKYTCA OTHOCHTENHHO |
OPYIEX. DJIeKTPHIECKHi TOK IPeACTaBJAeT co00f IpHEMep TaKoro
mponecca. IIpw HaaWdmum 9SIAEKTPHUECKOTO TOKA B HEIOIBUKHOM
npoBofEnKe MMeeM ¥ = 0, a ;5= 0, JBWKeBHe JIEKTPOHOB W UO-
HOB B IPOBOJHEKe B 00pasyeT dJIeKTPHIeCKHH TOK.

B cayuae mponeccos ¢ auddysmedi ypapHeHHA HepPaBPHBHOCTH
(1.5) mnm (1.6) MosxHO BHAOMBMEHUTE ¥ BBeCTH B YyPAaBHEHHe HEPas-
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PHBHOCTH KasKJl0H KOMIOHGHTHI CKOPOCTEL ¥ JBHKCHHA CMeCH KaK
meJoro. -

B o0eM caygae npM HagWIEW XUMUYECKOI'0 B3amMojeficTBHA
u gudpdysmn ypapmenns (1.6) Mo;kHo HammcaTh B BHIE

————l—divp{v=m——divli, (1.9)

rie
Iy = py(vy—0).

Paggocts v, — v ABIAeTCsA, OYEBHIHO, CKOPOCTHIO i-fi KoM-
IOHEHTE OTHOCHTEILHO CPEIHL B IEJIOM. ‘:Inenm div I, B ypaBHeREAX
(1.9) xapakTepu3ylOT U3MEHEHN® MACCH i-i it KOMITOHEHTE B o6peme,
OBIKYDIEMCH CO CKODOCTBIO ¥, 32 CHUET TOTO, YTO ITOT 00BEM, eClH
v+ v;, He ABIACTCA HHIWBUJYAJLHLIM 00BEMOM [JA i-# KoM-
NOHEHTHI.

YacTuisl, COCTABAAKIIAE {-I0 KOMOOHEHTY, BXOJAT B 3TOT
00'beM I BHXOZAT U3 Hero. BekTopst I, HOCAT Ha3BaHHE BEKTODPOB
moroka pmupdysun.

JiiA BEMHCIEHHA BeKTOPOB moToka Auddysmm I, meobxommmo
OIMpPaThECA HA 3aKOHH YUaHKA. 3aKOHH HHGPY3HN B paanmx caydasx
MoryT OEITH pasHLIMHE, HO B JI0G0oM cayuae us (1.8) caegyer, 4T0 BH-
TIOJIHAGTCH YCIOBHE

Z‘I‘:O.

i=1

BumecTo n ypasmenuil HepaspuBHEOocTH (1.9) s xoMmoHeHT cMe-
CH MO;KHO MCIOABH30BaTh # — 1 He3aBHCHMHX yDaBHEHHH HOPA3PHIB-
voct (1.9) niA KOMIOHEHT cMecu M ypaBHeHHe HeDa3DHBHOCTH
IJI CMeCH B IEJOM

p . _
% + divpy = 0.

Taxmm o6pasoM, uzyuas JBWKeHNe MHOTOKOMIIOHEHTHOH CMecH,
MOMKHO He BBOXHUTH SABHO 72 KOHTHHYYMOB, 3aIOJHAIMHAX OJWH X TOT
;e 00beM U IBYDKYIUXCHA C PASHEIME CKODOCTAMHE ®;, & BMECTO ¥;
BBECTH B DPAaCCMOTPeHNME TOJNLKO BeKTOPH moroka Amdpdysum I, m
pacemorpers ypasmeHma (1.9) Kaxk ypaBHeHHA 1A n:xomoc'reﬁ Pi
KOMOOHEHT CMeCH.

HAcBo, uTO Ipu HayYeHWE XBW)KeHHA MHOTOKOMIOHOHTHHX pea-
Tupylomux cMeceil Heo6XomuMo o0LeAMHATE 3aKOHH MeXaHHKH C
3aKOHAMY (PMBHKN W XMMHH A1 Beawdnn %, u 1.

5 1. |, CegmoB
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VpaBHeRue HepaspLIBROCTR Y paBHeHHe HepaspuBrocTH (1.3) monyueno
B cpoiicBA TPYOOR TOKA  n.g poUBBOABEON CIVIOMEOR CpeHL.
B CAYIACHECIKUMACMON Cpent Cpena HasHBaeTCA HEC)KUMaeMOH, eclm
a000i ee MEBIMBUAYAJNBHHA 06BeM ocTaeTcA
BO BCe BPEeMsA IBWKeHHA HOCTOSHHHM N0 Beimanme. IlosToMy mioT-
HOCTh B dacTAUe HEeC;KMMAaeMOHd cpe/lhl TAKKe OCTAeTCA IOCTOAH-
HOH. YpaBHeHHe HEPAapPHBHOCTH EMEET BHJ

dive = 0. (1.10)

Cpenga HaseBaeTCH ORHODOJHOMH, ecim INIOTHOCTH P OJUHAKOBA
BO BCeX YACTHIAX CPEHH,T. ©. p He 3aBHCHT OT IPOCTPAHCTBEHHEIX
KOOPAMHAT Z, Y, 2 ¥ HeOZHOPONHOH; eCa¥ WIOTHOCTH P pasHas B
pasHHX dacTHOAX CPelH, P =p (r, Y, 2). Y pasnenue wHepas-
puenocmu, (1.10), odeBumHO, cnpaged.iugo Kak Osa 00HOPoOHOIL,
max u 048 HeoOHOPOOHOI Hecucumaersoii cpedw.

Ilome cxopocTeil Hec:KMMaeMoH IRHAKOCTH Bcerja COJIeHOH-
JaibHO, W, Cle[l0BATENHHO, 6r0 BEKTOpHHEe TPyOKHW, T. €. TpyOKM
TOKa, o6aafaiT cBodcTBaMu, M3a0:KeHRHMM B § 8 ru. 1. Haupn-
Mep, HaIPAKEHHOCTh TPYOKM TOKa

Svndc = 0,

b2}

(2 — mowmepeuHOEe cedeHHMe TPYOKHM, a n — HOpMajh K HeMy), Ha-
3HIBAEMAA PAcXogoM TpYOKM TOKA, OCTaeTCA HOCTOAHHOH BHOJDL
TpyOKu TOoKa. Tpy0KU TOKa HE MOTYT HAYMHATHCA ¥ KOHIATHCH
BEYTPE o0bema HeCKEMaeMoil CpemH.
Vpamemme  mepaspusmocta H(inqua YpaBHEHNO HepASPHBHOCTHE B APY-
3 mepememmiax Jlarpamsa roit fopMe, a MMeHHO BHIBeeM ypaBHEHHE
HepaspHBHOCTH B IepeMeHHHX Jlarpamxa.
Jas aToTO B JaHHKH MOMEHT BpeMeHM { B IIPOH3BOJBLHON Touke M
CHNOMEON CpefH HA MANHX BeKTopax 9,dE!, 9,dE%, 9,dE?, ma-
OpaBJeHHHX BJOAbL 0COH CONYTCTBYIOIIEH CHCTeMH Koopmumar §i,
g2, B3, mocTpomM 9ieMeHTapHHHA GeCKOHEYHO MaJEH KOCOYTOJb-
HHi# napainenemunen. Ero oGpeM Gymer pasen

V = 51 . (52 X 53) d§1d§2d§3_

B npyroii mpomsBOJABHHH MOMEHT £, 3TOMY Hapaijelemulery
COOTBETCTBOBAJY JJIEMEHTADHHI KOCOYTOJBHHA HAapaiNejelnme],
DOCTPOCHHEII HA BEKTOPAX 9; dfl, 2,dE?, 9, dE3, BBATHX B Toii e
HHERUBUAYyaNbHOH Touke M. O6BeM aToro mapaidesenmmena OHII
paBeH

Vo = 91+ (9a X 95)dEMIEAES,
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0603ra9MM INIOTHOCTE CPeJH B MOMEHTH ¢ B ¢, COOTBETCTBEHHO
depe3 p ® Po. llo 3akomy coxpamemmsa Mmacc GynaeM EMeTh
PoVo = pV,
BIR
Vo 91+(82 X 33)
p=po—V—=po-TT-A—. (111)
31+(92X 93)

JlnA BHMMCIEHHA CMeEIIAHHHX IPOU3BEJIeHHI BeKTopoB Gasm-
ca BBeJleM eme /[eKapTOBY IPAMOYTOJLHYI0 CHCTEMY OTCYeTa
z!,z?, z® ¢ BexTopamm G6asuca 9, =4, 9, = §, 9; = K, OTHOCHTEeBHO
KoTopoii npoucxonut npm:xenne cpeas. 0603Ha9NM KOOPIHHATEL TO-
9eK CPe/ibl OTHOCHTENFHO TOH CUCTeMH B MOMeHT ¢ uepes x!, x?, x%,

a B MOMeHT f, Uepes Ty, Zo, Ly OueBHIHO,

o = (8, B, B 1),

o= a8, B, 8, 1),
T. 6. &b ® z' ABNANTCA sHaYeHMAME QYHKOEH, 3a1Al0MAX 3aKOH
[BH;KEHHS, B3ATHMHE IPH PAsHHX 3HAUYeHHAX HE3RBUCHMOI epeMen-

Holl ¢t. Tak Kak paxmyc-BeKTOp TOYKH M OTHOCUTEIRHO CHCTEMH OT-
c4eTa ecTh

ok ~ _0r
r =29, a 9; = 'FET ,
TO
b 2
i 6&i . )

U CMeIIaHHOe NpPOom3Be/eHue d;- (3, X 33) MOKHO IPEICTABATE B BH-
Jle JeTepMWHAHTA:
ozl 9x? O2®

dgl OEl 98!

~ ~ ox ox? 0z ~

91+ (92X 93) = oET T oEr = A,
oxrl  0x? 028
AN A 1

rie A — axobman mpeo6pasoBamus or mepememEHx !, E?, E3 K
nepemenHEM z!, 2%, z3. ABajormino

oz} 9z o]
Ol QgEl  oE
o e o ozl 0z O °
91’(92)(93): 5E—g- _B_E% -532— =A,
oxy Oxp Ox}
35 9E® OES

s.
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3
rge A — sAxo6mam mpeo6pasoBaHMA OT IepeMeEHHX !, 2, E3

1 2 3
K HEePeMEeHHKM X, Iy Zo- lemepb ypasHenme (1.11), mcmoanays
CBOHCTBO AKOGHAHOB, MOKHO HPENCTABATD B BHJE

2 0,
= — = poDet || —- {. .
P= P = Po P (1.12)

ITpeoGpasyem manmee moxyueHHoe ypasrerme (1.12). O6osmaunmm
MUl HaTJIAZHOCTE KOMHOHEHTH 0z!/0%/ BeKTOpOB 3; B CHCTEM®
Z, Y, 2 9epes3 3jy, iy, 9;,. lorpga, odesmgHO,

~ A ~ A ~ A

9x  G1y 91z 9x By 91z
TRV U VO N ~ R - R .
[91-(8aX3g) |2 = A% = 85y 23y 9| =| 9z 93y 95X

93x 93y 932 I3x 93y 93¢

51:: 52:: ?’sx
X gly gzy 93y iDetlléikllzg’

912 Iz 3¢
Tak KaK Zqx = 9y-3j.
Ananormaso

[31- (32X 35)]2 = Det | gy | = &,

M, clegoBaTeldbHO, (1.11) MomxHO npencraBuTH B BHAE

P=Pol/§~‘ . (1.13)

Ypasrerna (1.11), (1.12) u (1.13) — pasasie BEAH ypaBHEHHA
HePa3pHBHEOCTH B IepeMeHHNX Jlarpam:xa.

3ameTuM, 9TO B 00IO6M ciaydae AJA IIOTHOCTH [ 0001 BeImYmHE
@, coxparsomeli cCBoe 3HAYCHAE B AHIUBHLYAIBHOM 00beMe CIIONI-
HOil cpefsl, BHOOJNHAOTCA YpaBHEHHE

=1}/ £ =na (1.14)

rie A — ferepMuHAHT MATpHOH HpeoOpasoBapds OT HePeMeHHEX
Z' R mepeMeHHEM I.

YpapHenHe HOPAs3pPHBHOCTH HOCHUT BeChMa YHHNEePCAJbHHE Xa-
PaKTep E BHOOAHMETCH IPH ABMKEHEAX MI060HE MaTepHaAbLHOR Cpe-
JIEL, 8C0 B HO BABUCHT OT ¢BOiioTB cpefil. OHO OIMHAKOBO A BCOX
cpef: BORH, BO3AYXa, METANNA ‘M T. . B yparHeHHe HepasapHBHO-
CTH B ciydae c:xmMaeMoil cpeant (1.3) BXogAT 4WeTHpe HeH3BECTHHO
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(YyHKORN: MIOTHOCTE P M TPU KOMIIOHEHTH CKOPOCTH; B cjaydae He-
cxxmMaeMoii cpensr (1.10) B Hero BXOZAT TOJNBKO TPU HEW3BECTHEHIO
OYHROUN — KOMIOHEHTH cKOpoctu. OueBHAHO, YTO IJIA peIleHUsA
3aflad MeXaHWKHA CIUIONIHOA Cpejk OJHOTO YPaBHEHHA HepaspHIB-
HOCTH HemgocTaTouno. [lepeiiieM ® BHBoRy ApYrux ypaBHEHHI, BE-
MOJHAIOIMUXCA OPA ABMKeHUN JI000H CIIONIHON CpeHL.

§ 2. YpaBHenna ABmKeHns cromHoll cpepsr

BymeM msyuath [BEKeHHe MATepPHANIHLHON CIJIOMHOHE CpeAH B
CBA3YU C IpWYMHAME, KOTODHEE 9TO /(BU;KeHWe BH3uBawT. J[aa sToro
BBefleM B paccMoTperre cuAE. CHIN ABIAITCA BEKTOPHHIMU. BEJH-
ggHamMuA. JlagmM OCHOBHYIO Imaccmbmcanmo CHJI, C KOTOPEHIMH HpH-
XOJUTCA HMeTh [ieJI0 B MeXaHWKe CINIOMHAOHN cpeau. [loEsTHe cmak
B MeXaHHKe CIUIONIHOH CpefH M0 CPaBHEHWIO ¢ MeXaHWKOH MaTepH-
QJBLHON TOUYKH M TBepHON HEM3MEHAEMOH CHCTEMH YCJIOKHACTCA.

B reopermdeckoi MexaHHKe B OCHOBHOM HMe-
gg;gf;ig;’:“::ﬁe I pacapes o7 meno ¢ COCPeROTOYEHHLIMHA, WIH KOHIEH-
: TPUPOBAHHKIME CHJIAMHU, T. €. HKOHEYHKIMH
CHJIaMH, TeHCTBYIOIMEME B TOIKe. B MeXaHmKe CILNIOMHON CPEIEl MEI
BCTpeYaeMcd B OCHOBHOM C paCIpeJIeIeHHLEIMH CHIIAMH, T. €. Je#cT-
BYIOIIEME B Ka;goil vacTn o6beMa V miIM Ha KaskaoM ajieMeHTe Io-
BEPXHOCTH X CIJIONIHOA CpPEfl, IPHIEeM IpH CTPeMieHHH GeCKOoHeT-
HO MaJIOTo HJIeMeHTa 00'heMa HJI¥ IOBePXHOCTH K HYMIO IIABHKT BeK-

TOp AeMCTBYMUX HA HETO CHJ TAaKKe CTPeMUTCA K HYJIH.

CocpefoToueHHE® CHIM BCTPEYAalOTCA B MeXaHHKe CINIONIHON
cpefibl TONLKO B MCKIIOUMTENABLHHX CiayyadX. W3 BTOporo sakoHa
HrroTona

F=Am a.

rie Am — Macca MaJOTo bJIeMeHTa CIUIONIHOH CpejH, & a,— ero
YCKOpeHWe, BEJHO, 4YTO KOHNGHTPHDOBAHHAA CHIA MoskeT OHITH
TONBKO B Toit Touke, rfe @ (mmm p) ofpamaercs B GeCKOHEYHOCTS.
Cmmm, pacmpefienennnie mo ob6memy 'V, ma-
BHBAIOTCH OGBEMHEIMA AN MACCOBHIME CH-
namu. OGosEauum gepes F riaBHHIT BeKTOp
MAaCCOBRIX CHLI, ,uenc'myxonmx Ha axeMent mMaccet Am. Torna mior-
BocTh ' MacCoBO# CWIH B JAHHON TOUKEe eCTh
F = 11m TF- .
Am—p DM

O6nemnrle, HIW MacCOBHIe,
¥ DOBEPXHOCTHBIE CHIbLI

JIJm MaJod 9acTHUH

il [ . - £

I/Iﬂorgn pnccua'rpmmm'r cHIy (I) npnxo;mmymcn §:0) na~»e;mnnny
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MacCH, a Ha eguAnny o6beMma. Ouesmumo,

. F
D= lim ——-
AV—p AV ?
T. €.

¢=pF’

@dV u Fdm nMelor paaMepHOCTA CHIb, F — pasMepHOCTH YCKO-
peEmsa, a @ — pasMepHOCTh YCKOPEHHUS, YMHOKEHHYI HA pas-
M@pHOCTH IJIOTHOCTH.

Umrcno pasnwdHBX BELOB MAaCCOBHX CUJ HeBEAHKO. JTO — CHIA
TsaxecTr (Bec) F' =g, @ = pg u BooOme TIpaBUTAIMOHHEE CH-
IH, NOAYHHAIOMUeCA 3aKOHY BceMupHOro Ttarorenuda HploToma;
9JIeKTPOMATHUTHEIE CHJIH; CHIH HHEPUHH, KOTOPHIC IIPHXOATCS BBO-
IUTH OIPH USYIeHWH JBAKEHAA B HeMHEPIMAIHHEIX CUCTEMAaX Koo pau-
HAT K KOTOPHIE ¢ TOUKH 3PEHUA CaMOT0 ABIKYMETroCs Tella ABIAITCA
OOHYHEIMA PeaJbHEIME BHENIHWME MACCOBRIME cmiamu. FHOTIA mpH
U3Y9IeHUA KOHKPETHHX ABYKGHMI CILIOMHON cpehl MAaCCOBEIe CHUJIEI
BBOJATCA HCKYCCTBeHHO. TaK, HampuMep, paccMATPUBAS JBHIKe-
HEe Opodmid KpHUIa B JREAKOCTH, MOKHO CUATATh, 4TO 06IacTh,
3aHATad OpodumieM KpPHIA, TaK:Ke 3aMONHEHA KMAKOCTBIO, HO JIA
TOT0, 9TOOH HCKYCCTBEHHO BBENEHHAN KAIKOCTh HPOAONKANIA JBH-
raThcA KaK mpopmib KpHJIA, K Hell HeoOX0auMO HPWIOKHTE pPac-
npefieleHHEe MAacCOBEIE CHJIHL.

B MexanmKe a6CcoMIOTHO TBEPAOTO TeJA AeHCTBHE JMI0G0H CHCTEMEI
CHJI 9KBUBAJEHTHO JefCTBHIO ee TIABHOTO BEKTOpa WM TIABHOTO MO-
MeHTa. B Mexamuke neopMEpPyeMHX cpell CymecTBEHEH XapakTep
pacmpefieJieHHA CHI IO TeXy. [

B MexaHmMKe CIIOIMHON CpPeAH OCHOBHYIO
pOJIb WTPAOT HEe MACCOBHE, a HOBEPXHOCT-
HEHE, T. €. PacIpefeeHHEe 0 MOBePXHOCTH CILNIOWHOH cpeisl, cu-
an. Tak, HampuMep, €CIF B3ATH BOAY, HAJATYI0 B COCYH, TO HA l0-
BepxXHOCTH S CONPHKOCHOBEHHWA BOMALI CO CTEHKAMH cocyfaa Oymer,
09eBUHO, HAGIIONATBCA CHIIOBOE B3auMopedcTBHe. B3aB dnéMenT
do mosepxHOCTH S, MOKHO BBECTH DSJIeMEHTAPHYI0 MOBEPXHOCTHYIO
.. AP
cuny dP = pdo, rne p = lim A5 — INIOTHOCTb IOBEPXHOCTHHIX
Ag—0

CHJI, fefcTBYIOMKX Ha MWIOMAARY do. IImMoTHOCTE P IOBePXHOCTHOMR
CHMIIEI MOKHO BBECTH B - KayKA0H TOUKe NOBEepXHOCTH S, W OHA
Oynmer, BooOme ToBOpsA, pasHoOil.

CEAH MOKHO pasfuUThE HA BHYTpPEHHHE M

Buyrpenmme = BEemmme paemERe. CHIH HA3HBAKTCA BHYTPOHHAMH,

ecJId OHHM BEI3BAHH O0BEKTAMH, IpUHAJJIe-
JKAIIMMA K CHCTeMe, JBW/KeH’e KOTOPoH paceMarpuBaeTcd, W BHEM-
HEMH, €CJIX OHW BHSBAHL BHEWIHWMU NG OTHOWIGHWIO K PACCMATpHA-
BaeMoii cucteMe 06BOKTAMI.
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IlorsaTie BHEMHUX H BHYTPEHHHX CHJI OTHOCHTeJBbHO. Tak, Ha-
HPEMEp, eClIM MBI paccMaTpHMBaeM ABMIKEHHE BO3flyXa B aTMoc(e-
pe m 3emim BMecTe, TO CHIA THA/KeCTH BO3JyXa — BHYTpPeHHAA cHIIa.
Ecnm ke paccMarpuBaeM /[BHKeHWe TOJBHKO BO3[yXa, TO CHIA
THKeCTH — BHemHAA. Ecnm pacemarprBaercs Apuserme Marepu-
| AJABHOTO TeJia ¥ 3JEKTPOMArHHTHOIO IOJIA, TO 3IeKTPOMATHHTHEIE
CHJE — BHYTPEHHNE; €CJM jKe PACCMATPHUBAECTCA ABHKEHHE TOJIBKO
MaTepraJbHOIO Tejia, TO [OJie ABJMACTCSA BHENTHMM IO OTHOIIEHHIO
K HeMy areHTOM, ¥ 3JI6KTPOMATHHTHEIE CHUJIL — BHENIHHE.
MricienEO BByleIEM B CHNMOmMHOM cpefe
HEKOTOpPHI mpousBonbubii ofsem V u pa-
300beM ero cedemweM S Ha /iBe dactH Vj

u V, (pmc. 23). Ecan Mn GymeM paccMaTpHBaTh ABM:KEHHE OLHOIL
u3 vacreit V, sanpmmep V,, 1o mpm oroM jgeiicTRue Ha Hee BTOpPOIl
{ dacT®, T. e. V,, HeoOX0AMMO 3aMe-
| HUTh DACUpEAeTeHHHME 10 V; Mac- P.n@6=Pn?6
} COBEIMY CHJIAMM ¥ pacupefeeHHEME
[

Canel  BHyTpeHHHX Hanpsa-
sKeHnil

o S HoBepXHOCTHHIMY cuiaMu. Tax
BBOleHHEE CHJIH B3aUMOZEHCTBUA
Oynyr sBHemBumu g V;. Ecam e
| MBI 6yJeM paccMarpHBAaTh JIBIJKEHE® X,
1 o6beMa V B memoM, TO STH CHIIH
, Oynyr sayrpemmmmu. Cedemme S

Z

| MOKHO NpOBOJHUTHL N0-PasHOMY, W, pﬂdﬂ
I OYEeBMIHO, pacIpefedeHHLe IO IIo-

Pure. 23. Cuan BHYTpPeHHNX Ha-
l BepXHOCTA S TOBEPXHOCTHEI® CHIELI TpsKemi.

OyayT HA pasHHX S pasHEIMU.
BosbsMeMm HekoTopyio TouKy M BEHYTPH Tela W pPaccCMOTPEM B
‘ 9TOU TouKe pasnmaHble IWiomajku do. OpueHTanuio sTAX ILIOTA/I0K
| Oynmem ompefensiTh HOPMAJBIO 72 K HUM, a IOJHYIO CHIY, feficTBYO-
| Y0 CO CTOPOHH YaCTH cPe/sl B o6beMe V,Ha qacTh cpefipiB o65eme V)
| Ha mromajxe doc HOpPMaabio 7, OﬁOBHélEHM gepes d.P. Jlansme mpn-
| MeM, at0 d P = p,da, rie p, — KOHETHEIA BeKTOP. BeKrrop p,, MOKHO
" PacCMATPHUBATH KaK MOBEPXHOCTHYIO NIAOTHOCTL CHJIEL B3aMMOJ@HCT-
» BUS pasfleJeHHHX dacTel Boab mromankn do. B obmewm cayaae p,
| MO’KeT 3aBHCeTh OT OPMeHTANUY ILIOMAAKA d0 M IPYTHX €e IeoMeT-
‘ pmaeckux cBoitcts. Hampasaenne nopManm 7 Gynem BHQEpaTB BCer-
Ja Tar, uroOH oHa OHa BHeIIHeH MO OTHOMEHHMIO K TOHM YaCTH Cpe-
‘ IE, BHa KOTOpyIo JAeficTByer BBOAEMas cuia P, do. Tar, BampaMep,
Bauanue o6peMaV, maV, 6ygeM 3aMeHATEH pacupeNleieEHEIMA CHIIaAMA
‘ p,do, a Bamaame obbema V; Ha V, — pacmpefieNleHHLIME CHJIaMM
( P_, do (pmc. 23). Taxoro pojia mOBepXHOCTHEE CHIL MOKHO BBOAUTE
,‘ B n1000#i ToOYKe CINIOIMHOHW CpeAHl, OHW HA3HBAITCHA CHIAMH BHYT-
? PeHHEMX HAIpsKeHHH. . .
Cuny BEYTpeHHEUX HAIpSKeRWIt P, d0 B K10 TOTKe CIVIOMIHON
Cpe/IHl MOKHO Da3ioRUTh HA [Be COCTABIAKINAE — II0 HOpMAaId 7
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¥ KacaTeJBLHOH T K 2JIeMeHTApHON miomajke do:
PrdG = Ppp do + pp.v do,

rie p,,d6 — HOpMajibHAag KOMIOHEHTa CHJH BHYTDEeHHEIO Hampf-
EeHNA, a - pPn.do — KacaTeqbHaA, KOTODAas HOCHT TaKyke HAa3BaHMO
- TAHT'eHNHUAJBHON CHIE WX, B CIY-
Yae JKHIKOCTH, CHJE BHYTPEHHETO
TpeHHSA.

IloBepxHOCTHEE CHIH P,d0 MO-
ryr GLiTh, OYEBHAHO, M BHENMIHUMU
cHjaMu, T. €. CHUJaMu, JefcTByIO-
UMY HA BHEOIHEH OOBePXHOCTH,
OrpaHMYEBAIOMEll CINIOMHAYIO Cpeay.

B xaxgoit Touke M cHAOITHOMK
cpefiH cymecTByeT 0eCKOHEYHO MHO-
Pmc. 24. HopmampEam u Kaca- IO BEKTOPOB p,, COOTBETCTBYIOIINX
TeAbHAA COCTABIANEe CHI  (eCKOHOYHOMY Haﬁopy IIOMAaJioK

BHYTPEHHAX HAIPANCHIM. do, IpOXoANAX UYepe3 3Ty TOUKY.

OnHAaKo Me;Ky HEMHM HMEETCHA YHU-

BepcalbHaA, He 3aBEHCAmMAA OT YACTHEIX CBONCTB JIBIHYIMIEHCH
cpenbl, CBA3b, KOTOPYI0 MH HIKE HOIYdYHM.

OcHSBHEM JMHAMUYECKAM YDABHEHWEM JBMKCHHA MATEPUAID-
HOH TOUKH ABIAeTcA BTOPo#l 3axkoH HyrloToHA:

F=ma.

Hawm npepcrour chopMynmposaTs Goee cio:EOe, HO ABIAIIEE-
ca upaMuM o6o6meAnmeM BTopoTo 3aKoHA HploToHA COOTHONIEHEE,
ONECH BalIee [BIKEHHE CINIOMHON MaTepuajabHOH CpejH.

PaccMorpum mBuienne ofHOM! MaTepuadbHOK
-YpaBHeHHe KONMIECTBA ABH-  1oypy MacCH /70 OTHOCHTENBHO CHCTEMB KOO~
KeHuA [ad. MaTepAAJbHOH T -
Toukm W WA cHeTemm Towex PHHAT Z, Y, 2. Tar Kaxk Macca m TOUKE
nocTosAHHEA, Oy[eM HMeThb

dv dmv .
IIpomsBefieEMe MaccH HA CKOPOCTH MY HA3HBAETCA KOJHYECT-
- BOM [IBWIKeHHA TOUKU. ViMeeM ypaBHEHHE KOJMYECTBA [IBUMKGHWS
[UIA ONHO MATEeDPEANDHON TOYKE — IPOMBBOJHAA IO BPEMEHH OT
KOAMYeCTBA [JBUKEHUSI MAaTEPHAJBHOR TOUKK paBHa cyMMe BCeX
cui, AEHCTBYOIMX HA 9Ty TOUKY.

C TIOMOIEBI0 OCHOBHOTO ypaBHeHHA KoJmdecTBa Apmxkenua (2.1)
‘ MOKHO PenIaTh ABe THUWYHEE 34/]a9¥ — 110 W3BECTHHM CHJIaM HalTH
-, BaKOH [BIKeHHf TOUKE HJU [0 H3BECTHOMY 3aKOHY JBIGHEHEA TOU-

KH HaWTH JeACTBYIOIYI0 HA HOE CHIY.
, Ecam MH WMeeM CHCTeMY H3 1 MATepPMANLHHX TOYeK, Kajkgasd W3
KOTODHIX HMeeT MAacCy m; U B peaynbTate JeiAcTBHA HA Hee
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cyMMapHoii cunh F;, 1BmxKeTcsA €0 CKOPOCTHIO ¥;, TO NJA KaXIoi U3
9THX TOUEK MOKHO HAIMCAThL ypaBHEHTe KOJNISCTBA Amkennd (2.1):
dm;vy
@ —Fo .

npuaeM B F; BoliiyT Bce cHH, MeficTBYyOMMe HA TOYKY C HOMepOM i,
KaK BHeIOIVE, TAK X BHYTPeHHHUE IO OTHONICHWIO KO BCEil CHCTeMe U3
n MaTepradbHHX ToYeK. C0KUB ypaBHEHUs KOAMUeCTBA ABHMKCHEA
(2.1) nns BCeX n TOYER, HOAYYUM

n d n n
2 = (2 me) = 3R,

i=1 = i==] i=1

rfie cIpara CTOUT CyMMa BCeX TOJHKO BHEITHHX 110 OTHOMICHATO K CHC -
TeMe CHJ, TaK KAK BHYTPeHHNe CHJH B3auMOJeHcTBHSA IO TpeThe-
My sakoHy HrloToma cymecTByOT mOUApHO M WPW CyMMHDOBAHUH
COKpaialoTcA.
CymMMma
n n
Q= Z mw; =mv*, Tie m = Z my

i=1 i=1

—Macca Beeil CHCTEMEI, a v¥ — CKOPOCTDh IeHTpa MacC CUCTEMH U3 n

TOYEK,
n
V= ig;"i'vi
m

2

HA3HBaeTCA HOMHUYECTBOM JABIKEHMA CHCTEMEl, H MBI IDHXOAUM K
YPaBHEHHUIO KOJMHYECTBA ABUMKEHUA A CUCTEeMEl U3 7 MaTepAAJIBHLIX

TOYCK:
aQ 2" ©) dv’ zn ©
e e
717‘ = y F-,', nin m dt = y Fi L]

i=1 i=1

IlpoussofHas Io BpeMeHH OT KOJMYECTBA [ABMKEHHSA CHCTEMEI
MaTepHaJbHHX TOYEK PaBHAETCA CYMMe BCeX JeHCTBYIOIMIMX HA CH-
¢TeMy BHeIDHHUX cmi. WMam WHAYEe — Macca, YMHOKEHHAA HA YCKO-
peHme OEeHTpAa MAacC CHCTeMB, DaBHAETCA CYMMe BCeX BHEITHHX
cuj, JeACTBYWIINX Ha CHCTEMY.

TakmM 06pasoM, IBMKEHHAIO 000 CHCTeMH MATePHAALHLIX TOUCK
MOKHO TOCTABUTH B COOTBETCTBHE JBIDKEHHe OJHOM MaTepmalib-
HOM TOYKH — IEHTpa Macc cmcTeMu. IIpm Maxabsx pasMepax CHc-
TeMH [aA fAajeKHX Habmrojareneif JBEKOHHe CHCTEME TOUEK BO
MHOTEX BONPOCAX MOKHO CBECTH K [BIDKCHHI0 ONHON TOYKE —
IeHTPAa MacC CHCTEMHI. ‘

YpasBenue JBMKEHAS MaTePHAJBHON TOYKA HMeeT YHHBEPCAlb-
HOE 3Ha4YeHHe, er0 MOKHO MPUMEHATh K BCEBO3MOKHHM MeXaHWIe-
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CKHM CHECTEMaM: rajlakTAKaM, aBesfiaM, IIaHeTaM, JIOOHM JTeTaTelb-
HHM AaNOaparaM, 9eloBeRy, NOTUIAM, HACEKOMHBIM W T. A. W T. IL.
OGo6muM Temeph ypaBHEHHE KOJIHIECTBA

YparHeHWe KOMMYECTBA IBIMKEHNA Ha cIydadl KoHeYHOro oGbema V

ABH:REHHA NIJAA ROHEYHOIO =
o0beMa  CIIOMIHORN cpenst CINIOITHOM CpeAhl, OrpaHMYeHHOI'0 NIOBEpPX-

HocThI0 2. Hanmmewm sto ypaBrenme, Tak Kak

\  wpar) = (2 dm = £ (wam = £ (opr,
\ 4 M M 1\ 4

B BHJe
d
L _ S Fpdt+ S p.do,
v n
roe
Q= S vodt
Vv

10 OIpefieJIeHNI0 €CTh KOJMIECTBO ABIIKEHWA CINIOMHOHA CpeJH,
sapmMalomerr obmeM V, a

S Fpdt n Spndc
vV b

— CYMMEH BHEIIHWX MAaCCOBHX ¥ IIOBePXHOCTHHX CHJ, JeicTBYIO-
mux Ha cpeny B o6weMe V, cooTBercTBeHHO.

Taxmm o6pasoM, gaa moGoro mEgEBHAyalbEOro obbema V
CIZIONIHOM CpeNH MOMGHO HAIWCaTh ypaBHeHHWE KOJMYECTBA
JBHHEHAA:

T?FS vpdt = Q Fop df-%*s Pnds, (2.2)
14 \4 z

T. €. NPOW3BOJHAA 10 BPEMEHM KOJWdecTBa JBWeHUR o0bema V
CIIOMHON CpefL PaBHAETCH CyMMe BCeX BHEIIHHX JeficTBYOIUX
HAa HEr'0 MaCCOBHIX W NOBePXHOCTHHEIX CHJI. DETeaAeME MEICICHHO
o6beM V sBisieTcA OpPOM3BONLHEM CYOCTANMOHANBHEIM IOJIBMK-
BEM fedopMEpyeMEM 006BEMOM, COCTOAMNM IO OIpefleleHHI0 H3
OZHMX W TeX jKe JaCTHI CPefEHI.

Ecam ma Maccy B oO0beMe V, KpoMe BHEIIEEX pacHpeRedeHHHX
cmJ, AeHCTBYIOT elie BHEIIHWE COCPEJOTOUeHHEIE B TOYKe CHJIE MK
CHIK, COCPEOTOYCHHEIC BJOAL HEKOTODHX JMHHH, TO MX CyMMY
ciexyeT fo0aBHTH B MPABYI dacTh ypasHeHms (2.2).

PaserctBo (2.2) sABAAETCSA OCHOBHHM IOCTYIHDYEMHM /HHAMHA-
9eCKHAM COOTHONMeHWeM MexaHmKE cmiomuol cpefnl. ITogo6mo0 ToMy
KaK BTOpoii 3ak0H HbI0TOHA ABMAAETCA MCXOTHHM ypaBHEHHEM B Me-
XaHEKe TOYKH, ypaBHCHHe KOXWYecTBA ABIKEHNA (2.2) HmojIoKeHo
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B OCHOBY MeXaHHKmh CIUIOIIHOM Cpein. DBce mpeamecTsyiomue
PaCCy:HAeHUA CHeIyeT PACCMATPHBATE KAK HABOJAINME 9BPUCTHIC-
cKHe cooGparkeHAsA, CBASHBAIOmMYe ypasHeHZe (2.2) AAA cOIOMHON
cpegn m ypaBHeHwe HploToHA [AIA MaTepHadbHOH TOYKH.

B o6ocroBamme ypaBHeHHA (2.2) MOMKHO HPHUBECTH TAKIKE Cle-

nyiomee coobpaskeHue. 1lo dopmyme my* = \ vpdt MOKHO BBecTH

CKOPOCTh v* HeHTpa Macc o6beMa V cmiromHoim cpegpr 1 cHopMmy-
IEPOBATH YPaBHEHHE KOAMYecTBA JBwkenusa (2.2) Kar ypaBm-
HeHWe J[IBIGKCHEA LEHTpa Mace UHAWBHAyaabHOro o6bema V
CILIOINHON CpesI:

do’

m— = S Fpdv —f.S Pads.
v b

3aMernM, 9To cooTHOmenue (2.2) 9acTO HABHBAOT ypaBHEHHEM
HMIIYJIBCOR, TAK KAK €T0 MOKHO 3aIIACATH €IIe B CIEAYIOMEM BU/e:

d& vpdt = §, Fpdv dt +i padtds.

Ha coormomenne (2.2) M0KHO CMOTpeTh KaK HA PaBeHCTBO, OI-
penenawmee cunsl. [leficTBUTEIFHO, BCe M3BECTHEIE JJIA CHI 3AKOHEI
TIOJXY9eHH M3 9TOT0 YPABHEHUA, T. €. 0006MeHHOT0 BTOPOTO 8aKOHA
Heotona 1). JTH 3aK0HE MOMKHO IOJY4aTh Ha OCHOBAaHAH Halimo-
JIeHUA B OIBITAX, C IOMOINBLI) PA3JMYHNX THIOTE3 WA ¢ IIOMOIIBI0
«MHBICJIGHHELX 9KCHOepAMeHTOB), (OpPMyiHMpyeMEX Kar o0obGnieHHmE
npakTE¥ecKux panmbix, Onpejie VB 3aKOHH [JIA CHJI C IOMOINIHIO
(2.2) B npepBapUTeNBHHX HCCIAEOBAHUAX, B APYIUX CIYTaAX, yiKe
3HAA CHIIbL, U3 (2.2) MOKHO HAXOJUTH COOTBETCTBYIONIZE 9TUM CHIaM
IBYKCHUA.

Ypasnenue koauvecmea Osudcenus (2.2) ssasemes UCTOOHBLM
ypashenuem 043 41000 dsudcenitli cnaownoll cpedsl, B TOM 9ACIe X
JJIS pasphIBHHEX [ABIWKEHUH, KOTJA XapaKTePHCTURM [ABIGKEHHA W
COCTOAHHA CINIONIHON CpefH He ABIAITCA BCIOAY B o0beme V He-
OpepPHBHEME GYHKOAAMA KOOPAMHAT, B JJIA Y/apHHX HPOLECcCOB,
KOITla XapaKTePUCTURY JIBUKEHAA M COCTOSHNUA B PACCMATPHBAEMOM
o6beMe cpelH ABIATCA PAa3pPHBHEMH (QYHKIUAMHE BPEMEHH.

B gacrmocTH, B 061acTH HempepHBHLIX JIBHKEHAH HHTeIrpaAbHAA
TeopeMa KOJHIeCTBa ABHrkeHHA (2.2) sxpmBadeHTHA NudpPepeHIHEA-
JbHEIM ypaBHEHIAM ABIKEHUA CIVIOITHOMN cpefhl, KOTOPEe MEl yCTa-
HOBHM HmWKe; U3 ypasHenms (2.2) caemyer TaxkKe, 9TO0 DOBEPXHO-

1) Boxee moppolHo aToT Bonpoc oceemeH axuure JI. M. CepoB a «Meronu
mO/00MA A pasMepHOCTH B MexaHWKey, uay. 6-e, ra. I, § 5, crp. 19—25, Usx-so
«Hayxka», 1967.
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CTHEe HANPSKEHUA P, AAA MOOHX cpefl ¥ MoGHX JBU:KeHMHA 0J-
SKHEL Y[OBJIETBOPATH HEKOTOPHM YHHBEPCANBLHHM COOTHOIIEHHAM,

K BHBOJY KOTODHX MH ¥ HOepexXOfiHM.
Nrax, mepedieM K BHBOLY OTpAaHMYCHWIA,

OcHoBHO® CBOHCTBO  BHYT-  goTopHe HAKAALBAET YpaBHEHHe KOJHYe-
pPEeHHBX HaOPAKEHRH .
c¢TBa JfABwkeHuA (2.2) Ha BO3MOMKHHEIA Buj

3aBHCHMOCTH HANpPsAKeHHH P, 0T OPHEBTAIME COOTBETCTBYIONMUX
IOMAI0K, B3ATHX B JaHHOW TOYKe, B CAYTdae HEIPEDPHBHEX [BH-
JKeHH# cIolmHO CcpemmL.

Bospmem mbiciieEHO 06'6eM V m pasmenuM ero MpoN3BONLHEIM Ce-
geaueM S Ha gBe wactm V, m V, (pme. 23). IlpuMenvs ypasHenue
KonmuecTBa [BMKeHHA (2.2) oTneabHO K V) M V, ¥ KO Bcemy o0BeMy
V B mesoM m 3aMedas, 9T0 B3amMofeHcTBHe PeafedeHHEIX YacTed Mo-
JKET OCYIIECTBAATHCA ¢ MOMOINBI0 MACCOBHX DACHpE[eleHHHX CHI
® MOCPEJCTROM HOBEPXHOCTHHX CHJI, pachpefieleHHNX IO CedeHUIo

S, MoKeM HaIHCATh:
S pdr—S der+S Pods +) p.ds,
V. .

Vi

S —(de‘t' SF”PdT'}‘ESpndG +Sp-nd5
Vs V. S
S’%pdf =§der+§: n,ds,

rre yepea I m F" 06036a9€HEH IWIOTHOCTE MaCCOBHX DacUpeAeeH~
HHIX cHa, feHicTBYIOmMAX cooTBeTcTBenHO Ha o6beMur V) m V,. Hocne
CIOKEeHHA ABYX NEePBHX PABEHCTB M BRYNTAHUS M3 HX CYMMEL TPETh-
€ro0 TpM YCJIOBHH, YTO [AJiA BHYTPEHHHX MAaCCOBHX CHJ BCEr[a RBI-
MONHAETCA 3aKOH PaBeHCTBa HelicTBEA W mpoTHBOAeficTBHA, T. €.

SF’p dv -+ ’F”pdr = § Fpdr,

1

6ymeM wmMerh

S (Pu+ Pn)ds =0

5
Orcona B cuny mpomssoabHOCTE 06BMOB V, V), V, m ceuemma S
BHTEKAeT, 4TO

Dn=— D-n. (2.3)

OTMeTHM, YTO NpPENIOJOKeHHe O HeIPEePHBHOCTH JBIKEHUA

. cymectBeEB0. Hampumep, pasedctBo (2.3), xak O6ymeT moKasa-

Ho Hmxe (cM. ra. VII), Be BHmommsercs, ecim BHYTPR V mMeer-
Cfi MOBEPXHOCTHh PA3PHBA CKOPOCTH ¥, 1epes KOTOPYIO IEPeXONAT da-
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CTHL{El MaTepHANLHON cpefisl. B 5ToM ciydae ero HaJio 3aMeHUTE APy-
THM COOTHOINEHHEM.

YpaBHeHHe KOJNHIECTBA ABMKeHAA (2.2) IPEMEHMMO K J060My,
B TOM 4HCJie M CKOJIb YyTOJHO MAaJIOMYy, MarepmajbHOMYy o6bemy V.
BriAcEEM Te orpaHmMYeHHs, KOTODHE HAKJIAJhBaeT Ha IOJLHTEI-
panbEHE GYHKINY, BXOJAIHE B 'y PABHEHHE KOJAUYeCTBA [BMKEHEAM
(2.2), mpmMeEEMocTH 8TOrO ypaBHeHHA B HammcaEHO#T ¢opMe K
A060MY CKOAL Y200H0 MasoMYy HHIUBULYAJIBHOMY 06BeMy CILIONI-
HO# cpefpl. Jlasa 9TOr0, HpeANONOKUB XaPAKTEPHCTAKE JBH:KOHAA
HeOPEePHBHEIMA B KOHEYHEIMH, COCTABMM BHIPAa;KeHHe

Q:S de1:+g pndc——S—g:ipdr,
vV z vV

KOTOpOe AJA JM060ro MEAUBHAYAAbHOrO 06beMa V NOJIKHO TOIHO
PAaBHATBCA HYJIIO.

OugeBnaHO, 9T0 IPH CTATHBAHUY B TOIKY 00BeMa V HesaBHCEMO
OT BUfla DOFLIHTErPAJbHHX (yHKOU BePHO IpefegbHOE PaBEHCTBO

lim Q@ = 0,
V-0 :

OHO BHEOMHAETCA HpH MOGHX KOHETHHIX (YHKOHAX, BXOAANHEX B

TOLIATeIPANbHEE BHPAKEHHA Q.
BosbMeMm Temeph B HAHHEA MO-

MEHT BPEMEHH NIPOH3BOJIBHYI TOY-

Ky M cmwiomHBOi# cpefs H mpoBefeM |

H3 Hee HANPABJIEHHA, Napaliedb-

HEle OCAM JIGKapTOBOH CHCTEMH ' A

roopamHar (pmc. 25). OrmoxuMm Ha A

HEX IIPOU3BOJBHEE 0eCKOHEeTHO

Majee oTpesku dr = MA, dy =

= MC u dz = MB m paccMoTpuM

o6beM V B BHEe HOCTPOEHHOTO Ta- 7

KuM myTeM GeCKOHEYHO MaJIOrO TeT- N

pasnpa MABC. Ero rpamm MBC, Fuc. 25. K cpoiicrey BEyTpen-

HVX HaupmKeHnH.

MAB, MAC nepleBABKYAADPHE

K COOTBETCTBYIOIIEM OCAM KOOD-

muHaT, a rpamb ABC opueETHpOoBaHA IPOH3BOJLHO. Ee opmenra-

mEA ompepensAercsa e[WHMIHHM BEKTOPOM HODMaJd

n = cos (nr)€ + cos (ny) j -+ cos(nz) b = nga'.

1T

Hanpssxernsa sa nnomamcax ¢ Hopmaaamu £, j, %, n oGo3EadnM
COOTBETCTBEHHO Uepes p', p2,.p® ¥ p_ , a mIomanb rpaHnABC —_
gepes S. Ilnomanu rpaneii MBC MAB,; MAC upu 910M, 0O4eBHAHO,
6ynyr pasEH S cos (rz); S cos(ny), S cos (nz), a 06beM TeTpasnpa
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1
V:?hS, rie h — BHCOTa, ONYymeHHAA W3 BepmuHEH M Ha

rpasb ABC. Ecau rerpasip Gy/er CTATABATHECA B TOUYKY, OCTaBAfACh
mofloGHEIM camoMy cefe, To 2 Gymer GeckoHeuHO Majoif mepBOrO,
a § — Broporo mopafxa.

BrrameanM Q paa o6beMa CIIONHOM Cpefhl, HaXOAAMETOCH B
DaHHHi MOMOHT BpeMeHH B 00BeMe BTOTO TeTpasapa; BOCIOMB30-
BaBIIUCH CBOMCTBOM BHYTPeHHMX Hampsxesuit (2.3), odeBumHo,
N0 Y9 AM

d 1 1
Q= (—3-:1 p)M . E'Sh + (Fp)u - g—Sh—l— PpS — PLS cos (nx) —

— p2S cos (ny) — P°S cos (nz) + O (BT,

roe A > 0. ITycrs Temeps TeTpasAp CTATMBAETCA B TOYKY, OCTABA-
Ach monoOHEM caMoMy cebe. Torma, Tak kak @ = 0 B cmay (2.2),
HOJKHE, B JAaCTHOCTH, BHIONHATHCA NpeldelbHEE DaBEHCTBA

Q Q

. . Q .
lim— =0, lim—= =0, lim-—%=0.
Vo P e Ty P

IlepBuiit npefien B ciiydae HeNpepHBHEX M KOHEYHHX XapaKre-
PUCTHK IBHKeHHA, 09eBHAHO, BCera paBeH HYNIO, T. €. BHOBH He
[OJIyYaeTcA HAKAKAX OTPAHMYCHUH HA BU[ HOALIATErPATbHBIX QYyHK-
mmit Q. U3 ycaosusa

. Q
lim—=20
veo S

BEITEKAeT, 9TO BCerja MOJHHO BHIOJHATHCA PaBeHCTBO

Pn = P'cos(nx) + p?cos(ny) 4 P°cos(nz), (2.4)

KOTOpOe IOKAskIBaeT, 4TO HaIpsyKeHHe P, Ha moboi mromanke do
B3ATOH B Touke M cmiIomHOK cpefn, Bcerga mo dopmyrae (2.4)
BHIpa)kaeTcsA JHHEKHO depes HAampameHnsa p', p?, P°® Ha BBATHX
B Toil e Touke M (HKCHDPOBAHHHEIX MIOINAJKAX, IapaJJeJbHHX
KOODJAWHATHHIM IIOCKOCTAM IPAMOYTOJNBHOH eKApTOBOH CHCTEMH
KOOD/IMHAT.,

Coornomenne (2.4) moKaskBaeT TaKiKe, 9TO CYMMY BHENIHHX

MOBEPXHOCTHLIX CHJ S Pnds, meiictByromux Ha o6beM V' cmiaom-
3

HO#t cpe/ibl, OTpaHMYeHHH N HOBEPXHOCTHIO %, Mo:KHO mo $opmyie

Taycca — Ocrporpagckoro upeoGpasoBaTh B HHTErpail, B3sTHI

mo o0BeMy:

g Pods = 5 (%8 + -+ 5 ) av. (2.5)
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YpasreHEs1  JBEKeHMA PaceMoTpuM, HakoHenm, ycaoBme
CINIOMHOK CcpegH B AeKap-
TOBOHl cHcTeMe KOOpPAHMHAT lim—& =0

veo V )

Hcoonrays (2.5), npencrasuM Q B BuUje
_ opt op? op® dv
v

¥ U3 YCIOBHs

. Q
lim— =40
Voo V
IOy YNM
dv apt ap? op®
e =PF ot Gt (2.6)

IJTO BeKTOpHOEe ypaBHeHWe ABJISETCA OCHOBHHIM amdpdepeHmn-
allbHHIM yPaBHEHHEM [BIKEHUA CIOUIHON cpefsl. OHO BHIIOMHA-
eTca Aas n00KX HenpephHBHHX JIBIMKEHHN JIOOHX CPeJl X B caydae
HeIPEePHBHKX J[BHKEHNI 0JHOCTHI0 SKBUBAJICHTHO YPABHEHHIO KO-
Ju49ecTBA ABMKeHHA (2.2), TaK Kak u3 Hero cienyer, 4o Q@ = 0
o aoboro obvema V. llomueprmEeM, 4To paBencTBa (2.6) m (2.5)
HONyI€HH UPH OUYIIeHNY HePepPHBHOCTH I fudPepeHInpyeMocTa
BEKTODOB P’ Ypasmermme (2.2) nocTyaupyerca jguas Gomee oOmmx
cirydaes.

Paszioxum sextopst p!l, p?, p® no Bexropam Gazuca 9, = €, 9, =
=J, 95= Kk pnexaproBoil cmCTeMH KOOPAMHAT:

pl = pmak’
P? = p*2ay, wm  p'= ptlg,, (2.7)
P* = p*ay,

¥ BBOMIEM MATpHIY

pll p12 p13
pop p =¥ =P,
p31 p32 p.;.s

cocrosimyio u3 AeBATH uuced. CoriaacHO CBOHCTBY HANpsKeHH
1
(2.4) KOMIOHEHTH p, HANDPAKEHHA

P, = pLa, + p2as + pias = pia,

Ha TPOM3BOJBLHO OPHEHTHPOBAHHON IJIOIA[Ke, B3ATOX B JAaHHOHK
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TOYKEe CIVIOINHON Cpemhl, IPeACTABATCA b(l)ovay.uaME
pL = p'*cos(nx) + p'*cos (ny) + p'®cos (ng) = piny,
P2 = p* cos (nx) + p* cos (ny) 4 p¥ cos (nz) = p¥ny, + (2.8)
p2 = p* cos (nz) 4 p**cos (ny) 4 p* cos(nz) = p¥ny.

Taxmum ofpasoMm, matpmna P ompemeasier npeo6paaoBaHne oT
KOMIOHEHT 1, BEKTOpa 7 =n9' K KOMIOHEHTaM P, BEKTODA Py

,I[eBﬂTL q)yH}cmm piE BXOJIAT B BEKTOPHOE YPABHEHHWE [BILKeHAA
coonrHo# cpensl (2.6), KoTOpOe B IpoeKIMAX Ha 0CH JAeKapTOBOK
CHCTEME KOOPAVHAT 3alHCHIBAETCA ciaeyywmaM obpazoM:

du Hpl2 op13
P —9F+ax+P+az,
dv ap™ op™ ap*
b T plly + oz + dy + az (2.9)
dw . op% ap* . o0p®
P pF, - Jx + oy + éz '

rge uepes F,, F,, F, 0003HadeHn NpOEKIMM HA OCH KOOD/IMHAT
ILIOTHOCTH MaccoBoil CI/IJILI r.

FEcnm ® stiM ypaBHeHHAM ABWKeHWs no6aBUTh ypaBHEHHE He-
paspsiBHOCTHE (1.3) , TO MH HOAYyYEM cHCcTeMy uUeTHpeX ypaBHEHMI,
B KOTODOH OpPH 3aJJAHHHIX BHCIIEMX MACCOBHIX cmiax Oy/er comep-
RaThCA, BoOOImEe TOBOPA, TPUHAANATH HEW3BECTHBHIX (QyHRIHI:
TIJIOTHOCTH P, KOMIIOIGHTE CKOPOCTH U, ¥, W M [eBATH KOMIIOHEHT
BHYTPEHHAX IOBCPXHOCTHHX HAUpAkeHHH pik,
3apucAMoCTS (2.4) BexTOpa HaupsUKeHWE P
Ha OPOM3BOJBHO OPHEHTHPOBAHHON HIOmMAN-
Ke OT BeKTODOB HaNpsKeHWH P!, p?, p® Ha KOOPAWMHATHHIX IIIO-
MaAKaxX MozeT OHTH ¢ moMOmpbIo (2.8) zammcana B BHe

Tensop Hamps:Kemmii

Pn=Dpny= pFlagng = I3 (35-m) = pFia (9;-m). (2.10)

IJT0 PaBEHCTBO AaeT amHeiHOe (¢ KosdpPuumenTaMu p*i) mpeoGpa-
30BAHHE OT KOMIOHEHT BeKTOpPA 7 K KOMIIOHEHTAM BEKTOpPa P,,.
OHo 6BII0 MOIYUEHO ¢ HCHOJAb30BAHNEM 0PTOrOHAIBHOMN AeKapTOBOM
CHCTEMH KOODAWHAT, M, CIEOBATEJNBHO, p* GHIE ompemeleHH B
MPOM3BOIBHEIX OPTOTOHAJBHHX JEKAPTOBHX CHCTeMaX KOODAWHAT.
Pasenctso (2.10) ABageTcAa cOOTHOIMGHHWEM MEKIY BeKTOpaMK p,n
7 H TM0YTOMY MOKeT OHTH HaNHCAHO B AI000H KpHBOIMHEHHON cHC-
TeMe Koopauaat. OTclofia ciemyer, 9T0 He TONLKO B OPTOTOHANBHHIX
HAEeKapTOBHX 0CAX, HO M B IPOM3BOJBHHX KPABOJIAHEHHLIX CACTEMAX
KOODAMHAT ¢ mMoMompbi0 paBercTBa (2.10) MOKHO BBeCTH BeJaddH-
HI p’“ KOTODHe clieflyeT pPACCMATPHBATL KAK KOHTPaBapHAHTHEHIE
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Pp3nyeckae  KOMIOOHEHTHI
TEH30pa HMAaHpAKCHRI
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HOMIIOHCHTEI TEH30pa
P = p"“aka;.

JTOT TeH30D HA3HBAETCA TEH30POM BHYTPOHHUX Haupsmxenwi. [Ipm
9TOM B 1060l cucTeMe KOOpPAHMHAT OymeT BHIIOJHATHCA PABEHCTEO

n = P.n= p’ni,

rae P, — HAlUPSKeHWEe HA NPOU3BOJBHON IVIOMAJKe ¢ HOPMAJBIO
n, a 7, — KOBADWAHTHEE KOMNOHEHTH 72.

3aMeTuM, UTO PABEHCTBO P' = = p, Ba COOT-
BETCTBYIOMIAX KOOPARHATHHX MIOMAAKAX BHI-
TMOJNHAETCA, BOOOME TOBOPS, TOJBKO B CIY-
gae OPTOTOHAJBHOH HEeKapTOBOM CHMCTEMH KOOp[AMHAT;, Jerko yoe-
AUTBCA, 9TO B NIPOW3BOJABHON KpPHBOJMHENHOH cHAcTeMe KOODIHHAT
p’ == P, HA COOTBETCTBYOMWX IMIOMARKAX.

,ZlencTBmenbﬂo, OIS [aHEHON KPHBOJWMHEHHOW CHCTEME KOOD-
AHHAT PacCMOTPEM IIOMALKY, ompefelseMylo BeKropamm Oasmca
9¢,1 W 94,5 (MHIEKCH OIPeMleJIeHE 1O MOAYINI0 3), HMONMOKATENbHOE
HallpaBJeHNe HOPMaJHu K 3Toll mmomajke ompefeiuM Kak Hampas-
lcHNe KOHTPABAPMAHTHOTO BEKTOpa Oasmca

9l = ———————aiﬂxiﬁz ,
Ve
eUHAIHEH BEKTOp 3TOTO HANPABNCHNS ONPEfielMTCH, O9eBUAHO,
dopmymoit
3,
o= ~—‘_:—_ y
- git

rie g'i > 0, a KBaApaTHEI KOPeHb 3eCh W AAAblIe fepeTca ¢ moro-
srurenbanM 3pakoM. Cormacmo (2.10) BexTop HAOPKeHAA P, Ha

TAKOM MJIOmMAJKe, KOTOPHl MH 0603HAYNM Yepes pl , IpefCTaBUTCH
B BUjle
k i i
. Yy (90 9)  pYa,

PTTTVE TV

M, CIeJI0BATeIBHO, BOOGIIe HE PABeH BEKTOPY P’ — p* 9,. Bexrop

HaOopAKeHus p1 MOKHO DAa3J0KUTh IO eJUHUYIHHIM BEKTOPaM 6a-
3HCA 3z, BBATHIM B paCCManEBaeMOE TOYKe:

; 3
* (31 @
p{—-—X
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Beawamast X* HasuBalOTCA  (QM3MYECKAME KOMIOOHOHTaMH
L
BEKTOpa Hamps:xeHna p;. Ha ocHoBaHME AByX mOCJe/JHEX PaBEHCTB

MO;KHO HANWCATH, 9TO
pai — x® gt
Eaa

(cymmupoBaHUe mo g B aTo# fopMydae orcyrcTeyer). OTciojia ACHO,
970 usmIeCKNe KOMIOHOHTH X% He ABJIAITCH KOMIIOHEHTAMH Ka-
Koro-i1mbo TeH30pa.

B fnexaproBoit opToromaxbHO# cmcTeMe Koopammar p*t = X*.
W3 BeKTOPHOTO ypaBHEHHMA KOJIMIECTBA JABU-

YpapreHHA ABIGKEHEA  yoouro @. 2)

cunomHofi cpeAn! B Opom3-

BOALHOH cHCTEMe KOOpAH- —

o S 0 — d1: S Fpdr -+ S Pprds
b

n u3 TeopeMil TI'aycca — Octporpajckoro

§ Prds = S pnds = §, Vip'dt

z

II0JIy9uM, 4YTO B CJy49ae HENPEpPHRBHEX JIBHH(eHIzIfI BBRINOJMHAIOTCA
cileAywmue ypaBHCHHA JABHKECHHA:

pa =pF + V;p' mmm pa* = pF* -V p¥, (2.11)

crmpaBeiuBEe B JI060f1 KpUBOJMHEHHOH cHCTeMe KOOpPZUHAT.
B ypasmeEnax gswwenua (2.11)

vk vk By o
E i kK 2
a_at+vViv~at U(an*+ I‘)

apt .
Vipt = a% + Tl = Vipay.

Bekropuoe ypasHerme (2.11) BepHO Kak B HOJABHIKHOHM, TaK H
B HEMOABIKHOH CHCTeMe KOOpAMHAT, B YAaCTHOCTH, KaK B CHCTEMe
oTcUeTa, TAK H B COMYTCTBYyIome# cucreme. OgHAKO HY)KHO HMETh
B BH/Y, UTO BeKTOD @ SABJIAETCH YCKOPOHHEeM HHIABHAYAIBHHX TOIEK
CpelIsl OTHOCHTENHHO Kakoii-mu0o mHepHmUa hHON CHCTEeMBI KOOpPAH-
HarT, a F' ABisAercH MIOTHOCTHIO 33JaHHKHX MacCcoBHX cumi. Ecmau ke '
IOBIDKCHRE H YCKOPeHHE PACCMATPHUBATE O THOCUTENBHO HeHHE PIIHAJI b~
HOM CUCTeMH KOODAWHAT, TO B BhIpakeHue i F Hy;KHO BKJIIYATH
CHJIB MHEPTHH.

BrmennM B coiomuoil cpefe 6ecKOHEYHO MAJIYIO YACTHILY ¢ Mac~
coit p dv, Ha Hee OyIyT HelicTBOBATL MacCoBLIe cuik pF dv, cmin

-

2T.Y A
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—p@ dt, KOTOPHE B CONYTCTBYIOMEA CHCTeMe KOODAWHAT ABJIAITCH
CHIIaME MHEePOHU; CHAN V;P' dt = y;p¥'9; dT, KOTOpHle MOKHO pac-
CMAaTPHBATH KaK MacCOBHEIE CHIIL, BOHUKAKI{ACe 34 ¢IeT JeHCTBUA H0-
BEPXHOCTHEIX CHJI HA IPaHWIE JacTHUE. ¥ papEenme (2.11) MosHO
paccMaTpuBaTh KaK YCJIOBWE PABHOBECHA OTHOCHTENBHO CONYTCT-
BYIOIEeil CHCTeMH KoopAamHAT; coraacHo (2.41) cymMa Bcex cmi, meii-
CTBYIOMX Ha YaCTHWIy, PaBHA HYJIIO.

3amerum, uro ecau TeHsop P = p*' gy 8; mocrosHEH Bo Beex
TOYKax cpepi, To y;p = 0. B mexkaproBoil cmcTeMe KOODAMHAT
KOMIOHEHTH TeH30Pa HANpSKeHAidl p¥ BXOIAT B ypaBHeHUe ABHME-
HUs TOJABKO TOTHA, KOIY}A OHM 3aBUCHT OT KOOPAWHAT Z, J, 2. BMe-
CTe C TeM PaBEHCTBO

Vipi =0 mu V;pti =

u paBeHCTBO P = p*'9.8, = const He skpuBamentmn. Hampumep,
eCcJH cpefa, Ha KOTOPYH He HeilCTBYIOT MacCOBHE CHJLI, NOKOHT-
cd, TO

V,ipk‘l = O

J10 ypaBHEeHMe ABIAETCA OCHOBHLIM ypaBHEHHEM TeOPHY YHODYTo-
CTH, TJIe 9aCTO PACCMATPHBAIOT 3a1a9H 0 PABHOBECHN PasAAIHHIX 00b-
€KTOB, HATPY;KEHHHX TOJIPKO BHEIIHAMU MOBEPXHOCTHHMH CHJIaMH.

§ 3. YpaBueHns MOMEHTOB KOJIHYECTBA ABUKEHUS

Kak yrasuBajgochk BHIIe, MOJyUeHHAsA CHCTEMAa YHHBEPCAJBHHIX
YpaBHEHHI IBUKEHHUA CIIOIIHOH CpPefbl eme He ABIAETCA 3aMKHY-
Toi#t. MOKHO WOIYUHTh €lne APYTHE YHHEBEPCANbHEE YDAaBHEHHUS, He
BaBUCAINING OT YACTHHX CBOUCTB ABWRYymeiica cped. C 3TOH HEeIbIo
paccmorpuM mpyroe ofmee ypaBHeHUe MeXaHUKH — ypaBHEHUE
MOMEHTOB KOJHYeCTBA [BUKEHHA.

YMHOKMB ypaBHeHHE

YpaBEeAHme MOMEHTOB KO- dv __ F

Ad9eCTBA  ABMKEHAA  JaA m g =

MaTepHanbHOA TOYKHM CHCTE-

MBI TOYEK BEeKTOPHO cJeBa HA pajgHyc-BeKTop # pac-

cMaTpUBaeMoil MaTepHANBHON! TOYKHE MaCChl I
OTHOCHTeJIBHEO TOYKE O — Hadajia HeKOTO PO HEePIUAIbHON CUCTEMBL
KOODAMHAT, HOJYYHM ypaBHEHHe MOMEHTOR KOJIHIECTBA JIBHKe-
HHA JJA TOYKH:

K _ (3.0)

rje
K=rXmpvaoil=7rXF
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— MOMEeHT KOJHYeCTBA [BHKEHUA MATePHANBHOH TOYKH M MOMEHT
HZeficTBYIOIMX Ha Hee CHiI F oTHOCMTENLHO ToUKHE O COOTBETCTBEHHO.
YpaBHeAHe MOMEHTOB KOJWYeCTBA JBHMKEHHSA JUIA OJHOI Mare-
PHANLHON TOUKM ABISETCA, TAKUM 06pasoM, TPHBHAJILHEIM CJef-
¢TBMEM BTOpOro 3aKoHa HwioToma.

Ecnm ‘MH wMeeMm cucTeMy 1 MaTepUANBHLIX TOYEK MACCH my,
ABIGKYIOAXCA CO CKODOCTAMHA 3, TO A KAKIOH M3 HAX MOKHO
HapHcaTh ypaBHeHHe MOMEHTOB KoJamdecTBa jABmxenma (3.1):

d.
=7 (P X my) = X Fy,

rae F, — raaBHmil BeKTOp BCeX, B TOM WHCJe ¥ BHYTPEHHUX II0 OT-
HOHIGHUI0 KO BCeH cHcTeMe, CHJI, JeHiCTBYOIMAX HA paccMaTpUBae-
Myl TouKy m,. CnosmB 5TH paBeHCTBA JJIs BCEX % TOYEK CH-
CTEMH W OIpefleJHB MOMEHT KOJMYECTBA JIBYIKEHWS CHCTEMBI

A Kak

\52 n
> b : K= 2 (’ri X m{vi),

~ . 1=1

\v OYeBH[(HO, IMOJYYUM YypaBHer
e °  HHe MOMEHTOB  KOJHUYeCTBA

ABYDKEHHASA IJAA CHCTEMLI TOYEK:

Puc. 26. Cymma MOMEHTOB BCEX BHYT- n
PeHEMX CHJ  OTHOCHTENBHO TOUKHE dK 2 7 X EO
O papHA HYIIO, ot - &L i

i=1
Ifle copaBa B CUIy TpeThero 3akona Hrioroma (cM. puc. 26) Gyner
CTOATL CyMMa MOMEHTOB, TOJILKO BHEIDHWX JIJIA BCeil CHCTEMHl CHII.
IIponssogHaA Mo BPeMeHH OT _MOMEHTa KOJMYeCTBA JIBYIKEHUS CHC-
TeMH TOYeK OTHOCHTEJBLHO HEKOTOpoi#l Touku () paBHAETCA CyMMe
MOMEHTOR BCeX BHEIIHUX AeHCTBYIOMMX Ha CACTEMY CHJ OTHOCHTEIb-
HO TO#l e TouRHM O.
OTMeTHM, YTO MOMEHT KOJUYeCTBA ABH/KOHES CHCTEMHl Marepu-
ANLEHX TOYeK MOIKEO 3ammcaTh B BUJe

n
K=7r"Xmv"'+ 2 (74 oru X M40 otn)s
i=1

n R
rae m = 2 my, ¥ — pajuyC-BEeKTOp HEHTpa Macc CHCTe-
=1
Mu, ®* — cKOpocTh NEBTpa MacC, ¥jors — PAfgUyC-BEKTOp I-4
TOYKHX OTHOCUTENILHO LEHTPA MAacC, PVipra — CKOPOCTH [-X TO4-
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KH OTHOCHTEJIBHO CHCTEMH KOODAWHAT, ABIKYINEHCA MOCTyHaTexb-

HO BMECT® ¢ HeHTPOM Macc.
MoMeHTOM KOXW9YecTBA ABHKEHHUA o0beMa V

MomenT rommvecTBa fBH- CINIOMBOM Cpefs OGHYHO HASHBAIOT

WEHHA KOHEYHOIO0 ofbeMa

cnzommnoii cpexsl; coGerpen- K= S('r X v) pdr, (3.2)
HHe MOMEHTH KOJHYecTBA v

ABH:KEHH

ie 7 -— PAAMYCH-BEKTODPH TO9eK CIIOMHOR
CpPe/iH OTHOCHTENBHO HEeKoTOpOo# HemoAsmxHOH voukm O, a v — UX
ckopocrn. PaccMoTpuM, OFHAKO, 3TOT BOIpOC HOipobHee.

ITycte ME BMeeM HeROTOPHHE 00B6M T CIJIOIIHOM CPefbl ¢ MACCOH
m. flcHO, 9TO CKOPOCT, ¥ HPOM3BOALHOR ToYkE M aTOro ofbema
MOKHO TpefcTaBuTh (puc. 27) B BNJ® CYMMH

v=12" + Yorn,

rae v¥ — ckopocth uenrpa macc O* oGpeMa T, & Vgrn — CKOPOCTH
paccMaTpHUBaeMoil TOUKA OTHOCHTEJNBLHO
meHTpa Macc. Torpga, o9eBHIHO, MOMEHT
KOJIAYeCcTBA ABIeHNA 00BeMa T OTHOCH-
TeJBHO HOKOTOpoil Touku O OGygeT pa-
BEH CyMMe MOMeHTA KoJIuiecTBa ABUKe-
HAA MATepUAJBHON TOYKH MAaccH I,
cOBIajaromeil ¢ eATpoM Mace oGEeMa,
OTHOCHTEIBHO TOYKH O . MOMEHTOB KO-
JAmgecTBa JBEMeHEMA BCeX Touek M
o0’bemMa T OTHOCHTENBHO HenTpa Macc O,

T. €. L
. Puc. 27. K ypaBHeRHIO MO-
K=rxQ +S (Pors X Corn) P AT, M@HTOB KOJMYECTBA JIBHIKE-

HAA [AA KOHEYHOro obnheMa

T
CILIOMBOH CPOyH.

e Q = mv* — KONW9IeCTBO JBHIKE-
HEA MATepPHAJbLHON TOYKE MAacCH M, COBIAJAKMEd ¢ IeHTPOM
Mace, mid

K =7r*% X Q -+ K*; K* = S(roTH X 'UOTH) pd‘f.
T

PaccmoTpum Temeps GeckoHewno Maumsrit 06seM dt. Bo mMHOrmx
caydaax myisa GeckoEedHO Maaoro o0beMa MOMEHTOM KOJIHMIeCTBA
nemxenusa JK* Mo:kHEO DpeHeOpeus o cpaBHeHmO ¢ 7* X Q. Bosb-
MeM, HampmEMep, dtv B Bufe OeCKOHEIHO Maxoil ofHOpoAHOIH cdepH
pagmyca R, Bpamaromieiic ¢ yriaoR0il CKOPOCTBHIO @ BOKDPYT OCH,
npoXopameit Jepes ee meaTp OF; torma

K* — o = mito
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rae I — mMomenT maepnuu, a [ — pagumyc wHepnuM 3Toil cPepm or-
HOCHTeJBHO ee ocH Bpamenusa. Ouenmpgao, ml® mMeer mopamox R,
ar* X Q — nopanor R?, m K*, ecam ToabKO @ KOHeYHA, MaJ HO
cpaBHeHHWIO ¢ P* X (), MOMEHT KOIWYeCTBA JBMKeHAS oGbemMa V
cmromHo# cpefrl K B mpelene paBeH

g('rx v)pdr.
v

Opsako eciu yriosasg CKOPOCTh @ HACTOJILKO BeJIMKAa, 4TO ®I2
KoHeuHO, To K* u #*X Q uMeloT ogMHAKOBHIA Mopsamok R* m Mo-
MEHT KOJW4YecTBA ABWKeHUSA o0beMa V CINIOMHOH Cpefsl JOJKCH
OHTL PaBeH )

K:S(erv)pdT—l—Skpdr, (3.3)
\2 A\ .

rge depes K& ofo3HaueHA IUIOTHOCTH TAK HA3KBAaEeMbIX COOCTBEH-
HHX WM BAEYTPeHHHX MOMEHTOB KOJHYCCTBA [BHKEHUS.

IlocMoTpum Ha maywaemuit Bompoc ¢ PuaMIecKOil MEKPOCKONH-
YeCKO TOYKH 3peHHA.

PaccMorpuM cumcTeMy, COCTOAMYN W3 SAApa M BPAMAIErOCH
BOKDYT HEro 3JIeKTpPOHA, T. €. aTOM. JJIEKTPOH BpPAaIaeTcs IO Op-
OHTe CO CKOPOCTHIO OPANKA CKOPOCTH CBeTa, W I03TOMY, HECMOTPS
HAa MaJIbIi pasMep aToMa, CACTeMa AP0 — 3JeKTPOH obiafaer SHAYU-
TeNIBHHM COOCTBEHHBIM MOMEHTOM KOJMYecTBA ABIDKeHUA. MoMeHr
KOJUIeCTRBA BIKEANA, IPOUCXOAMMUNA 3a CIeT BpameHusd 3JIeKTPOHA
1o opbuTe, HashBaeTcs OpPOGUTANLHEIM MOMEHTOM KOJIMYecTBA JIBH-
HKeHHA,

Kpome Toro, asexTpoH, a Tawike Axpo of6iamalnoT coGCTBCHHBM
MOMEHTOM KOJHYeCTBA [BWKEHHA — CHUHOM, HajJWdue KOTOPOTO
Henb3s OOBACHUTE ¢ TIOMOIIBI0 BBEACHHSA COOTBETCTBYIOMEro Me-
XaHUIECKOTO [BYKCHHUA.

Taxum o6paszoM, Bce aTOMH, BoOOIme roBopsa, ofmamaior cober-
BeHHHMY MOMeHTAM¥ KoiamdecTsa apmxenus K. Ho cymma atux Mo-
MEHTOR KONWIeCTBA ABM:KeHUA K JIA BCeX aTOMOB B CHIYy XaOTHI-
HOCTH JIBWKEHMs BO MHOTHX CAy4aax papna Hymo. OfHAKO JBM/KCHES
3JIeMEeHTAaPHEX TaCTHUI[ MOKHO YHOPAIOUNTE, HAJNOMKUB, HAaIpAMeED,
MarHHUTHOE IT0JIe, ¥ TOT[a CyMMa BHYTPEeHHUX MOMEHTOB BCEX ATOMOB
6yner oTamdHoi oT HyaA. BB 5ToM ciyyae B BHparKeHue JIJIA MOMEHTa
KOJIM9ecTBA ABU/KEHEA MaKDPOCKONMIECKOH JacTHIE CILTOITHOM cpe-
OBl JTOJ;KHA, BOOOIIe, BXOAHTH CyMMa COOCTBEHHBIX MOMEHTOB KO-
JUYecTBa JABMKeHHA :

K = \Kpa.
2
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Takum oOpasoM, ecnm, HampEMeP, MH XOTHM B MeXaHUKe
C‘HJIOIIIHOﬁ Cpelnl OIIMCHBATEL ABMHEHUA DegapHEIX Cpef B DIEKTPO-
MAarguTHEIX I0JAX, TO MH HOJIKHH BBOIANTEHL B paccMOTpenTe co0-
CTBeHHHIe MOMEHTH K u OMpeRedATh MoMeHT KoJHWYecTBA BH-
meruA ofvema V cmiIomHOE CcpPeiH € ygeroM THX MOMEHTOR
mo (3.3).

Co0cTBeHERE MOMEHTH KOJHWYECTBA AvmiaceETSS CTANH paccMmart-
pUBATHCA B MEXaHHKE CILIOIMHO I Ccpefbl ToIpK0 B mOCJIEIHEE Bpe-
MAa, KOTJga Xpyr 33}[3‘1 MEeXaHUKH COJIOIITHG Y Cpeanl B CBA3SH C 3aIpPO-
CaMH COBPEMECHHOU TEXHUKM CHUJBHO pacmnppmcﬂ_ B kiaccumuecKux
BOoIpocaxX MeXaHHKH CIIOIMHOH CpemE BHyTpeHHNE MOMEHTH k me
YYUTHBAIOTCA M MOMEHT KOJIMYecTBa [BHygenus o0BeMa ¥V CIJIOMNI-
HOMT Cpensl oupeneysaercA Kakr

S(r X v)pdr.

A%

Pacmpeniencrnnie  maccomnie  Bpels B paccMOTPemme BEYTDEHHH® MOMEH-
B DOBCPXHOCTHRIC HAPRI TH K, MH JOIUKRE [ONYyCTHTH CYIMECTBO-
BaHUE PpaCIpPeIeJCHHLIX MacCCOBBIX M I‘OBerHOCTHHX oap.
Ha Ka:KAYI0 4acTumy CILIOIIHON cpeaby I[ef[CTByIOT pacupepesen-
HEI€ MacCOBRI€ W NOBEPXHOCTHEIC CHJIHL. I\Io MOJKeT CIYYUTHCHA TaK,
qTo I[eﬁCTBI/Ie BHEIMHUX MaTepHUAJNBHAX 06’1,9}(’1*0]3 HA YacTHOY CINIOINI-
' HOH Cpeanl HeJIb3sd 3aMCHUTEL TOJIBKO 3THM CHJIaMH, a I[OTpeﬁ}’ETCH
BBOJUTH TaK#e MACCOBHIE M IOBePXHOCTHEe HapHL.
OGosnaumm depes b uw (), oTHeCeHHBle k eWAWIEC MaCCH W IIO-
BEPXHOCTA MOMEHTEl COOTBETCTBCHHO MagcoBBIX I TOBEPXHOCTHBIX
nap. HpHMBpOM pacipegeeHHbIX MacCOpgix map MOTYT CIYKHUTDL
TapH, AeHCTBYIONHE HA Ka KAHH 3ACMEHT ¢TPeKA KOMIIaca, rmoMe-
IeHHOH B MArAMTHOE II0Je JeMIH.
YpaBHenHe MOMEHTOB KOJH- C(bOpMym{pyeM Temeph Kak 0GoCmenue
yeeTBA JBHMKEHHA JaA Ko- YPaBHEHNM MOMeHTOoB  KOJAWYECTBA [IBHU-
HEYHOro ofbeMa CNMOMHOHE KeHHA MIA OJHOY MaTepWaJbHON TOYKM M
| Cpenel IJIA CHCTeMbI TONYeK ypaBHeHHe MOMEHTOB
KOJWYeCTBA JBIGKEHHA A KOHEYHOTO WHAMBHUIYyaJbHOTO 006BeMa
V comommoil cpepbl, OTPAHWIEHHOTO RoBEPXHOCTBIO X:

-%[S(r X v)ypdt + Skpdt]:
v v

- S(rx F)pdt + S(r X p.)ds + Shpd’t—}—SQndc. (3.4)

v b \4 z

HpOKBBOI[HaH o0 BpeMeHM OT MOMCRTa KOIMYeCTBA IBHMAKEHUA
IPOM3BOJNBHOT0 HHAMBHEAYanbHOTO O0Rema V CcILTOmMEON Cpefinl

(¢ yueroM coGcTBeHHEIX MOMEHTOB) PaBHA ¢yMMe MOMEHTOBBHOOTHUX

b MACCOBHIX W LOBEPXHOCTHHX CHJ, AeHCTpylomux Ha 3TOT 00BEM, H
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CYMME MOMEHTOB [eficTBYlomux Ha pror o6sem Pacmpemmyx
MAacCCOBHX W IOBEPXHOCTHEIX U4p, BLI3BAHHKX BHeIIHy ) -
HOWIEHMIO K 0GBeMy MaTePHANBHEIME 06'5eKTa My, ’

MaTepuanbHLIX TOWeK, a ABmsercs CAMOCTOATONBHEIM Vyaypmyy
Bee OpeqImecTRy0mue ero PopMymuposke PacCy e gy
PaccMaTpUBaTh TONBKO Kak Hapoasmue, B PUCTITIECKI tfg-
FKEHHUA.

Ypasrenne (3.4) nma no6nx KOHETHBIX MBAUBMITY a Mgy .
JICHHO BLUICEHHKX 06HeMOB UPHEUMACICA HapARY C Yy
KOIMiecTBa BMWKeHNA B KagecTRE 6asmenoro sexropmoro Vyabmegs
MEXaHNKM CITOmEOH cpesr. Dro YPaBHeHHe IpuMeHseTcr gy p.
OHIX cIuTommEx Cperl U A mo6urx ABMKEHHH Kak HOI Py,
TaK ¥ C HaJuIHeM XapaKTepucrur, paspHBELIX mo RO mmy
TOUCK IIPOCTPAHCTBA W 1O Bpemenny.

3aMerum, gro B HaCToAmee BpeMa npuwxogutes BBOJI j -

(3.4) mepsoro IopAKa.
B xnaccmaeckom cmygae ODH Oy
L‘:}Z’:}'ﬁ;ﬂ"nn u”;‘(’;':::":ﬂgg' BHYTPEHHMX MOMEHTOB KOJIWdecTB: IRe-
cHUecKOM Caywae HHUA I DACHPe/eIeRHRX MacCoBLX X lopepy-

HOCTHBIX oap ypaBHenue MOMEHTOB Komme-
CTBa NBWKEHHH nMeer BH[T

TZ— S(rx v)pdr = S(r X F)pdt + S(r X p,)ds, (35)
12 v x

IIponssoguas o BPEMEHM 0T MOMeHTa Koriecrna TRk
MHIABHYalbHOTO 06BeMa V CILIOIIHOM CPeR OTHOCHTeM -
Koropoi Touku O (cBazamnoii ¢ MHEPOUANBHOH CHCTeM O KOOy m)
baBmserca cymme MoMerToB BHEMIHUX MaccoBHIX n TOBepIEyT-
HRIX cmn, pefictByomux ma yror 06beM, oTHOCHTeIBHO Tof e

ToYKy O,
Ecnm Ha Temo BHEIUAWE CHIH He ReHCTByIOT, TO, 09eBIy,
dK
a =0
-3

I MOMEHT KomgecTBa ABILKeHNAa K IOCTOAHEH.

r
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cyMMe MOMEHTOB MefCTBYIOImUX Ha 9TOT 00BeM pacupefeleHHEX
MaCCOBHX H HOBEPXHOCTHHX MHAD, BHBBAHHHX BHEMIHWMHE IO OT-
HOmeHWI0 K 00BbeMy MaTepHMaJibHEME oGBeKTaMm.

YpasHeHVe MOMEHTOB KOJNHYOCTBA JBHKEHHsI, KAK M yDPABHCHIO
KOJIMYEeCTBA JIBW/KEHWSA, WOOCTYAHPYeTcsas Ui WMHIMBUIYAJLHOTO
obpeMa V cmiommHOR cpefnl mOMOGHO TOMY, KaK JIiA OfHON MaTe-
i pHaJBHOU TOWKHM Hoctynmpyerca zakoH Heworoma F = ma. Ilox-
i 9YepKHEM, 9YTO YPaBHEHME MOMEHTOB KOJUYECTBA IABMKCHEA [JA

WHIUBAAYANLHOTO 00BeMa V CHOMOMIHOR CpeEl HE BHITEKAGT W3
YpaBHEHMA MOMEHTOB KOJMYECTBA [BIVKEHMA MOXAHWKH CHCTEMEI
MaTepHaJbHEIX TOYOK, 4 ABJIAETCA CAMOCTOATCNBHLIM YpPABHCHHEM.
Bee mpemmecrsywomme ero QopMyJNmpoBKe pacCy:kieHHA cClenyer
paccMaTpuBarh TOJBKO KaK HABOJNAMME, SBPUCTHIECKHE COo0pa-
FREOHMA.
Ypapreenue (3.4) nas dM0GHX KOHEYHHX WHIMBWIYAJLHEX MEIC-
JeHHO BLIIeNEHHHX 00'BeMOB NPHAMMAEICH HApAXY ¢ ypaBHEHEEM
KOJINJEeCTBA BUKOHMS B Ka4ecTRe 6a3MCHOr0 BeKTOPHOI 0 Y PABHCHHA
MeXaHWKY CINOMHONA cpefsl. JT0 ypaBHeHWe NPHUMeHAeTCA KA JI0-
OHX CONOWEHRX CpeJ W AJNA JIO0HX [BIDKeHWH KaR HenpepHBHHX,
TaAK ¥ ¢ HAJIWIMEeM XapPAKTePUCTHK, Pa3pPHBHHX NO KOOPKHHATAM
TOUEK HPOCTPAHCTBA M IO BPEMEHH.
3ameTnuM, 9T0 B HACTOAIMEe BPeMA HIPHXOJMTCH BBOJUTH B pac-
CMOTpeHe [pyIme MOMEHTH 00Jee BEICOKOTO MOpARKAa X (opMynn-
pOBATH JIPyrue HOBHE OCHOBHEE COOTHOIIEHUA MEXAHMKH CIIIOIMHOK
CpellEl, AaHAJOTHIHEE yPaBHEHUIO MOMEHTOB KOJHMYIECTBA [(BYUKCHHUA
(3.4) mepmoro mopamxa.
B xmaccmueckoM ciaydae Updm  OTCYTCTBHM
Ypapnenne MOMEHTOB KO-  ppyypeHAWX MOMEHTOB KOJNNYECTBA JBIKe-
JHAYECTBA [ABHKECHHA B KiIac-
cHvecROM CayTae HEA ¥ PACUPECIOHEHX MACCOBLIX ¥ MOBEPX-
HOCTHHX ITap YpPaBHEHWEe MOMEHTOB Kojude-
CTBA JBUHCHHA MMEET BHJI

v S(frx v)pdt = S(fr X F)pdt 4 S(frx p,)ds.  (3.5)
\2 \ 4 pH]

IIpouaBomHas Mo BpeMeHd OT MOMEHTA KOJWIECTBA [BHIKCHIA
HEIABAAYAIbHOr0 oO6BbemMa V cHOOMAON Cpegsl OTHOCHTENHHO He-
KoTopoii Toukm O (cBABaHHOH ¢ MEepOUAIbHON CHCTEMOM KOO PAHAT)
paBHAETCA CyMMe MOMEHTOB BHENIHWX MAacCCOBHIX W IMOBEPXHOCT-
HHX CIJI, JeHCTBYIOIMuX HA HTOT 00'beM, OTHOCHTENHHO TOH ke

TouKku O.
Ecau ma Tenao BHeIIHEE CWIH He JeMCTBYIOT, TO, OYEBHIHO,
dK
dt .~ 0

2

¥ MOMEHT KOJWYecTBA JBHKeHHA K DOCTOSHEH.
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ImpoMarmmTrEii aexr m PaccMOTPHUM OIHT, KOTODLIH yKasmBaer Ha
YPABHCHHe MOMEHTOB KOMH- 1, grQ BHYTPOHHME MOMEHTH KoJMIecTBa
YeCcTBA [ABHIKeHHA
MBWKEHDS M PacIpeelicHHEe MacCOBHS Ma-
pH, BooGme TOBOPA, HYKHO YIHTHBATH.
Ecnim B MaTHUTHOe NOJe HOMECTHTH jKele3HHH CTep:KeHb, TO OH
HAMATHATHTCA, M MOKHO HOKasaTh, 4T0 CyMMa BHYTPeHHHX MO-
MeHTOB X BHeM craHeT OTIHYHOH oT Hynsa. B camoM nexe, mycThb
9TOT CTep/KeHb CBOGONHO HO/BEIIeH DM HAJAIAN MATHATHOTO HOJA
B ODycTOTe M Haxopuwrcsa B mokoe. CHMMeM MarEmTHOe Ioxe. Torma
W3-33 XA0THYECKOTO TEIJIOBOr0 ABWIKEHMA paclpefielieEWe BHYT-
PEHHMX MOMeHTOB X B crep)kHe 4epe3 HEKOTODOE BpeMA cTaHeT Gec-
TNOPANOYHEIM, U TIO3TOMY CyMMa BHYTPEHHMX MOMEHTOB KOJWYECTBA
JIBUKeHHA 00paTHTCA B HYIb.

IIpm sTOM, TaK KakK Ha CTep’KeHBb He AeHCTBYIOT HURAKHE BHEIH-
HHe OG'BEKTHI, MOJHLIT MOMEHT KOJHMYECTBA MBIMKEHMA JOJeH CO-
XpaguThCA. 1109TOMY [ONJKEH BO3HUKHYTH MOMEHT KOJHMYECTBA
ABIOKEHMA 33 CYeT BPAMEHUA CTEPIKHEA KAK NEJ0r0o, M CTepIKeHb
JOIKeE HAYaTh BPAaIfaThCA.

OunT moKa3kBaeT, 9TO IOCJIe CHATHA MATHUTHOTO HOIA TaKoi
CTe piKeHD NeilCTBHTeJIbHO HAUWHAET BPAMATHCA.

JT0 Tak HasuBaeMoi rupomarmuTHHE 9@dext. Ero meansa
00bsicHUTD 63 yueTa BHYTPEHHAX MOMEHTOB KOIAYECTBA [BUKEHUA A
pacnpeneSeHHLX MAaCCOBHX IHap.

¥V panmenme MoMenTOB Ko~ B ciydae HeIPepHBEBIX NBIKEHUH CILIQII~
sectBa ppmmenmaA B nup- HOH CPEH MOKHO BOCHONL30BATLCA DaBeH-
(epermuamsnoii gopae ctBoM (2.4) m Teopemoit aycca — Octpo-
rpajicCKoOr0 M NOJYYUTH JIA CYMME MOMEHTOB
BHENIHMX IOBCPXHOCTHHIX CHJI BHIpajt€HWE B BHJe MHTErpala, B3f-

Toro mo obwemy V:

§(r X p)ds = \(r x p)nds = | V,(r x phdv.
v

x

Mo:xHO TOKa3aTh, 9T0, AHAJOIAIHO BHYTPEHHUM HAIpDAKeBEAAM
Dp, MOMEHTH pacupefeleHHHX NOBEPXHOCTHHX Hap @, MOIKEO
UPEeICTaBATh B BHJE

Q. = Q'n,.

Torga ¢ momompio TeopeMH I'aycca — OcTporpajckoro HOJydImM

{ Quds = {@tnds =\ viQiar.

b P \4




154 Ta. I11. inraMuueckEe DOHATHA H AAHAMAYECKEE YPABHEHHS

Bocuonbsyemcs eme mpeoGpasoBaHmeM

SV(rXpi)dr— Vo x Vit ar+ ((vir x ptydr =
v v
=\ x Vapav + ((9; x ay) pridr,
% v
Tak Kak Vg = or 9;.
daxt

Teneps npu ycioBuu, 970 Macca dm = p dt MOCTOAHHA, TEOPEMY
MOMEHTOB KOJMYecTBA [BWenus (3.4) MOKHO 3ampcaTh B BUJE

S[ry (—ﬂ’——F —Vm")]pdr—{- S%Pdl’:
\% A%

- Shpd‘r 4 SViQ"dr + S(ai X ay) ptidr
v v

v
WIN, B CHMIY ypaBHeHMA Koamdecrsa asmkeHusa (2.11), b Bupe

S%pdr - Shp dv + \vigiar + S(ai X a5) p¥i d.
v 4 v v
Orcloma, Tak Kak o0bem V cmmommO#l cpejkl IPOW3BOJEH, IO~

Iy4UM ypaBHEHWEe MOMEHTOB KOJHMYECTBA ABIKeHHUA B ciaydae He-
IpepHBHHX ABWKEHWH cIulomHO# cpeakl B audpdepennuanbvEol

dopme:
d i
0% = ph + V0 + (3 X 9y P, (3.6)

B wiaccumueckoM ciaydae, IpW OTCYTCTBHH BHYTPEHHUX MOMEH-
TOB M MaCCOBHX M IOBEPXHOCTHEIX pacIpefelleHHHX Iap, ypaBHe-
HHE MOMEHTOB KOJIHYecTBA [BuWskeHHA (3.6) mpumobperaer BuA

(9.1 X 9];) pki =0, (3.7)

CaMmerpua Temsopa Hal- Ypasrenne MomeHTOB (3.7), 0YeBUIHO, MO~

UKEHEEH B  RIACCHYECKOM
Enyqae HO 3alHcaTh eme cieaylomuM o0pa3oM:

(9 X 9k) pri (93 X 9k)P’“ 0.

B mociengeii cyMme saMeHHM MHIEKCH CyMMEpPOBaHUA kK Ha {,

a i Ha k ¥ moxydum

(95 X 9::) P4 (ax X 91) pF=0

KN, IO CBONCTBY BEKTOPHHX IPOM3BEJICHMIL,

(94 X 8y) (pM — p¥) =0
k<
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Ortcrofa BHTEKaer, 910 p¥ — p'* mpm k<=1i, T. e.
pi® =p3, pi? = p, p» = p%,

TakuM o06pasoM, ypaBHeHHMEe MOMEHTOB B KJIACCHYECKOM ClIydae
CBOMMTCA K CHEICTBHIO — TE€H30D HAUPAMKEHHE CUMMeTpIYeH.
OgeBmgHO, 9T0 ypaBHEHMEe MOMEHTOB KOJWMUYECTBa ABExeHHA (3.7)
VIOBJETBOPSETCA TOMKIECTBEHHO, ©CJIW TEH30P HATMPSKEHHH CHM-
MerpudeH. IlogaepKueM, 4TO cMMMeTpuA TeH30pa HANPKEHUH BEHI-
TEeKaeT M3 ypaBHEHWS MOMEHTOB KOJWYeCTBA ABWKEeHHSA, B0ooOIme
TOBOPA, TOJBKO B CIy9ae OTCYTCTBUA BHYTPEHHUX MOMEHTOB KOJIH-
9ecTBA JBIKEHMA I BHENIHMX MACCOBHX M IOBEPXHOCTHHX Iap
B3aMMOeHCTB A,

HamomMuwmMm, 9T0 paHee MH HONYYUIN UYeThIpe YHUBEPCAILHEIX
YPaBHEHUsA, ONUCHBAIIIAX JBUKEeHNe CILIONIHOH cpefu. Temeph K
HEM H00aBUANCH TPM YPABHEHMS MOMEHTOB KOJHIECTBA JBYMYKEHUA.
B kmaccumueckoM ciydae 5TH TPH [JOIOJHHTENBHHIX YPABHEHMS HE
COMEePKAT HOBHIX HEW3BECTHHX, a HPOCTO YMEHbNIAIOT YHCIO He-
33aBUCUMHIX KOMIOHEHT TeH30pa HAUpPAKeHMH [0 IIeCTH.

OpEako TOJNy9eHHAs CHCTeMa ypaBHeHUH NBIIKEHMS BCE eImme
HesaMKHyTa. B manpmeiinmieM MH yBuauM, 9TO [Jsi KOMIOHEHT TEH-
30pa HampsyxeHWi p'* B paAfe cayvaes MOKHO HAaMCATH JOIOJNHU-
TeNLHEC (QOpMyJIH, CBsIBAHHBIE ¢ (H3WIECKUMH OCOGEHHOCTSIMU
KOHKPETHHX Mofeleil CINIONIHHX Cpefl, U TOCJe HTOT0 3HATUTENb-
HO OPOABHEHYTLCA HA IYTH MOJIYyIeHUS 3aMKHYTOH CHCTEMBI ypaB-
HEeHUH,

CrenmaeM eme cienylomee ofmee 3aMeJaHMe [0 MOBOLY HOHATHI
BEKTOPOB KOJMIECTBA ABIGKCHWSI Q M MOMEHTAa KOJIHMYECTBA JBUIKE~
unsg K. B HboToEMaBECKON Mexannke BeKTOPH Q m K MOMKHO pac-
CMaTpPUBATh KAaK MHBADUAHTHHIC O0BEKTH, TAK KAK DTH BEeIWIHEEI
I COOTBETCTBYIOIIWEe YypPaBHEHHA COXPAHAITCS NpH Hepexofie OoT
OJHOIT CHCTEeMBI KOOPAWHAT K JII000i IpyToil IekapTOBO MM KPHABO-
IRHEAHO| cHCTeMe, HEHOABIKHOI OTHOCHTENLHO 1ePBOHAYAJBHOM.
Onmako 9TH «HHBADUAHTHEEY» OOBEKTH CYIECTBeHHEIM 00pazoM
CBA3AHK C BHIOOPOM CHCTEMEI oTCYeTa Habalofatens. Ilpu mepexoge
OT OMHOM cHUCTEMBI 0TCYETa K APYIrO¥, NOABMKHOH OTHOCUTEIHLHO
TepBOHAYANLHOM, 9TH BEKTODE U3MEHAIOTCS, Hajke eCHH DTOT Tepe-
X0 OIPOMCXOAUT OT ONHOH MHEPIHAJLHON CHCTEMH K Ipyroi, Tak-
yKe WHePIHAALHOH.

B o6meM ciydae mpum nmepexome K MIPOM3BOIBHON MOABHWKHON
(HeEHEPIWANHHON) CHCTEMe KOOPAHHAT COOTBETCTBYIOIIHE YpaB-
HeHEmA (ypaBHEHMS KOIMIECTBA [BWKCHUA M MOMEHTa KOJHYECTBA
IBEKEHWA) MSMEHAIOTCA 32 C96T TOABJICHEA B HPABHX 9acTAX joba-
BOYHKIX BHENTHWX CHJI HHEPI{WH.

Ioxueprrem, uTo X074 BekTopH Q m K B YKa3aHHOM BHIIIE CMHI-
¢lle WHBADHAHTHH, OHAKO OHE He MOTYT OHTEL ONpeJel¢HK He3aBu-
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CEMO OT BHOOpa CHCTeMH OTCYeTa B KJACCe CACTEM, ABMKYIAXCA
Ipyr orHocHmTenbHO Apyral). Ecam paccMaTpmBaTh BCe IpOLECCH
JaA cpedsl B CONYTCTBYIOMEH cmcTeMe KOOPJAHHAT, TO B 3TOM CHCTe-
Me KOJW9eCTBO JBHKEHHA BCer[a PaBHO HYJIO.

§ 4. TnaBHbIE OCH M IIaBHbIE KOMHOHEHTHI CHMMETPHIHOIrO
TeH3opa HaNpAeHHH

Ten30pHafA ~ NOBEPXHOCTH IToctpouM TEH30PHYI0 MOBEPXHOCTH TEH30-

TEH30pa  HANpKeHHH pa HampsxeHuil. Bubepem mobyw Toury O

Cpelsl B PacCMOTPHM IIPOXOAINEE depes Hee

mIomaaKy do, XapaKTepHsyeMuie pasubeiMu HopMmaiama n. Ha kam-

IOOH M3 STHX IUTOMAJOK AEHCTBYeT HOBEPXHOCTHAA CHJA IUIOTHOCTH

P, KOTOPYI0 WHOTNIA HAsHBAKT HampixeHmeM. CrmpoexTHpoBaB
HaIPS/KeENe P, Ha COOTBETCTBYWIIYI HOPMANh 72, IOJYIHM

pnn = pn'n = (p1n) n; = pkinkni'

ByneM monp30BaThCA MIA TPOCTOTH JeKAPTOBOH CHCTEMOH KOOp-
JAMHAT, B KOTOpPO#l, KaK HM3BECTHO, DACIOJOKeHHNEe HHAEKCOB HECy-
mecTBeEHO. BBeieM BeKTOPH 9 = r,3', BEXofAmue u3 Touku O m
HalpaBJIeHHHE IT0 7 TOTAA, 09eBUAHO, n; = €08 (nr;) = 2;/r. Bube-
peM JUIMHY BEKTOPOB 7* TaK, YTOOH

Po,7t = phizyz; = 2@ (z, ¥, z) = const,

rue 2D (z, y, z) — KBagpaTwIHAsA HopMa, COOTBETCTBYIOMAA CHM-
MEeTpPHIHOMY TeH30py Hanpsxenmit P. [eoMeTpmaeckoe MecTO To-
9eK, A KOTOPHX

prryz; = 20 (2, y, z) = const,

ofpasyer IMOBepPXHOCTH BTOPOrO HOPAJKA, KOTOpasA ABIAETCHA TEH-
B0PHOM ‘MOBEPXHOCTEI0O TeH30pa HampsKeHu#. OCHOBHOE CBOMCTBO
BHYTPCHHHX HANPSKOEAA (2.4) MOYKHO 3aIHMCATH B BH/E

p, = p'n=pt—-
WIN, B NPOEKIUAX HA OCH X) NEGKAPTOBOH CHCTeMH KOOPJWHAT

B BHJC
rpy, = p*iz;.

1) 310 06CTOATEALCTBO (3anncnmoc'rb YpaBHEeHRH 1 I00aTEHEX XapaKTe -
ctEk Q u K or BHGOpa CHCTEMH 0TCYETa) NpPOABJAETCA 0COGEHHO NaPaOKCANb~
HO B 0GIeil TeOPHH OTHOCATEILHOCTE — C OHOM CTOPOHHI, B CBABH C OCIIOKHE-
HEEM BOIIPOCA 0 CYMMADOBaHAM TPeXMEePHHX BOKTOPOB, 8aJaHHAIX B Pa3IAIHHX
TOYKaX PHMAHOBA NPOCTPAHCTBA, M, C APYTO#l CTOPOHH, B CBA3H C TeM, 4TO
HeJNb3d, BOOOIe roBOpA, BHAEAATH (M3HYeCKH Kakde-TH00 IpeAMYINecTBEH-
HEl® CHCTeME orcqe'ra. o .
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 HemocpencTBeHHOH HpPOBEPKO# MOMHO YCTAHOBHTH, 9UTO

o0 N

pHz; = 9%,
B, CJe/[0BaTeNBHO,
rpk = il
no oz, !
T. e.
rp, = grad ®.

ITosToMy, sHas TeH30pHYW0 noBepxHOCTH (D = const, MomxHO

TeoMeTpHUIeCKH CclefylomuM o0pasoM
HAATH HAOpABJCHAE HATNDAKEHHA P,
JieficTByOImMero Ha ILIomajKe do ¢ HOP-
Manpo 7. W3 Toukm O mepueHmuKY-
ASPHO K 33JaHHOH IIOMAKe TPOBO-
nurca sexrop 7 (pmc. 28). B Touke
mepecedeHAA 17° ¢ HOBEPXHOCTBIO
® = const mpoBoamMTCA KacaTeJbHAaA
OJOCKOCTh 0 K TeH30pH0ﬁ IIOBEPXHO- Pume. 28. Tenaopﬂaﬂ qonep{-
CTH; 09eBH/IHO, YTO BEKTOD P, epOeH- HOCTH TeH30pa HaNpPKEHHM.
JUKyJIApPeH KacaTeabHOH IMIOCKOCTH O.
Hax wusBectHO,  MOBEPXHOCTE BTOPOTO IIO-
PAJKa UMeIOT TI0 KpaliHell Mepe Tpu HaIpas-
JeHHA 7°, IJA KOTOPHX KacaTeJbHEE MJI0-
CKOCTH 0 DEpPHeHAUKYIAPHH K 7. Takue HanmpaBieHUS Ha3HBAKITCH
TIAaBHLIME HANOpaBJeHHAMH, W [JIA HHX, 0YeBHAHO, P, OPTOTO-
HaubsHO do. B o0meM ciylae Takux HanpaBuerwmil Toabko TpE. OHI
0o0pasyioT OpTOTOHANBHNY TPHS/Ip M HABHBAIOTCA IVIABHEIMEA OCAMH
TeH3opa HanpsmxeHnH. Ecam reasopras mopepxuocTs @ = const —
TOBepPXHOCTh BpaleHHsa, HampmMep cdepa, TO TaKmHX Hampasie-
HEit 66CKOHEIHO MHOTO.

Jaa naomajnok, OpTOTOHANBHKX IVIABHHIM HampaBJeHHAM, P,
KOJNJIMHCAPHO 22, W, CJIEJOBATENHHO, IOMMKHL BHIONHATHCA pa-

TaaBaBIe OCH CHMMETPHYHOTO
TEH30PA HANpsKEHH

BEHCTBA
D, = P nigy = M = Anp? (4.1)
HJI
Pingo* = Adin;a",
OTKy/a '
(ph, — A8k) gt = 0,

ujim ’ ) ‘
AP =MYm=0. . (42
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MH Doayamau OmHODOZHYIO CHCTEMY Tpex aarefpamdecKmx
yPaBHEHHRH AJs ONpeieIeHAsA HANPABJIAOMEIX KOCKHYCOB TpeX IIaB-
HEX HampaBjleEwi n,. dra cHcTeMa GyjfeT WMeTh HETPHBHAJIBHO®
pelieHne TOJBKO LIPH YCIOBHHA

A = Det || pf — A8k| = | pt — M| =0,
p—h PR
pp p—r p |=0 (4.3)
Py PR pi—A

Wi, B pa3BepHYTOM BHJe,
A I A — LA -1, =0, (4.4)

e pe = Iy,
P pi pi Py o
o 4 + P p;

Det | pi| = 1.

= 12,

MHu monyuniv BeKoBOe ypaBHeHHe. Hak M3aBeCcTHO, eCiiM TEH30D
pY¥ CcHMMeTpPHYHHIA, TO 3TO ypaBHEHWE WMEET TPH AeHCTBHATENBHKIX
xopasa. Kopau A, A,, A; 3TOT0 ypaBEeHus, mo (4.1), ompegeastoT
HAaIpSKeHUsA HA IUIOMAJKAaX, OPTOrOHAJBHHX TIJIABHEIM HAIpPaB-
JeHUAM (TJIABHHX IIOMANKAX):

M=p,=D; h=p,=D; hk=p,=D0,

¥ Ha3hBAIOTCHA TIABHRIME KOMIOHEHTAMH T€H30pa HANPsHEHUI.

3Had p,, Py, Py, U3 CUCTEMH ypaBHeHuil (4.2) HalifeM KOMIOHEH-
TH 12, BEKTOPOB 72, ONpe/le/INI0IMUX TJIaBHEe HanpaBaeHus (DU 3TOM
HAJl0 UCHOJB30BATH TAKME YCAOBHA OPTOTOHANBHOCTH W YCIIO-
Bua n®=1). Ouwesmumo, gro ¢opmyna (4.1), ypasmemua (4.2)
¥ (4.3) BepHH B J060# KpPHBOJMHEHHOH CHCTeMe KOOpIHHAT.

Ypasuenue TeHzopHOM moBepxHocTH 20 = const mpuBommMTCA
B TJIABHHX OCAX Z, IJ, 2 K KAHOHMIECKOMY BHIY:

20 = px® + py? + pyz® = const.
Jaa KOMOOHEHT TeH30pa HANDKEHHH B IJIIABHHX OCSAX HMeeM
p":p}:' p{{:}"i:pi
p’ﬂ:p*k:pk{:O opu k=i,

Ha maomaznkax, mepmeEAUMKYJASApPHHX K IJIABHEIM OCAM HANpHA-
JReHUH, OTIAWYHH 0T HYJAS TOABKO HOpMalbHHE COCTABJAINIUE HA-

- 4
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npskeEuill, a KacaTelJbHEE COCTABASIOMUE HAOPAKCHHWIT pPaBHE
HYJIIO.

Ecnn p;, = p; = ps, T0 TeH30pHAA IOBEPXHOCTh TEH30pa Ha-
npsieeEmit — cdepa.

M=u BBeau B paccMOTpeHMe IJIaBHHEE OCH TeH30pa redopmamui,

@H30DA HANDs/KeHHI B TeH30pa CKopocTeil fedopMamuit. B obmem
%ﬂyqae BCE BTU OCH PasHbie. Y CHOBMA HX COBIAJleHH CBA3AHH, KaK
ME YBUIMM B NaibHeilleM, ¢ CAABERMHA (A3HYCCKAME JOITyHIeHMNA-
MH OTHOCHTENLHO CBOMCTB paccMaTpHBAaeMHIX Cpef.

Ecam p, =0, a pp =py; =0, To B naumoil ToYKe CILIOITHOM
CpeIBl MEL MMeeM YHCTOe PACTs;KeHNe BAOIL OCH Z,, eci p, > 0, 1
gpcToe cxkatme, ecaum p, << 0.

Taxum obpazom, d06oe HampA:KeHHOE COCTOAHAE B JAHHOMH TOY-
Ke CIJIOmMHON cpefbl MOKHO paccMaTpWBaTh KaK COBOKYIHOCTH
TpeX YMCTHX PACTSKEHWH WM CKaTHH BIOJh IJIABHHIX OCell TeH-
30pa HaTpAKeHMHIA,

Hoaddumuentrt BekoBoro ypasHeHua (4.4) ABnAwTCA MABA-
pHaHTaM¥M TeH3opa HanpsixeHmd. OHHM, o0YeBHJ(HO, BHpAYKAITCA
Yepes KOPHM BEKOBOTO yparHeHWA 1o {opMmylam

Iy = p1+ ps + pas
Iy = paps -+ p1Pa -+ prPss
I3 = p1paps.




TrdIABA IV

3AMKHBYTBHIE CAUCTEMbl MEXAHUYECKHX YPABHEHHII
AJIA MPOCTENMN X MOJEJIEN CIWIOMHBIX CPE].
HEKOTOPBIE CBEJIEHUA N3 TEH30PHOI'0O AHAJIU3A

§ 1. Hpeannnnie :KugkocTh U ras

Huddepennuanbarie ypapHEeHNSA HEPA3PHBHOCTH, ABUIKEHMUS I
MOMEHTOB KOJIMIECTBA [BUKEHHWS BBIMOJHAIOTCA NpH JOOHX He-
NPEPHBHLIX ABMKEHEAX BCeX CIIONMBIX cpem. Ommaxo pasamumbie
pealbHLle CPefEl HPH OAHUX M TeX K¢ BHCIIHHX YCJIOBHAX BeAYT
cebs 1o-pasuoMy.

CaxenoBaTenbHo, OJHUX DTHX ypapHeHuil, jgaxe c¢ J0DABJICHUCM
COOTBETCTBYIOIMMX TPAHWYHHIX YCHOBUI, HEZOCTATOYHO [IJf ONH-
CAHVMA [BU;KEHNWA KOHKpPeTHOH cmiommnoil cpefil. IToT GaKT Hpo-
ABJAETCA B TOM, YTO WNCJIO YPABHEHWII MeHbIIe YHCJIa BXOAAMHUX
B HWX HEH3BECTHHX, CUCTeMa HEe3aMKHYTa.

Ilocrpoerne 3aMKHYTO# CHCTeMH YypaBHeHHH, ONMCHBAIOIUX
JBIKEHHe KOHKPETHOUM CINIOMIHON Cpefll, CBA3aHO € MOHUCKAMH
JOHOJHUTEJIBLHHX COOTHOIEHHWH Mey NapaMeTpaMd [aHHOHR
cmionmmoit cpexsl. IlocTpoumTh 3aMKHYTYI0 CHCTeMy YypaBHe-
HEH —5TO 3Ha9HT NOCTPOUTH MATEMAaTHIECKYI0 MOJCIb W3yJaeMOm
CPe/iHl.

IlocTpoerne HoBBIX MOfieNeii CLLIONIHEIX cpej —— BayKHLLI pasges
Mexannkn. OH HOCHT HassaHUe peosiorun. IlocTpoenue HOBEIX MOJe-
JIeHl CBA3AHO ¢ DKCUEPUMERTaIbHHM H3yIeHreM CBOHCTB MaTepHaJIa.
IIpu aroMm Bcerma HeoOXoAUMO MCIONB30BATH TAKKe M3BEeCTHHIE 00-
mue OPUHOWNB MeXaHHKH ¥ QU3NKM, HANpUMeD TepMOJUHAMWIeCc-
KHe COOTHOIIeHuA. IloJiesHHIM OKa3hKBaeTCA HNCHONb30BAaHHUE Ba-
PHAOUOHHHX MPHUHIHUIIOB.

B sroit rnase MEI paccMOTPEM HEKOTOpPHE NIPOCTeINMe KIacCH-
YecKme MOJedn CIIOMALIX ¢pe. IIpm 5ToM MBI OTPaEIYMMCH TOIBKO
TEeMM CAydJasgMH, KOTOA CBOUCTBA Cpefl M WM3ydaeMLle KJAcChl HpO-
TeCCOB TAKOBEL, UTO JJIA OMUCAHUA MEXaHWYECKOTO ABMMKCHUS HO
HY}KHO ONpefedIATh TepMONMHAMMUYECKHWe CBOMCTBa cpefl, CHCTEMa
MeXaHWYEeCKHX YPABHCGHHWH OKAa3hHBAeTCH 3aMKHYTolt Ges mpuBie-
YeHHfA TePMOIMHAMUIOCKHX ypaBHEHWH. )

B o6mem ciy4ae mpu pacCMOTPEHHM BCEBO3MOKHLIX IPOIECCOB
B TAKHX Cpefax NPHXOJMTCA TaKiKe o6pamarbCsa K COOTHOMMEHHAM
TepMOJMHAMHKH.

Haunem ¢ maydemms Mofeneil mieallbHHX KHZKOCTH U Trasa.
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Ompetenerme  HpeaxnHOH Hasosem mpeampHO# »REAKOCTBI0O HIM He-
HHROCTH ANbHEM Ta30M TaKyl0 Cpefy, B KOTOpPO# Bek-
TOp HANpAKeHHA P, Ha Mo6oit mmomanke
C HOPMAJBI0 72 OPTOTOHANEH ILIOMAfKe, T. . P, |in.
JKcOepUMeHTaJIbLHEE TaHELe 1 00Ize dmamecrme coofpassenns
NOKA3HBAIOT, 9TO JW06asd cpefia IMPH 09eHb GOJIBIIHX TEMIEPAaTypax
F JaBJIeHHAX NpPAKTHYECKH 00JIafaeT TAKHM CBOMCTBOM.
TensopHasa TOBepXHOCTH B HTOM CJydae
Oyner, oueBAIHO, cepoil, 1, Clef0BATEILHO,
D1 =Py = P3, T. €. IIaBHEE KOMIOHEHTH
TeH30pa HanpsskeHmi ofmHakosil. (OG6G03HAYEM HX 9Yepes —p H
Ha30BeM p naBieddmeM. BuGop sHAKA AUKTYeTCA HEJAHHEM BBECTH
JaBJeHHEe KaK IOJOKHUTONbHYI0 BEJIMYMHY, TaK KaK OIET IIOKa-
3HBAET, YTO CpeMIbl, JJIA KOTOPHX TOHUTCA MOJeNb WHEATBHOM
SKUIKOCTH, B TRIMYEEX CIYYaAX HAXOJATCA B C/KATOM COCTOAHAY IIPH
p>0.

Jlro6bie TpE B3aEMHO OPTOTOHAJBHLIX HANpPABJICHHS [Jid TAKOH
CPeH ABIAITCA [NIABHKEIMA HANPABIGHHAMH, I IOJTOMY B JI0Goil
JIeKapTOBOM CHCTeMe KOODAWHAT MATpHOa KOMIIOHEHT TeH30pPa Ha-
ODAKEHEA HMEeT BH]

Temsop mampsxemmii B npe-
ambHOH KAJTROCTH IIApOBOLi

—p 0 0

0—p O

0 0 —p
B 9acTHOCTH, /I CMeIIAHHKX KOMIOHEHT pj MOMKHO HANHCATDH
— — pdk. (1.1)

| KommorenTs 8% rtemsopa 640 9, mpm npeofpasoBaHUE KOOD-

[MHAT, OYeBENHO, Ho MeHAITCA (8% _Gk) m modroMy $opMmyna
(1.1) ana cmemaHAKX KOMIOHEHT TEH30Da HANPS)KEHW B HMealb-
HOM KUKOCTH BepHA He TOIBKO B IeKaPTOBOi, HO M B Ii000# Kpm-
BOJIMHEHHO cHACTEMe KOODJAMHAT.

KoaTpaBapuaHTHEe KOMIIOHEHTH 3TOTO TE€H30Pa MMEIT BH

pM = gh*ph = — pg** & = — pg*, T(1.2)
a KOBAaPHAHTHE® KOMIOHEHTH GyAyT HMMeTh BHJ
Py = BxsP} = — P8, O1= — PEip-

CienoBaTelibHO, TEH30D HANPSKeHAH B WREANBHOH KHEAKOCTH
3ajiaeTcs OLHUM JHCJIOM P, & He JIeBATHIO MW MeCThI0 THCIaMA p,
Kag 9TO IMeeT MecTo B o0meM ciydae. .

6 JI. . Cenos
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Hus mneanbHOM SKAAKOCTH
P = — pG,

rie G — MeTpUYecKME TeH30p.
3aMeruM, qro aio6oit TeHsop I, TeH3opHAA MOBEPXHOCTH KOTO-
poro ecrb cdepa, HazmBaercd maposbiM. Bce maposiie TeH30PHI
MMEIOT BH]
T = kG, opuaem k — cransp.

YpaBmepHA  JABEKEHHA YpaBHeHHEA [BWKCHUA CILIOIIHOH Cpean
HJl€ AMbHOH SRHKOCTH ((2.11) rar. III) B m0Goit KpuBONMHEHHOH
cHcTeMe KOoOpAHHAT

pak = p F* 4 V;ph

B cuay (1.2) sammmyTcAa RS MAEANBHON JRUJIKOCTH CJIe[YIONIM
o0pazom:

pak = ka — gkiVip. (1.3)

Ilpu mamucammu (1.3) yureHo, 4TO KOMIOHEHTHI TeH30pa g¥
BeRyT cefsa Opu KoBapHAHTHOM auddepeHIMPOBAHAN KaK TOCTOAH-
HBEIE BeJIMIHHEL.

Hamumem »TH ypaBHeHMA B BeKTODHOM Buie. Bemmdaumer V,p
ABIAIOTCA, OYeBHMIHO, KOBAPHAHTHHEIMU KOMIOHEHTAME BeKTODa-
rpagmenta p, a gFy; p — ero KOHTPABAPHAHTHEIMM KOMIIOHEHTA-
mu. Ilosromy ypasumenus (1.3) B BeKTOpHOM BUOe HMOIOT BHJ

pa = pF — grad p. (1.4)

B mpoernmax Ha JeKaproBHl 0CH KOOPAWHAT 5TH YPABHEHUS 3a-
TUINYTCA B CAEIYIOMEM Buje:

du 1 dp
oSkt
dv 1 op
dw 1 op
| Eoik it
HIm
ou ou ou ou - 1 dp
1 o tum tvgrteg =r—ogs
i v 9w v o 1 9p .
% Tt Ty teg = —g5 (1.6)
i ow ow ow ow 1 op
T UGy Ty T = e

OEn HasmBalTCA ypaBHeHHAMHA Jiilepa.
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YpaBHEHAS [BMKeHHR wWie- 3
1€ amuuieM 3 -
ambROR  MHTKOCTH B bopue oo TH YpaBHEHUs B HECKONBKO ApY
Jemba — Tpomexn e,
Jlerko Bmaers, H[TO YCKOpeHHe Bcerjga
MOKHO 3ammMcaTh clAegylomuM olpasoM:

d 0 2
=+ grad 5 + 20 X v, (1.7)

IJe ® -— BEKTOP BHXpA.
B camom neme, ucImonbays feKaproBy CHCTEMY KOODAHBAT, IS
OPOEKIMHE YCKOPEHHSA HAa OCh Z MMeeM

du  du ou ou ou
T T Tty vt v
ou 1 9 v ou ou ow
_ouw 10, 2 2y {92 __ ou on —
ar T3 55 W+ v+ wh) <8x 6y>v+<6z _Tz)w—
Ju 1 9v? 1 dv?

Il
:Wj'—??;—l—Z(myw—mzv):—;——l—?b—ﬁ +2 (0 X V).

Amanoruugse QOpMyJIs IOJYdYal0TCH AJASA MPOCKIMHA YCKOPeHHUA Ha
ocu y u z . HlosToMy ycroperue dv/df B BeKTOPHOM BHJE 3aIMIIET-
ca B opme (1.7), a ypaBHeHWA ABUKEHMA HMICANBHON RUIKOCTH B
BeKTOpPHOM BHJe — B opme

LANEES gradv2+Zva:F~—:)—gI‘adP- (1.8)

dTH ypaBHeHHsA HOCSAT HA3BAaHWE yPAaBHEHHUH [BW:KeHHA Oiidepa B
popme Jemba — I'pomeru. Takoe mnpeoGpasoBaHMe YCKODPEHUA
MOKHO IPEMEHSATH JiJIs JI00HX CINIOMHHX Cpej, ¥ OHO OKa3EBaeTcs,
B YAaCTHOCTH, OYeHb HOJe3HHM IOpPH H3yYeHAA MHOIMX BOIPOCOB
TMPOMEXaHUKH.

KK TpemM ypaBHeHWSM IBWXEHEWA MAeAIBHOH JKHUIKOCTH CIeyeT
no6aBUTH ypaBHeHHe HepPa3pHBHOCTH

s ; —
- T divpy = 0.

MH HoJydYHJIH CMCTEMY YeTHIpeX yPABHEHMI, KOTOpDas OPHW U3+
BOCTHHIX MACCOBHIX cmiax £, Fy, F, comep:KUT OATH HeM3BECTHRIX
¢ymrnuii: u, v, w, p, p. Taxaa cucreMa BCe eme He3AMEHYMA.

Nonmas cdereMa  ypaBpe- D HEKOTODHIX CIy9asiX MOKHO JONONHNATEND-

HEH [BWKEHAS MACANbAOH HO CUMTATh, YTO paccMaTpHBaeMasa Healib-

HeCKHMaeMoii  (BooOme He-  pay ;xpNMKOCTH ABJIAETCA HECKEMAEMOI, T. e.

OfHOpORHOH) HHyKOCTH TaRo#l KHUAKOCTHI0, MJIOTHOCTh KaKAOH dYa-
CTULIE KOTOpo# mocTogHHA. Torga K 3TOH CHCTeMe YeTHpPEX ypaB-
Henuii mobaBiigeTcs yCJIOBHE

dp _ 9p -
- =3 +v-gradp=20

6¥
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nin, B JIeKapTOBOﬁ cAcTeMe KOoOopauWHAT,

Ftuge vt twi=0.

9T0 yCIOBME 3aMHKAET CHCTEMY yPaBHEHHH, OMUCHBAIOIIAX IBMHe-
HAe WieaJbHOH HecxmMaeMoH ;kEAKocTH. llpmBemeM 3Ty cmcTemy

TOJHOCTBIO:
d
dit, =F —-——gradp,
dive =0, (1.9)
dp _
- = 0.

3aMeTuM, 4TO B CJydae OTHOPONHOM HeCKEMaeMOi MKHIKOCTH
IINIOTHOCTDH P HMOCTOAHHA B YaCTHIE W OfWHAKOBA JIA BCEX 4YaCTHII,
TI03TOMY OHA TiepecTaeT OHTH CYMECTBEHHON meckoMoM $yHKmmeii.
ITonrmas cmcTeMa MeXaHWYECKMX ypaBHEHHA COCTOMT B 9TOM CJIydae
U3 ypaBHEHW Jilepa W ypaBHEHHA HEPa3PLHIBHOCTH:

9t i S Y
— +V'Vv' = F' — = gli¥.p,
5 TV Vi p 87ViP (1.10)

* =0.

3amrmyran cmereMa ypas- ]lpu JBWKeHWE CHKEMaeMOH KEAKocTE (Ta-

HEHHH JBIGKCHAA HIGANL- 45 pg MAQrEX CAYYAAX MOKHO CYHTATh,
HOM CHHEMAEMOA KHIROCTH 170

B caxyiae GapoTPONMHALIX IHpo-
HeccoB p =11(p),
T. €. B KayKIO¥ YacTHIe JAaBJEHWE BABHCHT TOJLKO OT MIOTHOCTH.
Hpoyeccwr, ¢ kKomopuix

nasweawmes 6apomponnbimu, llpmMepoM 6GapoTpomEOTO HpOIEcCa
MOKET CIYKATH HM30TePMHYECKOe NBUKEHEE Tasa, NONIMHAIME-
roca ypapHenmioo Hiameiipona

p =RpTv

rme R — rasosss mocrosamBaf. (Ilpm msoTepMmdecKOM ABHIKCHEHH
tTemmepatrypa I — MOCTOAHHEHA mapaMeTp, OMWHAKOBHIA [JA BCEeX
‘gacTH.)

OuepmHO, 9TO ycuoBme Gaporponmm (ecam $ymknua f (p) ms-
BECTHA) IOBBOIsET 3aMKHYTHh CHCTEMY YPaBHOHHI, OHMCHBAOIIAX
BBIDKEHME BICAJIBHOH CKAMaeMOH KUIKOCTH.
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Honnas cmcreMa ypaBHeHWit B 5TOM caydae B JeKapTOBOH mps-
MOYTOABHOR cncTeme KOODIWHAT MMeeT BUT

+8pu+c9pv+c9pw~0,
%—’;+ua—§+v5y—"+w5§‘—=Fx~§Z—’;,
g—z;—}—u;-;-)—}—v%-]—wg;—:Fu—%—g—z-, (1.11)
i tvg twgE=F -5 2,
p=7(p).

B o6meM ciydae NpH ABWKEHHH JKHIKOCTEH M rasoB yCIOBUE
fapoTponnu, KOHEYHO, He BEIIOJIHAETCH, B AJA TOT0, 9TO0H OIHCATH
TaKWe HBWieHHA, Heo6XOAMMO BBEeCTH JONOJHHTEILHEE ypaBHE-
HEA TepMOJUHAMHIICCKON IPHPOMLL

§ 2. JInneiinoe ynopyroe Tedo mW JAnpeiidas BASKA# KATKOCTH

PacecMoTpnM Ipyrue 9acTHEE MOJENH CILIONIHEIX Cpefl: MOJAEIb
IRHEHHOTO YIPYIOro Teja W MOAENb AHHEHHON BABKOM ;KUIKOCTH.
Iloctpoerme »THX Mofexell IpoBOAWTCA TIAapalleNlbHO, TaK Kak
cI0ocOo0H WX BBENEHHA, KAK MH YBUIEM, (POPMAJLHO AHAJIOTHYHEL
Ilo cymecTBY ke 9TH JiBe MOMeJIE ONUCHBAOT /IBA COBOPIIEHHO pas-
JIWYHEIX THIa MeXAaHAIECKOTO IIOBENEHUA pEalbHLIX CpPe/.
YOpyruM TeioM HABHIBAETCA Cpefa, B KOTO-
POl KOMIIOHEHTH TEH30pa HANpPKeHWH pki

B KaMkA0H JacTHOEe ABIAIOTCA PYHKOUAMH KOMIOHEHT TeH30pa XHe-

dopManum €;;, KOMIIOHEHT MeTPHIeCKOIO TeH30pa g, TeMIepary-

pit T m, BO3MOKHO, /[DPYIMX HapaMeTpoB (PHIUKO-XAMWIECKOMH
npmponu ¥; (HanpmMep, KOHMeHTpammu (as):

PY = [ (eap, %8 T, %1y -« - s K- (2.1)

Baskme sKEIKOCTH Baskoit KMIKOCTBIO EHashHBaeTcsa cpena, B

KOTOpO#i KOMIOHEHTH TeH30pa HaOpAKe-
HE# IpefiCTaBIAITCA B BHUMe

Yupyrue Texa

p¥ = — pgh + ¥, (2.2)
opHYeM
= ) T’ E L ] b
P p_(p qu ¥n) (2.3)
T = @Y (eag, 82, T, %av o+« s An)s

Ie eqp — KOMIOHEHTH TEH30pa CKOpOCTei medopManmii.

B aTom nmaparpade Mu 6y/ieM E3ydaTb 3aBHCHMOCTD f” OT g,p |
g°% m 3aBECEMOCTD QY OT e,g, g%, mOBTOMY B Jxanbﬂeumeu mapa-
Merpu T m ¥; YKasuBaTh He 6ynem,
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3aronm I'yka 1 Hambse — Komrpernwii sun ¢pymrnuit 17 (55, g2, T, ¥,)
Crokca u @i (e g%°, T ;) Moxer OHTH pas-

JWYHEM JUIA Pa3jiMgHHX KOHKPETHHRX Moje-
el yOpyrux ¥ BA3KUX cpef. OTBIT NOKa3bBaeT, UTO HAODAKEOHUA
7 JeopManMy BO MEOTHX TBEP/HX Tejax, HalpEMep B MeTajjax,
npu OOHYHHX YCJA0BHAX (IpHM He OYeHbL OOJBIIHX TeMIepaTypax
¥ HAIPAKEHUAX) CBABAHBI MEMIY COBOH TaAK HA3BIBAEMBIM 3aKO-
HoM I'yka, a BABKMe HATPAMEHUSA U CKOPOCTH JedopManuil BO MHO-
TUX JRUIKAX CPefaX, HAIPUMep, B BOje U BO3AyXe, CBAZAHE MEKIY
coboit zakoHoM Hapbe — Crokca. OTH 3aKOHB MOKHO BBECTH C
MOMOMIBIO CHEAYIOIIUX PACCY’RICHUIH, KOTOPHEe Mbl HIPOBejeM MIJA
saxkoHa ['yra.

IlpegmonosnuM, aro ¢yHKIUU fii MOTYT GHITH PA3IMOMKEHbI B PAM
Teitmopa 1o €45 M 9TO B oTCyTCTBHE Hampsxenuii (p' = 0) nedop-
MaIuu TaKKe OTCYTCTBYIOT (8,5 = 0), um maoGopor 1).

Ilpm »TMX UpeANONOMKEHUAX TOTYIUM

P = [ (eaps §°F) = A" Pesgt .
3nech koapdurmenTnr A28 moryr sasucers ot I' u y,. Ecam pedop-

MaI[A{ MaJIk, TO B 9TOM DPAa3JOKeHHM p B DPAJ MOKHO COXPAHHUTH
TOJBKO JUHEHHEe WIeHH ¥ IPOCTO HATHUCATH

pii = AP, (2.4)

AnanorHuAble TPeANMONOKeHNsA OTHOCHTeNbHO ¢yHKmWi ¢ mpn-
BOAAT K PaBEHCTBAM

v = B¥P e . (2.5)

CoorHomenuna (2.4) HasmBaloTcA B3akoHoM I'yra, a coorHomIe-
mua (2.5) — sakomoM Hasbe — Crokca (WM 3aKOHOM BA3KOCTH
Hsroroma).

Mu monyuumn (2.4) m (2.5) B UpPeANONOKEHUM, UTO E,5 (M
sakoHa I'yKa) u e, (na1a sakona HaBbe — Crorca) maan. OtvernM,
oflEaKo, 4ro, B actHocTH, 3aKoH Hasbe — Crokca jAnsA Bojbl, BO3-
OyXa M HEKOTOPHX IPYTHX KHUAKOCTeHl OKasbBaeTcsi TPHUMEHUMEIM
M B TeX CJyd4adX, KOTJa KOMIIOHEHTE TeH30opa cKopocTeil medopma-
nuii He Mansl. W3 o6mux TepMOIMHAMHYECKUX COOTHONIEHHWH IIO-
aydaercsa, 4T0 3aKoH I'yKa OM3UYIECKM JOIYCTHM TOJIBKO KaK mpus-
IMKEeHHBI 3aKOH AJA MaJgbx gedopMamuid.

Paszpen MexaEMKHM CILIOIMHON CpefEl, B KOTOPOM M3ydaeTcs IO-
BefleHNe CILIOITHEIX cpefl, MoguuHAIomuxcA 3akony I'yka mam Goxee
obmeMy sakony (2.1), HOCMT Ha3BaHHMe TeOpHH YIpPYTOCTH, a pas-

1y 3amernM, uTo AeopMaALUHE MOTYT BO3HUKAThH W IIPH pY = 0 (mampumep,

‘ TendaoBoe pacmupenme). Ceilfuac HAS NPOCTOTH MH H3ydaeM p~ Kak (yHK-

nEn &;; upn I'=const u = const.
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Fan

Jed, B KOTODOM pacCMaTPHBAIOTCA ABMWKEHHA CIUIOIMHOW CpeJH,
unogsuHaKmeicsa 3akory Hasne — Croxca miam Gosee oOmemy 3a-
KoHY (2.2) — (2.3),— Teopmedl ABMKEHHA BA3KOM KETKOCTH.

W3 wmEBapMaHTHEX OTHOCHMTEJIHHO BHOOpa CHCTEM KOODAHHAT
paBeHcTs (2.4) u (2.5) HemocpeACTBEHHO BHTEKAeT, 90 A1/*f u Riizh
ABJIAIOTCH KOMIOHEHTAMM YeTHPEXBAJEHTHHX TeH3opos. OHU AB-
IA10TCA QU3NIeCKIMHA XapAKTePECTHKAME JAHHON CINIOMHOH CpeH
u 3aBUCAT, BooOme ToBopsA, oT TeMmeparyph I m gpyrux ¢pmsmro~
XMMIYeCKHX HapaMeTpOB, XapaKTepH3YIOMMUX COCTOSHUE paceMarT-
pHUBaeMoil cpejhl.

Tensop uerseproro panra mMeer 3* — 81 KoMmoHeHTY, HO H3-
3a CHUMMeTpMHM TeH30pa HATPMKEHWH (B KIACCHIECKOM CIydae)
¥ CUMMeTPHM TeH30POB fedopManuii U ckopocteil fedopMmaiuil He-
3aBUCUMHX KOMIOHeHT A*fy BiiaB Gyner T0a6K0 36, TaK KaK TEH30PH
A u B fomxHEH OHTH CUMMETPUIHKMH II0 Oape HHJEKCOB [ M j U
X MOKHO IPHHATH CHMMETPHYHEIME IIO lIape MHAEKCOB o u . Ecin
cpena, IoBefleHHe KOTOPOIf onuceiBaercs sakoHoM I'yka mim Hasbe —
Croxca, o0OmagaeT KaKMMH-IHO0 TEOMETPUUYECKUMH CBOMCTBAME
CHMMETDPHH, TO YHCJIO HE3aBMCHUMEIX KoMuoHeHT AU*Eu Bii*B eme
Ooabnie cokpamaerca. B gwacTHOCTH, €CIAM COOTBETCTBYIOMAA Cpeja
usoTponHa, To Bee Aii*P u Bi%8 ompemensawTesa ABYMS NapaMeTpaMu.

. HzoTponHoil cpefoit Ha3HBAIOT TAKYIO CPEAY,
Cpoiicrsa AHU3OTPOIEM,  cRojjcrRa KOTOPOH ONMHAKOBEL O BCEM Ha-
H30TPOIMA ¥ TUPOTPONHH .
cpemst npasienuaM. Eciam cBoficTBa cpegi B pas-

HEIX HaIpaBJeHHAX pasHEle, TO TOBOPAT, 9TO
cpefia aHN30TPONHA. AHUB30TPOIHEE CPeIH MOTYT 061a7aTh CHMMET-
pueli pasiM4YHEX THUIOB.

IMaguM 6ojiee TOYHOe MaTeMAaTHYECKOe OIpefiesieHHe CBOHCTBA
CUMMETDMM H, B 9acTHOCTM, H30Tpommu. Mexamwdeckuwe um ¢usu-
geckHe CBOMCTBA cpembl OOKHYIHO MOMKHO OOMCATH ¢ IOMOMEI0 He-
KOTODHIX TEH30POB M TEH30PHHX ypaBHeHMH (HampuMep, eCiM BH-
noJHsAeTcd 3aKOH ['yKa, yIpyrHe CBOHCTBA 3afaloTCA ¢ IOMOLIBIO
trenszopa AU*?). I'oBopar, 4ro cpefa obiajaer cHMMerpHeil, eClH
cymecTByeT Ipynnma npeofpasoBaHMi KoopAWHAT, COfiep)Kamas He
TOJNBKO TOMIeCTBeHHOE IIpeoOpa3oBaHHe, TaKas, 9TO KOMIOHEHTH
TEH30POB, 3aJAONEX CBOMCTBA CpPeJH, He MEHAIOTCA TmpH 1pPeod-
pPasoBaHUAX, OPUHAUIKAINUX HTOH Tpymme.

B uwactHOCTH, Cpefa HasHBAeTCA HM30TPOMNHOM, €CIM KOMIOHEH-
TH TEH30POB, ONpeNeJAKIUX ee CBOACTBA, He MeHAIOTCA HNpH JIO-
GHX OPTOTOHAJNBHHX IPeofpa3oBaHEAX. 3aMeTHM, 4T0 OPTOTOHAIE~
HHe npeo0pa30BaHmsa MOKHO ONpefe]uTh Kak npeo0pa3oBaHMA, IpH
KOTODHX COXPaHAKTCS KOMIOHEHETH MeTPHYECKOTO TeHzopa (T. e.
He M3MeHATCA CKAJApHHe INpPOW3BeJeHHs BEKTOpoB Oasmca)

. oz* ox® .
gij - gaB ayi ayJ' - gﬁ'
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Ilomaasa opToroHaAbHAA TpyHOA COMEPIKAT Ipeolbpa3oBaHHA
BpameHUA (HeTepMEHAHT OpeoGpasoBaHuA paseH -~ 1) m mpeoGpa-

. 30BAaHHs] BpaMIeHHSA, COYETAOMUECH C 36DPKAJABHEME OTpPajKeHH-

sAMHA (JeTeDMHUHAHT paseH —1).

Ecun cBoiicTBa cpeil HKHBaPHAHTHE TOJIBKO OTHOCHTEABHO TPy~
IH BpaIneHni ¥ He MHBA PHAHTHE OTHOCHTENIFHO 30PKAIBHEIX OTPase-
HEO#, TO cpefja HA3HBaeTCA TEPOTPONHOL.

IlocmoTpEM HecKkoIbKO Gosiee HoApoOHO, 9TO 03HATAET CBOWCTBO

'H30TPOIAHM (WX T'EPOTPONMH) IJiA YyOPYTOTO Tejla, NOJIAHAIIIEro-

ca saxkoHy I'yka. BospMeM B HeKoTOpOil TOUKe TaKON CILNIOIIHOM
CpeJlEl B JAHHEIA MOMEHT BPEMEHY [(Be JIeKAPTOBH CHCTEMH KOOPAH-
HaT: ofEHY x!, x3, 2° m gpyryio yi, y2, y®, DOBePHYTYI0 OTHOCHTENb-
HO mepBoil. HoMmoHEHTH paccMaTpUBAaeMHX TeH30pOB B CHCTEME
i, 22, 2% 6ymeM o6GosHauarh Oyksamu Oes mMITpHXOB, a B CHCTEMeE
yl, ¥?, y® — coorsercTByHOmuUMHu OYKBAME CO INTPHXAaMH.
OueBusiHO,

dyt Byl 8y Ay oo
AR = AP 2.6
T 2P 929 oz* 9z* (2.6)

3anmcusasa sakoE 'yka B cmeTeme z!, x2, 2%, MBI JOJIKHBI IOJIb30-
Barbca Kospdunmmenramm AU%8, a B cmereme yi, Y2, y® — Kosddumu-
eHTamm A’4#8, PaccmorpuM gaBa AeOpMHpPOBAaHHHX COCTOSHHUA
CILTOMHOH CpPefH, KOTOPHE UMEIOT OMUHAKOBLL BUJ B PABHEIX (IIOBep-
HYTHX APYT OTHOCHTEJBHO Jpyra) cmcTeMax zi um y*, T. e.

& = &

flcHo, 49r0 B WM30TPONHOH Cpefe HANPMKEHHLHIE COCTOAHUA B
BTOM Ciydae TaKKe JOJIKHE B CHCTeMAaxX z' M y' mMerh OAUHAKOBHIA
g, Ecim 4’438 — A48, 1, o. kKoo dunumentsl B 3akone ['yKa B o6enx
cucreMaX KOODAMHAT ORMHAKOBEL, TopH = p’¥, Cmmomuas cpema
B 3TOM CJIydae fABJAETCA H30TPONHON HMaH ruporpounoit. Ecam sxe
A'ieB o= A% 1, o, KosPpunEenTr B 3aKoHe ['yKa B cuCTeMax KOOP-
gmHAT z!, 22, 23 m yi, y3, y® pasHme, ro pY¥ == p’% m cpega ABAAercA
aEM30TponHOM. ONOHT HOKA3HBAaeT, YT0 AHM3O0TPONHLIMH CpEeJaMH,
JJIA KOTODHX CBOMCTBA CPefH B pPasHEIX HANpaBJIeHHAX DpasHHe,
ABJAAIOTCA, HAIDWMep, KPUCTAJJWIeCKHEe CpPeJK ¢ IpaBHILHEM

- YOODAAOYEHHHNM paclIoJIOeHneM MOJIeKYJ HJM aTOMOB, a TaK-

JK© BOJOKHHCTHI® MaTepPHAJEL.
. VI30TDOIIHEIMHA CpeJaMM, JJisi KOTOPHX OffHA CHCTeMa KOODAUHAT
H@ MMeeT IPeMMYINEecTB Nepej APYyTaME, HOBEePHYTHMY OTHOCHTENb-

- HO IepBoii, ABIAIOTCA, HAIPAMEp, BOAA U APYTHe CPeJhl, MMCIOIIe
_ TaK Ha3nlBaeMoe aMopQHOe CTPOeHHE, a TaKiKe CPeAHl, KOTODPHEe ¢Ooc-

TOAT W3 MAJEHBKAX KPHUCTAIIOB, €CIU TOJIBKO ITH dJIEMEHTADHEIE
KPHCTAJJIKL PACHONOKeHH HOYIODAJOI6HHO, XAOTHYECKH. TaKOBH
00ETHO yHoTpeGisieMse B TOeXHEKO MOTAaJIEL
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gmoﬂﬂ Tyra m Hasse — Temeps mokaskeM, 9TO JAA H3OTPOUHKIX
TORCA A THPOTPOMHOM  y yypoTpONHEKX Ted M3 o0mero wmeaa — 81

cpenst

KOMIOHEHTH TeHsopa A8, wxoroprie Bce

MOTYT OTAMYATHCA OT HYJIA, TOIBKO [BE KOM-
HOHEHTH sBJIAITCH HesapucmMEME !). HanmpasuM ocm KoopiaaHAT
BJIONb TIABEKX HaNpaBliennit Tesopa medopmanuit ;. Ouesmuno,
9TO0 B 3TOM CIyUae B 3aK0H ['yKa 6YyIYT BXOXUTH TOABKO Road)dmnnen-
THI BEfa A4, JloraeM, 9To A% — O mpum i == j. JelicTBuTeaIbHO,
B Pe3yabTaTe IOBOPOTA BHIGPAHHON CHCTEME KOOPJWHAT OTHOCHTENb~
HoO i-if ocm Ha 180° ME mOAYyYEM HOBYIO CHCTEMY KOOpPIZHAT, B KO-
TOpOIf - 0Ch OCTAaHeTCs NpeskHeH, a OCTAJAbHLE IBe OCY ,M3MEHAT
CBOY HANpaBIGHWA HA NPOTHBOIIONOKHBIE, W COTJIACHO MPABHIY
npeoGpasopanua (2.6) xoMnomenT TeHzopa A¥MH mpm i =~ j m mio-
oM o momydum

A tjoa —_— A{]aa,

HO eCJH cpe[a TUPOTPONEA WJIM M30TPOMHA, TO JIOJPKHO OHITHL
A'iiar — Afiea g cmemoBaTeninHo, Al ——Onpnz :#] Orciona, Tak
KaK B 3Toit cmcreMe KoopammaT pl = O mpw' i == j, cmegyer, uTo
IJIaBHBIE OCH TeH3opa fedopManmuil ¥ TeH30pa HAOPSIKEHMIl B THPO-
TPOMHOM, W TMO/IaBHO B W30TPONHOM, ¢pejie, HOMIMHAIOMENCA 3aKOHY
I'yra, coBmamamor.

B dopmynax sarkona 'yKa B TIIABHEIX 0CAX W3 BCEX BOCHMHEIECH-
TH ogHOTO Ko3dppunmenta AU*A cymecTBEHHB TOJBKO J[EBATE KO3f-
dumuenton Aixe,

ITopsmox EymMepanuit oceit B CHAY CBOHCTBA TMPOTPONAN CPEHI
HeCYINeCTBeHeH ?), M MOSTOMY MH 6yjeM MMeTb

Allll A2222 — A3333 —_ 2“‘ __|_ x
A1122 — A1133 — A2233 — }v,
Ai{aa — Aaaii

rae 2w + A m A BBefleHH Kak HOBHe 06O3HAUEHMA JJA yKa3aHHBIX
BHIIE J[BYX pPas3iMYAKX W, B0oOoGmMe roBOpsA, OTINIHEKX OT HYIA
KoMmoHeHT TeH3opa A. (3amermM, 9ro KommoHeHTH AYWY, i =7,
TaKKe OTJIMIHH OT Hyasa. Husxe MH IOKajKeM, ITO 9TH KOMIIOHEHTH
paBEH W (cM. fopmyay (2.12).)

Bce nmpuBefieHHEEe BHINEG pacCy:RIEHHA MOKHO IPOBECTH M JIIA
THPOTPONHOHK (M MOJaBHO JJA MIOTPONHOI) Cpemsl, IOAIRHAIMeRCA
sakory Hasre — Croxca, M mOJyIHTH, UTO Aias THEPOTPOTEOI cpe-
mB, mDogumpAmeiica saxkomy Haebe — CTokca, riapHHe OCH

1y ITis TeHAOPA 9ETBEPTOTO PAHTa HOHATHS H30TPOIAM B TAPOTPONAHE COB-

TajgamT,
%) Ochb 23, HaNpEMe], OYEBAXHO, MOKHO OPEBECTH B IIOJI0MEHNS 21 NOBOPO-
TOM CHCTEMH KOODAMHAT BOKDPYT ocH z® Ha 90°.
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TeH30pa CKopocTefl medopMamuii coBHAMAKT ¢ TIJIABHEIMH OCAMH
TeH30pa HAUDSKeHHH, a Bce Koadummentn BH*f prpakalorcs
gepes fBa Kosddmnmerta Ay M ;.

Tenepnr saxom I'yka

pij = AP €af

JJA HA30TPONHON Cpefsl B TJIaBHHX O0CAX TeHsopa aedpopmanuil m
TEeH30pa HANDSIKEHHA MMeeT BuJ
D1 = A(8y 4 &5+ &5) + 2pey,
P2 = h(gy 4 €+ &5) + 2pe,, (2.7)
Ps = M (&1 + &5 + €5) + Zpeg;
A u p masmBaloTca Kospdunmentamu Jlame.
Arvanorwuno sakon Haspe — Croxca muas msoTponHOi cpefH B

IJaBHHX 0CAX TEH30pa cKopocrteil fedopManuit ¥ TeH30pa HaLpAKe-
HUf 3amuimerca clefyIOmuM 00pasoM:

T, = A (g + e + e) + 2pey,
T, = M (6 + e -+ e35) + 2pyes, (2.8)
Ty = My (6 + €3 4 e5) + 2Me;.

BuseneM Temeps 3akoH I'yka i H30TPONHONM (IEPOTPOIHO)
Cpens B HPOM3BOALHOM cucTeMe KoopamHaT. Jlad 3TOTO YMHOMHUM
papencTsa (2.7) coorsercTBeRHO Ha (dz')?, (dz?)?, (dz?)?, cnomuM ux
¥ IpE HPOM3BOABHHX dz!, dz?, dz® Gypmem mMeThb
Pr (@2 + ps (@2 + py (@)} =

=My (e)ds® + 2p le; (d2')?4- e, (d2®)* + e (d2?)’], (2.9)
rae ds® = (dz')? + (d2?)? 4+ (dz®)?, a [, (¢) — mepBHi mEBapH-
aHET TeH3opa nepopMammii. Tak Kak

p1 (d2')? 4 ps (d2®)? + ps (d2f)? = 20 (o', da?, d2d)

— VHBAPHAHTHAS OTHOCUTENBHO BHOOpa CHCTEMH  KOODAMHAT
KBafpaTmuHas GopMa TeB30pa HaNpAKeHWil, aallmcaHHAd B IVIaB-
HEIX OCAX TeH30pa HAHPAKeHMH, a

g, (dzV)? + g, (d2?)® + e, (d2®)? = 2F (da*, da®, dz®)

— HHBAPHAHTHAA OTHOCHTEIbHO BHOOpa CHCTEMH  KOODJAHHAT
KBagparmuHan dopma TeH3opa AedopManmmil, 3almcaHHAA BIIaB-
HHX OCHX Temsopa medopmamuit, T0 paeeHcTBO (2.9) mpencTasua-
eT cofoll MABApMaHTHOEe COOTHOIIEHWE W MO3KeT OHTH 3aIMCAHO B
11060 KpEBOIMHeHHO# cucTeme KoopaumHat W', Mm%, m® B BHIE

20 (dn', dn?, dn’) = My (&) g;dnidni + 4pF (dnl, dn?, dv?), (2.10)
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rjie
20 = P;; dnt dni, 2F = & dntdyi, I, (&) = 8 = gaﬁaaa‘
ds® = g; dn’ .

Bupasxesme (2.10) cmpasegnmBo mpm npomsBodbEEX dnt, dn?,
dn?, m nosTomy B m060il cucTeMe KoopauHAT GymeM MMeETb

p; = My () g;; -+ 2pe, (2.11)

Ui

P = M, (8) g% + 2pging e, (2.41%)

@opmyawm (2.11") wau (2.11) mpefcrasasior coboil sammeh 3a-
koHa I'yKa mns W30TpPOmHON Cpefsl B IPOM3BOJNBHON KPHBOIHHEH-
HO# cmcTeMe KOOPAMHAT.

Vs (2.11") nerxo moayunTh BHIpa)keHWe NI KoopPUIEEHTOB
AY*P B MpoM3BONLHON KPUBOJNMHEHHOH cHcTeMe KOODAWHAT:

AijaB 1;: uﬁ_{_“ (gu JB 13 ]a) (212)

IlpoBeas aHalOTAYHLIE PACCY/KOEHHS HOPUMEHUTEILHO K 3a-
xosy Hasre — Croxca, momyumm, uro saxoH Haspe — Crokrca
IS M30TPOIHON Ccpelbl B IPOM3BOJILHON KPHEBOJMHEHHON cmcTe-
Me KoopazmHaT OymeT HMeTh BHUJ

Ty = MIi(e) g;; + 206, (2.13)

1A .
¥ == M1y (e) 89 + 2ngiagPeqs. (2.14)

Ha ocropanuu (2.2) HonydnmM clieyIOIMYO CBA3H MEKIY KOMIOHEH-
TaM# TeH30pa HAODMKEHHH # cKopocTedl gedopManudil JiaA H30TPON-
HOH BA3KOW JKEJKOCTH B LPOU3BOJBbHOW KPUBOJIHHEHHOH cuCTEM-
KOODAHMHAT:

pi = — pghi + A divogh 4 2,842 g7Re,q. (2.15)

B nmeraprosoil (He TIaBHOW) cmeTeMe KoopAawHAT 3akoH I'yka [
H30TPOIHOA CPefEl MMeeT BHUJ

Py = M1 (8) + 2pe,, (2.16)
¥ Opm i=~j
Pi; = 2pey;,
a sakoE Haspe — Crokca -— Buj
o

p{i = —pP + Mdivv +2|.L1~87;-

M upH [=~j
v, v, :
Py = 218y = Pq(az, + '5;,) (2.17)
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Monymwnlom‘a, 303‘%11- Bmecro kosdpdmmuentos Jlame A m p B Teo-
HHAEHT yaccosa, K02 H - -
IBEHTH BAKOCTE PEH YUPYrocTE OPMHATO BBOAETH CHEAYI0
mue XAPAKTEPHCTHKE MAaTepHaja:
mogyan IOmra

_ o, BA42p)
E=p5ry
a Koddpdmoment Ilyaccoma
_ A
I ET I

B rteopum pemxeREmA BA3BKOH KAAKOCTE NPUHATO BBOJGHTDH AH-
HaMAYecKmi K03(@UIEeHT BABKOCTH P = W; W KHHEMATHIOCKHH
rod(dunment BA3KOCTE vV = p/p, a TaKxke BTOPOH Koapdmmment
BA3KOCTH

€=7v1—|-'§“l"-

B nanpmeiimem koopdumment Jlame A; B ciydae NIBHIKEHHA BA3~
KOH sKEJKOCTE MH OyZeM 0603HAa9aTh IIPOCTO Iepes A.
Ilpmsenem uncnosse snavenns E, o, i, v Ii1A HEKOTOPHX cpef.

Marepmnadn E, xl'jcm? [+
Hemeso 20 000 0,3
AnoMaBEAR 7 000 0,34
Bponaa 10 000 0,3

Cpena 1, 2/cex cm | v, cm?/cex
Bona 0,01 0,01
Bosgyx 1,8.1074 0,15
Tnanepun 8,5 6,8
Pryre 0,156 0,0012

3axosn I'yka m Hasve — Crorca upm I = const, yy = const
MO3BOJAKT BaMKAYTh CHCTEMY YPaBHEHHI IBW)KEHHA OAA H30-
TPOUHHX YOPYTHX CpeJ M BA3KOH HeCKHMaeMoOdl IKHNKOCTH.
Vpasmemmn  Hanpe — Crox- Jas toro 49robm _BHIHCATH MONHYIO
ca CHCTeMY YPABHEHHEH [BAKEHHA CIOMI-
HO# cpefH B clIy1ae BA3KON HOCKEMAae-
MOl KHJKOCTH, BHIBElEM TIPeNBAPHTEABHO yYPABHEHHMA [BIKEHHA
BASKOM, BoOOIe CKIMAEMO KHUKOCTH, YAOBIETBOPAIOMEH 3aKORY
Hasve —Crorca (2.15) mam

P = — pghi - A divogh + 2pel, (2.18)
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KOTODHe Ha3HBalTCsA ypaBHeHmsaME Hasne — Croxkca W moay-
9aloTcA B pesyiprarTe mnojcTaposkm 3akoHa Hasre — Crorca
(2.18), B ypaBHEHH® HMIYIBCOB.

IlpegBapuTenbEO 3aMETHM, 9TO B OBKJIMI0BOM IPOCTPAHCTBE
BEDHH PABEHCTBA

ViVt = V,V05

Heiicreareasno Ti; = V,V v* — y;yi* ABIANTCA KOMIOHEHTAMH
TEH30PA TPETHEF0 paHra; B NEKaPTOBOH cmcreme koopamHaT T =

8%y* %*
T artar’  9d 84
nAuHeiHOE cucTeMe KoopamEaT. TakuM 06pasoM, pesyabTaT HEOTHO-
KpaTHOTO KoBapmanTHOTO JupdepeHmuMpoBaHUs HE BaBUCHT OT
mopsafxKa nmposefeHnsa nupdepeEnEpoBaHAs, eclIH B IPOCTPAHCTBE
MOKHO BBECTH ¢[WHYIO [JIA BCOT0 HPOCTPAHCTBA JEKAPTOBY CHCTEMY
KOOPAHMHAT, T.€. ecjd IPOCTPAHCTBO ABIAETCA EBKIMIOBHM 1).

Buumcamm temeps y;p', korga p/ ompepmensiiorcsa mo (2.18),
a A ¥ p DOCTOSHHE

Vip = — g4V ;p + MgV ; div e 4 2uV et =
= — g4iV;p + AghV; Voo™ + pV 6" (Vg + Veva) =
= —"Vip +3g" ViVar® + pg"ViVa + pgPV,V 0" =
= —g"Vip 4+ (A + 1) g7V3Var” + pVPVeot =
= —Vp+ A+ p) Vidive + pAd,
3mecs yi= g y; m A = yPys = y? — omeparop Jlamnaca. B
JEeKapTOBOl cmcTeMe KoOpAWHAT
aZvi 62 4 62 1
ax? + 9z%

= {0, », cregosareasro, I'%= 0 B moboit KpuBo-
r £

Avt =

B BexropHoM BHpe GymeM EMeTh
V;pi = —grad p + (M + p) grad div o + pAw. (2.19)

TakmM o6pasoM, ypasEeHma Hasse — CTOKCA B IIPOM3BOMD-
HOli KpHBOIMHEHHON cmcTeMe KOODAEHAT Ha ocHopaHWE (2.11) ru.
IIT = (2.19) 6ynyr mMeTh B]Z{I[

1

ai_F‘__,; i J\_|_

x+|;. g 2dive ad:;v + vAD .

1) B puMaHOBOM LIIPOCTPAHCTBE TEHB0D T"‘ OTJAUYeH OT HyJIA N3-38 KDUBAG~
HEl HPOCTPAHCTBA, TAK KaK B HCKPHBIOHHOM npoc'rpanc'me HeBOSMOKHO 0Gpa-
THATH B HYJb B JAHHOH TOUYKe OZHOBPEMEHHO Fi: " 61‘{1/62:’ (cm.§ 5 ra. II).
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B sexropnoit dopme ypapmenua Hasre — CToxca MOYKHO HAHCATH
B BHJE
dv

g _p_t htp i B
- =T pgradp—{— 5 g;addwv—{—pAv. (2.20)

Homman cHcrema ypasme- J[na BA3KOH  HeC)KEMAaeMOH  REJKOCTH
HEH  ABHKOHHA HECKUMAC- yhappempmsa IHaBbe — CToKcA yInpoOMAOTCH:

MO BA3KOH KHAKOCTH
dv 1
S =F ——gradp+ % Av.  (2.21)
ITH ypaBHEHHSA BMeECTE C YpaBHeHHEeM Hepa3pHBHOCTHU
dive =0

COCTABAT TMONHYI0 CECTEMY YPaBHEHUIT IBAKEHAA OTHOPO/IHONR BA3-
Koli Hec)REMaeMOHM KMIKOCTH, HOJNYHHAIONEHCA sakony Hasbe —
Crokca, B cayuae moctosEHOTO KospuImeHTa BAZKOCTH M.

B nmexaproBoii oproroHadbHON cMCTEMe KOOD/HHAT IOMHAS CH-
cTeMa ypaBHEHWH /BWKeHMA BooOIe Heo[HOPOJHOW BA3Kol He-
CIRIMAEeMOH JKHKOCTH MMeeT BHJ

dp op dp op
o T Togy T =0

ou ov ow
2 T a0

du ou ou ou 1 dp (82u 0%u |, O%u
Ftegmtog Tt =Famgat Vi taptm)
ov ov dv ov 1 dp 0% 0% 0%
e g tug =P Tyttt sa)
ow ow ow ow 1 op 02w 02w 02w\
sttty teg=fi—gagtvigmtagtam)

(2.22)

VpapHeEHA ABIKEHHA B YpaBHEHHA JBIJKGHAA B HePeMeMeHHAX
HepeMEIEHHAX AR YOPY-  npg ypyroro Tela, Y/OBJIETBOPAKMEro 3a-
TOro Tema; Cxydaw SAMKHY"  pomy I'yka B cayuae mMaawz Oeopiayuii

THIX CHCTEM ypaBHCHEH .
pi = My () g¥ + 2pe¥,
ot = o (Viwi | Vi), (2.23)

rge W' — KOMOOHEHTH BeKTOpa mepeMemenmid, a [, (¢) — mep-
puii mHBapmaHT TeHsopa Jedopmanmumit (/; (¢) = yw'), Hocar
HaspaEde ypasmemmil Jlame. Jlanpme mpmmeM, dro Momyau Jlame
A E p MOKHO CYHTATH 3aJAHHHMH IIOCTOAHHHMH. [l BHBOAA
ypasmennil Jlame B ypasHeEHA mMmyiscoB (2.11) ra. III caexyer
[OfICTaBUTh 3aKoH I'yKa B ciydae GeCKOHeWHO MAJHX pedopMammit
(2.23). BuBoji 5THX ypaBHeHEI BIOJHE aHAJOr¥YeH IpPHBECeHHOMY
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Boiue BeBOAY ypaBHenuii Haspe — Crokca. VYpasmemmsa Jlame
MMEIOT BHJ

(A4 p)grad divw + pAw - pF = pa. (2.24)

B pmexaproBoil cECTeMe KOODAHHAT OHH 3aNUCHBAKITCA CIELY-
omuM 06pasoM:

a [0 a dw
pax:(h—]—p)—%(a—l;—]——anga—f)Jr )
0? a2 a2
—!-H(_El:‘—f- 5%+E%>+9va

ba, = (h+ 1) o (55 + 52 + 5] +

T
- ik i likd
+u( 5 + 57 + 57 ) + 0P,
g [d 0 ow
pa, = (b + 1) - (50 + 5o + )t

+u(\%+ %Zyi”;+ %‘)‘l‘szv )

(2.25)

/'

TOe depe3 U, v, w 0003HAUEHKH KOMIOOHEHTH BeKTOpa IepeMeme-
HE# w.

YpaBmenus JlamMe BHBeEXeHH B NpEINOJIOKEHMH, dTO Jie-
dopmMammm Manki, B 9YACTHOCTH, MAaJ0 H3MeHeHHe MIOTHOCTH
(0 =po + 0y, p" <<€ py). HosToMy B 3THX ypaBHEHUAX ¢ TOU-
HOCTBIO JI0 MaJIHIX IIEPBOTO MOPAIKA HY;KHO OHCATH Dy BMECTO P.

Cucrema ypapHemw#i Jlame 1aA amHaAMEYecKHX 3aJa¥ CcTa-
HOBHUTCA B3aMKHYTOH, eclIM K Heil J00aBMTBH ompefejeHHe YCKO-
peHus:

dv ov v
a= t —<‘7)x1 +v 8z’
_dw
T odt

YpaBHeHEWe Hepa3pHBHOCTA B TEOPHH YIODPYTOCTH C MAaJLIMI
medopmanmuaMm MoOKHO He paccMarpuBarb. OHO CIYRAT JJA
ompefieneEuss p’, KOTOpPOe HEe BXOMHT B OCHOBHHE YpPaBHCHHA
Jlame.

Ypasmenus (2.24) ycraHOBJMeHH OJaf Maabx gZedopManmii, opu
BTOM NePeMEINeHHsA, CKOPOCTH W YCKOPEHHA MOTYT GHTH KOHed-
HEIMA,

OnHako 9acTo paccMaTpHBAIOT CAYdal, KOT/IA MaAAb He MOALEOD
OefopMayuu, HO U CAMU NepeMewjeHUs, CKOPOCMU U YCKOPEHUL.
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B osroM cayuae mocne mpeHeGpe:keHMA HeIMBOHHHIMA YIGHAMH

HONyYHM
I’?*w
= e

a ynopomeHHHe ypapEeHHMs Jlame mpmobperalor Bmp

o .
(GF)s =7+ 2l graddiver + L aw.  (2.26)
B sagauax TeopmH ympyrocTH, Kak mpaBwio, Tpebyerca HaliTHm
CMeleANe HHIUBANYANBHEIX YaCTAN, CPEfEl, HATIPEMED M3MEHCHHE
$OpMEI BHEIMHAX T'paHMLD, «TBepHoro» reda. [losToMy B Teopunm ympy-
roct OOLIYHO HCHOAB3YIOT TOYKY 3peHmsa Jlarpamka H Jarpas-
HEBY CHCTeMY KOOp[WHAT.

Panpme GEIIO BHIACHEHO, YTO MOYKHO IIPMMEHATH [BE JATpaH-
JKEBBRIX CHCTeMEH KOOpPAHHAT — HAYAJIBHYI0 H AKTYAABHYIO (CM.
ra. II). Bee ypaBHeHHA COCTABAAOTCA [JsI COCTOAHHSA CPENH B OI-
PefleeHHHI aKTyaJlbHEH MOMEHT BpeMeEHd. IloatroMy ouesmHO,
9TO KaK yPaBHEHHd HMIIYJILCOB IJs CIIOIMHOH CpeNE, TaK H IO-
Iy9MBIIMeCA Ha MX OCHOBAHWK ypaBHeHHA JlaMe B KOMIOHEHTAax,
COOTBETCTBYIOINUX JATPAH;EBOl aKTyalbHOH cmCTeMe KOOp.H-
HAT, HMEIOT TAaKO# jKe BHJ, KaK B CHCTEMe OTCYETA.

IIpn mepexome oT aKTyambHOI JarpaHmkeBOl CHCTEMEI KOOpDIH-
HAT K HavaJapHON jarpam/xeBofl cucTeMe KOODAWHAT YPaBHEHWS
B KOMIIOHEHTaX W3MeHSIOT CBOH BUA. JTO CBA3AaHO ¢ TeM, 4ro dop-
MYJIH Oepexofa OT KOMIIOHEHT BeKTODOB W TEeH30pOB B HAYAJNBHON
JaTpaE/KeBOll CHCTeMe KOODPAWHAT K COOTBETCTBYIONIUM KOMIIO-
HOHTAM B AaKTyalbHOH JarpaHKeBOH CHCTeMe He. COBIANAIOT C
O0BYEEME (QopMynaMu MpeoGpasoBaHUsA KOMIOHEHT, TeH30DPOB IPH
mepexoie OT OFHON CHCTeMbl KOODAWHAT K ApPYToil B OZHOM W TOM
’Ke mpocTpaHctBe. lIpocTpaHCTBA HAYAIBHOI'O COCTOSHEA H aK-
TYaXbHOTO COCTOAHHAS ¢ ONWHAKOBEIME KOOPAHHATAME TOYEK
1, &2, E® meo6xXonmMo pacCMaTpWBATE KaK pasHHE HOPOCTPAHCTBA
¢ pasum4HO# MerpmKoi, ds? == ds,, us-za fedopmamuit 1).

OnEako ecam fedopMamud W OepeMelmeHWs MAJH, TO HAYAlb-
Hafg U aKTyadbHAas JATPAHKEBEH CHCTEMH KOODJAWHAT OTIMYAIOT-
€A Majl0, M IOYTOMY € TOYHOCTHIO NO MAJEHX NepBOT0 IOPSAAKA
MOKHO CUUTATh, UTO ypaBHEHWS B KOMIIOHEHTAaX, COOTBETCTBYIO-
MEX aKTyaAbHON W HaYaJNbHON JarpaH;KeBEIM CHCTEMAM KOODIU-
HaT, coBmajzaoT. McmoxpaoBaHme HadaJbHOM JATpAaHKEBOI CHCTe-
ME KOODIZHAT MOKeT OKasaTheA Goyee ynoOHEM, ¥eM HMCIOIB3O-
BAaHH® AKTYAJBHOH CHCTEMH KOODJHWHAT, TaK KaK IPH ODPHEMeHeHNH

1) 9TOT BOHPOC IPAMEHATENHHO K 00IDeMy YPABHOHHI JBHKEHHWA CILIOI-
HOit cpeHl paccMoTpeH moppoGuo B xeure JI. 1. C e i o B a «BBegierme B Me-
XaHAKY CIIOIMHOK cpepgus, Pmsmartrms, Mocksa, 1962, erp. 150,
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AKTYaNbHON JATPAH/KEBOM CHCTEeMH [JfA IOJHOTO pelieHUs 8a-
Ja9d Haf0 OMPENe]ATH €Ife W MONOMEHHe DTOH CHCTeMH KO0OpjH-
HAT 00 OTHONIEHWI0 K CHCTEMe OTCUeTa.
O6mumpunie pasgens THIPOAEHAMAKE K
O meobxomuMOCTH MOCTPOE-  1ooppy ympyTOCTH pPAasBATH B paMKax He-
HAA APYTrHX MOAEICH -
PeYUCIEeHHHX BHIIE IPOCTHX  MOJeJe.
TeMm He MeHee JaleKo He BCErNa NABUKEHWS DEANBHHIX CPEJ{ MOTYT
GHITH [OCTATOYAO TOYHO OMUCAHH ¢ IIOMOHIBI0 3THX MPOCTEHIMAX
Mofieaei.

Hampunmep, qisa m3ydeHnd [BWxeANA MOHW30BAHHHX rasoB HIH
faske HOHTPAJBHEIX Tras3oB IPH OTCYTCTBUM Gaporpommm Tpebyiores
6oJiee CJIOKHEIE MOMENH.

Bo mMuormx cayuaax 3akoH I'yka jaA «TBEDAHIX» Tel HelpuMe-
HMM, HaTpEMep, OH HECIPaBeJJWB, KOTJa mocie 0cBoGOXIeRuA
«TBEPAHX» TeJd OT HANPSKEHEHNA B HuUX ocralores JAedopMammm
(acPanbr, 3aMasKa, a TakKke MeTaJJH IpH GOJLITEX HArpysKax).
IosroMy HeoGXommMO CTPOWTH MOJENE C YYETOM IWIACTHIHOCTH,
MOJI3YYeCTH M PAAa APYTux cBoiicts. A yCIoHOHHHX MoOjelei
CIIOIIHKIX CcpeJ] BBeMCHHHH BHIIe 3alac HOHATHH W XapaKTepH-
CTHK, CBA3AHHKX C JBWKEHWEM W COCTOSHWEM YaCTUN CpeiH, He-
J0CTaTO9EH.

Heo6xoqmuMo paccMaTpuBaTh eme [JDPYTHe XapaKTePUCTHKH,
rakme, Kak Temmeparypa I, BHyTpeHHAS »oHeprma U, »HTpO-
mag S, ocraroumbie nedopManuH, XapaKTEPUCTHKYM DICKTpPOMAr-
HUTHOTO Tojia W MHOTMe apyrme. CmcreMa MeXaHWYeCKAX  ypaB-
HeHWI B BTUX CJHydaAX JHoixHA OHITH gomoiHeHa. Ias aToro Tpe-
6yeTcA HCIOJB30BATEH eMle JOTMOJHATeNbHHE COOTHOMEHNA (H3AKE
M, B 9YACTHOCTH, TEPMOIWHAMUKI.

§ 3. Ilpnmepst ypaBHeHH{ B KpHBOIAHEHHBLIX
cucTeMax KOOPAWHAT H AONOIHMTEIbLHBIE CBEACHUA
A3 TEHBOPHOTO AHAIN3A

JIlna npmio;keHNi MONe3HO WMTH B TOTOBOM BH/E ypaBHEHUA
HepaspHBHOCTA W YPABHEHWSA [BIKCHHA B DA3ANIHEX KOHKpET-
HHX KPHBOJIMHEHBHX CHCTEMaX KOODHWHAT.

Cone Brmmmem dopMyiH, Brpaskalomue CAMB OJIE
om:&’;“;:mﬂl;g‘"c;‘;m:m: Hpucropdenss TI'lz depes KOMIOHEHTH Mert-
HepasphIBHOCTH B Npom3soah- DAIECKOTO TEeH30PA g B NPOM3BOJIBHEIX
HBIX CHCTEMAX KOOPIHHAT OPTOTOHAJNBHEIX CHCTEMaX KoopmmHaT. ChM-
Boan Hpuctoddens B eBramgoBoM ¥ pH-

MaHOBOM IPOCTPAHCTBAX oONpe[eNeHH (OpPMYIaMH

fp— L e 08as T 98p,  08ap
* 2 dz® az* o* ) *
‘ Orcrofa B opToroHanemoi cEcTeMe KoopxuHAT (gi; = 0 mpm i =% j)

(3.1)
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JErKo MONyIHM

ap = %—g““ iia;‘ ; (3.2)

Tfp = — 5 e B2, (3.3)

T2, = g gm o, (3.4)

Tge =0 mpm a==B, B=R7, a1 (3.5)

C momompw ¢opmyns (3.2) mis CyMME ZPZQ MOKHO TOJNY-
a

9UTL CACAYIOMYI (GOPMydAy B OPTOrOHANLHHX CHCTEMAax Koop-

JAMHAT:

x 1 9g _ 1 aVe (3.6)

Tle g — OmpefleIUTellb MaTPUIE | ;|-
IlpuBenem noxrasatenbcrBo ¢opmyan (3.6) B npouseosbHoll
cucTeMe Koopammar. MmeeM

63k o
g=1lgil =10 9;) =m ot Tkeae.

IIpu cocrasierun npoussogHOM 0g/0x® meobxognmo auddepenu-
pOBaTH B Ka;KIOM 9JIeMeHTEe MeTepPMUHAHTA £ CKAIAPHOe MPOM3-
BeJleHHe /IBYyX BEKTOPOBJ; | 3;.

Ilpn guddepenmuposanuu 1epsoro gaxropa 9, TONydIMM TpH
OeTePMMHAHTA, B KajKJOM M3 KOTOPHIX WIeHH OJHOH CTPOKH ¢ HO-
MepoM i zaMeHeHs wieHaMu Buaa I g.;. Jlerko Bugerh, 910 Kask-

. i . .
IO U3 9THX AeTePMHMHAHTOB paBeH I'jp g, roe i — GUKCHpPOBAHHEIH
WMHIEKC, PABHHHE HOMepy COOTBeTCTBYIOmeH ctpoku. ([lerepMMHAH-
TH Up¥M PEKCHPOBAHHBIX ® == { paBHH Hy:0.) CyMMa Tpex merep-

3

MUHAHTOB paBHaZ T%eg. U3 cumMerpum g;; O9YeBUTHO, 9TO
i=1
npr guddepeEnupoBAHAN BTOPHX (PAKTOPOB 9; LHOJYIHTCA TOYHO
TaKas ke cyMMa,.
Orcroma cremyer, 4TO
dg

E = Zgﬂs,

opwIeM B 910 opMyne N0 MHJEKCY i IPOH3BOAUTCH CyMMUPO- {
BaHAE, .
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BrpaskeEme Jid JEBepPreHOUA JI0GOTO BEKTOPA B IPOM3BOJb-
HOH CHCTeMe KOODAHHAT MOKHO Temeph 3amHCAThH CJIeAYIOmUM
oGpaszoM:

. * @ v vB aVe 1 a*Vg
d =V 0% = — B = _ .
ive = Vv o + v, Vg PYC VoA
(3.7)

YpaBHeHMe Hepa3pHBHOCTE B HPOM3BOJBHON KPUBOJIHHEHHOM
crucTeMe KOODAWHAT NpPHHAMAET B

vzt 801 Vg 4 o2 Vg 4 e Ve _ o (3.8)

at Ozt Ox? 0x3 : :
HaHOMHHM, 9410 V* ABIAITCA KOMIIOHEHTaMM BEeKTOpa U
IIpH Ppas3iao:KeHnn ero mo BEKTOpaM KOBAapHUAHTHOI'O 633]2[03 day
KOTODBIE HE ABJIAITCA, B006H];e TOBOPA, eJUHMYIHLIMHA BEKTOpaMu.
,Z[JIH BEKTOpa CKOpPOCTH ¢ MOMHO HaOucaTrhb

@dpzAvueckAe  KOMIIOHEHTHI Takke gopMmyry

BEeKTOPOE H TEH30DPOB ¥ = vig, — u! 4+ u? 2 u 2
= piy; = 1 LI
Vgu ngz Vgsa
(3.9)
90
TIe €; =—— — eJUHNYH ke BekTopH. Ecmm cmcrema woop-

V8

IWHAT OPTOTOHAJBHAA, TO KOMIOHEHTHI
ut = vt Vgii

(cyMMuUpoBaHEe 0 i OTCYTCTBYeT) PABHEL IPOGKIUAM CKOPOCTH ¥
Ha KacaTeJbHHE K KOODAWHATHHM JHHUAM M HA3HBAalOTCA (H-
3M9eCKIMY KOMIOHEHTAMH BeKTopa cKopocTtu. OdeBHAHO, HTO

IJIs OPTOTOHAJNBHEIX CHCTeM KOOPIMHAT BeJIWIHHE U; == U; Vgﬁ
(cyMMEpoBaEMe MO { OTCYTCTBYeT) COBHANAIOT ¢ BBeJeHHKMHI
duswgeckuMy KoMmoHeHTaMH u'. AHAJOTMYHO MOJKHO BBeCTH (H-
3WYeCKNe KOMIOHEHTH JI060T0 BeKTopa, HAaIpUMep YCKOPEHUA a
man grad p, u BoobGme TeH3opa aw06oro pasra !).

Ilpr wmcumonbsoBaEum (U3MYECKAX KOMIOHEHT ypaBHeHHWe He-
paspuBHOcTE (3.8) B IPOH3BOJBHON OPTOTOHAJBHON cHCTeMe KOOp-
OWHAT mpmobperaeT BHJ

2
V’E%)_ + op V gaegss ut + dp V gugss u + p V griga u° — 0. (3.10)

ot oz 93

1} Hanpummep, aaa TeHaopa T = T‘ ;@ QEamIecKTe KOMIOHEHTL MOKHO
OHpefeNdTh CAeAYIAM 00pa3oM:

].
T=T, ]/-gn Vg” -Vg{ “ (T )dma
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:’pamlelme HepaspuiBHO- B ciaydae QUIMHLAPHYECKOH CHCTEMEl KOOp-
TE B IAIMHADAYeCKOH H 1 2 _ 3
' chepuueckoii cueremax ko- ool T =T, T =Q, I" =12

opmma'r dsz_:dr2+r2dq)2+dzz'
|31|:11 I32|=r'7 |33,:11
gu=1, gu=r? gun=1 g;=0 npm i].

YpaBHeHHe Hepa3pHBHOCTE B OWINHAPMYECKEX KOOpPAMHATAX

3alMCRIBAETCA CJIeAyIOmuM o0pasoM:
dp dpu_r dpu,, Bpu, .
Tt T et =0

B caygae cdepmueckoir cucteMm EoopamHAT 2! =71, 2?2 =@
(mmpora), 2% = A (momrora), ds? = dr? | ride? -} r’cos?q dA?,
gy =1, gy =r? gg3 =rPcos*p m ypaBHeEHe HePa3pPHIBEOCTH
OymeT mMeTh BH]

T. ©.

dp dpu,r? dpu, cos @ Opu,y,

2 =L ==

r2C0SQ —r + COS P —= “+r 3% J-r T 0.
KommonenTna  yexopemus Has Toro urobm HammcaTh B OPTOro-

:ax"l’:::;;:n";’:m CHCTe"  HaMpHLHIX KPHBOAMHEHHHX cHCTeMax Koop-
JUHAT ypaBHeHHA ABIKEHHA Oijepa, Io-
ayuynM  (GopMyay, BHPAKAOIIYI0 KOMIO-

HeHTH ycKopeHHA dv'/d! wepes g/ u vi. [[nA KoMIOHEHTH yCKope-
Hua dv/dt nMeeM

o’

ot

89
at

a =

. . ] ] -
+ vVl = + v .—;—‘- + vivBIia.
T

IIpeoGpasyem mocmegHumil 9aeH 310 (POPMYNH:
vl = 2{”? T} + (v#)* T =
(oyminponaune o j OTOYTOTBYeT)
= 20708T; - (v7)°T; (28)°T éa-
J

3
(CyMMEPDOBaHME HO j OTCYTCTBYET)

B opToronaisHoit cucTeMe KOOPAMEAT ¢ MoMompblo dopmyn (3.2) —
(3.5), pupakarommx cmMBoian HKpmcroddens I'zg wepes g, mo-
AyImM :

av v’
a1

o vis® 08y 1 (vi)z 6gj?- . (Z,B)z iigﬁl‘?3
dxt &; 98 2 g o 28;; 02
B54j

a =
(OyMMH POBAaHHE N0 j OTOYTOTBYET)

(3.11)

Orcrofa ¢umaryecKme KOMOOHOHTH YCKODEHHA B HUIAMHIPWISCKOH
cucTeMe KOOpAWHAT, ecau BMecTo v' 1o (3.9) BBecTH $puamieckue
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KOMIIOHEHTH CKopoct: u!, Gyqyr mMeTb BMJ
ou ou u, ou du u®
I —r e _r r__@®
=5 +ur or + r 09 +u. oz r’
du du u, ou du u_u
o ] @ e » @ re
a‘D - ot + ur or + r a + uz 62 + r 2 (3.'12)
_ U auz auz .
a, = =+ ur 6r + - B +u, 2z

dusuvYecKMe KOMOOHEHTH YCKODeHHMS B cdepHmuecKoit cHcTeMe
KOODAMHAT 3aOUITYTCS CHCAYIOIUM ofpasoM:

du du u, ou u du uz--l-u2
S —r, e _r > v !X
@ = 5 +ur or + r 09 +rcoscp oA r ’
Ou, - Oug, u, Ou, u, Ou, Ul —ultg(p
o= g Tt g tree T T
Ouy Ou, U, Ouy u, Ouy uuy +tg @ ULy
o =7 + ur a7 T P +rcos<p A\ r .
(3.13)
KommomenTnl  Bexropa-rpa- OnpeueJmM OpOEeKOUH BEKTOpa grad P Ha
AmeHTa cCrauApEOE {YHR- OoCH OpPTOrOHAJBHOM CHCTEMH KOODJHHAT.
ONEA B OPTOrOHAILHON €H- yeeM
cTeMe EOODAHHAT o o
grad p = = (Vip) o= 4,2
61: T

g

OTtcroa (lmsmecnne KOMIOHeHTH A, BeKTopa gradp B opTo-
TOHAJBHON cHUCTeMe KOOPAMHAT 6YJIYT pPABHH
V. 61:‘ =

:"PV‘——
{1

(cyMMHpOBagEUE [0 § OTCYTOTBYET)

Al

Ouamgeckre KOMIOHOHTH BeKTOpa gradp B IWIAHAPHYIECKOH
CHCTEM® KoopHuHAT OYZYT CIeIyONEMH:

ap

grad pIr = “ar

1
grad plo, =

r

grad p|, =

dp
ap

ap
oz *

(3.14)
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YpaBrennAa I—)mxepa B IH-
amHjpmueckodl u cdepmie-
CKOif cHCTEMax KOODIMHAT

a B chepwieckoil cmcTeMe KOODAMHAT — CIG[yXODINMU:

)
grad pl, =—E,
1 6p
T 6cp

! o
rcos dr ’

grad pl, = (3.15)

grad p|) =

C momompwo (3.12) u (3.14) merxo mamucarh
ypaBHeHHA Jijlepa B IWIMHAPHIECKOH,
a ¢ momombw (3.13) m (3.15) B chepuue-
CKOM cHcTeMax KoOpAuHAT.

Ypapuenua Oiimepa B OUIMHAPHIECKOR cHCTeMe KOOPIMHAT

MMEIOT B

du Uy 6ur

T
o YT 5

u_u
r

6u
+8r "+

du,
i

du
r

a B chepmdecKoil — BUA

du

T

at

u(p

du ou u
-] ¢ 2]
T T

du,
ot

8ul
ar

Uy

T

r

Oneparop Jlamaaca or cra-
JAApHEOHl (YHKIEH B OpTOro-
RaAbHOH cHCTeMe KOOPRMHAT

u? du 19
__‘P g 2%
z uz + ot FP p'ar L]
1 dp
ot St 7= Fo— oo
du 19
z z z _ 1dp
8cpu¢+6zu1‘6t_Fl o 97"
(3.16)
du, + Uy 6ur_u;zp—|-u?;\_ \
rcos@ i r
— 1dp
=P =5%
du u 6u uu
< A ree tg @ 2
9 +rcos(p 8}\, + T g
—_p _1ap
- ® rp a(p )
du, o4 uy  Ouy w uy tg(pu¢u, .
a9 rcos@ aa r r -
—F,___T 9
T U2 T orcosg oA 4
(3.17)
Iomosxus
» =grad O,

¢ moMompio ¢opMyanr (3.7) Ierko moxryymM,

qro omeparop Jlammaca or ckadsapHO# ¢fyrkmmm ® B mpomsBOML-
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HOH  OPTOTOHAJBHOW CucTeMe KOODAWHAT VIMeeT BHJ
divgrad ® = V20 = AD =

[6 (‘/ go0gas 0D ) 5 ( g3sgu 0D )
g11 oz’ 822 0x?
+

1
= ]/E dxt ox? +
P (]/gngu 5(D>
o3
+ g ) (3.18)
Orciofa ciefqyer, 9YTo B OUIMHAPAYECKON CHCTEMe MMeeM
19 o0 1 920 0*D
AD = 75’—_(7‘ or >+72—6q>2 + 0z (319)

a B chepudecKod MMeeM

A(D:—L[(9 <r2 acb>+ 1 0 (coscp %>+?6515q73%?—] .(3.20)

= | or or cos @ 5(;7

PaccMoTpeRHEIe TpEMepH WITIOCTPMPYIOT TOpuUMeHeHwe o0Immx
$OopMys Ha BaKHBIX YACTHHIX CIYYafX.

OKBHBAJICHTHOCTh B  Tpex- B TPEeXMEpPHOM INPOCTPAHCTBE BCAKOMY
MEpHOM ~ NPOCTPAHCTBE AH-  4yrycyMMETPUYIHOMY TEH30PY BTOPOTO PaH-

THCHMMETPHIHOI0 TE€H30pa
BTOPOr0 paHTa AaKCHAJILHO-

ra A;;0%97 cOOTBeTCTBYeT aKCMAJNBHEIN BeK-

My BeKTopy top B = Bia;, KoHTpaBapMaHTHEE KOMIO-~

HEHTH KOTOPOTO ONpeRedeHH (opMylaMu

1
Ve
Ifie CHCTeMA TpexX MHIEKCOB q, P, y moayyaercsa us cucteMs 1, 2, 3
KpyroBoil mepectaHoBkoi, a g = Det|| gaz|. Huna moxasarens-
CTBA HTOTO YTBEP:KAEHUA PAcCMOTPUM PopMyJinl npeoGpasoBaHUA
BeawduHE BY mpu mepexofie OT CMCTEMH KOOpPOHHAT ' K CHCTeMe
y*. Ilpm »ToM OymeM m[OAB30BATHCA TEH3OPHHME (OPMyIaMu
mpeo6pa3oBaHua KOMIOHGHT MEH30pPa g;; 9'9/ M KOMIOHEHT TeH30pa
A4;9'97, a Takke CBOHCTBOM aHTHCEMMeTpuE Agj.

Jdua onpepennrens g mMmeeM ')

Bt =

Aan (321)

ox’

Byl
l - IA2,

’ ayk
g =gl =\lgn | e

rae A — perepMmHanT MaTpmnm |dy*/dxi|.

1) Naa ,ua:gbneﬁmero BaykHa Qopmyna npeoGpa3opanmsa BeAHIHHE g; CBA3D
g ¢ MeTpHKoH BooOme HecymecTpoHHA.
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IloaTomy
A gL g oyt
Ve VT Ve 1M1 P4 s 50
oyt P oy oy
1 » 9t ot T ozt aad
1 4 . (3.22)
Ve 18]

(CYMMHDOBAHN® TOJNBKO 10 TAKHM
a,8=1,2, 3, 910 « > B).

Jlerxo BmieTh, 4TO BEIMYAHE

ay* ayP ay® ay*
dxt 9z’ dzt og’

ABAAITCA JOIOJHHTEIbHEMY MUHODAME JJIS dlIeMeHTa 0xF/0yY Mar-
punmsr, o6paTHON MaTpuIe [[c’)yf/aﬂ]], H, CIeIOBATENHHO,

ayY 1A

Al

1 Toy® ay®  ayP oy° az* A
ot 07 ozt 0af
OpHYeM KHIEKCH o, P, ¥ ¥ i, j, k JOIHE IpefcTaBAATH CO0OH
KpyroBHe IepecTaHOBKM u3 1, 2, 3.
Iloatomy dopmyan (3.22) MokHO mepenmcartb B BHAE

k
k __ ’ oz A
B¥ = B~ T TED (3.23)

It QopMyIH coBUAmalOT ¢ OGHYHEEME QopMysaMH unpeobpasoBa-
HOA KOHTPAaBADHAHTHHX KOMIOOHEHT BEKTOPA TOJBKO LPH yCIO-
Buzx A > 0.

Iloaromy Bektop B = Bia,, onpenenennxui opmymnamm (3.21),
HABHBAOTCA AKCHAJBHHM BEKTOPOM WJIH LCEBIOBEKTODOM, B OT-
Jmane 0T OGHMYHOT0 — IOJSAPHOTO BEKTODA.

Ilpn npeoGpasopaHuHM HHBEPCHH, HampmMep OpH npeobpaso-
BaHHH

y‘ = xiv

KOMIIOHEHTEI OOJIAPHOrO BEeKTOpa b MEHAIOT 3HAK:
oy
'k — Al —— __hk
b= b = — b,

a KOMIOHEHTH aKCHAJbHOro BeKTopa JB, Kak BugHO M8 (opMydT
(3.23), me MemsANT 3HAKA:

B*— — B~ Br,
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Onpeneneame poropa  Bex- Bextop ¢ =rot A BmoguTCA IO ompeje-

TOpA B EPHBOAAHEHHLIX I
CHCTEMAX KOODAMHAT eEmio o (opmyram

C = C¥ 9y,
94, 6Aa)
V‘ (Vods — Vado) = Vg( r

(a, B, y o6pasyor Kpyrosylo mepectamosky us 1, 2, 3).
OueBupHO, 4T0 eciim 4 — mOAAPHHI BeKTOD, TOTot A sABAAET-
€A AKCHAJIBHHM BEKTOPOM.
B perxaproBoii cucTeMe KOOpPAWHAT KOMOOHEHTH BeKTOpA
¢ =rot A BuuHcaAwTcH 10 dopMymaM

0Ag 34,

az”* ozP

(@, B, 7 obpasyior Kpyrosyio mepecranosky us 1, 2, 3).
OueBmpHO, 4TO pOTOP BekTopa A = Ay 9%
MOMHO  pACCMATPHBATE KAaK pe3yJabTaT
cBepTHU TeH30pa VoAga*s® ¢  aHTHCHM-
MeTPHYHEIM II0 BCEM MH[EKCAM IICEBJOTEH3O0POM TPETHEIO DAHTa
€ = &°%79,959,, KOMIOHEHTH KOTODOTO OLPEAENeHH (HOopMyTaMu

Y =

Tenzop Jlepn-Yusnra
— g%B
g =2g%Y 94959y

1
{ Ve eoma, 8, 1 o0pasyioT 4eTHYIO HePeCTAHOBKY
ms 1,2,3,
8‘157 = 1
Y eoma, 8, 1 obpasymT HedeTHYIO IepeCTAROBKY
ms 1, 2,3,
0, ecnmcpeam a, 3, 7 ecTh ABa OJMHAKOBKIX HWHIEKCA,

(3.24)

Herpygao uposepurh HemocpeacTBeHHO, 4T0 (Popmynn (3.24)
JefiCTBUTENLHO OIpPEeJeNAT KOMIOHEHTH ICeBJOTeH30pa, T. €.
aTo Gopmyan npeoGpasopaHusa €**Y mpm Hepexofe K Jpyroi cu-
cTeMe KoopauHaT J' MOryT OHTH 3AIWCAHH B BWHE

i
Ellj'h — ._A_Ea y ay] ayh
Y 82* 9z 3z

opmaeM &'HF mpepcrtaBasmiorcs wepes g’ = Det llg;,-” mo  ¢op-
MyxaMm, agBagormuHeM (3.24). Hassamme temsopa Jlepm-Um-
| . BHTA — OCEBJOTEH30D CBA3aHO ¢ HaamgdeM B opMyae mpeobpa-
B0BAHUA 3HAKa, ompemeienHoro MaoxmreneM A/|Al. [lna cobctBen-
| HHX npeobpasoBaHmiz (A > () DCeBZOTEH30DH HEOTAHYHMEH OT
OOKIHHIX TEH30pOB.

Nrar, xoMmoHeHTH Bekropa rot A Moryr GeTh 3aIHCAHH B
BHe '

oY =gr*f V Ag.




186 . 1V, 3aMutyriie cucTeMsl MexaHHWoCKHX ypaBsmeRmit

KoMmoneHTsI peTopEOro PacCMOTDPHM ellfe B KPHBOJAMHERHOU cHCTEME
NpOH3BEJCHAA B KPHBOMM- KOODAMHAT OIEPANMIO BEKTOPHOTO MpOM3Be-
HellHOH CHCTeMe KOOPMMHAT nopyg npyx BeKTopoB A m B. Ilo ompe-
HelleHWI0 TNPUMEM, 9T0 KOMIIOHEHTH CY BeK-

tTopHOTO upousBemeamsas A X B mpefcraBasiorca $opMyrTaMu

c¥ = ev® 4, By,
T. €.

1
Y = —'V_é‘(A‘LBJ — A,Bi)

i,7,700pwyor kKpyrosy o mepza:ramosky m3 1,2 3).
Orcioma, B 9acTHOCTH, BHIHO, 9TO BEKTODHOE NPOU3BEJleHEEe ABYX
HONAPHHX BeKTOPOB eCTh AKCHAJBHHI BEKTOD (ICEBIOBEKTOP).
DuswuecKEMHI  IPUMepaMHE  aKCHAJBHBIX
E(E’;()”;epm AKCHANLHBIX BEK-  pegTopoB — 10  CYIECTBY  aHTHCHMMeT-
pHYeCKHX TEH30POB BTOPOTO paHra — Mo-

1 "
ryT CHYMHUTHb BEKTOPH BHUXPA CKOPOCTH @ == ——z—I‘Ot vV, MaroHuTHOHN

HanpsskeHEHocTr I, MarEmTHOH mHAYKIuH B u 1. 1.

JKBUBAIGHTHOCTh AHTHCAMMETPMYHOIO II0 [BYM MHAEKCaM
TeH30pa AaKCHAJLHOMY IO 3TUM WHJEKCaM BeKTODY MMeeT MecTo
TOJIBKO B TpeXMePHOM IIPOCTpPAHCTBe.

B n-mepHOM mpocrtpaHcTBe mMpH 1 > 3 Homo0HOH YKBHBAJEHT-
HOCTH HeT.

B coBpemenHoit pusmkre HapaZy ¢ TpeXMepHRIM IPOCTPAHCTBOM
€ TPOCTPAHCTBeHHHME KoopmuHaTaMu z!, z%, 2% mMeer Hemocpepn-
CTBeHHHH (uawdecKWil CMEBICI HOPOCTPAHCTBO deTHpeX M3MEePeBHH
¢ KOOpIMHATAMH TOYEK HpocTpaHCcTBA #!, 2, #° U BpeMenH ¢ = z*.

Ilpu PopmynupoBaHEM OCHOBHHX (HSMIeCKHX ypaBHEHHH
Tpefyerca paccMaTpMBATH BEKTODH W TEH30DH B HeTHPEXMEDHOM
DPOCTpaHCTRE ¢ KoopAuHaTaMu r!, 22, z®%, 2! w cumrarh, 94TO KOOP-
OUHATH TOYeK 4eTHPeXMepHOro IPOCTPaHCTBA — BPEMEHM B3aWM-
HO CBfI3aHH M B HEKOTOPOM CMEICIIeé PaBHOIPABHH.

0 B ¢mswueckux ypaBHeHHSX B TaKOM de-
COOTBETCTBHH B deThIpeX-

mepHoy mpoctpamctse am- TPIPEXMEDHOM NDOCTPAHCTBE TaKe BCTpe-

THCHMMETPHYHOrO  TeH3opa TaTCA M HI'DAOT dyHIaMeHTAIbHY IO

BTOPOTO panra aKCHAJAbHOMY DOJIb AaHTHCHMMETPHYHEIE TeH30PH BTOPOI'O

l@ HOJAPHOMY BERTOpaM paHI‘a.

Ilyers F;, — aBETHCHMMMETPWYHHI TeH30p B deTHIPEXMEePHOM
mpocrpaHcTBe. Ilo ompemenmenmio mMeeM

Ftk=‘"Fki,

M, CaefoBaTeIBLHO,
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Ilpm npeobpasoBamME KoopmmHAT
zi=fiyh), i,k=1,2,3 4, (3.25)
KOMIIOHEHTHl TeHaopa Fj; mpeoGpasyiorcs mo o6paELIM dopMymaMm:

0xP 0z

?
FY — Fg;).@;b-ﬁ_ ) (3.25")
@opmyns npeobpasoBanus (3.20°) u HWKecaeyOIUe BHIBOXHI
He3aBHUCUMHI 0T cmocoba BBeJeHHS MeTPHMKM B UeTHPeXMEepPHOM
npoctpaucTBe. OmHako yHoGHO BMecTe€ ¢ YeTHPEXMEpPHHEM IIpPoO-
CTPAHCTBOM PACCMATPUBATEL eme TpexXMepHoe OOLYHOE TOXNMPO-
crpaHcTBO Z!, 2%, 2% ¢ MeTpuKoOH#, ompefemeHHOI OOHTHBIM CIOCO-
foM ¢opmysoi Buua

ds? = gop dz* dz®, a,B=1,23.

Hdunsa uersipexmepHO# Marpumbn TeHzopa F,, MoHO Hanmcarhb

0 Fyp Fig Fy 0 VgH® —VgH* K,
F For 0 Fog Fy —VegH* 0 Vell' B,
Fall=lp. F. 0 Foll= VgH* —VgH' 0 Es
Fa Fao Fag 0 — B —E — Es 0
(3.26)
rje
g = Det | gag ]

Byxsamn H* n E, (@ =1, 2, 3) 0603HAUEHK COOTBETCTBYIOMHE
saeMeHTH MaTpumsl Fj,. Qopmyan mpeoGpasosanums (3.25") nia
KOMIOHeHT F;, MOMHO paccMarpuBaTh TaKke Kak QOpMYIH
npeofpasoBaHud AiA Beawawmd H* u B,. Ecam mHapsagy c¢ oGmuM
npeoGpasoBaEmeM KoopamHart (3.25) paccMoTperh dacTHHE mpeod-
pPa3oBaHUA KOOPIHHAT

=Ly y)  (a=1,2,3),
g, (3.21)
B KOTOPHX IpeofpasyioTcs TONBKO NPOCTPAHCTBEHHEE KOOpPIUHA-
TH W COXpaHseTcA HEU3MEHHON BpeMeHHad KOOpAMHATA, TO 00~
mue $opmyasi mpeoGpasoBamua (3.25°) gamyr chmemmaibHEE QOp-
MYJXH Ipeo6pasoBaHUA JJiA BEJIWUYWH, 0003HAYEHHHX BO BTOPOM
Matpune (3.26) gepes H* u E,. U3 stux gopMya caexgyer, 910 Aif
cuenuaJbHEHX mpeobpasosanmi (3.27) Beamumam H* w E, MOm-
HO COOTBOTCTBEHHO pAacCMATPWBATH KAaK KOHTPABaPUAHTHLIC
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KOMIOOHEHTH TPEXMEPHOI'0 aKCHAJBHOI'O BEKTOpA
H =Hva, (r=1,2,3),

1
HY:V;_FOLB

(o, B, T oOpasyioT Kpyrosyo mepectamosky m3 1,2, 3)

A KOBapVaHTHRE KOMIOHEHTH! HOJAAPHOTO BEKTOpA
‘E"':'E'Y'9Y (7217213)’
Ey=Fy,.

OugeBmuHO, 910 PopMynn npeobpasoBamma mua HY m E, B o6meM
caydae dYeTHpeXMepHOTo mnpeoOpasoBaBma (3.25) He ABIAWTCA
pekTopEEME. C TOYKM 3peHEHA YeTHPEXMEPHOTO NpOCTPAHCTBA
TpexMepHEe BeKTophl H w F He ABIAWTCA WHBAPHAHTHHIMEA 00BEK-
TaAMI.

Hwe M1 yBEOMM, 9TO BeKTODH 3JE€KTPUIECKOH HaIparkeH-
HOCTH W MATHUTHOX HaUPAKEHHOCTH MOKHO pacCMATPHMBATE KaK
BekTopH F w H s cOOTBETCTBYIONIEr0 YeTHPEXMEPHOTO TEH30DPA

F= F‘ik atak,

HomgepkmeM, gTo Tmpenupaymume cBasu memny Fi, By @ HY
HEe3aBUCHMEI OT METPHKH YeTHpeXMepHOTo mpocTpadctBa. B (3.26)
BMOCTO TPOXMEDHOI'0 MOTPHYECKOI'0 TEH30PA gqg #%9° MOKHO 6BLIO
GRl BOCIIOIB30BATHCA JMIOGHM [IpPYrEM NPOCTPAHCTBEHHHIM TPEXMEp-
HEM TEH30POM BTOPOrO0 pAHTA, LI KOTOPOTO COCTABIOHHHIH M3
er0 KOMIOHGAT JI@TEPMUHAHT He paBeH HYII.



TTABA Y

OCHOBHBIE IIOHATNA B YPABHEHUA
TEPMOJTHHAMINKNT

§ 1. Teopema :xuBbIX cmi B paGoTa BHYTPEHHHX
HOBEPXHOCTHEIX CHI

OpEnM 1u3 mambonee BasKHBIX OOMHUX CHEACTBHA OUHAMUUe-
CKUX YPAaBHEHWil [BY/KEHWS CIUIOINHON CpeH ABISETCS TeopeMma
JKEBHIX CHJI.

Ilycts V — upousBoibHHA KOHEUHHIH 06BeM, IBHAKYIMAKCA
BMeCTe ¢ TacTHIAaMH MaTepHajbHO# Cpegs, 2 -— OrpaEHYMBAKO-
mas ero moBepXmocthb. IIpepmonosknm, 4To BEYTPH o0BheMa V KoM-
HOHeHTH TeH30pa Hamps;reRmii P = p¥3,3; u BeKTOpa CKOPOCTH
v =v'9, = v,9' — HenpepsBHEHE puPPepeRNEpyeMEe (YEKIAN
OpPOCTPAHCTBEHHEIX KOOPAHHAT ¥M BpEMEHH.

BosbMem BerTOop drr = vdi — BeKTOp mepeMemeHHs OecKo-
HEYHO Majoro o6pemMa CIIONIEOM cpensl dt 8a BpeMsA df; YMHOMEHUM
CKaJAAPHO ypaBHEHWE MMIIYJIbCOB HA dr W IPOMHTEIPHEpPYEM IO
06vemy V. Iloxyamm

S pa-vdtdt = SpF-drdr + S(Vjp”) vdt dv. (1.1)
\4 \2 A2

IIpeo6pasyeM Hagubii W3 BXOZAMMX B 9TO COOTHOUIEHMe WHTer-
paJIoB.
Cranaprylo (MHBAapHAHTHYI) BeIMIMHY
Kunermiecxas 9;"4’"’" 0B  4.@ MOKHO BHYMCINTE, HCUONB3YA TIO6YI0
emMa ¥V conomHod cpembl CHCTEMY KOODIHHAT.
Hanpumep, B geraproBoii cmcTeMe KoOp-

OWHAT JEeTKO IOJyduM

dz d [dx dy d (dy dz d (dz\ _ 1 d o

va= 'JZ‘?:‘(FF>+ W'E(d_t>+7t—_3t_ ) A
Tax kak Macca dm = pdr TWOCTOAHHA, TO, OYEBHJHO, 4YTO

[y IJ2 122
éa-vpdtdt — éd(—2->dm — dé—z—dm — dE,
rae 1Mo ompeleleHuIo

E=\tdr (1.2)
\2

— KEHeTHYecKas sHEprug o0memMa V cIIOMEOHA CpefHL.
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PaGora puyTpennmx m rem- Maccosue cumint F' pasoObeM Ha fBe rpym-
HEX MacCOBBIX CHI nei: F®) — payrpenane m F(¢) — pHoemnwe
mo oTHOMeEHHI Ko Bcemy ob6semy V. Torpa

SpF-drdr = or©.drdv+ SpFﬁ)-drdr = dAY +d4P, (1.3)
A\

v v

e daAlY u dall) — 9JeMeHTapHbe PaGoTH BHEIIHNX M BHYTPSHHNX
0 OTHOLIEHWIO K 06beMy V MaccoOBHIX CHi, flefiCTBYIOIUX HA DTOT
06BeM, TIpm GeCKOHEYHO MAJOM IepeMEIMECHHH.

JameruM, 9TO CyMMa BCeX BHYTPOHHUX MACCOBHIX CHI, HedcT-
ByloIux Ha Bech o0weM V, Bcerga pasma Hymo, a pafora oTUX
CHJI MOKET OTIMIATBCSA OT HYJA.

ITocmepnuii wnTerpan B Bhpaskenum (1.1) sammmem B BHfE
CIeAYIMHUX ABYX HWHTETPAJOB:

\ wiptyvidt dv =\ v; o) dtar — (pivpdran.  (1.4)
v \'2 \2

Jdns mpeofpasoBauusi mepBoro s HanmcaHAHX cnpasa B (1.4)
UHTETPAIOB Bocmoabsyemcss TeopeMoil Taycca — Octporpapcko-
ro, a s mpeofpasoBaHUA BTOPOTO — OYEBHMAHHIM TOIECTBOM

1 1
VjUi = —Z—(V,-Ui —'};‘ V-iU]‘) "‘}" ——Z—(le)i —_— V'{l)j) = e,-j + (Dij'
B peaynrrare momyamm

S(V,-p”) vdtdt = Sp"-ivinjdc dt — Sp“'e;-,ldt dt — Spijmﬁdt dt, (1.9)

V P v v

e 2 — IOBePXHOCTH, OrpammdYmBaromas obweM V, a n; — Ko-
BapUAHTHEEC KOMIOHEHTH eAWHWIHOTO BEKTOpA BHEIIHEH [0 O0T-

HolIeHu0 K o0beMy V HopMaam K 2.
3aMeTnM, YTO B CHJTy AHTHCHMMETDHE TeH30pa ;997 BepHH

paBeAcTRa
Ploy = p'oy; + plej = (p¥ —p") oy (1.5
[i< 3] <l
IMosToMy B KiIacCcH9ecKoM cJjydae, KOTAA TeH30pP HANpKeHMH cuM-
metpmaeH (p* = pi?), mocaemmmit muterpax B (1.5) paBen mHymo.
Tak wak pin e, = p,, TO MOKHO HANH-
PaGora BHemmmx moBepx- CaThb

HOCTHRIX CH Spijvinjdc di == Sp;-dr ds = dA%),, (1.6)
¢ n

rae gepesd dA'), ofosmateHa paboTa BHOMENX ITOBEPXHOCTHEX
cui, [efACTBYIIHUX HA NOBEPXHOCTH X BHpexeHHoro obkemMa V,
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opH  GecKOHEYHO MaJibIX mepeMemeHHax dr = v di  Toduex
HOBEPXHOCTH 2.
Onpenenemme paGorst Byr- Hocune;[Hm“a U3 WHTEIPAJIOB B (10.4), ABIALO-
DEHRHX moBepxHOCTHHIX cmn  IWAICHA MHBADHAHTHOM BeAMIHMHOM, IO OIPesie-
JIeHHI0O Ha3bBaeTcsa paboTol BHYTPeHHHX HO-
BePXHOCTHHIX CHI HampA:KeHUH B 06meme V:

—\piiyjpdt v = 449, (1.7)
2%

Teopema xmseix cma mas 1akuM ofpasoM, paseHctBo (1.1) MoxHO
KOHEUHOro ofmeMa oWiAoM- 3anucaTh B BUE

HOH cpeasl . .
dE = dAS) + dA() + dAS, + dAG,, (1.8)

T. €. AJA JeHCTBUTeNBHOIO ABM;KeHUA auddepeHnnal KuHETHIEC-
KO 9HepruM KOHEYHOr0 HHAMBHAYAJbHOTO 00BeMa CIJIOIIHOH
Cpefsl pPABEH CyMMe JIeMEHTADHHIX pa0oT BHEIIHMX MACCOBHIX,
BHYTPeHHMX MAaCCOBHEIX, BHOIIHWX IMOBEPXHOCTHHX ¥ BHYTDPEHHHX
TOBEPXHOCTHHIX CWJI, AeHCTBYyIOmMEMX HA 3TOT 00BeM. IJTO0 yTBED-
JKOEHMe HOCHT HasBaHWe TEOPEMEl JKUBLIX CHJI B NDPUMeHEHHH K
KOHEUHOMY 00beMy CIIIOMEO# medopMHpyeMoH cpejibl.

Hyxro mmers B BUAY, 4T0 B GOPMYJIUPOBKE TEOPEMEl 3KUBBIX
cun (1.8) dE smasercs monaeM auddepennmansom ¢ysxnum E
-— KHHETHYECKO# sHePrmd o0peMa CIVIONIHOH CPeasl, a OCTAJBbHEIe
YJICHBI dA(,,‘;), dAﬁ,?, dAffo)B u dASgB B obmeM ciaydae — IIPOCTO
0eCKOHEUHO MAajne KOJMIeCTBA — HIEMEHTapHLIe DPaboThl COOT-
BeTCTBYIONUX CHJ HA CHCTeMe HempepHBHHX OECKOHEUHO MAaJhiX
IepeMeneN i

dr = vdt,

ompefieIeHHHX B KayKA0H TOYKe CILIOIIHOH Cpedsl.
Wz (1.4), (1.5), (1.5") Bmamo, 4ro BHpAa-
Beipakeg@e A paGoT  xeHme Miad paGoTH BEYTPEeHHEMX MOBepX-

BHYTPEHHAX HOBEPXHOCT-  goopHpix CHJI MOMKHO 3alucaTh B CleAyHo-
HBIX CHJ B ciayiuae CHMMeT-

pudmoro  TeHsopa  Hamps- meM Buje:
el dAD, = — piieydr av — poyde ds, (1.9)
v v
WIN B CIy4ae CHMMETPHYHOTO TeH30Da HANDSIKEAWHA B BHIE
Ay = —\ pileydt dr. (1.10)
v

Kax m3aBeCcTHO, aHTHCHMMETPAIHOMY TEH30PY ©;; B TpeXMepHOM
IpOCTPAHCTBE BCErJA MOKHO IOCTABATL B COOTBETCTBHE aKCMAJb-
HHII BEKTOpP ® — BeKTOp BHXpsA ckopoctrd (cM. ra. IV, § 3). Hs
IpUBeeHHKX BRINIC PACCY:KIeHWHE cilefyer, 4T0 Hajuwdue BUXpeH




192 Ta. V. OcEOBHEHEe HOHATHA H YPABHOHHA TOPMOZHHAMAKHE

B [BEKYINEHCA CIIOMHONE cpefie B cliydae CHEMMETPHIHOTO TEH30pa
HaOPAKEHHA (B YaCTHOCTHM, IPHM OTCYTCTBHME BHYTPEHHHX MOMEH-
TOB KONMYECTBA /[BIJKEHHSA M BHEIIHMX MACCOBHIX M IOBEPXHO-
CTHHX Hap) He OKAa3KBAaeT HENOCPeNCTBEHHOTO BIAHAHMA HAa Beld-
YHHY 3JeMeHTapHO# paGoTH BHYTPEHHHX MOBEPXHOCTHHX CHII,
a cle/[0BaTeJbHO, HA H3MEHEHME KHHETHICCKOH SHEPTHH.
3anmmeM Temeph TEOPEMY MKUBHIX CHJ A
Teopema :KHBHX emI_ JIH  GockomeqHo MAMOIO0  06beMa  CILIOLIEOM
GecxoHeuHO Majoro ofbeMa
Py —— cpeinl. [ia 9TOr0 OPEMEHEM TEOPEMy O
cpemHeM Ko BceM mETerpamam (1.2), (1.3),
(1.4), sxomamumM B paseHcTBO (1.8), BHpaskalIIee TeopeMy KH-
BHIX CHJ I KOHEYHOro 00beMa, pasfeldmM peayabTaT Ha MAacCy
o6seMa M m mepeiimeM K upegexy npz V — 0. Ioayqum

do® 1 . 1
_;- = Fedr + — V;(pHv,) dt — _p_puv,-vidt.

Benwumpy »?/2 MoKHO Ha3BaTh IJIOTHOCTHI0 KHHETHIECKOM
1 » 1
SHePTHH, a BeJWYHHE F-dr,-p—V,-(p”vi)dt, - piiV,vdt —

IIOTEOCTAMU pAaGOTH MAaCcCOBHX M IIOBEPXHOCTHHX BHEMMHUX X
BHYTPEHHHX CHII.

B reopemy ;xuBHX cmi Aaa 6eCKOHETHO MAaJoT0 00BeMa CILIOIM-
HO# cpegsl He BXOJAMT diIeMeHTapHag pa0oTa BHYTpEHHHX Macco-
BHIX CHJ, TAK KaK OHA BO BCEX H3BECTHHX CJIYYafAX CTPEMHUICH
K myxio npa V — 0,

Ilycrs, Bampumep, BHYTDeHHHEe MACCOBHE CHJH CyTh CHIH
EBIOTOHOBCKOTO TATOTEHHA MexAy dacrmmamu ofbema V. Torma
pabora BHYTpPeHHHX MAacCOBHX cmiI B o6seme V ¢ Maccoit M, ode-
BHUJHO, 3aIIMCEIBAeTCA B BH[P

-dr,

S dm1 dmz r—r
— 2 .
i (M Te) [ ri—

ITpemen sroro BEIpaskeHHMA, paspgeaeHHoro HA M, mpm M — 0
PaBeH HYJIIO.

TarknM o6pasoM, TeopeMa KMBHX CHI, MMeIOINAA MeCTO [IA
KasK/[0lf GeCKOHEUHO MAJIOH JacTHIH, QOPMYIHDPYeTCA TaK: B Kark-
Joll TOUKe CIJIOMHOL cpefl AuddepeHNHAN ILIOTHOCTE KHHETHYe-
CKOMl 9HeprHH paBHAETCA CyMMe IIOTHOCTeH 3JIeMeHTapHHX pabor
BHENMIHAX MACCOBHX, BHEIMHENX IOBEDPXHOCTHHX H BHYTPEHHHX
[IOBEPXHOCTHHIX CHJI, JeHCTBYIOIIUX HAa 3Ty Cpeny.

Kax BupuM, TeopeMa KEBHX CHJ ABJIAETCA HEMOCPE[CTBOHHEIM |
CIeJ(CTBMEM YDaBHEHHH HMOYIbCOB W IpegcraBisgeT coboil ypas-
HeHHe OamaHca MeXaHWIecKo# »Heprmm. Teopema MMHUBHX cmI |
HMeeT YHEpPreTHICeCKYI0O NPHPOAY, HO 3TO COOTHOIIeHMe He ABIAeT-
cAa B ofmeM ciaydae 3aKOHOM COXDaHEHHAS 3HEprud. Ero MoKHO ‘;
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TPAaKTOBaTh KaK 3aKOH COXPAaHEHUS SHCPIHM (B paMKaX MeXaunm-
9ecKoli MOCTAHOBKM 3a/lad) TOJILKO B TOM cJydae, KOT[a Mexamuue-
CKasA 5HePrHA paccMaTPHBAEMOI CHCTEMH! He MEPEXOAHT B TEHJo-
BYI HWIH B [pyrue BHJH SHEPTHE. 3aMeTuM, 970 o0mMUil 3aKoH
COXPaHeHHsA DHePTHH B 3TOM clIydae pacuafaercd Ha JABA — 3a-
KOHKI COXDAaHOHUS MeXaHMIeCKOH U HeMeXaHWTeCKOH JHepruil B
OTAEIBHOCTH.

ITonryuwm BrIpakeHUA JIA IIOTHOCTH PadOTH BHYTPEHHHX IIO-

1 s
RePXHOCTHHX CHJI mclAggn B HCKOTODPHX YACTHHX CIHyYasX.

Nmeem:
1 '1 . 27
dAggB = "——p— p‘l]eijdt — —;—p"’ G)ijdt =
= — - plieydt — — (pii — p) oyl
P P [7, < j
Ecau cpega apmeTcs Kak TBepjoe TeNo, TO Bce ¢ = (0 u

1 .. .

dAggB = —(p¥ — pt) ay
P [i< il

Ecnu Tensop Hampaskemumil Hecummerpwden (pi == pii), 1o mpm
ABHKeHWH CPef(H KaK alCONIOTHO TBEPAOro Tela pafora BHYTpEH-
BYX TOBeDXHOCTHBIX CHJI MOJKET OTNHYATLCA OT HYNsA, TAK Kak
YTI0Basg CKOPOCTb @ M, CIEJOBATENBHO, (;; MOTYT OHTH He pas-
HEIME HyJo0 (OpW BpameHNH).

Ecay TeE30p HaNPAMKEHHA CUMMETDHWUYEH, TO BEPHO PABEHCTBO

1 i 1 L.
E‘ndA%‘)’Bz “Tpué’ijdt, (1.11)

T. €. B DTOM cxyude paboTa BHYTPEHHHX NOBEPXHOCTHEIX CHII
ofycsoBiena, Boo0me IoBopA, ,uecbopmammmu. Ecim cpema c
CUMMETPWYHEIM TEH30POM HAUPAKEHMI JBIWKeTCA KakK abcoior-
HO TBepjoe Texo, TO paGora BHYTPEHHHX HOBEPXHOCTHEIX CHUI B

Hei BCerja paBHa HYJIIO.

Insa mpeanvHoit cpennt p = — pgH, wmo-
3TOM
IlaoTHOCTH paGoTH BRYTPEH- y1 . ' )
HEX CHJ B eay4ae HeaNbHO gAY o B oty g = B g
KAAKOCTH dm ~ToB p © U o
=L divedt.
o]
Bameraa div v ¢ mOMOmbI0 ypaBHCHHA HEPaspPHBHOCTH, HOJYIHM
1 p dp 4. 1
mdAﬂgn—-—FTh—dt—pd—p—_pdV, (1.12)

rae V — ymensBHE 06BeM.

7 I |, Cenom
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Jaa GeckomedHo MaJoff WACTHIN WAeadbHON cpegel Teopema
JKUBBIX CHI B 00JacTAX HEUPEPHBHOI'O ABWKCHHA Cpej(hl HUMeeT
BH]

LA S IO 1 740 1
dT—d_nidA"‘ + (Tn'ldAnon‘l‘pd o
= FO. vdt ——v, (pyk)dt—l—pd—é— . (1.13)

HeGecirome3no OTMETHT, 9TO OpPH ABIKEHMH CILIOMHOM Cpeant
OTHOCHMTENHIO (QHUHCHPOBAHHON HOABMKHON WIN HEOOXBHKHOMI
CHCTEMBl KOODAMHAT BEIHYHHA INIOTHOCTH paGoOTH BHYTPEOHMX
ciI poo0me He paBHAETCH ¢ OGPATHEIM 3HAKOM INIOTHOCTH paGoOTHI
BCeX DHeIIHUX HOBEPXHOCTHHX ¥ MacCOBHX CHI.

§ 2. lieproe HauaIO TEPMOXHHAMUKH
(3aKon coxpaHeHus SHEPTrHH) M YPaBHCHUE NPHTOKA Tema

IapaMeTphl COCTOAHMSA HagymeM ¢ BBIACHeHWSA NOHATHIL, J€KAL[HX

B OCHOBC TEpPMOJMHAMHKH X TeM CaMEM
BCelf MeXaHHKHA CILIOIIHOM CPe/bl, a MMEHHO IOHATHIl «COCTOMHIA)
CHCTEeMH ¥ (IIapaMeTpOB COCTOAHHMA». Mt 6yjpeM roBopuTh, 4UTO
COCTOAHME HAUel cHCTeMH (HAIpuMe), HEKOTOPOTo o6heMa CILIOI-
HOII cpeisl) 3aJaHO, eCHU BaJaHbl 3HATEHUS HEKOTOPHIX IapaMeT-
pos p!, p*,..., W, KOTODHIMHM TIOJHOCTBIO ONPEJEIAITCA BCe
HHTepecyoImue Hac XapaKTePHCTHKM cucreMul (cpemnr). Ompeme-
asomue papaMeTpsl !, KOTOPEE MOIYyT NpPHEMMATh BooOme B
HEKOTOPHIX [Mala3oHAX NPOM3BOJBHHEC 3HAYEHHA, HA3HBAIOTCH
Op¥ BTOM IapaMeTpaMH COCTOSHHSA.

HaGop mapaMeTpOB COCTOAHUA M MX UHCIO PAa3TMYHHL IS pas-
JAMIHKX Mofeledl CIVIOMHEIX Cpef.

Yro sHaudT 3HATEL cOCTOsAHMe cpean? Ha sror mompoc MoskHO
maTh creylomuit oTseT. Bce Tesa cocTOAT M3 aTOMOB H MOIEKYI,
M, ecJH B KaK/IEIT MOMEHT BPEMEHYW W3RECTHO HOJO;KEHHE M IBU-
JKOHIC BCeX 9NeMeHTADHHX YacTHI, COCTABJAIIMHUX TEI0, M3BECT-
HO ¥ COCTOsIHKE Bcero Teja. OXHAKO DTOT OTBET HE MOKeT HAC YHO-
BJIETBOPHUTE. B caMoM fese, ecIm MH 3aX0THM, HaIpuMep, 3afaTh
COCTOSHEE OfHOTO KyOMUeCKOTO CAHTEMeETpA IOKOAMEIOCA BO3-
Ayxa, TO HaM IpHpeTca 3agark 3-27.10'° ¢ymrnumit or Bpememn
KOODAMHAT MOJIeKYJ (CUMTAeMHX MaTepHAJbHEIMA TOYKaMH), CO-
AepsRamuXxCcsa B 9TOM 00beMe, TaK KaK MONEKYJH [ajKe IMOKOMMIe-
TocA rasa ABWHKYTCA. B TO 3Xe BpeMa m3BecTHO, UTO ¢ MAKPOCKO-
OMIeCKOH TOYKH 3PEHHS BO MHOIHX CAYUafgX COCTOSHEE IIOKOSI-
merocsA BO3AyXa (¥ JPYTUX TA30B) OmpefesseTcd 3aJaHWEM BCETO
TONBKO JBYX HNapaMeTpoB — JaBIEHWA P W INIOTHOCTH .

Maxkpockonm4ecKas TOYKA BPEHWA — BTO TOUKA 3IPEHHs, B
KOTOPOH Y9IMTHBAIOTCA mnpomeccH, addekrTn m cBoicrBa Cymect-
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BeHHKEe 1) TOJBKO XIA KOHEYHHX TeJI, KOTOpHe MH HalmalofaeMm
WA TpHMEHseM B pPA3IHYHOTO pOfla SBISHWSAX B NPUPOfe K B
TeXHHKE,

OTBogh He TpuBHAJAbHAS NpobieMa mepexoma 0T GOJBIIOTO
4@C/Ia IapaMeTpoB, OUPeAeNsAIOMUX COCTOSHUE CPeIH, paccMaTpH-
BaeMOi KaK [UCKPETHAs CUCTeMa, K MEHLIIEMY 9WCJy IapaMeTpOB,
HOmOGHHX O M p [JiA Tasa ¥ OIpPeAeNsINUX MaKpOCKOIWIECKOoe

; COCTOAHME CPEIEl, COCTABIAET BARHeHMIWiT mpegMer QUBMKH FKHA-
KOCTeii, ra30B M TBePAHX Tej. Paspemenue »Toil mpolieMsl BCeTHa
CBA3AHO C [OUOJHATEIbELIMU THIIOTE3aMH — 3aKOHAMH BepoAT-
HOCTHOH M ApYyToil IpPHPOmbl, THMOTC3AMH, KOTOpLE TOJKHEL NPO-
BePATHCA M 9YEPIATBCSA B ONBITAX W HAOIIOJeHUAX.

MagkpocKonguecKue IapaMeTphl MOTYT CTPOMTBHCA KaK CTaTH-
CTHYCCKUE CpefHVEe, BHYUCJICHHBE OPU HEKOTOPHX ROIYIEHWAX
00 OTHOIIGHHUIO K COBOKYMHOCTAM GOJLIIOro 9mciia MONEKYHI, ABU-
RYIMUXCA W PACHOJOKEHHHX B00Ome mpousBonbHo. [HanmpmMep,
B rasax MaKpOCKONHYECKYI0 CKOPOCTH ¥ MOKEO BBOAHTH Kak
CKOPOCTH IEHTPA THAMKECTH COBOKYOHOCTH MOJEKYJa B (m3mdecKH
mManoM obObeme; temMneparypy I — KaK cpemHIO0 DHEPIHI0 XaoTH-
9eCKOTO0 [BMGKEHHMS aTOMOB U MOJEKYJ OTHOCHTENIBHO MAaKpOCKO-
UHYECKOTO JIBMAEHWA, NPHXOJAMYIOCA Ha OJHY CTeNeHb CB00O-
Mbi; HANpS)KeHWe P, HA HEKOTOPOH IylomagKe — KaK CpegHIO0
XapaKTepHCTHKY WMIYIbCa, IEePeHOCHMOr0 MOJeKyJXaMu depes
5Ty IJIOMANKY IPY ¥X XaOTHIECKOM [BIGKEHMHM, W T. II.

B o6mem caygae ompemensomue napaMeTpH BBOLATCA 1A
ONPeJEeNeHAHX pACCMATPHBAEMHX KIACCOB 337aY € HOMOINBIO
THIIOTE3, TIPH STOM OIMPAIOTCA HA ONGITHEC JAHHKE U TeopeTmde-
CKEe ;cciefoBaHusA. Bo MHOrHX CIOMKHHX ciiydagX mpobiaeMa BBe-
HNeHUs oNpefeNIAIIHX MapaMeTPOoB eMme OTKPHTA U ABJACTCA Ipen-
MeTOM MCCIeNOBaHWUA, HAUPAMEe]D IS Mopmejae#l BA3KO-NIACTHICCKAX
TBEPAHX TeJ, A HEPABHOBECHBIX ABICHHH B YCAOKHCHHHX (m-
3M9ECKEX, XMMATECKAX WAM OUOJOTHYECKHWX CHUCTEMAaX, B pasimd-
HOTO pOja HABJEHUAX, CONPOBOMKAAEMEIX WM3IydeHHEeM, U BO MHO-
TUX, MHOTUX JPYraX mpobiaeMax.

0 umcse mapameTpos cocros- BryrperHee cocTosgHZe Majioli JACTHLE Ma-
HUA A CIIONMIILIX CDER TePHANTBHOr0 KOBTMHYYMa, Boobme ToBo-
PA, MOKHO XapaKTepH30BATL KOHEYHHM U

TOPasf0 MEHBIIUM YUCJIOM ONPEHEIANIIUX IapaMeTpoB, YeM JHCK-
PeTHYIO CHCTeMy 3jeMeHTAPHHX vacTdm. HamopuMep, BHyTpeHHEe
COCTOsIHME YACTAIE TBEPAOTO AeOopPMHUPYEMOro Teld B KIACCH-
4eCKOM TEeopMM YUPYTOCTH XapaKTePU3yerTcsA TONLKO CEeMbBIO IIe-
PeMeHHHME NapaMeTpaMd — IOeCThI0 KOMIIOHeHTAMH TeH30pa [e-
dopManmii €; u remmeparypoit 7, a TaKme WHOCTOAHHEIMY A

. 1) HoEATHE 0 CYWIECTBEHHOCTH-CBHA3AHO CIIOCTAHOBKOM 3ajadd, ¢ padyM-
~., “BOH ¥ Telecoo6pasHoil- TOYHOCTHI TPHHATHX M3MOPOHAN U -OIpe/elIeHni.

7°
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JAHHOH KOHKDETHOH cpeNs OU3NYeCKMMH KOHCTAHTAME — MOIYJEM
I0mra E, xosdpdunumentom Ilayccona ¢ m TemmoeMrocTwio ¢. Bmec-
T€ ¢ TeM He HUCKIIYAeTCA BO3MOKHOCTL TOTO, 9TO YHCIO HapaMeT-
POB, OIpeeNAmuX COCTOAHAE Hake GECKOHEYHO MaJIoH YaCTHIH
KOHTHHYyMa, B KaKOW-EEOYAh MOJend KOHTHHYYMa (CILIOIMHOM
cpene) 6yner GeCKOHETHEIM.

IlpmMepaMu Takoro Pofa Momeneil ABIAITCA MOJedn Tea ¢ Ha-
CIeNCTBeHHOCTHIO. IIpm BBefeHWHm TaKHAX Mojeneil CUWTAIT, UTO
HaOPsyKeHNs p'/ 3aBHCAT He TOABKO OT AedopMamuil M TeMmepaty-
PH B ZaHHHA MOMEHT, HO OT BCEH mpe/sicTOpUA HedopMEPOBAHAA
rena, T. 6. or QyEHKOUA &; (f) u T (). OTO PABHOCHIBHO YTBEDH-
HeHHI0, 9T0 p'/ BaBHCAT OT ¢ij, I W BCeX WX NPOM3BOJHHX IO Bpe-
MeHH, T.e. IMCJI0 IapaMeTPOB COCTOAHUA TAKHMX cCPef GecKoHEeuHO.
Hpyram, Gosee CAOKHBIM ONPAMEPOM MOTYT CIYKHTb KOHTHHYYMH,
BCTPEYAIMUECA B KMHETHYECKHX TEODPHAX, Pa3BUBAEGMHX B CTa-
THCTAYECKOH ¢W3mKe, HampuMep ras, ONUCHBAeMH ypaBHeHHEM
Boapmmara. OgHaKo TAKOTO POAA MOZENW CIOKHLE, M ONHT TEO-
PEA ¥ OPAKTUKM ITOKA3HBAaeT, 9TO B GOJBIIMHCTBE NMPAKTHYECKH
Ba;KHHX CIYY4€B Jid 3aJaHUA COCTOSHHA MAJO#H YACTHIIHI MOKHO
oGofiTACh KOHEYHHKIM @, BooOme, HeGONBINIM YACIOM IIaPAMETPOB.
B crosmHEX KWHETHYECKAX TEOPHAX UPH MOCTPOCHHH peINeHHi
TaK;Ke 9YacTO IPUMEHMIOTCHA NPHOIMKEHHHE METORH, PABHOCHIL-
HHE ¢ (UBMYECKOM TOUKM 3PEHEA IEpPeXofy K MOHeraM ¢ Ko-
HEYHHIM YHCIOM CcTemeHeil CBOGORH [nad GeCKOHETHO MAaJKX
9aCTHII.

3aMeTuM, 9TO A OUPeRelNeHUs COCTOAHHA KOHETHOTO o6nheMa
CIIOMHON CpejiHl HY;KHO, BoOOmE TroBOpA, BCerfa 3amaBaTh (yHK-
onme (a He 49mcia) — pacupefelneHme AedopMandil, TeMIepaTypH
® T. A 3agaEwe (yHKOEH DPaBHOCHIBHO 3aJAHHI0 OGECKOHETHOIO
qmena mapamerpoB (HampuMep, koaddunumentoB Dypre maa oroi
¢yaxknum). ITosToMy umcio ompegenaAoIuX HApaMeTPOB [Id KO-
HeTHOro 00BbeMa B o0meM ciydae OidA Jr6HX Mogeleil CIIONIHEIX
cpen Bcerga GeCKOHEYHO.

Opmarko B MajoM Bce (QYHRIWH, 3afaioiume COCTOAHME Teja,
MO;KHO NPHGNW;KEHHO CYATATEH GHOO IHHEHHKMH, AUG0 KBAApaTH-
HHMHA, 1u60 DOJWHOMAME He OYeHb BHICOKO# cremerm. IlosTomy
KOo>p(QUOueHTH 5THX MOJWHOMOB 006pasyioT KOHETYHOE YHCIO Ia-
PaMeTpoB, 33JAIMAX COCTOAHAE GECKOHEYHO MAJHX DIEMEHTOB
CIIOIHOM CpEeHL.

IIpum mocrpoeHwHm MeXaHWKMY CINIOITHON cpeqsl 0ECKOHEYHO Ma-
JIEIE JACTHUIH PACCMATPHBAIOTCA KAK TePMOJMHAMHAYECKHUE CHCTEMEL,
IJIST KOTOPHX OIpefeeHs MeXaHAJecKde MOHATHA O MOJIOKEeHOH W
XapaKTePUCTHKAX [BIKEHAA, a4 Takme (uaMdecKne NIOHATHA O
BHYTPeHHEM COCTOSHWH.

Huxe Mu npumem, aTo Ona GeCKOHEYHO MANOH 9ACTUIH CYMe-
CIBYeT KOHEYHAd CHCTEMA XAPAKTePHCTHK — ONpeHelAI{EX Ia-
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PaMeTpOB, 3a/aBAaEMHX B yHOOTpebaseMOdl cUCTeMe KOODAMHAT H
CHCTEMe EJMHUI[ N3MEePeHUs YNCJIaMM. '

Hexoroprie ma3 3THX mapaMeTpoB MOTYT OHThL TeOMETPHYECKAMHI
NN MeXaHHYIeCKUMH, KAK, HAOPEMED, HPOCTPAHCTBEHHEIE KOODIH-
HaTH, CKOPOCTh, INIOTHOCTb, XapaKTePHCTAKE fedopManud u T. I.,
a Jpyrme — QH3NYECKAME WM XWUMAYECKAMHO, KAaK, HAIpHUMep,
TeMIepaTypa, KOHOEHTPAOUEA PasiIWIHHX KOMIOHEHT, MApaMeTpH
CTPYKTYDH, ¢a3oBHe XapPaKTEPHCTHKH BEmEcTsa, KO3(hPHOUeHTH
TEINIONPOBOSHOCTH, BA3KOCTH, MOAYJIM YOPYrocTM @ T. f.
" T. 1.

YcaoBuMmest gepes pi 0603HATATH IAPAMETPH, KOTOPHE B IPUHATON
cECTeMe OTcveTa MOryT OHTH IepeMeHHHMH, & depes ki — ¢usm-
"eckue moctosinHEe. IHexoTopre ms mapamerpos p, ki MoryT 6HTH
KOMIIOHEHTAMH PAa3JIHYHHIX BEKTOPOB M TEH30POB.

ITo oupepmenenmMio mass ¢uUKCHPOBAHHON Ma-

E:;Ha:x e eaneg T he”  nofl dacTmmul BeymTHmEL pl, pt, ..., pt, K,
- paMeTp k2, ..., k™ obpasyior 6asuc (HOJHYO CHCTEMY

ONMpeieAIONIX NapaMeTpoB), T. €. OHE MOTYT OHTH 3agaHE
HE3aBHCUMO H B H3BECTHHIX [uaNa3zoHax NIPOM3BOJALHO, a HX
Habop obnamaeT TeM CBOHCTBOM, 4T0 BCe APYTHE PACCMATPHBAEMEIE
B JAaHHOM KJAcCe 337a9 XapaKTePUCTUKM COCTOSHUN u ABmMmeHmit
MOKHO® BHIpasuTh B YHUBEpPCAJILHOH, He 3aBHUCAMmMEH 0T wacTHOH
KOHKpeTHOH 3ajaun, dopMe depes HHUX.

HanpuMep, Hm:Ke MH YBUAWNM, 9TO IUIOTHOCTH H TeMIEpaTypa
IOas YacTHI[H rasa B M3BECTHHIX Ipefeiax MOryT OHTH 3aJaHEl
IPOU3BOJNIBHO, & APYTHe TepMOAMHAMUYECKHWe (YHKOWU, HATIpEMED
DHTPONUA W NABJIEHHE, OUPENENSAIOTC depe3 HUX.

Cremyer pasnu4aTh CHCTEMY OOpefeaAomMuX OapaMeTpOB B
TaHHOI KOHKPETHON 3ajade M CACTEMY [TapaMeTPOB, OIPe/eAIHUX
cocroamme cpenrl. B mepnoM caydae 310 cHcTeMa IIapaMeTpPOB, Xa-
PAKTEPU3YIOMHAX YCIOBMA 3aad9H, . BRAEIAOMAS eJUHNIHOe TJ0-
0alpHOE sIBJIeHHE JIJIS1 KOHOYHHX TeJ Ha OCHOBAHWH CHCTEMH YypaB-
HeHHmt M 700aBOYHHX KpaeBHX M [PYLHX YCIOBHE (BLIeNeHHE
9T0M CHCTEML CBS3aHO ¢ IOCTAHOBKOH KOHKPETHHX 3afad); BO
BTOPOM — 3TO XapPAaKTePUCTHKM COCTOAHUA, IJA KOTOPHX HeoO-
XOQUMO COCTABUTH YPABHEHWsA, BHIIOJHAIOMUECH MJIA BCEBO3MOK-
HHX KOHKPETHHX 3a7a4, HPOIECCOB.

@urcEpoBaHUe CUCTEMS HAPAMETPOB, OMpefeNAomux Quaude-
CKOe COCTOSHWE DJIEMEHTOB CPeIE, SBJAETCS Ba)KHEIM H B JIOTH-
9eCKOM CMEICIe IIePBOHAYAJIGHEIM 9TAIIOM B ONpeJeleHNH MOLeln
CHJIOIIHOM Cpefsl, NpeJHA3HAIAeMON A ONUCAHUA JABIKEHHA He-
KOTOPOH peatibHOH CpeAH IpPH HEeKOTOPHX ONpefeJIeHHHX Kiac-
cax BHENIHHX YCJOBWH.

C MareMaTU49ecKO¥W TOYKH 3PeHHWS NapaMeTpPH COCTOAHHA
pt, p2,..., p®, kt, k2,..., k™ mpepcraBasioT coboit apryMeHTH QYHK-
Ouif, BXONAIMUX B B3aMKHAYTYI CHCTeMY YDaBHOHHI, ONMCHIBAIO-
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mux nosefienme cpept 1), fcno, 910 sTH yHKOEE MOryT 3aBHCETDH
OT pasHoro HaGOpa HE3aBUCHWMHIX IICDEMEHHRIX, W B COOTBETCTBHH
¢ 9THM CHCTEMA OWpeJe AIINAX TapaMeTpPoB, QPHKCHDPYOMNX IaH-
HYI0 MOAeNb CILUIOMHON CpemH, MOKeT COCTABIATHCA M3 PA3HEX
BennunH. Hanmpmmep, B caydae rasa 9To MOTYT GHTH p W O, HMIH
pul,mmpul nr o

C dPusuueckoil ;xe TOUKHM 3pEHHs 3TY PAa3IUYHEIE CHCTEME OMpe-
JeNAIMUX MapaMeTpoB A HAHHON MOMENH CILIOMHON Cpems Mo-
TYT 0Ka3aThCs HepasHONPABHKMU. Hax MLl yBUAMM B JalbHeimeM,
B 3aJaHMAX BHYTPeHHeH 3HEPrHU KaK QYHKIUH P ¥ 3HTpPOOUA S
MAN p U O CONEP:KUTCA pasHoe Koamuectso mrdopManmwu. Ipwm
BEBEEHNU CHCTEMEl OIPENeAAIOMUX IaPaMeTPOB HeoOXOmUMO IO[-
PasyMeBaTh W HMOTh B BHAY CHCTEMY BEIHYMH ¥ XapaKTePHCTHK,
KOTODHIE PACCMATPUBAKTCA KaK omnpemelseMble BeamuuHnr. Ouge-
BUJHO, 9TO0 CHCTEMAa ONPeNe AIONmUX HapaMeTpoB LO CBOCGMY YHCHY

* M COCTABY MIA pasmmﬂmx OompefensgeMblX BEJIHYHH MOKeT OHTDH
BooGme pasmuuHOIL.
MoHO UPOBECTH AHAJOTHIO MEMKHY TOHSI-
O TONOHOMHEIX W HeroN0- yyoyvy wyema cremeHedl CBOGOAE B TEOPETH-
HOMHBIX TepMORAHaMH9e - o
CKAX CHCTEMAX 9eCKO# MeXaHHKe W IHCIA ONPeNelAIonux
mapaMeTpoB B MeXaHWKe CIJIOMHON CpPeaL.

B camom fexe, wneao cremeHeil ¢BOGOIE OOpemeiaaeTcA OOBIYHO
KaK 9HCJIO He3aBHCHMEIX HApPAaMETPOB, ONPENCIAIONHX MOJIOKeHAE
MexaHHMYeckoii cmcremi. HampmMep, abconioTHO TBepmoe Telo
o0aaJaeT MECTHI0 cTedeHAMU CBOGONHL. 3aMeTHM, 4TO ecad abco-
IIOTHO TBEPLOE TeJo PacCMATPHBAETCA KaK QHawdecKkas CHCTEMA,
TO JJA ero 3ajgaHus HeoOXOZWMO 3afaTh eme HeCATH IOCTOSHHEIX
HapaMeTpoB — Maccy, NOJosKeHre IeHTpa MacC B Telle ¥ KOMIO-
HeHTH TeH30Pa MHEPUHYU B IEHTPe Mace.

B Teopermueckoit MexaHWKe PACCMATPHUBAITCA HETOJIOHOMHEIE
cacTeMu. B Mexammie CILIOMHONR Cpembl TAKKEe BO3MOYKHO TaKoe
OOJOeHne, KOIga OHpeNessIiomie hapaMeTpsl W' H3MEHAITCH
B OIpeJeleHHBX Npefeiax OPOM3BOILHO, a WX IpHEpameHus Op!
II0 YCIOBHAM pPACCMATPUBAEMOTO KJIACCA 3a1aY CBSA3AHK MEKLY
cofo#f, Hanpmmep, m HCHHTErPAPYEMBIMH COOTHOIIEHHSMY BHIA

A‘iép’i = 07

rge A; — HeKoTophe JyHKIUA OIpefeA0MUX MapaMerpos. Tor-
Ha 9aciIo n — /M He3aBHCHMEIX npmpamemm 6}1 OKa3brIBaeTCHA
MeHDIIe, YeM YHACJIO HEe3aBUCAMBIX NEPeMEHHBIX OIpejesiaomuX
HapaMerpos W', W TepMOAmHAMHAYECKAd CHCTCMA HA3HIBAETCA HETro-
JIOHOMHOH,

1) Ho camomy CMHICJIy UOHATHAA OIpPEAEIAINIIIX IapaMeTpoB mojpa3y-
MeBaeTes, IT0 paKTirIecKue PYHKIAORAaIbHEe CBABH yCTARABIABAKTCA COOTBET-
‘CTBYIOIEMU 3aKOHAMMA, TATIOTe3aMHA B HEIOCPeCTBEHHEIMH -OMPeReAe A AMU,

»
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JI78 HeroJOHOMHBIX CHCTeM YMCIO creneHeldl ¢BoGOIHI - olpefte-
JAETCA KaK YINC/I0 He’AaBHCHMbLIX IpHpaleHHd Op',

PaccmorpuM mpmMep HeroJ0HOMHEIX COOTHOINEHMH, BHTEKAIO-
mMHEX TONBKO 3 ompefeieHAsa napamerpos p'. Ilycrs, gus mpumepa,
u' (8, &2, E%, t) — HekoTOpHIi CKANAPHHK HmapaMerp (HampmmMep,
IIOTHOCTh YACTHNH p), f — BpeMs, &', E2, & — marpammesn
KOODJMHATHL HEHTDPA BEHIICNIEHHOH YacTHNE, a IapaMeTpH p? u
u® ABNAIOTCA WEPBOH W BTOpoil mMpomaBofHoil or p' mo £, T. e. om-
PeneneHsl gopMyrIaMu

‘ 2. W 3o, 0w ow (2.1)

at W= 55 = e
| Ilo ecrecTBemHOMY (M3MYECKOMY YCIOBHWIO, IPHEMEM, UTO BpeMs f
ABHO He BXOZHUT B CHCTEMY [l
flcHo, uTO B PasAHYAKX BHEMHHX YCAOBMAX BO3MOKHEL COCTOSA-
HEA C DPa3INYHEBIMU TPOM3BOJLHLIMA B HEKOTODHIX Ipenenax pl,
n?, p®, Torma kak mpmpamennsa du' m dp? sa cuer m3MeHEHHs Bpe-
MeHu df mpm moctrodHHHX &1, £2) E% Bcerja CBA3AHH OJHEM M TEM
sKe HeTOJOHOMHHIM COOTHOIIEeHHEeM

l pEdp® — pddpt = 0, (2.2)

KOTOpO€ IpH HAIuINu paBeHCTB (2.1) BHNONHAETCA TOMKACCTBEH-
mo. M3 pasemcte (2.1) cuemyer, 49ro Ajd NPOM3BONBHEX Op' m
a1 8p? coorHomenu:d (2.2) He BHNOIHAITCA. Takoro posma Herolo-
HOMHEIE COOTHOIIEHHs BCTPEYANOTCHA NPH HCIOJIB30BAHWE MOfenei
CINIOUIHBIX CPEJ, A KOTOPHX CPeu OHmpefeNIAmEuX NapaMeTpoB
i HMeTCA IIOCHe0BATEIBHLE MPOU3BOHEE IO BpPeMeHH. Y paBHe-
mug (2.1), (2.2) He cBasaHn ¢ BabllofleHBAMH WM OHHTAMH, HO
KAaK ONHTHHLIH PesylIbTaT HAJ0 PAcCMATpPHBATH TO, 4TO IOCIEN0BA-
TeNbHEE MPOM3BOJHEE MOKHO M Ie1eco00PAasHO BBOJUTL B UHCIO
OTIpeieN A0OIMUX TapPaMeTPoB OIPU TOCTPOSHHN Mofelell CIJIOMIHEIX
' cpeq W 4T0 WX CJIegyeT paccMarpiBaTh KAaK APTYMEHTH HEKO-
TOPHX (YHKOUA, KOTODHE B KOHEYHOM cYeTe 4eDPHATCA H3 JaH-
HHIX, TOJYIeHHBIX B ONHITAX.
I .  BBegem B paccMOTpeHEEe IPOCTPAHCTBO CO-
POCTPAHCTBO  COCTOAHMAE .
CTOgHUH, T. €. IPOCTPAHCTBO, KOOPAUHA-
TAMH KOTOPOTO MABIAIOTCA IapaMerpsl coctosHEs [ (dasomoe
IPOCTPAHCTBO). ‘
Pa3sEEM COCTOAHAAM TEPMOAWHAMHAYECKHX CHCTEM, OYeBHIHO.
OyIyT COOTBETCTBOBATH Pa3HEE TOYKKM TIPOCTPAHCTBA COCTOAHHH.
Hponecent ¥ maxas 7 CoBOKYIHOCTE ~ COCTOAHMIT CDEis, COOT-
_ BETCTBYIOMAs HEKOTOpoil IOCIefoBaTeNb-
HOCTH SHAaYeEHi DapaMerpoB COCTOSHEHA, HA3BHBAeTCA IPOBECCOM.
OcoGennoe 3HaYeHME UMEIOT QUBHYECKE DealbHHE IPOMECCH, T. €.
IPOmeCcCH, B KOTOPHX B paMKaX NpHUMeHgeMoi Mojenm IOCAe[o-
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BAaTEJIBHOCTh COCTOSHAN MOKET OCYHIECTBIATHCA C TEUeHHWEM Bpe-
MeHM. B saBmcuMocTH OT BHEUIHHX M BHYTPEHHHX B3amMOfeicTBHI
MOJKHO pacCMAaTPHBATH PABNHMUHEIE PeasNbHHE IPOIECCH.

IIpomeccn MoryT OHTH HePePDHBHEIMH, KOTJa COBOKYIHOCTH
COCTOAHMI i AaHHOM wacTmmu p', p, ..., u* ofpasyer B IpocT-
PaHCTBE COCTOSIHMII HempepHBHEYO KpuBYyi0o. B Teopunm BcTpewaroTes
TaKJKe TPOMECCH C pA3PHBAMM 3HAUEHHWHl MapaMeTpoB COCTOANUSA
p!, u2, ..., p* H, B 9aCTHOCTH, PA3PHIBHEIE NPOMECCH, COCTABIEH-
HEIE U3 YYACTKOB HEOPEPHBHEX KPHBHX B HOPOCTPAHCTBE COCTOS-
Humit. B MexaHWKe CIUIOMHON CpeJs M3ydYaloTcss HempepHBHLIE IPO-
mecCH M Da3PLIBHEIE HMPOIECCH € OTAEIBHEIMH TOUKAMH DAa3pPHBA
HA HEOPEePHBHEIX KPHBHX B IPOCTPAHCTBE COCTOSHUI.

Mexny ABYMs NAHHBIMA OJNHEMH W TEMH K€ COCTOSHHUAME MOK-
HO, BOOOIme TOBOPsI, HPOBOJAT, MHOTO PA3IMYHEIX HPOLECCOB, KaK
HENIDEPHBHHX, TaK W pa3pHBHHX. CeMeHACTBO KPHBHX, OTBEYAI0-
MUX peanbHLIM IPOIEeccaM, KOTOPHE MOIYT 06yCIOBIMBATHLCA Pas-
HOOOpPAaSHEMM BHOMIHAMH yCJIOBHAMH, o0mafaer, BooOme ro-
BODPsi, GOJBITMM IPOM3BOJIOM, OJHAKO B HEKOTODHX caydasx, Ha-
OpuMep [ HErOJOHOMHEIX CHCTEM, COOTBETCTBYIOIIWE KPHBHE
XapAKTePH3YIOTCA HEKOTODHMU JEerKo O0HAPY:;KMBAEMHIMH Cliend-
aNBHEIMH CBoMicTBaMum. B paccMorpeHHOM . BHine HNpuUMepe €3
coorHOmenu# (2.1) caexyer, 9ro HempepmBHH mporecc ¢ pl =
= const mpm p2 <=0 BHeBoaMo:xeH. OFHAKO W B BTOM ciydae B
MpPOCTPAHCTBE COCTOAHWHA Hamwume paseHCTB (2.1) He Hckm09aer
PeanbHOTO0 HEempPePHBHOTO Ipomecca Mes Ky JaobwmMm aByMda TOd-
KaMI ¢ OPOM3BOJBHO 3aJIaHHEIME Kooppmparamm pl’/, p?, pu* m
MI”, lJ,z”, lJ‘3[I‘

Umcno W3MeHAEMHX HapaMeTpoOB M HX XapaKrep A pasiand-
HOTO POja HPOIeccoB MOTYT GHTH pasHuMuU. Hampmmep, mpomec-
CHl MOT'YT OHTH GHCTO MEXAHWIECKUMH, KOTJA BCE MapaMeTpPH HeMe-
XaHEAYeCKOH NPHAPOJIE COXPAHAIT HOCTOSHHbIE 3HAUCHUA.

Ilpomecc, B pesyapraTe KOTOPOTO CHCTEMa BO3BPAIAETCA B
OpOCTPAHCTBE COCTOSTHUN K CBOEMY MEePBOHAYAIBHOMY IOJOKEHUIO,
HA3HBaeTCA TUKJIOM. ‘

B cayuae HempepHIBEHX HPONECCOB NUKAY B IPOCTPAHCTBE CO-
CTOAHWU COOTBETCTBYET B3aMKHYTAasA KpPHBAf.

B »710i1 rraBe MR paccMOTpPAM HeNpPEPHBHEIE IPONECCH, B JaJb-
meftmeM, B ran. VII, 6ygyr wusywarbesa mpomeccm ¢ TOYKAMu
PaspHBa.

MoxeO0 BaduKCHpPOBATE HEKOTODOE COCTOSEMEe A M paccMmart-
PUBaTh BCEBO3MOKHEIE HENPePHBHHE NHKIH, IPOXONAMEe depes
cocTogHNEe A M HEKOTOpoe cocTosnWe B. PasiuuHHM IpomeccaMm
WA OUKJAM COOTBETCTBYIOT DAasjMuYHLE BHENIHEE YCJIOBHA. ITO
OpPOABJAETCA B TOM, 4TO YPaBHEHHs, onpefendiomue p', p2, ..., p7,
cofiepKaT HeKoTOpHe (yHKIUU, KOTOPHE MOryT GHTh PaBIMYHEIMH,
¥MH MOKHO PAcCHOPSKATHECSA W STHM BIUWATH HA PAacCMATPHBAEMEe

—
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npomeccel. VIaBecTHHE DpuMepH Mojeneil CIMIOITHEIX Cpeji HOKA-
3LIBAIOT, 4TO NPU PUKCHPOBAHHOM cocTogHmEm A cocrogame B Mo-
mer, BooOme roBOpdA, COBHAJATh CO BCEMH BO3MOKHEIME COCTOA-
HEAMHO B (asosoM oOwneMe, ompefenseMoM (WsHUeCKM [ONYCTHMEI-
My 3HAYEHAAMY ONpeeldnIlnX ImapaMeTpoB.
. CoBepmiag HEKOTODPHIH mpomecc, CUCTEMa B
gwnza‘;‘:éﬁ:;;‘;“gﬁmf{‘:‘gg ofmeM ciydae B3aUMOJIEHCTBYeT ¢ BHENIHH-
Mm TejxaMd um moiasamum. OCHOBHAs 3ajada
Opd HOCTPOEHHH MOfesieli CIUIOMHEX Cpefl COCTOUT B YCTAHOBIE-
HYTW 3aKOHOB U MeXaHWBMOB B3aWMOMEHCTBHA BHNENCHHON 4aCTANLI
CHJIONMIHOH CPefibl ¢ BHEIIHNMA 0 OTHOIIEHWI0 K Heil TeJaMu | HOJsA-
MH, B JACTHOCTH C COCENHUIMHE YaCTANAMHE TOU K€ caMoit CpefH.
Jlns mpmHiosxeENN W B MeXaHWKe CINIOMIHOM cpefsl HeoOXONEME
MaKpPOCKONAYECKNe COOTHOWIEHHA C MAaJHEM YHCIOM OIpeNeNdio-
max mapaMerpos. Hepegxo Takme COOTHOMEHWS 00YCIOBIMBAIOTCA
mpejCcTaBIeHAAME HAa MHKDOCKOIHYECKOM YPOBHE 0 MoOJeKyJiax,
aToMax W APYIUX 49acTumaX, 0 MX pACIOJOKeHWHW, IBMKEHAN U
cHiax B3amMojeiicTBun Meskgy HAME B Teie. OmHAKO Bce merannm
TAKUX IIPEJICTABIEHNH HUKOT[AAa He W3BECTHH M0 KoHma. M BaskHO
TMOAYEePKHEYTh, YTO JajKe BCe MBBECTHHE JETANW y9ecTh HEBO3MOK-
HO, a IJaBHOe, W He HYHO. [loaToMy Ipm mocTpoeHHMH Mojedei
CIJIOITHEIX CpeJ BCEerna B TOM WIHM WHOM Bmpae Tpebyerca gopMmynm-
POBAThH W HCIOAL30BATH (HEHOMEHOJOTHIeCKHe TMIOTE3H, KOTODHE
1MoCJIe NPOBEPKA UX MONEe3HOCTH JJIf ONHCAHRUA HA0MI0eHnli B O
TaX HABLIBAIOTCS 3aKOHAMHA IPHPOJILL.

B ¢usmre w, B wacTHOCTH, B MEXAHUKE CILIOMHON cpefil GOIb-
Hioe BHAYeHWEe UMeeT yder pHeprooOMeHa MesKqy HAHHOH YacTHIER
(repMonMHAMUYECKOfl CHCTEMOH) U COCEHNMA YACTAMAMH, BHEUTHN-
MU TedaMu ¥ BHeimHuM moxeM. [loHaTwe 06 sHePrEEm TECHO CBSA3a-~
HO C OPEICTABJIEHNAMH O Pa3jiMYHLIX BHAAX DHEPIHH. JTO MOKET
OLITh KWHETHYeCKass SHEePrHa YAaCTHI], MOTeHNWAaJbEAsA DHHEPrHAd,
CBABAHHAS C OTHOCHTENILHHIM PACIIONOKEHHEM YACTHI, TeILI0Bas
SHEPIrHUA, HIEKTPOMATHATHASA SHEPTHUsA, DHEePrus XAMOYECKHX CBA-~
3¢l M HERXOTOPHE NPYTHEE BUAL »HEPrEM. lIpm Gojee feTaabHOM
HCCIeAOBAHNY HA MHUKPOCKONWIECKOM YPOBHE HOHATHA O Dasidd-
HBIX BUAaX (W YHCIO BUROB) 9HEPrmu MeHsworcs. OIHAKO IPAKTHRA
IIOKA3BIBAET, UTO HA MaKPOCKOOHYECKOM YPOBHE MOJKHO IO HEKO-
TOPEIM (EeHOMEHOJIOTMIeCKAM NPH3HAKAM pasiniaTh NepedrclIeH-
HEI€ BHIIIE W APYyrye BANH bHEPIAHA AW MOKHO I'OBODHTH O IpeBpame-
HUAX 9HEPIHH U3 OJHOTO BHAA B APYTroi.

Mu 6yjeM ECXOOWTHh M3 OCHOBHOTO (PMBWUYECKOTO HMOJ0KEHHA O
CYIMECTBOBAHNN IPHW3HAKOB, KOTOPHE NAIOT BO3MOMKHOCTL HA MakK-
POCKOINUYECKOM YDOBHE PABIWYATH BHAH YHEPIHAU CHCTEMH K BHIH
TPATOKOB K CHCTEMe DHEPTHY M3-32 B3AHMOJEHCTBAA e ¢ BHeIIHIMN
TeJaMH M [O0JIeM, W HeoOXOAEMOCTH y4eTa IIPeBpaleHdAs SHEPIAHn
H3 OJHOTO BHJA B JpPYToi.
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PaccmoTpuMm cmcTeMy, KoTopag XapakTepHayeTc KOHEUHEM
YHCIOM ONPEfENAIIIAX apaMeTpPoB, HaupuMep 6ECKOHEYHO MaNYIo
qacTUmy CILIOMHOM cpefs Wiu KoHeuHHH ofseM V mpm yciaonnwm,
YTO BCE YACTHI[E S5TOTO 06heMa COBEPIMIAIOT ONWHAKOBEE HOPOMECCH
(mapaMeTpnl COCTOAHHA B DTOM CIyd4ae IOCTOSHHE IO 00beMy).

BypmemM mogpaayMeBarh, 94TO ¢ TOYKH 3DEHHs JaHHBIX O Xapax-
TEPACTHKAX BHYTPEHHETr0 COCTOSHMs wacTHHH pl, p2, ..., p® n
X 0ecKOHEUHO MaNux H3MeHeHHi dp', dp?, ..., du® MOKHO Cy-
IUTH O pA3IMYHHEX CYMMapHEX MaKDOCKONHMYECKHX IIPUTOKAX
BHEPTHH K vacTHie u3BHe. Jlannsie 06 5THX IPHTOKAX B 3aBHCHMOC-
TH OT DJEMEHTapPHOTO MpoIlecca 3a cuer HpupameHmin dpl, ..., dp™
MOKHO M, BOOOINEe ToBOps, HY;KHO PAacCMaTpHBATH KaK ONMCAHHC
CBOMCTB MOJeln, KOTOpPOE COCTaBIACT BLRHEPIIYIO YaCTh KOHCT-
PYHKTHBHOrO HOCTPOEHUS Mofenu. IJicTeCTBeEHO, 9TO BMECTO BTHUX
JAHHEIX O CBOHCTBAaX PA3IMUYHHX SHEProIPHTOKOB K TACTUIC M3BHE
B KadecTBE [aHHBIX, BXONAMUAX B OUpereleHue MOIEGIN, MOMKHO BHI-
0upats u apyrue (B JeHCTBUTENBLHOCTH 9TO TAK M fAelaercs), U3
KOTODHX 3TH cBefieHHs o6 »HeproofMeHe MOKEHO HOJIYTIHUTH ¢ IIO-
MOIIBI0 HEKOTOPOU IemM YHHUBEPCAJBHHX HIW YaCcTHHIX IJd JaH-
HOA Momennm COOTHOIIEHUH.

B Mexammke mo mociefHero BpeMeHHU INIaBHO€ 3HAYCHHE MMEIH
NPHUTOK SHEPTMH K HAaCTHIEe MEXAHW4EeCKOH mpUpojni, T. e. pabora
BHEIIHAX MaKPOCKOIMYECKHX OGBEMHEX MIN MACCOBHIX W HOBEpX-
HOCTHEIX BHEIMHUX CHUJ HAJ YacTHIleldl, W NPUTOK TemJI0BOi sHEp-
PUM, KOTODHIH 9acTUIA MOKeT HOJIYYaThk 3a cueT TEILIONPOBOJHOC-
TH, U3NYUEHHAA, XWMWYECKHX ITpeBpammeHnil, TedyeHUs DIeKTpHIe-
CKOTO TOKAa M APYIUX MEXaHU3sMoB. (JHepruu, COOTBETCTBYIOLIHE
9THM HPHUTOKAM, OTHABAEMBIM WM HONYYAEMEIM TaCTHUIEH, MOTYT
UPEeBPAmAThCs APYT B APYra BHYTDPH YACTHIH WIH BHE ee.)

B macrosmee BpeMs Bo MHormxX cayuasx tpedyercsa yYUTHBATDH
DIEKTPOMATHUTHLIE B3aMMOJEHCTBUs; BO3HMKAeT HEOOXO0aMMOCTH
paccMaTpuBaTh 9HEPTOOOMEH 4aCTHIH ¢ BHENIHedl cpemoil 3a cuer
fonee CIOKHEIX MEXaHU3MOB B3aMMOMEHCTBHs, TAKMX, HAampUMep,
Kak pabora pacupejeleHHEX IOBEPXHOCTHHX Tap, dHeProoHMeH 3a
cueT XWAMHYECKHMX, CTPYKTYPHEIX u (a30BHX HOpeBpammeHH i
" T. O '

3aMernM, 4TO B HACTOAMIEEe BPEMs HPOHCXOTUT HCCIETOBAHLE
HOBHIX MaKDOCKONMYECKNX MEeXaHM3MOB HHeproodMeHa MeKOy BEI-
JedeHRoll JacTHIel M OKDPY:KalomeHd cpemoil U 3aK0HOB DHEProo6-
MeHa MEXAYy SlIeMeHTapHHME wacTHnaMu. Ha MEKpocKoHHmYeckKoM
YPOBHE, a BO MHOIHX CIyYafgX HA MAKPOCKOIIMYECKOM YPOBHE
(cBoiicTBA METAJIIOB, B3aUMOMEHCTBHA BHYTPH Tejla HPH HH3KAX
TeMIepaTypax, B3amMofeficTBHe Ja3epHHX Jydefd ¢ OOBIYHHEIMHA
TeJAM¥ U T. I.) CYIIHOCTDh MEXaHW3Ma B3aMMOAEHCTBUA MOKHO HO-
HATH TOJBKO B PAMKaX KBAaHTOBOH MeXaHHKH, TOIAa KAK HY;XHYI
deHoMeHOMIOTHIECKYI0 OPMYIAPOBRY DTUX B3aMMOEHCTBHIA MOJK-
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HO [iaBaTh B YCIOKHEHHHX MOJeNfX CIIOMHONW Cpefl B  PAMKAax
MexaHuKu Hpiotona.

{lonnmii BHEWHWA OPUTOK SHEPTHH IS BJICMEHTAPHOTO NpPO-
necca du', du?, ..., dp™ K Magofl YacTHIle MOKHO IPEJICTABATH B
BHJE

dA + dQ® 1+ dQ™, (2.3)

rpe dA¢) — pafora BHENHHX MAKPOCKONMYGCKHMX MACCOBLIX X TO-
BEPXHOCTHHX cujt, dQ¢) - mpuror temna, a dQ** — BHemHmMiA
OPHUTOK SHEPrUH K YACTHIE, KOTOPLIH BOSHUKAET 32 CUET PABNUT-
HEX MEXaHW3MOB B3aWMOJIEMCTBUA, OTIUYHHIX OT pPaboTH Marpo-
CKONIWYECKMX CHJI W TenmIoo0MeHa, HAIPUMEp 32 CueT B3AWMOMEH-
CTBHA ¢ DJIEKTPOMATHUTHHIM TOJNeM IPH ydeTe DHEPIHM, 3aTpadi-
BaeMoii Ha HaMaTHHYUBAHAE H IEKTPUUCCKYIO 1O APHIAMUIO CPEJIBI,
I J(pyTHX IPHYAH.

Jna snemerraproit paboThl BHENIHAX CHJI B COOTBETCTBHH C OC-
HOBHBIM CMHICIOM CHUCTEMH OMPEeNIAI0NUAX HapaMeTpoB M B CBA3U
¢ PATOM [IOTYIMEH i, KOTOPHE BXOHAT B OIIpefie;ieHNe MOJIeNH CI1L.101n-
HOM cpefbl, Aiug GeCKOHEYHO MAJIOTO 9IEMEeHTAPHOTO Ipolecca, Co-

OTBETCTRYIOINET0 HSMEHEHHIO IapamerpoB du', dp? ..., du", MO -
HO HanmucaTh GopMylIy BHA2
dA = Py(ut, 2, ., W R B2, L B (24)

B s10it dopmyne paGora BHemHEX cuma dA(Y mpegcraBieHa depes
BHYTPEHHUE IIapaMerpsl PaccMaTpUBaeMON YaCTHOR M WX mpHUpa-
meruA. Bun ¢pyrrnmit P; oo cBoeMy cymecTBY cBA3aH ¢ GOPMYyIIH-
POBKOI OCHOBHBIX HOCTYJATOB, HEOOXOQIWUMEIX I OIPEfeseHusd
MOJIeIH.

®opmyay (2.4) s Mamo#l acTHOHL CIUIOMIHON CPEABl MOKHO
paccMaTpUBaTh Kak 0006mMeHue ¢GopMyIiInt

dA® = mv dv ' (2.9)

Ui MAaTePUANbHOW TOYKW MACCH M, JBIKYIEHCH €O CKOPOCTHIO
v, uinn GopMyIH st abCOITIOTHO TBepJIOI‘O Tena JMOHX KOHEYHRIX
pasMepoB

dAY — my*dv* 2- Apdp 4 Bgdq 4+ Crdr, (2.6)

rge m — Macca Tena, v¥ — CKOpOCTh meATpa Macc Tena, A, B u
C — MOMEHTH MHEPIYHM OTHOCHTEIbHO HEHTDAIBHHX 0Cell HHEep-
1@, & p, ¢, I — OPOEKNHH MIHOBEHHOH yIriIoBO# CKOpocTH HA
OeHTPAJIBHEE OCH.

Jlna wpeanproil JKUIKOCTH, B KOTOpOH HABJTEHHE 3a[aHO KaK
QYHKOWA DApPaMETPOB COCTOAHHSA, HA OCHOBAHWH TEOPEMH KMBHIX




204 Ia. V. OcHOBHHe HOHATHA H YDaBHeHHA TePMOJAMHAMHKN

cun (1.13) MoxEO Hammcatpb

;—mdA(e)zvdv-pd—pl—. | (2.7)

Hampoe w3 coorHomemmii (2.4) — (2.7) MOKHO paccMaTpHBAThH
Kak ompenenernue dA () yepes BEyTpeHHHe HapPaMETDH CPEZH.

Kasxgoe m3 sTHX COOTHOUTEHWH MOKeT MPUBECTH K yPABHEHHIO,
oIpefieNs0MeMy 3HAUEHHES MAPAMeETPOB B KOHKPETHOM ILpOIecce,
ecid W3 J00ABOUHHIX MCCICLOBAHME Ansa BenmumHE dA(?) mapecren
3aKOH, JAOMAR 9HEEProofMeH MeKLY JAaHHOH TacTHNE! ¥ BHEITHAMNM
TeJIaMd B 3aBHCHMOCTH OT BHEMIHEX ycaosuil. Tak, 1aa MaTepHaIb-
HOM TOYKH MOYKHO WCIOAB30BATH BEIpAsKeHWe misa dA(), oTAMIHOE
or (2.5), a mMerrH0 dA®) =F .dr, rne F — cuna. Ecau cuna F us-
BeCTHA (M3BECTOH MEXAHW3M B3AWMMOJEHCTBMA TOUKH ¢ BHEIMHEMHE
obpexraMun), 1o (2.5) NMPHBOMUT K YPABHEHMIO, OIPEALIAOINEMY
oBmyKeRme ToYKH. IlogdepKHEeM, 9T0 3aKOHH B3AWMOMNEHCTBHA, Xa-
PaKTepUsyomye AAEHYI0 MOJelb, MOKHO YCTAHABIWBATHL HA OC-
HOBAHUE HAGMIOMEHAA B OOEITAX, B KOTOPHX H3MEPAETCA OpaBas
qacte B (2.4), mocie cooTBeTCTBYIOMEN o0paorkw uw 06o0menmi
PesyabTaToB ®THX HAOMIOACHMIL

Aganormaro (2.4) Ha OcHOBaHUM (UM3HUECKAX NDPH3HAKOB W,
Boo0me roBops, HA OCHOBAHHH CHENHAJLHEIX (H3WYECKHX HOINY-
IMeHWH, BXOJAMAX B ONpefelNeHne paccMaTpEBaeMOH MOJENH Cpe-
OB, MOKHO TAK;Ke HANHCATH

dQ* = dQ© +dQ" = Qu(uh, ut, ..., wn KL, L. KT dpt. (2.8)

HanpuMep, pnsa mefedopMHpPYyeMOTo TBEPAOTO TEJIA WIA AJIA Wfe-
anbHO HEC)KIMaeMOH KUKOCTH OPHAWMAETCs, UYTO

dQ* = dQ" = ¢(T)dT, (2.9)

rae ¢ () — rosdpunmesT TemaoeMroctd, a I — reMmeparypa.
Cooraomenne (2.9) MOKeT CIHYHUTH [ OIpPEJeJeHHs Ha OIEITe
peamananl d(Q(®. Ecam gua dQ¢) yecranoBieH 3aKOH TelLoHmepenadi,
10 coorHOomenue (2.8) nupw dQ** — 0 nepexoyur B ypaBHEHUE pac-
IPOCTPAHEHHA Temia.

B 6omee ofmux cayuasax gopmyan (2.4)m (2.9) ycaomkEAIOTCA.
HanpnMep, piag BASKO# HecKEMaeMoil »KUIKOCTH B HpaBoil yacTd
(2.4) pDpumcyrcTByeTr HEKOTOPHH HOMOMKHUTENBHHH WiIeH W TaKoil
JKe OTPUNATENbHHA wieHm mpmcyrcTByeT B (2.8). dToT dnen coor-
BETCTBYET AuCCHNmpylomeics padore cHi BABKAX HANPSIKEHAH; 914
pa6ora BHyTpeHHEX CHUJ IpeBpamaercsa B remio (06 5ToM mogpobHee
cM. B § 7 oroft rmasm). Takoe mojoykeHWe TUNWYHEO JJIA TeX CIAy-
4aeB, KOI[jd B YACTHINEe HPOMCXONHT HpeBpamieHHe OJNHOTO BH/A
»HepIME B ApyTHe BUAH SHepruw. Vs pganpHe#mero caemyer, 4To
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HauGonbmiee 3HAYEHWE MMEIOT BEJNHYAHB, OPEJACTABIAEMBE CyM-
Mo Pi -+ Q;.
Ilpmroku smeprmu dQ*, dQ©) m dQ**, kak u sieMeHTapHAsA pa-
60Ta BHEmMHMX MAKPOCKONWYECKHX cui dA(), He aBaAoTcAd B 06-
mewm ciydae grddepesnuasaMu KaKkux-au6o GyHKNmiT, a TpexcTas-
1A10T c0007 GeCKOHEYHO MaiIke KOJIHMIEecTBa.
Baon  coxpa . HomycruM, d9ro mMeeTcsa Ipomecc, NPoTe-
el rlepm?e Hg‘;’;g‘m 3‘;83_ KalOIIE# B NIPOCTPAHCTRE COCTOSHHI OT
MOEHAMAKH TOYKH A €O 3HAYEHWAMU NAPAMETPOB CO-
CTOAHMA [, IO KPUBOH ¢; Ao TourE B co
3HATEHAAME mapaMeTpos Wi (pme. 29).
BrepeM momsTHe MOJHOTO IPHTOKA HSHEPIUM, KOTODHMN CHCTEMA
mojywaer u3pHe B oToM mporecce. OH, OUEBHIHO, PABEH

I . .
494 Q= Pt Quaw (2.10)
AB(&£)) AB(&£)
i W, HA IePBHI B3TJAA], JOJAKEH 3aBUCETH OT Ipoliecca, T. €. OT HYTH
WHTeTPHPOBAHUA £, B IPOCTPAHCTBE COCTOABUIL.

%,
“ ¢

(' % Ay

‘ , =" A%

y/%4

Pue. 29. H sakomy coxpaHeHHNA 3HEPTHH.

ITepBoe HaYaNO TEPMOAUBEAMHUKH, AN 3aKOH COXPAHEHHA DHED-
X, MOKHO c(PODPMYIUPOBATE KAaK HEBO3MOMHOCTH OCYINECTBJIE-
f HIS BE€YHOTO ABHUTATENA IEePBOTO POXA, T. €. MUKIWIECKH paborayo-
el MAIMIWHE!, KOTOpPas MOTJa OH CAYKHTHL HCTOYBUKOM IOJIe3HOHR
sHeprum, (es MCHOJNB30BAHMASA KAKOro-iE60 BHENIHEro MO OTHOMNIe-
HHAIO K DTO MANIHHE NCTOYHWKA 9HEPTHU.

JTO yTBep/KIEHWE CleAyeT paccMaTPHBATL KAK 3aKOH, HOAT-
BePKIAICIUIACA BCEMN U3BECTHHMHE ONKTHHMHA J@HHEIMA.

ITyerhb Temeph cmcreMa coBepuraeT nuka, HampmMep C. Torma
gepBoe HAYAIO TePMOJAMHAMEKHE, WK 3aKOH COXPAaHEHWs SHEPIHH,
s' CBOIMTCA K YTBED;KICHWIO, YTO IOJHHH HDHTOK 2HEPIrHH, IHOCTY-~
OaoImuii E3BHC K CHCTEME, cosepmiawmei ao6oi oCymecTBAMBIG

IMKI, paBed HyIO, T. €.

$(P; 4 Q) dpi = 0. (2.41)
C

-
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OT1crofa HEmoCpeICTBERHO BHTERAET, UTO TWOMHEM IPATOK BHEP-
tuum (2.10) k cucreme M3BHE He 3aBUCHT OT Tporecca &, 4 3aBUCHUT
TOXBKO OT HAYANBHOTO W KOHETHOTO COCTOSHHM cucTeMH. B camom
nene, BBENEM MesKIy coctogHuaMu A m B, KpoMe paccMaTpABaeMo-
T0 OpPOW3BOJBHOTO Hpomecca £y, eme Apyroi mnpomece Lo M OPO-
nece £, TPOTeRAIEA 0T cocTostHEMA B K cocrogamo A. [Iponeccu
L€ n ;%2 o6pasyioT BaMKHYTHE IHAKIL, W U3 3aK0HA COXpa-
HEHWS DHEPIMH Cpasy CJIeayer, 4To ‘

4940 =\ (Pt 0w = ( (P + Qo =
£ £

== S(Pi + Q4) du’. (2.12)

&

{
1

Hommast oHeprm:a cHcreMk!  JlosToMy, ecnwm HawanbHOE cocTossHme A cu-

cTeMbl (MKCHPOBAHO, TO JJA BCEX OCYMICCT-
BUMBIX TIPOLECCOB IIOJHHEIN NPUTOK 9HEPIWM K CHCTeMe HN3BHE 3aBH-
CAT TONLKO OT KOHETHOTO COCTOAHHKSA CUCTEMH, T. €,

A9 L@ =@, ) — &, .., ),

rje & — OJHO3HAYHAT (YHKIKA HAPAMETPOB COCTOSHUM CHCTEMBI,
HaskBaeMag ee MonHON 9Heprmeit. Taxmm o6pasoM, W3 TEPBOTO
3aKOHA TepMonnHaMnKn ciaepyer, uTo CymecTByer QyHKIUA
cocrosiEmA & (pt, p?, ..., p*), NoaHHE KuddepenRnEmam KOTOPOi
JUIsI OCYIIECTBHMbLIX HPOLECCOB PAaBEeH CyMMe BIIeMeHTapHEIX pabor
BHEIIHNX MACCOBRHIX X IOBEPXHOCTHHX MaKPOCKONMYECKUX CHJI
dA(9) ¥ pIeMeHTAPHEIX IPHTOKOB K CHCTEME W3BHE JPYTHX BHJIOB
dHepruu: '

d& = dAY 1 dQ* = (P, + Q;)dut. (2.13)

Jlerxo Bmperp, 4To HoNHAs SHEPr¥A cucreMs & (u!, ..., u")
OIpefeNieHa ¢ TOYHOCTHIO /10 ANTATHBHON NOCTOAHHOH — 3HAYEHUSA
¢ B HAYAJILHOM COCTOSHUE cHcTeMH (A4).

IlepBoe Havano repMopmHEaMuUKH (2.11), ecin BHeImHEME IPUTOKR
DHEPIMH K CHCTEMEe M3BECTHHI, MOKET CJYKHTb OCHOBOH pias om-
PéienenuA MOJHOM sHepruu cucTeM &. HaoGopor, ecam sHeprusa
OTKyAa-Iu00 H3BECTHA, TO 3aKOH COXPAHEHWS HSHEPTHM MOKHO HC-
HIONB30BATH JJIsl BEIACHEHHS MEXAHNM3Ma B3aMMOJEHCTBMA paccMar-
PHBAEMOH UYACTHIBL ¢ BHEITHWMI TeAaMH, T. €. JIIS ONPepeNeHus

dAO 4 dQ*.

a5 omnpejienenna HOIHON DHEPIMH CHCTEMB & (uh, ..., uv)
HY;KHO, BoOOIIe roBops, sHath QyEKmmE P; u ;. B cuny paBen-
crea (2.13) P; m Q; me Moryr OmTH nponaBoanLIMn $YyHKIAAME
MapaMeTpoB COCTOAHHAA.
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B camom pene, nepenmmem paBeHCTBO (2.13) B BEpe
( i Qi— ) dy' = 0. (2.14)

Ecnm cumcrema romonoMmHa, T. €. Bee du', du?, ..., du™ HesaBu-
CHMH (B 9aCTHOCTH, CPEeANl HapaMerpoB ' HET IOCIEL0BATENbHHIX
NPOH3BOANKX IO BpeMeHN), To u3 (2.14) BriTexaer, uro

¢
‘Pi Jf_ Qi = PO
o

H, cIenoBaTenbro, P; - Q; JOMMRHL YAOBASTBOPITL YCIOB MM
WHTCT PAPYEMOCTH
( Q) AP, 4 Q)

. RS L (2.19)
op® aut
,D;JIH HErOJOHOMHELIX CHCTEM MOM{HO HaNMCaThL
1, + Q 3 .L _{’ R '

HJIH BCeX IIPOHECCOB, OJsI KOTOPHLIX BBINOJIHACTCS nepnmﬁ 3aKOH
TePMOOVUHAMUKHA, BCJIWYMHEI Ri OOJKHE YAOBICTBOPSATL paBeH-
CTBY

Rydui =0, (2.16)

T. €. JIIsI BCeX OCYMECTBUMHX IIPOIeccoB R; He JalT BKIAfa B
6ananc sueprum. OgHaro camu R; Moryr OMTH OTIMYHE OT HYJIA.
s HeKOTODHX BAajKHHIX CIYTYaeB MOMHO YKasarh ) ofmuil BHJ
dynrmui 1;, ynosiersopapmux yeaosuw (2.16).

Ins HeromoHOMAHX CHCTEM BMeCTO ycaoBmi (2.15) mus ocy-
DIECTBIMHX NPOICCCOB MOJNKHEL BLIIOIHATHCA YCIOBHA

a(P-L+Q1—Ri) - 8(Ph+Qk'—Rh) )
apfi - au‘l. ’ (2.17)
]{1(1}11:0.

3amernM, 9To Ta® Wak paBemcrBa (2.15) mam (2.17) saBaAIOTCS
HeoOXOIMMEIME M TOCTATOYHEIME YCIOBUAMH CYIECTBOBAHMA QyHK-
man & (u!, ..., %), YHOBIETBOPAIOUIEH MNJIA OCYMECTBAMEIX TPO-
neccoB paBencTBY (2.13), To MX Tame MOKHO PAcCMAaTDPMBATDH KaK
OJIHY M3 BO3MOKHHX (JODMYJIMPOBOK 3aKOHA COXPaHEHMA YHEPIHUH.

Ycaopua (2.15) MoryT GrrTh HCIIONB3OBAHK NH60 [N HPOBEPKH
SKCHEPHMEHTAIbHEX pesyibTaTod upm onpemenenmn P; 4 (0,

1) Cm. JI. . C e g o B, Hexoropsie npobaemMsl MOCTPOCHNA HOBHX MO-
Aenell COTOMHKX Cpef, pr;lm X1 woHrpecca 1o IIpHKJIaJIHOH B TeOpeTndecKol
Mexamanke B Miomxene, 1964.



208 T'n. V. OcHOBHHE NOHATHA W ypaBHEHAA TEPMOXEHAMWKH

anGo ANs yMEHBIIEeHWs YHCJIa YKCIOPUMEHTANLHHX W3MepeHuid. B
HocJefHeM ciaydiae HEKOTODHe m3 Belmuwe P;-4(Q; ompemenswTcd
OKCIIEPEMEHTAIBHO, & APYrHe BHImcagiorces mo (2.15).

Brime Gbuia BeefieHa ¢ynxmus E = v2/2 —

f;{fmpe“““” omeprus cu- OJIOTHOCTH KHEHETAYECKOH ODHEPIHH CPEeH;
Fpdt He coBmajaer, BooOme TroBOpA, C

dyrxnueRt & — mosHON sHeprmein uacrmmel. Ilomomum
&= (E + U)pdr,

rie U — craispHag QyHKNUsS mapaMerpoB COCTOSHMUs, Ha3LIBae-
Mas INIOTHOCTHK BHYTpeHHeH sHeprud. IlmorHOCTL BHYTpEHHEH
DHePrdHW, MIYM BHYTPEeHHAs JHEPTHA eJMHMIE MACCH, MIH YAeldb-
Hasg BEYTPEHHAA 9HepPrusa [J, KaKk W HOJHAasg DHEPrAA CHCTEMH &,
OMpeJieNsieTcA ¢ TOTHOCTHIO 10 ANAATHBHONX MOCTOSAHHOR W CymecT-
BYeT [ Ka;KA0A TePMOJMHAMUYECKOIN CHCTEMEL.

YnenbHass BHEYTpeHHAs SHEDPrus {/ He 3aBHCHT SABHO OT IPOCT-
PAHCTBeHHHIX KOOPAWHAT M BpPEMeHHd, €CJIE HPOCTPAHCTBO W BPEMs
MOJKHO CTUTATHL OFHODORHEIME. CBOUCTBO OFHOPOZHOCTH O3HAYA-
er, uT0 BO BCEX TOUKAX IPOCTPAHCTBA M BO BCE MOMEHTHI BpPEeMEHH
IpH OZWHAKOBHIX BHEIUHHX YCIOBHAX B JaHHONH TepMOIHHAMHMYE-
CKOM cHCTeMe IIPOIeCCHl IPOTEKAT OJHHAKOBO.

Ilonnyto sEHEpPru0 W BHYTPEHHIO 9HEPIHI0 MOKHO BBOJAUTH KaK
VIS BCETO TEeJNd B IEJIOM, TAK M JId OTHEJbHHX ero yacrei. Bryr-
PeHHss SHEPrHd KOHEYHON YacTH Teld WIH Teaa B IeloM, BooOme
TOBOpsA, He 001aJaeT CBOMCTBOM AJJBTHBHOCTH, T. €. BEYTPEHHAR
DHEDPIHAsA TeJIA B IeJ0M He PaBHA CyMMe BHYTDEHHHX 3HEprui co-
CTABNAIIINX 3TO TEJNO TaCTeH.

Taxr, HanpuMep, MpHW NPOUMX OFWHAKOBHX YCIOBHAX (OfHHA-
KOBasA TeMIeparypa u T. O.) BHYTPEHHAs DHEPIUA JBYX MeEJKHX
Kameab BOJH He Gyjer paBHA BHyTpeHHeH bHepIHu OJHOHW GONBIONM
KaIllll{, Macca KOTOPOii paBHA CyMMe MAacC ABYX MENKHX, €CIHW YIH-
THBAETCH DHEPIHs, CBA3AHHAA C TOBEPXHOCTHHIM HATSHEHHEM !).
(OugeBuHO, YTO BHYTPEHHSA DHEPIUS, CBA3AHHAS ¢ B3AUMHKM I DH-
TsOKEHAEeM YacTedl Tena IO 3aKOHY BCEMHDHOIO TATOTEHHs, TAKKe
He ajgiuTHBHA.

OnHako BO MHOTHX CJIYy4YasX BHYTPEHHIOI DHEPTHI0 MOJKHO
CUMTATh AJIUTHBHON, B TACTHOCTH, TAK OyHeT AJsd BOOH B TeX CIY-
9asX, ROTHA He HY;KHO YYHTHBATHL HOBEDXHOCTHOe HATsIKEHHE,
WIW s YyOpPyroro Teda, HOAIHHAIMErocs 3akoHy l'yka. Ecam

1y 3pecy mONME3HO IIPEAOCTEpeTb OT HEACHOCTEH, KOTOpPHE MOI'YT BO3HIK-
HYTH B CBA3H C TEM, 49TO €CJH pacCMaTPHBaTh CaMONPOH3BOJLEHI IIPOLEce
Me/JIeHHOT'0 CJIUAHNA ABYX W30JMPOBAHHKX Kalelb B OfHY, TO B CHIY 3aKOHA
COXpaHeHHs PHEPTIN BHYTPEHHAA SHEPIiisa OAHOH GonpMION MOKOAINEca Kan
s Oyaer, KOHEYHO, PaBHA CyMMe DHEPIHil [BYX BHAYaJI¢ HOKOMBHIMXCA MAJKIX
Kameab. OfHAKO TEMIepaTypa ORHOH Ooablmodl Kamm 6yjeT IpH 3ToM (oJble,
49eM OAMHAKOBAaA TEMIEpaTypa ABYX MAaAHX Kadelb [0 CIAHAHHUA,

4406
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BHYTDPEHHSsA 9HEPTHA AaJNWTABHA, TO IIOJHAS 9SHEPTHA IIPOH3-
BONBHOTO KoHeYHOro of6wzemMa V ompegensgercs — CIefyIOmuM
o6pasoMm:

I 2
&= \p(—;——{— U)dr.
v

JanbReiimnue paccy:[eHEHs BefyTCA B OCHOBHOM A Oecko-
HEYHO MAajo#l 9acTHOE ¥ HO3TOMY COPaBEJIMBH KaK JJd Caydyas,
KOTZa BHYTDEHHAs DHeDPIWsa ofiajfaer €BOMCTBOM AaASUTHBHOCTH,
Tak @ [JIA TOTO CIydas, KOTJa oHA UM He objagaer.

3aMeTnM, 9TO NIOHATHE BHYTDeHHell pHeEpruW, Kak W BCE Jpy-
rae TePMOJHHAMHYECKHAC COOTHONICHHA M IOHATHA, HEO6XOIHMMO
B o0meM ciydJae H3yYeHMA JBWKCHUN CIUIONTHOM Cpefsl, HO Cyme-
CTBYIOT HEKOTODHE JaCTHEE IPHMEph CINIONIHKX Cpel, B YACTHOCTH
nepeaucienase B Tia. IV, Korga moHATHE BHYTPEHHEH sHEPrum
HC HYMKHO [JIS 3aMHKAHWUA CHCTEMEl yPAaBHEHUH, OMHCHBAIONTAX HE-
IpepHBHENMeE IBWeHHA. lloHATHEe BHYTpeHHe# bHeprum B ABHOI
dopMe He TpebyercA NPH H3YICHUW MEXAHAYECKOrO ABUIKOHASA
HReaNTbHON HECKHMaeMo# KEAKoOCTH, (€3 9Toro TOHATAA TaK
Ae MOHO O00#THCH W B TEOPDHH YIPYTHX Tel, ecllm HE¢ paccMart-
puBaTh TemioBHE 3PPEKTEHL.
TaxmM o006pasoM, yHHBEPCANBHOE COOTHO-
nmeHde, BHPajKamomee co0od BaKOH COXpa-
HEHU# DHEPTUH, MOMKHO IPEJCTABUTEL B BHIE

dE + dU,, = dA® +dQ® + dQ*, (2.18)

rae dU,, — m3MeHeEHe BHYTpPEHHEH 9SHEPIUH DPACCMATPHBAEMOIO
tTena, dE — maMeHeHHe ero KWHETHYeCKo# sueprmm, dA() — sie-
MeHTapHag pabora BHEMIHWX MaKpOCKomWdeckux cmu, dQ¢) —
DIIEMEHTADHEY IPHTOK TEIJa K Teay usBHe, a dQ*¥* — siemen-
TAPHH OPATOK K Tely H3BHE ADPYIUX, OTIMYHHX OT PaGoTH Mak-
POCKOINUYCCKHX MEXAaHMIECKUX CHJI, HETEIUIOBHX BHIOB DHEDPIUH.
Buuutag @3 9TOro COOTHOIMEHWA PaBeHCT-
Bo (1.8),BHpaskaiomee TeopeMy KUBHX CHII
I CIUIOIIHOM Cpeppl, HOJIYyIUM yDaBHEHHE

dU,, = — dA® + dQ® 4-dQ*

YpanHende 3aKOHA COXpa-
HEeHHAs DHePrHH

YpaBHenne NPATOKA Temja

i

dU,, = — dA® + 40, (2.19)

KOTOpOe HOCHT Ha3BaHUE YpPaBHEHMA IPHTOKA TeINa W MOJKET 3a-
MeHATH ¢060ii 3aKOH COXPaHeHHS SHEPIUM.

Ecnm mpomecc o9eHb MAABHEIH, TaK 9TO YCKOPEHHAMH MOKHO
npenebpeds, To dE = 0, m mosTOMY HJIA TAKHX IIPOIECCOB MOMKHO
OpHHEATH, YTO pafora BHEIIHMX CHJ paBHA paboTe BHYTPEHHAX
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CWJI, B3ATON ¢ 0OpaTHHM 3HAKOM:
d4® = —da®

TaxuM o6pasoM, mis TaKmX HNpPOIECCOB, HANPUMEp JJIA KBa-
BUCTATAUYECKAX HPONECCOB, YPAaBHEHUWE HPWUTOKA TEmia MOMHO 3a-
TMHCATH €He B CIEIYIOMEM BHE:

du,, = dA® + dQ~.

Huddepennmaacnoe ypasne- YpagHeHme npurtoxa temaa (2.19) MommHo

HHC HMPHTORA TCNAA 3ammcaTh 0O JI00KX MEBICAEHHO BHIEIeH-

HHX 00BeMoB ciumomHo# cpemsr. CocTaBmM

ero A GEeCKOHEYHO MAaJoH YACTHLE cmmomBo# cpems. Jag mmor-
poctn U/ BHYTpeHHEH SHEprum HMeeM

U
U= lim 2™
A0 Am

(aupepmonaraercsa, 9To TAakof mpemen cymecTsyer). AHAJOTHIHO
BBejeM dJeMEHTAPHEE MPUTOKHM BHEITHEX DHEPTrHi K efHHHIE Mac-

CH CpeJH:
(e)
dg@ = lim 49—
Am—p Am
) . d L]
dg™ = lim Q
Am—p Am

Paspenus (2.19) HEa Am, ycTpeMEB Am K HYII0 H BCIOMHHUB, 4TO
MI0THOCTH PafoTH BHYTPEHAUX MOBEPXHOCTHBIX CHI PABHA

— - piVivyde,

sanmimeM mgudpdepeHNMAIBHOE YpPaBHEHNE MPHUTOKA TEILIA B BEIE
1 i w*
dU = Tp']VjUi dt - dq®© 4 dg**. (2.20)
U3 teopun medopManuil w3BECTHO 1), 94TO KOMIIOHEHTH TEH30Pa CKO-
pocreil medopManmEii mpeICTABIAIOTCA B BHE

A 1 A A A A 1 dg
e =77 (Vivi + Vaj)= ——;

) Cm. . 11, § 6.
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€CJIW MeTPHKa HAYAJNBbHOTO COCTOAHHA gij HE 33aBACHUT OT BpeMe-
HHU, TO R

e;j dt = deyj,

nprmaem puddepeHaNH KOMIOOHEHT TeH30pa nedopmamuit ompe-
IeleHH B COIYTCTBYOIe#l cmcreMe KooppmHar. IlosToMy ypaBHe-
HIe IPATOKA TelNa IpH p' = pi! MOKHO IepemHcaTh eme B Cie-
AyioIIeM BH[E:

dU — — p¥ dey; + g + dg”. (2.21)

HNuddepernmans KOMIOHEHT TeH30pa Hedopmamuit de;;, ompeje-
JeHHEE B CONYTCTBYWOIIEH CHcTeMe KOODAWHAT, KAK W CaMH KOM-
MOHEHTH TeH30pa paedopManmit €;;, MOKHO PaccCMATPUBATHL B JIO-
60li mpousBONBHOI cmcTeMe KoopauHAT. (O603HATMM KOMIOHEHTH
TeH30pa d€;; B NPOMBBOJLHOM cHCTEMe KOODAWHAT depes de;; —
= ¢;;dt. B mpomsBoibHO# (He cOmyTCTByIomeil) cHcTreMe KOODHM-
HAT TaK BBeJeHHLIE KOMIOHEHTH d&;; He OynyT AuddepeEnuanaMu
KOMIIOHEHT TeH30pa pmeopMamuii €;; B 3TOH e CHCTEMe KOOPAW-
mar. G Y9eTOM STOr0 3aMEYAHHs YPABHEHWE (2.21) momHO B Tpo-
HI3BOJHHON CHCTEME KOOD[AUHAT BaMHUCATh B BHIE

dU:%fW%+@@+@ﬂ - (2.22)

rjie
de;; = e;; dt.

Jis Kamgoro cocTosSHES OPU PA3IWUIHEIX ABIDKEHMAX CIVIOMHOM
Cpennl BeMWUIuHE de;;, a TaKie IPEPAMEHAS OIMPEeNAONAX mapa-
MeTpOB, OT KOTOpHIX 3aBmcar dU, dgt® m dg**, wmoryr mpm-
HOMATPH fI0 MBBECTHOW CTEICHHW ITPOMBBONBHLIE 3HAUEHUA. ITO CBSI-
3aHO C TeM, 4T0 ypasHeHWe (2.22) He COACPMAT BHEINHAX MACCOBHEIX
CIUI, He 3ABHCHT IBHO OT TPAHMYHHIX I JPYTEX BHEIIHHX yCJIOBHI,
KOTOPHE MOTYT OMTH PA3IHYHEIMA ¥ KOTOPHE OKaSLIBAIOT CYMIECT-
BEeHHOE¢ BIWAHWE. HA UPUPAMEHNA ONPeelsOAX IapaMeTpoB,
BxofiAamux B ypasmenme (2.22). Bmecre ¢ rem ypasHenme (2.22)
ABIAETCA YHUBEPCANHHHM YypABHEHWEM, IPHUTONHEM A BCe-
BO3MORHHX IPOIECCOB.

IIpoussox, cBABAHHLIA ¢ JAWHEHHOMH He3aBHCEMOCTBI0 COOTBET-
CIBylomeil COBOKYyNHOCTH Auddepennnanos ompefelAOIAX Oapa-

. METpOB OIA BCQBO{-}MO}I{HHX JpomeccoB, MOM(HO HCIIOJNB30OBATDH A

NOJIYIcHAS U3 o;quro ypaBuenug (2. 22) HOCKOJBbKHX yDaBHEHHIT
TANA ypaBHEHAN COCTOSHHS.
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§ 3. TepmoguBEaMEYECKas PaBHOBECHOCTH, OOpaTHMbIe
" HeoOparnMble IPOIECCH

Tepmoqunammueckoe  pas- HKak um3BecTHO, MOMKHO DPacCMATPHBAThH Me-

HoBecne XaHAYECKOe paBHOBecHe abGCONIOTHO TBep-

aeix telx. I'oBopaT, 4ro Teno HAXOAHWTCA B

IOJIOKEHAH MEXAHWIECKOro PABHOBECHA, €CAHM OHO MOsKeT HaXo-

OATHCA B 9TOM TOJOKEHWH NPH COXPAHEHWH BCeX BHEMHHX YCIO-

BUI HeOIpefeledno noiaro. TepMommHAMHYECKW pPaBHOBECHEIM CO-

CTOAHUEM CHCTEME HA3EIBAETCA TaKoe COCTOAHHEe, B KOTOPOM BCe

X4pPAKTePUCTHKY BHYTPEHHEr0 COCTOAHMA CHCTEMEH (B TOM 9HCIE

¥ MeXaHWIeCcKHe) IPU COXPAHeHWH BHENTHWX YCIOBHI MOTYT CKOIb

YrojHO J0JTr0 COXPAHATH CBOW 3HadeHWA. B IpocTpaHCTBE COCTOSA-

HEH COCTOSIHME TEPMOLMHAMWYIECKOrO paBHOBECUA wu306paykaercs
TOYKO.

Ecnm cpemm onpefensiomux HapaMeTpoB uMewrIcsa cy6craH-
HHOHANBHEE HPOM3BOLHEE M0 BPEMEHW, TO B COCTOANHNM PABHOBE-
CHA 5TH HapaMeTphl PaBHH HYI.

TepMognHEaMUYECKEe IIPOOECCH! MOTYT IPO-
E::l;ﬂoﬁfg;;icfx HEPABHOBEC-  rexarh Kak OGHICTPO, TAK U MeELHeHHO.UMOM—
HO paccMaTpHBATh OPefeIbHHH CIy9ail mpo-
mecca, IMPOTEKAIOMIET0 CTONXh MEJNIEHHO, 9TO CKOPOCTU HM3MEHEeHHA
BCeX MapaMeTPoB B HeM GecKoHewHo Matw. B mpocrpamCcTBE coCTOA-
HE# TaKoil mporecc mao0pajkaercd KPHBOHM, Kaygad TOIKA KOTO-
poii dBidgeTcA TOYKOM PaBHOBECHsA. DeCKOHEUYHO MeqieHHHE IIPOo-
MECCH, B KOTODHX K&JKIOE IPOMERKYTOUHOE COCTOSAHWE ABIAETCH
COCTOAHWEM DPABHOBECHA, HABHBAKTCA PABHOBECHBHIMHM, B COOTHO-
DIEHWAX, ONHCHBAIOMUX PAaBHOBECHHE IIPOMECCH, HECYMEeCTBEHHA
BEIMYPMHA CKOPOCTH W3MEHEHMA HapaMeTpoB, ONHAKO HampaBlie-
HHe M3MEHEHUs OIpefeldIfAX IapaMeTpoB B PaBHOBECHOM IIPO-
mecce MojkeT OHTh CYHIECTBEHHEHIM.

IIponeccr, mpoTexawommue ¢ KOHEYHEIME CKOPOCTAME (€CIH CKO-
POCTH OKa3HBAaIOT BINSHWEe HAa (HW3WYecKHe CBA3H), HOCAT Ha3Ba-
HA¢ HeDPaBHOBECHHIX.

Korja roopar, 410 cHcreMa CoBepiIaeT HEKOTODHI IIpolece,
TO UMET B BHAY ONmpeleleHHHH CyGCcTaHMMOHANBHHE MaTepHAIb-
HHi# 00BeKT, DapaMeTpH COCTOAHUA KOTOPOTO M3MEHMIOTCA, T. €,
IPAMEHAT TOYKY 3peHmA Jlarpamxa. OdeBuaHO, 9T0 OHpeeaeHAs
PaBHOBECHHX M YCTAHOBUBIIMXCA (CTANMOHAPHEIX) IPOMECCOB HOPHU
HaNWIN{ JBWKEHHA cpefnl B o0meM ciydae He coBmajgamoT. Ilpo-
mecc MOKeT OHITh YCTAHOBUBINWUMCH, T. €. BCe DaPAMETPH COCTOSHAA
CHCTEMEl MOT'YT He M3MEHATHCA CO BPEMEHeM B JaHHOH TOUKe Teo-
MeTpmueckoro mpocrpancTBa (du'/dt = 0), m B To ke BpeMs OHTH
HePDaBHOBECHEIM, T. €. HMeTh CYHECTBEHHO BINAKNITAE HA IOpPO-
IeccH B 9YacTHIAX CpefEl KOHEYHble CKOPOCTH W3MeHEeHHA mapa-
merpos (duk/dt &= 0).
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OGparamme m Beobpara- Ilpomecc, mporexamuil 0T HEKOTOPOTO CO-
MEIe HPONecCH cToAEEs A K cocrosHEWio B, HasnBaercs
o6paTEMBIM, €CIM [JIA KAKIOTO IIPOMERY-
TOYHOI'O COCTOAHWUS BCE YDABHEHUA 045 GECKOHCUMO MAAMEL NpU-
Paujeruil napamempos yAOBIETBODPAIOTCA TAK)KE IPH 3aMeHe 3HA-
KOB DTHX IpWpameHni Ha obpaTtHnie. Takmm obpasoM, ecam HEKo-
TOpas IOCJIeOBAaTENbHOCTh COCTOAHWH o0pasyer B IIPOCTPAHCTBE
COCTOSAHMH o0pATHMHI NIPONECC, TO BTy IOCIELOBATEIBHOCTh CH-
CTEMa MOKEeT OPOXOANTH KAK B IPAMOM, TaKk U B o6paTHOM Hampas-
JICHAHW, HPHYEM COOTBETCTBYIOINE KaKJIOMY 9/EMEHTY IIyTH BHeI-
Hue npuToku sHEprum dA®, dQ® wu dQ** B npaMom m obparHOM
npoiecce OTIAMYAIOTCA TOJBKO 3HaKaMmu. Kcam mpomecc me obiaja-

€T TAKHM CBOHCTBOM, TO OH HA3HBAETCA HEOOpPATHAMEIM.

3aMermM, YTO B UYUCIO ONPEReNAIINX IMapaMeTpoB [idA HeoO-
pPATHMBIX WIPONECCOB CYMIECTBEHHO BXOMNAT BEJINYHHEI, XaPAKTEPH-
3yoImue HampaBieHAe W3MeHEHHWS HEKOTODPHX ONpefesAnIIuX Ia-
paMeTpoB; i OOPAaTEMHX IIPONECCOB HANPABJICHAA H3MEHEHMs
TePMOIMHAMPYECKAX IapaMeTpoB HecymecTBeHHEN. (QOnYHO pac-
CMATPUBAIOTCA OOpATHMEE HPOIECCH, KOTOPHE ONHOBPEMEHHO fB-
Asa10TCsT paBHOBecHEMHE 1), OmHAKO MOKHO paccMaTpHBaTL o6paTH-
MHE IIDPONECCH, He COCTABIEHHHE W3 TEPMOIMHAMUYECKH pPAaBHO-
BECHHIX COCTOSHUH.

Crporo roBops, Bce PealBHEE IPONECCH B MAKPOCKONMYECKHX
Macmrabax UPOTEKAT € KOHEYHHIMH CKODOCTAMH, HAIDAB-
JNeHUsA WX CYIIECTBOEHH, W IIOYTOMY OHM SBIAIOTCSA B AeHCTBATENH-
HOCTH HeOODATHMEIME, HO HOPAKTHYECKH MHOTHE IIPOIECCH MOMK-
HO CIATATH TepMOgUHAMIYecKA o0paTuMumu. C npakTEueckoil I Teo-
PeTHYECKOH TOYEK 3PEHHUA B PsAje NPUIOHEHAH MOMKHO MOMEIAPO-
BATb JIeACTBHTENLHEIE ABIEHUS C IOMOMbBIO 00PATHMLIX IPOIECCOB.

pumep mpomecca, KoTOpSiik Hanpmmep, uccaeioBaR¥Ea MOKA3EBAIOT, ITO
NPAKTAYECKA MO:KHO CYATATDH HHOTJa NOPAKTHYECKHW MOMHO CYUTATh 06-
o0paTHMEIM PaTHMEIM Jajke O9eHb ORICTPO HPOTEKAIONIMA
IPOIEecC HMCTEUEHUs JTACTHOH Tas3a M3 COILUIA PEAKTHBHOIO [IBUIA-
TENs, B KOTOPOM YaCTHNA rasa IMEPEXOAHT 3a BpeMs IMOPAIKA TH-
CAYHHIX Jiojieil CEKYHIH OT COCTOSAHWA NIPAKTHYECKOr0 IOKOA C
7aBieEneM mopsanka 70 ama B KaMepe CrOpaHHA pEaKkTHBHOTO

1y IloHATHSA PABHOBECHHX H O6pAaTHMHEIX IpOLECCOB B 00meM ciyqae pas-
angEs. OpfHEaKo GECKOHEYHO Me[jeHHLe PABHOBECHHE NPOLECCH, Had KOTO-
PHX B KOHEYHHX COOTHOIEHHAX MEKY OIPEAeIAIOMUMH IapaMeTpaMm He
TOJIBKO CKOPOCTH, HO I BOOOIIe HalpaBieHMe U3MEHEHAs ONpefeIsONUuX Ha-
PaMeTpOB HECYMECTBEHER (He ABISIOTCS CYMECTBEHHNMA aPryMeHTaMu), MO~
HO paccMaTpUBaTh Kak O0paTHMEIE.

C gpyroii cTOpOHB, IPEMEPOM HEOOPATEMOTrO0 HPOLecea /Ijisl CHCTEME B Ie-
JIOM MOKeT CJLY’KHTh ABJEEHe yCTAHOBUBINEHCA TeIIOmEPESAdN TeIIONPOBOI-
HOCTBIO B MOKosmeilica cpefie; B 9TOM CAYYae COCTOAHAA BCEX MAJKIX TaCTHIL
Cpefl MOMKHO pPacCMaTPHBATh KaK PABHOBECHHIS,
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JBATATENA K COCTOSHHIO [IBHKCHHA CO CKODPOCTAMH IOPHAIKA
3000 m/cex m ¢ mouTH HYJEBHIM . JABIEHHEM B CBOGOIHOM HPOCTPAH-
crpe. Tax HpoHCXOAHWT /BH;KEHHE ra3oB OPH TojieTe HA GONBIMEX
BRHICOTAX paKeTH ¢ pafoTaiomuM paKeTHHM. ABHraTeieM. B stom
npomecce 0OMeH TEIIOBOH DHEPIHEd Memy YacTHIAMHA rasa ¢ pas-
JUYHOH TeMIepaTypoM - He yCcHeBaeT OCYIeCTBATHCH; OJHAKO Iepe-
MeHHHE TepMOJUHAMAYECKNE XAPAKTEPHCTAKH B 4ACTHIE CBA3AHEI
OPAKTHYECKH TAK jKe, KAK ¥ IPH PABHOBECHH.
PaceMoTpuM HEKOTODHHE HAa60pP MaKpPOCKO-
O pabnosecnbIx u mabormee  ppyeckmx HMADAMETPOB COCTOSIHMS, DBE-
BCPOATHHIX COCTOAHMAX
OeHHHX KaK CTAaTHCTHYeCKHEe CPeJHHe Co-
OTBETCTBYIOIUX XAPAKTEPHUCTUK MUKPOCKONHMYCCKOTO [ABMFKEHUA
MOJIeKyJ, HampmMep Temmeparypy I' m maotmocth p. OgeBmpmo,
9TO0 KA;KIBM KOHKDETHHIM 3HAYEHHAM ] U p MOKET COOTBETCTBO-
BaTh MHOTO PACHPEAEJCHAN XaPaKTePHCTHK MHKPOCKOOHIECKOTO
aBryKeHNs. OKa3LIBAETCH, DPABHOBOCHHEIM 3HAYEHHAM MAaKDOCKOIH-
YeCKUX IAaPAMETPOB COOTBETCTBYCT HAHOOIDLINEE YHCIO BOBMOMKHDIX
Pa3nHuHLIX MHKpocccTossHMil. IlosroMy, ecciu TepMOAHHAMHUC-
CKas cHCTEMA IIpefjocTaBieHa caMoil cebe, To Hambojee BEPOATHHIM
COCTOSTHUEM M3 BCEX, B KOTOPHIX OHA MOMKET HAXONHUTLCH, ABIAETCH
paBHOBecHOe. B cBA3H ¢ 9TMM BCce MBOIHPOBAHHEE CHCTEMBI I yikKe
HAXONATCHA B COCTOSHHAX DPABHOBECHs, HIH CTPEMATCA K HEMY.
- 3aMeTHM eme, 4TO BCE H3BECTHHE MIKPO-
MaxkpockondeckHe  Xapak-  cponpgeckme BAKOHH, ONMCHBAIOMAE [BH-
TEPHCTHRH, .  BEPOATHOCTH .
cpenMEX 3  HeoGparmmocts SKCHNE I B3AMMOJEHCTBHE 9IIEMEHTADHBIX
9aCcTUI, HAUPHMEP 3aKOH IDABUTAIUOHHOIO
BpuTsReHna HboToHA W 3aKOHH DMEKTPOMATHUTHOTO B3amMo[ei-
cTBusA, obparumer. HeoOparuMocts ke MOABIAETCA TONBKO 3a CUET
CTATHCTHYECKWX 3aKOHOB, BEDHBIX A GOompImuXx ampcaMmOied uwac-
THI[, U ABJAETCA CBOEr0 POJA TJIATOH 3a BOBMOMKHOCTH BBEIeHUA
'BMECTO CIORHOM CHCTEMbl OTPOMHOTO. UHCIA YacTHI (C W3BECTHEIMH,
BooOme ToBOPH, JHOiL OPHOIMKEHHO BAaKOHAMH B3aMMOJEHCTBUSA
¥ HAYANBHBIMH YCIOBHAMH) IPOCTOHM IMONCTABHOI CHCTEMII, ONM-
CHIBAeMOM HEOOHITUM YHCIOM MAKPOCKONMYECKUX XAPAKTEPUCTHK,
CBABAHHEIX ¢ HamOosiee BEPOSATHHIME COCTOIHUAMU.

Baaromapsa GombmoMy UHMCHy YaCTWI, B TMPAKTHIECKH MAalbIX
o6peMax pacipepeneHNe BEPOATHOCTEH WMeeT OUYeHL OCTPHIA IHK;
3TO BHAYUT, YTO WMEIOTCS IMAHCH [ PEaau3aluu TOJBKO BIIOJHE
OIIpefieIeEHNX 3HAUCHUH CPeTHUX BeIWUWH.

IIpn HeoGpaTMMEIX HPOIECCAX CAMH pPACIIPefe/ieHHus BePOAT-
HOCTEH, BooOmie, 3aBHCAT OT BpeMeHHd.

OpHoll W3 OCHOBHHX XapAKTEDUCTHK C€O-
CTOAHYS (UBWICCKAX Tes HABIACTCA TeM-
mepatypa. B Bameit moBcegHeBHOM KM3HH IepBOHAYANBHOE Ipe[-
CTaBIeHWe O TeMIEepaType Tekxa HemoCPe[CTBReHHO CBSI3AHO C UyBCT-
 BeHHHMH oInymeHuaMu. MH rosopam, uro Teso A mMeer Gonbmyo,

O UOHATHE TeMHEpATyph
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geM rexo B, remneparypy (T4 > Tp), eciu npm KoHTaKre rena A
¢ tenoM B ofs3arenbHO BOBHHKACT MepPexof TENIOBOM SHEPTIHH
or rena A k rery B. [iBa HaxogAmuxca B TepMOJUHEAMAYECKOM PaB-
HOBECHH Tena, 0yAyIn OPEBEJEeHH B CONPHKOCHOBEHHEE, AMEIOT OfIH-
HAKOBYIO TEeMOEPaTypy, €CiiM MeyKIy HUMH He BO3HHKAaeT HOTOKA
TenlIoBoH smeprumn. M3 omsita H3BECTHO, YTO €CIU IPUBECTH B CO-
OPUKOCHOBEHME M100pie 1Ba Tea A m B u 3areM OpeIOCTABHTE 3TY
cucTeMy camoii cebe, To B HEHl TPOM3OMIET MPOIECC, PE3YAbTATOM
KoToporo Oyper BrpaBHHBaHMe TeMmneparyp Teax A u B. Oror daxr
7leJlaeT BO3MOYKHBFIM YCTPOMCTBO TEPMOMETPOB — IpHGOPOB, ¢ IO-
MOMBI0 KOTOPHX MOKHO KOJAHYECTBEHHO UM3MepPATh TeMIepaTypy
B HERKOTOPOIl InKaje, HapuMep B umiKaie Ilenpcusa, xapakTepHEIMA
TOYKAMH B KOTODOIl SABISITCA TOYKY KHUMEHWS W 3aMep3aHus
BOMBL OPH aTMOCHEPHOM JABJIEHUH.

NMorsTHe TeMIepaTypH He MMeeT CMLICAA B AHAIHTHYCCKOH Me-
XaHHKe [JId CHCTEM ¢ HeOoJbIUMM 4HCIOM cTemeHed cBobomsi. Ha
OPAKTUKE TeMIePaTypy MOKHO OPHUIACHBATL BCEBO3MOKHBIM Te-
J1aM, COCTOAIMUM M3 GOJABIIOr0 THCAA TACTHII.

' B ornuume OT MEXaHUKM MaTepuaibHON TOUIKH B a6COMOTHO
TBEPIOTO Teld, B MEXaHWKe CIUIONIHOH Cpemsl HENB3A, BooOme
roBops, oboiituck 6e3 MOHATHA TeMmepaTypsl. Bhpamenme s
BHEITHETo TPHUTOKA Temna dq(®) BXoAWT B ypapHEHNE IIPATOKA TEIIa
¥ B 3aKOH COXDAaHEHHUs JHEpPrHH, HOYTOMY HeoOXO[UMO H3YYHTh
MEXaHH3M Oepefadd Temjaa, a cJIeJoBaTelbHO, H BBECTH IOHATHE
remoeparypit. Ilogpobuoe u ray6okoe msyuenme DOHATHH TeMIle-
PATYPH CBA3AHO C IPHBIEUCHUEM MOJIEKYIAPHO-KHHETHIECKOH Teo-
pun. B cBs3u ¢ 3TUM ciemyeT, 0gHAKO, OTMETUTH, 9TO BECBMA CO-
BEPINEHHOE¢ MOHSTHE 0 TEMICPATYPE M METOJAX Ce M3MepeHHs OHI0
y3Ke JaBHO BBEJEHO B HAYKY HE3aBMCHMO OT yriy0JIeHHOTO MOHU-
MaHHMA TEMOEPATYPH B PAMKAX CTATHCTHYECKOU (PH3UKM.

B § 5 Mbl H3I0KAM 3aMEUATENHHYI0 TEPMOITHHAMUYECKYIO MaK-
POCKOOMYECKYIO TEOPHMIO, B KOTOPOI HA OCHOBE BrOPOTO 3aKOHA Tep-
MOJIUWHAMHUKE JAaeTCA CTPOTOe oIpeneleHne abCcOMIOTHOR TeMOepary-
PH OIA TEPMOJIHAMUYECKH PABHOBECHEIX COCTOSHHUIT TEI.

N3 MoneKynIAPHO-KMHETUTECKOH TEOPHH H3BECTHO, UTO TEMIIe-
parypy T MO)XHO PAacCMaTPHBATH KAK BEJIHYMAY, MPOMOPHIOBAlb-
HYIO CpefHedl SHEPTMH XAa0THYeCKOT0 TEIJIOBOTO IBHKEHHA MOJe-
KyJ, OPUXOJAMYIOCA HA OJHY CTEmEHDb CBOGOIH MOIEKYIH. Ecan
Pa3Id9HEIE COPTA BIeMEHTAPHHX JACTUI UMEIOT B CPeTHEeM pa3jnd-
Hble DHEPIUN MW €CIW TACTHIE OJHOr0 COPTA HMEIOT Pa3IMdIHEIE
CPefHUE PHePruy, OPEXOoNAMHAecs HA DAa3INJHEe CTeNneHH CBOOO/E,
TO OPH HOCTATOYHO ME[JIEHHO IPOTEKAIIMUX I[POIECCAaX B3aH-
MojeHcTBEe MUKDPOYACTHI HPUBOIWT K BEIPABHHBAHUIO CPEIBUX
sHepruii. J{aA pesko BHpa)KeHHHIX HEPABHOBECHEIX HPOIECCOB,
KOT{d BHYTDPH MAKDOCKOIMIECKH MAJOH YACTHIH HE yCIeBaer
OPOMCXORUTH CTATHCTAICCKOE BEIPABHMBAHNE DHEPTHH ME:KAY pas-
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JUIHEIMA CTEHEHAMEA CBOOOJH OJHEX W TeX 3Ke JACTHI] UNH MEeMXIY
Pa3IMYEHEIMA COPTAMH YAacTHI,, IOHATHE TEeMHEPATyPH MAaKpo-
CKOIMYECKON YaCTHIIH B IEJIOM TepAeT CBOd OCHOBHOM CMBICI.

B HepaBHOBECHHIX CIyYasX Cpee MHOTIA MOMKHO OPHOMCHBATH
HECKOJIBKO TeMIepaTyp, HaIpUMep TeMHOeparypy Kolde0aTelbHHX,
BpamaTeNbHHX, HOCTyNATeJbHKX CTENeHEH CBOGOIE MOMOKY WU
TeMIepaTypPH MOHOB U 9JIEKTPOHOB B IJIa3Me, €CJIM HOHH H 3JIEKTPO-
HH B OTAEJBHOCTH HAXOAATCA B PABHOBECHHX COCTOAHHAX, M T. 1.

IIpn HATUYMY TepMOIMHAMAYECKOTO PABHOBECHA B MAJHX 00he-
Max TeJa TeMIIePATYpPa AJA MAJHX YaCTUI] OIMpefeeHa 0 JHO3HATHO.
OpHEaKo maske B 3TOM cjaydae MOHATHe TeMIIePaTypPH MOMKET TePATH
CMBICH il T€JI KOHEYHHIX DPAa3MepoB, €CIH OTCYTCTBYET TEIIOBOE
PaBHOBECHE MeKAy Pa3IMYHEIMU JACTAMU Tela.

Hampmmep, 910 moHUMATH HOA TEMIEPATypoil 3eMHOro mapa?
B pasamumrie MOMEHTH BPEMEHN MOKHO TOBODHTBH O TeMIepaTrype
TPONHUKOB, yMePEeHHOI0 HO0ACA, IOMIOCOB, TEMOEPATYpe B IEHTpE
3emnu. Ho TeMmepaTypy 3eMHOTO Imapa B IIeJOM OHPEEIHTHh 3a-
TPYAHHUTEIBHO M He BCETa IexecooGpasHo.

OGHYHO paccMaTpUBAIOT TEMIEPATYPY MHOCTATOYHO MAJEIX
qacTedl Tesa U WBYYAOT TEIIIOBHIE MOTOKHU B Teae. OMET MOKA3KHI-
BaeT, 4T0 BO MHOTHX NPAKTHYECKUX BOHOPOCAX HACTO MOMKHO Ipej-
moJIarath, 9T0 TEPMOJHHAMHUYIECKOE PABHOBECHE B MAJIHIX o0meMax
CHCTEMEI MMEET MecTo. B TPHI0KEeRUuAX HePABHOBECHOCTh M HEOG-
PATHMOCTH 9aCTO MMEIOT MECTO TOJNBKO 34 CYET OTCYTCTBUA DPABHO-
Becusa B Ooxpmux o6meMax Tea Upm HepaBHOMEDHOM pacupefeie-
HEE 0O YacCTHIAM TEeMIEPATYPH H [ADYIAX TePMOAMHAMHYECKHX
XapaKTepuCTHK (TAKWX, KAK KOHNEHTPAIMH XMUMHYECKAX KOMIIO-
HEHT CMeCHM H T. IL.).

§ 4. [IByxmapamerpmueckue cpepnt. CoBepmiensnrii ras.
Iaxr Kapno

JAByxnapaMeTpudecKkoil cpefoil Ha3HBaeTCs Cpela, BCe TEPMO-
AUHAMAYeCKNEe (YHKIME KOTODO# BaBHUCAT TOJIBKO OT ABYX TEPMO-
IUHAMHWYECKHNX I[apaMeTPoB cocToaRmA. Eciam ot 1Ba mapaMerpa —
HaBleHNe p M INIOTHOCTB 0, TO y/lelbHAaAg BHYTPEHHAS DHEPIHUA
Taroft cpefr A0MKEA BEpa)kaThes qepes mux, U = U (p, p).
Ecam cpema mpencraBiaser coGoit mmeans-
HYIO C3KEMaeMylo ;RUgrocth (ras), To pabo-
Ta BHYTPEHHUX IHOBEPXHOCTHHX CHJ, OTHE-
CeHHasi K eNHHNIe MAacCH, HMeeT BUJ

1 i 1
T—d AR, = pd—-, (1.12)
U ypaBHeHEWe HPATOKA Telja B MPEeNIoN0KeEnn, uTo dg** = 0, 3a-
OUCHBAETCA CHegyomuM 00pasom:

au +pd%=dq<e’. (4.1)

YpaBReHme TIPHTOKA  Tell-
Ja [ias1 HAealNbHOTo rasa
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Yparuenme cocroamua co- B COBEpIIeHHOM rase [JapjeHHe, IJIOTHOCTH

BEPIIEHROTO rasa U TeMIepaTypa CBA3aHH ypasHeHEeM Hia-
nedpoHa:
p =pRT; (4.2)

R — HexoTOpOE MOCTOSHHOE YHCJI0, HA3WBAEMOE Ia30Boil IOCTOAH-
HOJi, pasjYHOe [IA PA3HKIX ra30oB. ¥ papHeHwme tuna (4.2), cBs-
3HBAIIEE JIJABIeHNe, TeMIePaTyDPy, IIOTHOCTh M, BO3MOMKHO, APy~
rue QUSHYECKHe XaPAKTEPHCTHKH CPeIbl, HABHBAETCA yPABHEHHEM
COCTOSHUS.
Hua Bosgyxa
MZ
R =287,042 ———.
cex? epad

Mo:;xHOo BBecTH yHHBepPCANBHYI0 (IOCTOAHHYIO /(I BCEX TIa30B)
rasoByI0 IOCTOAHHYI R, U MOCTOsSHEYI Boabmmana k corgacHo
PABEHCTBAM

3pech M — cpemHAA Macca OMHOH IpaMM-MOJIEKYJH rasa, ompene-
ngeMas mo ¢opMmyie
n ny

_mo o P
PUaa Py S R il vl

rne n — IOJHOE YMCIO0 MOJIeHy.H B OJAHHOM 06’beMe cMecH, n; —
qUCI0 MO.TIeI-(yJI, a W[i— COOTBeTCTBYIO]III/Ie MAacCCHL I‘paMM—MOJIeI-(yJI
OTAECIBHEIX COpTOB ra3oB, m——cpeJIHHH Macca MOJIeKyJIbI B rpammax.
ape - 2

R, = 8,3144.10" —222___ k=1,38.1071 222

B
moav epad ' 2pad *

Bayrpemnas oueprad co- (CopepimeHHH ras MOKHO OIpPEENHUTh KaK
BEepIeHHoro rasa ras, B KOTOPOM MOJIEKYJIH B3aMMOREHCTBYIOT

TOJBKO IPH CTOJKHOBeHHAX. lloaToMy Mosx-
HO CYNTaTh, 9TO BHYTPEHHAS DHEPIHA OJHOATOMHOI'O COBEPIIEHHOTO
rasa mpejcraBiger cofoH CYMMApHYI0O KHHETHYECKYH 9SHEPIHUIO
Xa0THYECKOTO [BMIKEHHA ATOMOB.
JOua pEyTpenHeit sHeprum U efuHAuUNE MAacch MOMKHO Ha-
IIHuCaTh
miv%

N
U:—M—Z 5— - const
i=1

(M — cymMMmapHas Macca aTOMOB, M; M ¥;— MACCH B CKOPOCTH OT=-
HEIbHHX aTOMOB OTHOCHTEIbHO WX ofmero meHTpa Macc, a N—
4@CI0 ATOMOB B paccMaTpEBaeMoM MauoM oGweme). Ecinm camrars,
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970 BCE ATOMH ra3a oJ(MHAKOBL, To M = Nm n
B4

I

%
U = —% 4- const,

T7ie Vop — CDEIHee B3HAUEHNE KDAJpaTa CKOPOCTH ATOMOB B Xao0-
TAIeCKOM pBWKeHMu. J[JIA coBepmeHHOTro rasa, COTJIACHO OI-
PeflelIeHHI0 TeMOePAaTyphl KAaK XapPaKTePUCTHRH CPEeIHed DJHep-
rng, OpUXojAmelica Ha OfHY CTemeHh CBOOOALI B XAOTHYECKOM
TENJIOBOM [[BHJKeHNN ATOMOB, YAENLHYI0O BHYTPEHHIOK dHeprmo U
MOKHO IPEACTABUTH B BHUE

U = ¢,T |- const. (4.3)

3pecs  uepes cy oGo3HaueH pasMepuuiil Kosddumuent mpomop-

1.
IUMOHANBHOCTH MEeXNYy —-ve, U T.

3ayagne BHyTPeHEEH sHeprau U B pume (4.3) BMecre ¢ ypaBHe-

nuemM Hiuamefipora ¢urcHpyeT ompeneNeHHYI0 Mojeib CILIOII-

HOH CpeJsl, HA3HBAEMyI0 CoBepireHHHM rasoM. CpaBHeHMA ¢

SKCIIEPUMEHTAJbHLMA JaHHHMM ITOKABLIBAIOT, dYTO [BMIKEHAS

PEATbHEX Ta30B IOpH OOBYHKX YCHOBHAX HOCTATOYHO XOPONIO
ONUCHBAKTCA TAKOH MOJENBIO.

Ila ocHoBaHMM ypaBHEHMA IIPUTOKA TeILIa

Tennoemroern mnpun mocro- (4.1) AAA COBEepmEeHHOTO HIEaJbLHOTO rasa

AHHKIX o0beMe W Japie- B cJaygae Ipomecca, IPOTEKAIMEro pH
noa. Qopryna Maiiepa

1 \
TOCTOAHHOM V/.eIILHOM 06BeMe (d - = 0 ) .
MOJEHO JIEIKO TONYYUTH, UYTO

(dq(e))v =dU = c,dT,

= const

dg'?) _
(‘ﬁ‘ = by

V = const

piMess

CrenoBarenbHO, ¢y NMpPEHcTABIAeT COOOH KOIMYECTBO TeIJia,KOTO-
poe HEoOXOAMMO MOABECTA K eIUHUNE MACCH CPEIH [Js TOr0, 9ro-
0L IpH TOCTOSAHHOM 00BEME MOJHATH ee Temmepatypy Ha 1° C; mo-
9TOMY cy HABHBAETCA TEMIOEMKOCTHIO IPH HOCTOSHHOM 00BbeMe 1),
B ciyuae mpomecca mpym MOCTOAHHOM JABJICHHEM W3 YPABHCHHASA
OPUTOKa Temia i WAeAaNbHOTO COBEPIIEHHOTO rasa MmoJyd:M

, 1
(dq(f))pﬁ,.(,nst =dU +pd —-=c,dT+ d—;’— =(c,+ R)dT. (4.4)

1) Eenm ‘npn CTONKHOBEHMAX UHCIO YACTHH MeHAeICs, TO Qopmyxa (4.3)
samersercs popmynoit- U = (¢ (T') dT.
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KonugecTBo Temma, KoTopoe HeEoGX0MEMO HOBECTH K eTHHAIE Mac-
CH CpeJH, 9T00K NPH NOCTOSHHOM JABJICHWH NONHATH TEMIEpaTy-
py Ha 1° C, HasnBaercsa TEMIOEMKOCTHI IIPH IIOCTOSHHOM [aBJIe-
HOn B 0003HATaeTcs 4epes cp!

Cp =\ —F7— -
P ar p = const

IMoaTromy um3 (4.4) BeiTeraer ciaenyiomas GopMyIa, CBA3HBAIMAL
IS COBEPUIEHHOTO Ta3a TEIIOEMKOCTH NP IOCTOSHHHX [ABICHUH
u ofBeMe M TasoBYI0 HOCTOAHHYIO R:

c, —c, =R, (4.9)

KOTOpas HOCHUT HasBaume GopMyan Maiiepa.

YpaBHEHHE IPHUTOKA TemJIa B 06ImeM cirydae COIEPIKUT BHOITHAN
OpuTOR Temaa dg'®. B HeROTOPHIX cayyaAx ypasHeHNE IPATOKA Tel-
Ja MOKHO WCIOJB30BATH i OOpefesieHusy HoTpedHOro mWiad
OCYINECTBJICHHOTO NPHTORKA TeIIA, eCiy [BH/KeHHE W IIOCIeNo-
BaTEAbHOCTh COCTOAHWM CIIJIONTHON Cpenn 3aJaHBl WIW H3BECTHEL
B sagagzax o6 ompemeineHnE [BWKEHHNA W COCTOSHUH CPeBI
HEOOX0MMO WMeTh fAaHHEE O 3aK0HAX, ONMpefeddOmMUX BHENI-
HUJ# IIPHUTOK Temia.

IMpurok wmam orgada TEIIOBOH 9HEPTHHU
MoryT ObhiTh 00yCHOBIEHL PA3IUIHEIME (u-
BWYECKUMK ABJIEHUAME. B DOpAnomxeHEAX

HaumGonee BaKHH Clegyomue (U3NUEeCKHe MEXaHHW3MH IOBOAA

TEImIa.

1. TenaonpoBogEOCTh — SABIEHWE BHPABHUBAHUA CPeJHEH Tel-
JOBO#l 9HEPTUM MEy YacTAMH CPemhl, HAXOMAMUMHCS B HEDOC-
PerCTBEHHOM KOHTAKTE, KOTOpPOe HOPOHCXONHUT 32 CUET MeXaHHde-
CKUX B3aMMOJe#cTBU#l W CTOJKHOBEHWH IPU TEIJIOBOM IBH)KEHHH
MOJIEKYJI, ATOMOB, 9JIEKTPOHOB U JPYTUX FACTHUI], 13 KOTOPHX COCTO~
uT cpega. Temnoormaga, o0ycaoBIAEHHAS TEILIOOPOBOLHOCTHIO,CY-
MEeCTBEHHKM 00Pa3oM CBA3aHA ¢ MAKPOCKOMHYECKMM HepPaBHOMED-
HEIM pacipefieJieHneM TEMOEPATypPHl 110 00bEMY Teja.

2. TennoBoe W3;y4eHUe U MOTIOMCHNE M3 yUeHNI — sBIeHHeE,
00yCIOBIEHEOC WSMEHCHUAMH BO3MOKHEIX COCTOAHHUYA DIEMEHTap-
HHX 9acTHI (MOJIEKYJ, ATOMOB, DJIEKTPOHOB ¥ ~, I.), M3 KOTOPHX
cOoCTaBIeHA cpema. = -

3. TemnoBmpmenenue; 00yCIOBIEHHOE DIEKTPHYECKEMHA JHCCH-
HATHBHHME IPOIECCAMH, H, B YACTHOCTH, IKOYJIEBO TeIlo, BHe-
AgeMoe BHYTDH TeJa IIPH HAJIWYAN DIEKTPUIECKOT0 TOKA.

, 4. WNHOTNA MOMHO CTIOMOIIBIO [[ONOJHATEILHOTO YCIOBHUA OTHO-
. GHTH K BHEITHEeMY HPHUTOKYTEIIAa dq(*) HeKOTOpH e YaCcTH IPAPANeHAA
BHEyrpenHeit »>aeprum dU m pabors BEyTpemmmx cmia dA(®) myTem

Bu3ngeckne MEXAHA3MbBI
moABofa TEIIa K cpene
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mepPeHoca 3THX WICHOB B HPABYi0 9AacTh YPABHEHHA MPHTOKA
Temaa.

Hanpumep, maMeHeHEMe BHYTpPeRHEH OHEPIHH 3a CYET XHMHAUE-
CKEX OpeBpameHnii uad (asoBHX MEPEXOM0B, CBASAHHHX C TEImJIo-
BHIIeJIEHAEM HIH TEIIOMOTIOMEHAEM, MOKHO 3aMEHUTh BHEMIHAMI
OPATOKAMHE TelJa W YIUTHBATH TOJNBKO WU3MEHEHHWe BHYTDeHHeH
SHEPTHM 3a CUeT W3MEHEHHS TEMIepPaTyPHl, MEXaHAIECKNX MaPaMer-
POB W, BO3MOKHO, APYIEX HBMEHAOMEXCH CBOHCTB CPEJIHL.

Pemenne KOHKpDeTHHIX 3ajad ¢ HWCHOJb30BAHAEM YPABHEHHA
IPHUTOKA Temila, B KOTOPOM YUYHUTHIBAIOTCA 3AKOHB [Jd HOPHTOKA
TemJa, KaK MpPaBWIO, MaTeMATHYECKM BeCbMa TPYMHO. B mpm-
JN0KEHHAX YacTo NPHMEHSTCA  NONOJHHTEILHEE  AOIYMIe-
HASA W, B 9ACTHOCTH, PACHPOCTPAHEHO MCHOJIB30BAHUE CHEIYIOMMX
H/IeaJIFHHX MPONECCOB.

1. Ilpomeccn, B KOTOPHX OTCYTCTBYET

Apmabarndeckdme  mporeech! [PHTOK BHEMIHETO TeIla W TemI000MeH

ME;KTY COCeHIME dacTumamu, T. e. d Q) =0.
Taxnme mneanbHEEe MPONECCH HASHBAIOTCA afmafarmueckumu. Vnesa
06 apgmabarTmueckuMx MpoIleccax CBA3aHA C PacCMOTPEHWEM Tel-
JOM30JHPOBAHHEX T€JI WIM OHCTPO IPOTEKAIMEX (HO WHOrJA
06paTHVHX) MPOIECCOB, KOIfA TemIoo0MeH He ycmeBaeT HpoA-

BHThCHA CYIECTBEHHHIM 00pasoM.
II. JpyrEM OpEMepOM MOKeT CIHYKATD

MHAICCKH i) bl o
Hsorepuirteciue nponece AneanbHE{ IPONecC, B KOTOPOM TeII006-

MeH, 00yCIOBJIEHHHN T TeNI0IPOBONHOCTEIO LI H3JIydeHHEeM, Ipej-
cTaBJaAeT co00l HACTOABKO WHTEHCHBHHU IPOIECC, a HU3VEHEHHe
COCTOAHMI MPOTEKaeT HACTOABKO MEJIeHHO, YTO TeMIepaTypy Bcex
gacreil CHCTEMBl MOKHO CUHMTATh mocTosHHOH. Takoit mpomecc Ha-
3HIBAETCH M30TEPMHUECKHAM.

Y paBHeHHE W30TepMAIECKOTO HpoIecca UMeeT BHJ

dT
@ =0

9To ypaBHEHHWE BMECTe ¢ ypPAaBHEHHEM COCTOSHHSA CDeflEl 3aMe-
HAET yPaBHEHWE MPUTOKA TEIIa, 9T0, BooOIme roBops, CHIBHO yII-
POIIAET TEOPETHUECKOS PemeHne 3a7adi 00 OTHCKAHHE IBIKEHMUS
CpeqH.

Ws ypapHeHmA NpHTOKA TemIa MOKHO IIDH STOM BRIYHCIHTH
KoJmuecTBO Tenna dQ€), Koropoe HAZO MOABOMMTE K KaKHo#H dacTu-
Ie CpeMbl LA OCyMecTBICHNs N30TePMAYECKOT0 Ipomecca.

3amernM, uro yeaosme dT/dt = 0 o3Hadaer AMMmMb ODOCTOAHCTBO
TEMOEePAaTyPH ¢O BPEMEHEM B KaKKol WHAWBHAyaJbHOH dacTHme
Cpejikl, TeMIepaTypa PasHHEX MEIUBAAYAIBHEX JaCTHI, MoKkeT OHTB
npu sToM pasHo#. OFHaKo 9acTo, FOBOPA 006 N30TePMHYECKHX PO~
meccax, IPeJHOJIAraiT, 9T0 TeMIeparypa IOCTOSHHA B IPOCTPaH-
cTBe M BO BpeMeHH, T. €. I == const.
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HaxoBen, HHOTRA H30TePMEIECKEMHE HABHBAIOT TaKKe IPOMec-
CHl, B KOTOPHX TeMIepaTypa 9acTHI[ MOKeT MeHATHCA BO BPEMEHH,
HO OJWHAKOBA JJiA BCeX 9acTHH. B sToM cliydae BMeCTO PaBEHCTBA
dT/dt = O mpepnonaraercs BHIOJIHEHHE YCIOBHA

grad 7' =0 mmm T = f (2).

O49eBHEHO, 9TO SAICHOE MOHAMAHME MOCTAHOBKHA 3aaYl HCKIIO-
9aeT BOSMOMKHOCTb KaKOi-1u00 MyTAHUIK, CBASAHHOMN ¢ CYIIECTBO-
BaHHWEM pAa3JIHIHHX OLpeleleHNi M30TePMHYECKAX IIPOMECCOB.

ITI. Hdnsa gByxmapaMerpmdecKOd CIJIOMHON CPENkl B Kad4ecTBe
COOTHOMEHHS, (UKCHPYIOMETo NPOIecc, MOKHO B3ATh BMECTO ypaB-
HeHHUs NPHATOKA TEIIa IPAMO HEKOTOPYIO CBA3EL MEKAY IJIOTHOCTHIO
u gaBieEmeM. ECIH cBA3h OMEMHAKOBA [JA BCEX YACTHUI, TO TAKOH
npomecc sABIsSeTca 0apOTPOIHEIM.

B gacrHOCTH, Hpollecc HA3HIBAeTCA IIONH-
TPOIHKIM, €CJIHU BEIIOJHSIETCA PABEHCTBO

p = Cpm,

Iie n — OOCTOAHHOE YUCI0 — IOKAa3aTeab HOIHUTPOUH, a C — He-
KOTOpasA HOCTOSHHAA.

C moMompbio ypasHeHMs IPUTOKA TeIJa [AJAs 3aJaHHOM CBA3H
p = f (p) 7eTKO oNpefeNUTh BEIMYMHY BHEITHEI0 NPUTOKA TeIla,
ofecmearBaIOIMYI0 HANWIAE 3TOH CBA3M.

Ecam ras coBepmeHHH#A W mpomecc OOJUTPOUHKM, TO U3 ypaB-
HeHWs NPHATOKA Temwra opm n > 1 mainem

1 dRT

dq) = dU Cp"d—P— =, dT— —

n—1°

Orcioma Ha OCHOBAaHHZ paBeHcTBa Maiepa
R=cp, —cv

npm NocToAHHEOM R moayamm Opoctyio GOpMYIy AIA IPUTOKA
TEIa:

Ecaun>> cp/ey > 1, To npu noBnmwenrn TeMuepatyps dg > 0 —
moaygaerca moasofd remna. Ecam 1 < n < ¢p/ev, To dg® < 0 opm
dT > 0 m, ciegoBaTeNbHO, MOBHINEHNE TEMIEDPATYDH COIDOBOMK-
HaeTcsa oTBopoM remna. Ecam n = ¢p/ey, To dg® = 0, T. e. Takoi
MOMUTPONHHHA mpomecc ABAgeTcA apgmadarAdecKuM. Y Ka3aHHHS
CBOMCTBA XAPAKTePH3YIOT (U3AYECKHA CMEICI IOKasaTelas NoJH-
TPOLOH It.
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Hzorepun1 coBepUIEHHOro PaccMoTp¥M IpoCTPaBECTBO COCTOARME [BYX-
rasa ; IapaMeTpUUIeCKO® Cpefn, 3ajaBaeMoii ma-
pamerpamm cocrosmds p ® V = 1/p,Hamn-

pEMep coBepmeHHOT0 Tasza. Bce TepMopwEaMmueckue OGyHKOEH
TAKOH CpPefH ¥, B YaCTHOCTH, TEMOEPATypa, KOTOPYI0 ceidac MH
Oynem oGosmagars GykBoit 0, momwEN Gurh yEEmEAME p m 1/p:

6:6<p, -:)—-\)

Paccmorpum paBHOBecHHe wuzorepMmucckme (0 == const) nponec-

CH, IPOTEKAKINHe B TaKOH cpefe. IIposemeM B mMpPOCTPAHCTBE CO-
crosiamit (p, 1/p) xpusnie 6 = const (msorepmer, puc. 50).

B cayuae coBepmeHHOTO rasa

m3orepMsl B Irockocru (p, 1/p) Oy-

# OyT, OYEBUIHO, THmepOoIaMu
;S— = const, (4.6)
= Ws ypaBHeHMs mpuTOKa Temia
’ z
7 AU + pd—— — dg
Puc. 30. M3oTepMH COBEpIIEH- e
HOTO Tasa. BCETa MOJKHO IIOICIUTATH HPHTOK

temna dq), KOTOPHH HeoO0XOoauMo
DOABECTH K CUCTEME [Jisf TOTO, 9TO0BI MPOIlecC OB MB0TEPMUIECKAM,
JIlna wmpealbHOrO COBEPUIEHHOTO Iasa ITOT IPUTOK Temia paBeH

1 1
(dq(e))HEOT = pd —5— == RGpdT .

Ias cosepmensoro rasa dg® >0 mpm m30TepMEIECKOM Pacmupe-
Hon u dg¢® < (0 mpz u3oTepMuUIecKoM c3KaTHH. [Ina DpoH3BOIBHOTO
rasa Buj H30T€pPM B miIockoctd (p, 1/p) saBucHT OT BHAA ypaBHe-
HUA COCTOAHMA.
3amernM, 4TO Ha OFHOM M To# Ke mazorepMme O = const MoryT
HAXOQUTHCS TOYKH, COOTBETCTBYWINWE, HADPUMep, TOYKAM KWHIiie-
HOA U 33TBEPAEBAHUS BOMAB, TAK KAK TEMIEPATYpH KHIOEHUA H
3aTBep/IEBAHUs BOMK 3aBUCAT OT JABJICHHA.
B cayuae apmabaTuvecKEX OPOIECCOB

Apmabara  Ilyaccona (dgtey = 0) ypaBEeEHe DOPHUTOKA Temia,
Kak JIETKO BHJETh, MMEEeT CJeMYIOmUi BuJ:
1
dU -+ pd? = 0. (£.7)

Orciona, ‘ecnm BHYTpeHHEAs 3Heprua U (p, 1fp) maBecTHA, MOMKHO
HaliTH 3aBHCEMOCTB p OTp B CIy9ae HEMPePHBHLIX afumabaTudecKux
IPOIECCOB. e
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Jus coBepmenHOro rasa paseHCTBO (4.7) IPHHEMMAET BHJ
Cy §4 1
—d = d— =0
= 0 +p o

WJIE, eCJIK BBECTH OTHONIEHHE y == cy/cy,

L (dp gt g L0,
oy | AP p)+p( P
OTRY/IA
1 1
Zdp -wpd - —0:
0 p-+1p 0 >
IIocJje MATErpupoBaHUSL OO yUuM
—B; = const. (4.8)
P

JdTa KpHUBas B II0ocKoCTH (p, 1/p) HocuT HasBanme aguabarer Ilyac-
COHA, & Y= ¢p/cvy Ha3HBaeTCA IMOKazareaeM anuadarsl. Jepes Kasm-
IYI0 TOUKY pgy, 1/3, mI0cKOCTH cOCTOSHMI (p,1/p) MOKHO, 09E€BAL-
110, IpoBecTH m3oTepMy (4.6) m agmadary (4.8).

BrisicHuM Ttenieph, KaK PACHOOJOKEHH J[PYT

Baammuoe PACHONOKEHAC  orpocuTebHO  APYra B KAMKAOHK TOYKC

n3oTepM W ag@adar A co- 1/ 6

nepIIenHOro raza mrockoctd (p, 1/p) msoTepMu u agmaGaTel
Ilyaccoma  mis  COBePHIEHHOTO  TIasa.

Jlas Touer BoNB MBOTEPMEI, IPOXOJAINEN Jepes TOIKY po, 1/04,

[
i ,
| W
4 '—’py, Y4 =Ly "
‘‘‘‘‘‘‘‘ oy Hoamepma 8=const
| ' .

i

| NS Aduatama

' ~ ag@=4

)

- 7

Puc. 31. BsaumMHOe pacmonoskenune aguabat

Hyaccona ¥ B30TepM 1ad COBEePIIEHHOT O rasa.
OynemM UMETDH

p
Do Do g Puor _ p

P po ' " po po ?

a BEOJIL aguaGaTs, IPOXOAAIIEH Tepes Ty JKe TOUKY,

P \Y
P B0 e 2 —p>‘.'
p¥ Py Po \ Po

Iokasarens agmaGarnr p =fcp/cv > 1, mosrtoMy’
Pugor = Pag TPE 0/p0 <1 B pyuo <Py, 1PHplpo >1,
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T. €. H30TepMa B mrocKoctH (p, 1/p) mpasee roaku p,y, 1/p, muer
BHme anumabaTe, a neBee TOYKH p,, 1/p, — HIKe agmabaTh
(pmc. 31).

3aMeTuM, 49TO 3TO CBOUCTBO M30TEPM M afuabarT yCTaHOBIEHO

mas copepmeHHOT0 rasa. OHo coXpaHsAeTCA W A MHOTEX ADYTHEX

cpef, HO He BHIOOJHAETCH, HAOPUMED, AJA BOJH B MHTEDPBAle TeM-
meparyp or 0° C go -+4° C.

ITopueprnem eme pas, 4to pabory BEyIpeH-

Cosepmaeman cacTeMOil  HEWX cun S pd e MOKHO BCer[a BHIYHCJIUTH,

pagoTa
eclIu 3a/1aHa 3aBUCHMOCTb p (p), T. €. KDpH-

Bag B munockoctu (p, 1/p). 910 3maumr, aTo PaGoTy BEYTPEHHAX
cua S p d—— MO;XHO BHYHCIHTH JIdA A000oTo mpomecca £, MEXAY

To9kaMa A 1 B B IIOCKOCTH COCTOAHEWA. Ho pafora BHYTPEHHHX
cun B ciydae GeCKOHEYHO MeJIeHHOrO Iponecca paBHA BBATOMH
o6paTHEIM 8HAKOM Pa0oTe BHEMIHUX CHJI HAJ CHCTEMOM MIN B3ATOH
¢ TeM jRe BHAKOM pafoTe, KOTOPYIO CaMa CHCTEMa COBEpPIIAeT Haj
BHemHEMY TesiaMu. TakmMm obpasoM, HHTerpai

1 1
AB(£)

BHIYHCIEHHHH o mytn £; B mrockocr: (p, 1/p), ecnm A > 0,

mpejcrasiasger coboit cyMMapHyo pabory, KOTOPYIO TepMOAHHAMU-

qecKad CHCTEMAa COBEPIIAaeT HAJ{ BHOITHEMU TelaMu 82 BPEMs paB-

HOBecHoro mpomecca £, mam, ecau A < 0, cymmapryo pabory

BHEITHAX CWJ, KOTODYIO HAJZO COBEDIIUTL HAJ CHCTEMOH AIf oCy-

mecTBIEHHEA Hponecca ;.

. Amamormuso pmiasa gioGoro mpomecca <y
HoaHLil NPATOR TemId, WOA- (5, — p (1/p)), ecim 3afaHA BHYTPEHHASM
BOAUMBIH K cuCTEME H3BHE :

smeprEa cpepm (U =="U (p, 1/p)), Momxno

BEIYHECJIUTH IOJHEIH IPHTOR Teilia

0= { ag®. (4.10)

AB{($23)
KOTODHH Heo0XO[UMO IOJABECTH K CHCTeMe H3 BHemHed cpefn
(ecmm Q) > 0) mam OTBECTH OT CHCTEMH BO BHENIHION CPexy (ecam

Q)< 0) gna ocymecTBIeHHA mpoxmecca Z.
Ilo nepBoMy 3aKOHY TEePMOJUHAMUKI

Q¥ = S(dU—l—pd—;—) dm = SdUm—i— A= Upnp— Una + A.

AB(£)) (4.11)
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Unka Kapno Paccmotpum caepyromuii BamHHE paBHO-
BecHbIH oOpaTuMbli 3aMKHYTHH @Oponecc,

KOTODHI HOCHT HazpaHMe ofparuMoro mukja Hapuo. PaGoumm re-

oM, T.e. cpefoif, KOTOpasA coBepmaer 9TOT MK, IYCcTh GyHer co-
BepIIeHHH A ras nid awbasa gpyrasa AByXnapaMerpHuecKas cpeja-~
ompepensieMad mapamerpamu’) p u 1/p. M3 npomsBonbHO# TOIKH

71N
M
V4
by, =const
g Vg b, =const
7

Pue. 32. Mukn Kapno.

M (py, 1/p,) mpocTpanCTBa COCTOAHUMA ras mo n3orepme O; = const
GeckoHeURO MeJJIeHHO pacIupsaeTcsa N0 cocTosama N, 3aTeMm ras
pacmmpaerca apumabarmdeckm mo cocrosHuA K ¢ Temmeparypoii
0, <8, m or K cxuMaeTrcs WBOTEPMHYECKH [0 COCTOAHWA P,
M3 KOTOPOro MOKHO BHOBbL BEPHYTBECSA L0 agmalare B nepBOHA-
gajgbHOE cocrosHue M.

Cucremy, cosepmarpmyo nuxa HKapro, Ha-
llpumep Mammmel, paboTalw-  gopey MaMHOLM. 9Ty MamMAY MOMKHO MBIC-
1}1{1:}1:“;10 obparmyoMy UHMRIY ;e GeyInecTBJIEHHOM, HAIPEMeD, clenyio-

muM o6pasoM. BospMeMm oGheMm rasa ¢ TeM-

OeparTypoil U; ¥ 3aKI0YAM €ro B IMJIHHAD, ONHH KOHEIL KOTOPOTO
BaKPHT HENONBIDKHOM CTEHKOH, a4 BTOPOUl — HOABHKHHM YDPAaBHO-
BemeHHHM B HA4aJbHHEIM MoMmeHT mopmHeM. CHavama mago 3acra-
BHUTE I'a3 B NUIHHpe pacmuparbes or M go N mpu 6, = const.
Ilna sroro mpepcraBmM cebe, 9T0 GOKOBEHIE CTEHKH HWIMHADPA H
HOpIIeHh TEIIOM30JHPOBAHKE, & JAHO XOPONIO HPOBOJAUT TEIIO H
CTOMT HA Harpesarelie — Teje GOABIION TEMI0EMKOCTH, HMEKINeM
mocToAHAYI0 TeMmepatypy 6,. Byxem npoBoguTe pacmupenye rasa,
CHEMAas MOCTENEeHHO ¢ HOPIMHA (eCKOHETHO MAaJke TPY3h TaK, YTO-
Ol mopmeHs OECKOHEYHO MejjleHHO HORHMMAJCSH, a TeMIepaTypa
0 rasa ycmesayia CpaBHATBHCA € TeMImepaTypoii 0, Harpesatena u Bo
BCe BpeMs HOgbeMa MOpPmMEHA pasHANAch Ow 0,. JlaBienwe p mpu
3ToM yMeHbInaercs, a obbeM rasa pacrer. [lofiga TakuM myTeM jo
coctogHEAA N, cHEMEM IWIWHAD ¢ HAarpeBaTenas, 3AKPOeM KHO JO-

’

1) Bmecro 1/p MOJKHO HCIONL30BaTh PABHONPABHYIO Beawuumay V = m/p

TaK KaK BCe PACCYKIEHHA IPOBOJATCA AJA cyOCTaHNHOEaJdbLHOro ofpema V,
Macca m KOTOpPOrO HOCTOAHHA.

8 JI, . Cexos
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TMOJHUTEIbHOH, He IPOBOAAMEH TEII0 KPHITKOH M ONATh, CHUMAsA
HempepHBHO 0eCKOHEYHO MAJbBE TPY3H ¢ HOPIIHSA, OyaeM paciii-
paATh ras agmabaTAgecKy [0 cocToAHMA K, 3aTeM BHOBb MOCTABHM
NUJINHAD HA TeNo ¢ HOCTOSHHOHR TeMIeparty-
poit 0, m HaTHEM OeCKOHEYHO Me[JieHHO Ha-
%E&w rPY/KaTh MOPIIEHD, C;KEMAS T'a3 [0 COCTOSHHSA
P. Ilpu stom, odeBmgHO, TEMIepaTypa rasa
CTPEMHUTCS MOBHICHTHCH, HO MH €€ YMeHbIIA-
€M ¢ IIOMOMmBI0 TeJa TeMIepaTypul O,, KOTo-
poe B aTOM ciyuae paoraer yike He KaK
Iy HAIDeBaTeldb, a Kak XojomuiasHUK. Hoiims
mo coctosiHMA P, ycrpomM agmabaTmYecKoe
cyKATHe Tasa u, Wposiodkasi GecKoBeuYHOo Mefl-
Prrc. 33. Mamima, pa- ﬁgﬂgo Harpy»aTh NOPIIEHD /10 BeIHIHHE er?
Goramman mo maxy PBOHAYANbHOM HArPY3KH, BEPHEMCHA K CO
Kapso. crosgEm0 M. Opraru3oBaHHEI{ TAKUM IIyTeM
nuka KapHao MoHO upoBecTH Kaxk B OJHY
(MNKPM), tak m B gpyryw (MPKNM)
cTopory. OH ABIAETCA WMAEANH3MPOBAHHEIM OECKOHETHO MEIJIEHHO
IPOTEKAIOMUM 00PATHMBIM [UKIIOM.

B ofmem cnyaae MomHO paccMaTpHBaTh Kak o6paraMoe, TaR H
HeoOpaTmMbie NEKAH. B cayuae ofparmmoro mukiaa KapHo ero
MOKHO HPOBOJUTH KAK B ORHY, TAK U B APYryi0 CTODOHH!.

Cucrewa, mpoxommmas maxs HpOPIHTeI‘p](IpyeM*zpaBHeHHe IPHTOKA TeIl-
Kapno, xax rtemmoras mm 1 (4.1) (upm dg** = 0) mo BceMy OHUKIY
XON0ANbHAN MAINAHA Kapro. Tak Kag BHYTpeHHSA SHePrud ABIA-

eTcA OJHO3HAYHOI (QYHKIOUEN COCTOAHMA,

TO, &dU:O n

pat=fago
nimn

A =09, (4.12)

rie 4 — monHas pafora, «coBepmIaeMas» CHCTEMOMl B Ppe3yib-
raTe nukaa Kapao, a Q(°) — noMHHI <IOPHTOK» TemaAa H3BHE K
cucTeMme,

Tak kar mrorHOCTH MexaHmIecKOH padoTn A/m pByxmapamer-
pmueckoit cpepml, paGorapmeil mo MI60MY 3aMKHYTOMY LIHKIY,

1
pPaBHa § p d —’3——, TO O9€BH/IRO, UTO YHC/IEHEHO OHA PaBHAETCA Ooma d,

: OTPAHHYEHHOH KPHUBLIMM, H300paKAl0MUME NPOLECCH DHKIA B
| IIIOCKOCTH cocTofrmit (p, 1/p), u, ciefoBaTensHO, BOOOME roBOPH,
‘ OTIWYHA 0T Hyns. B ciydae paccmarpmBaeMoro nukia KapHo mmor-
HOCTE pabotir A/m pasra maomagu MNKPM u A > 0, ecan nuxa

]
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npoxopmrca B mampapierad MNKPM, n A < 0, ecaw mura upo-
xopuresa B obparHoM HanpasiaeEmm. Ecam 4 > 0, 10 cmcrema B
NUKJIe IPOUSBONMT MEeXaHMIeCKyl pabory m, coraacEo (4.12),
IS ToJyYeHHA 3Toi paGoTH K CHCTEMe Hajo mojeectd Temmo (),
IToryuaem TemnoByio MammHEy, KoTopas paGoraer mo mukay Hap-
HO, OepeT Temno N3BHE W POU3BOIAT MexarmIecKyio pabory. Ecam
e A < 0, To BHEmHME CHILI COBePmAanT pafoTy Haj CHCTeMON m,
cormacuo (4.12), ME momydYaeM OT CHCTEMHl Temyo. Bmoas ygacr-
rkos agmabar NK m PM umeem d¢® = (. CucreMa oOMeHHBaeTCA
TEIJIOM ¢ BHEIIHeH cpemol TONMBKO TOT/A, KOT/A IPONecC HeT 110
yzacrraM mdorepMm MN u KP.

Boime 6mIo yCTAHOBIEHO, UTO JIIA OCYMECTBICHHA W30TED-
MHYECKOTO DPACIIKPEHRAsA WK C/KATHA rasa HAJO0 COOTBETCTBEHHO
MOBONUTH MIK OTOMPATH TemIo oT chcTeMnul. [TosToMy HaA yYacTKe
uzorepMu MN, rme ras3 pacumpsAercsa, HeoOXOZEMO IOJBOJATH
Temmo, Koropoe obosHauuM deped @y > 0, a HA yuacTKe CIKATHA
KP meob6xommmo oTBOIHTH KoamdecTBo temna @ > 0, uTro  pas-
HOCMIBbHO wopBoxy Ttemnd — Qy < 0. Tak xark ywactkm NK m
PM — apgmabarsl, TO 4JIA CYMMapHOT'O mojiBejeHHOTO Temma (9
33 NOAHHHA nUKA KapHO, DPOXOAMMEIH 110 4YacoBOHM CTpeNKe, IO~
AyIuM

Q¥ = Q1 — Qs
Cornacuo (4.12) MoxuO HammCaTh
A=09=0Q1— Qs (4.13)

Cucrema, cosepmalnomas nuka KapHo, B 39TOM ciydae ABJIAETCA
TEemIOBOl MammWHOH, Koropasa 6eper Ttemno (; OT ropsdero
TeJa, OTJAeT 9aCTh 9TOro0 Temna () 6oliee XOMOMHOMY TeNy M 3a CYeT
KoludecTBa temaa (), — (J, OPOMBBOAHT MexXaHHIECKYyl palbory.
Ecan mura KapEO OpoxommTes B NMPOTHBOLOJNOKHOM HANPABAE -
HAH, TO Ha yuiacTke PK mopnBoguTcs KoamdgecTBO Temia Qp > 0,
a Ha yuacTke NM OomBOAWTCA OTPUNATENHHOE KOJIHYECTBO Tell-
na — @y < 0. O6mee KoamIecTBO IOJBEAEHHOrO Temaa B obpar-
HoM murie Q)= A, < 0 (oTpumaTenpHo) M OmpeNeNeHO paBeH-

CTBOM
A= Q= Qa— Q. <0,

B sToM crygae Mammea, paforammas mo nmukay HKapuo, pa6oraer
KaK XOJONMIbHAS MAIIHHA, T. €. 3Ta MammHa Geper Temmo Q, oT
MeHee HAarpeToro pe3epByapa W 3a CYeT MeXaHWIeCKO#H paboTH,
OOJNy9eHHOM W3BHE, IepefaeT TeIo

Ql = QZ ’_ Al
Goimee HarperoMy pesepByapy.
ge



K. m.

Tcopema Kapno
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§ 5. Bropoe nHavano TepMOTMHAMHKA W HOHATAE JHTPOIHMM

PaccMoTpEM Temeph BTOPOW 3aKOH TEPMOJMHAMEKHA, KOTOPHIH,
TAK K€ KAK ¥ OePBHA 84KOH, HpeJcTaBiseT coboil yHABEPCAIL-
HOE YTBeDKIeHHUE, HOATBEPIKIAeMOe BCEMHU H3BECTHEIME OHEITHBIMU
JAHHHIME W BCEMHM TEOPEeTHYECKHMH IPEACTABICHUAMHA O MEXaHW3-
Max ¢mamdgeckEX sBieHm. Bropoil 3aKOH TePMOJZMHAMHKH yTBEp-
IAeT, UYTO HEBO3MOKHO YCTpOHCTBO, KOTODOEe MepeBOAHJIO0 OF
TeILI0 OT Tejla ¢ MeHbIIed TeMmepaTypoil K Tely ¢ Goabmei
TeMmepaTypoii 0e3 Kakux-au00 W3MeHeHHWII B JPYIUX Telax.

Bropoit 3axkoH TepMOAWHAMMKHA MOKHO eme cHOPMYIHUDPOBATH
TaK: HEIb3S MOCTPOMTh TaK HASLIBAEMHH BEYHHHA JBHACATENh
BTOPOrO pofia, T. €. MAMAHY, KOTOpasd, paboTas B cOriacum ¢ mep-
BHIM 33aKOHOM TE€PMOJFHAMUKN II0 HEKOTODOMY IHKIY, NepHOan-
9ecKH coBepmaja Obl pafoTy TONBKO 32 CUeT OXJIIKACHHSA HEKO-
TOPOr0 OJHOrO W TOT0 K€ HCTOYHHKA Temla ¢ (UKCHPOBAHHON
treMoeparypoi (or6op Temra w3 pesepByapa ¢ MOCTOAHHON TeMmepa-
Typoii).

Hmxe Mu mokaykeM, uto 3TH fBe GOPMYJIHDOBKH BTOPOTO
8aKOHA TEPMOJMHAMUKHA SKBHBAJEHTHH.

Hagmem ¢ Toro, 4ro ¢ moMompi0 paccMOTpeHHs mukiaa HapHo
MOJyYAM Ba;KHBIE CIAENCTBUSA M KOJIHMYECTBEHHYI0 (GOPMYIHPOBKY

BTOPOTO 3aKOHA TEPMOJAHAMUKH.
BseneM momatue kosddmmmeHTa mMONE3HOIO

ne#ictBEsa (K.O.A.) 1 TEIIOBOH MAIUWHE,
pa6oraromieii mo nuray Kapmo. Ilo ompenemenmio x.m.ji. v nHK-
na Kapro HasmBaeTca oTHOmIeHHMEe NOJYYeHHOH B pesyIbTaTe
peanmsanun DEKJIA MexaEWYeckod paGorhl 4 ™> 0 x mojBefeHHOMY
K cucTeMe 3a BpeMa mukiaa teuny Qp > 0. Ha ocHoBammm (4.13)
i K. o. A. nurna Kaprao BepHa dopMyia

_A 4 Q
n= G- =1—- <L (5.1)

. nmkna Kapao

ITonyuennoe cpoiictBo n < 1 musa muwaa Kapro ects ciencrsume
TIepBOro 3aKOHA TEPMOAAHAMUKY.

3amMeuaTeabHBIM CIEJCTBEEM BTODPOI0 3a-
KOHA TePMOJWHAMUKN ABISETCA CIeRYyIOmAan
teopeMa HapeO 0 cBoficTBax k.m.j. 1 mukiaa Hapwso.

Hasa Beaxoro obpatmMoro mukaa HapHO BeMWYHHA 1) 3aBHCHT
TOJNBKO OT Temmepatyp 0, m 0,, 3afmamAHX Ha msorepMax MN n
KP (pmc. 32), m He 3apHCAT HE OT CBOHCTB paouero Tema, yuacr-
Bylomero B mukjae Hapro (3a KoTopoe B IOAPOOHO pas3oGpaHHOM
BHIIe IpHMepe MOr OHTh IPHHAT COBEPIIEHHEH# ras), HA OT
cnocofa OPraEWM3aNEA LHHKJIA, ONpeAeiseMoro, HaNPHMED, pasMe-
paMu pabovero Teia H CTENEELI) PACIMEPEHHs BIOJAL HM30TEPM.
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HoxasxeM, aT0 1) 3aBHCHT ToABKO OT 0, A O, W ABAAETCA abCommr-
HO#l XapaKTepHCTHKOH obparmMoro mukina Kapho, T. e. yHEHBEp-
canpHO# QyHEmEe#r v (0;, 0,). OgEOBpEMEHHO ¢ JTHM HOKAa’KeM,
qro ecam Temmeparypw 0, m 0, ¢mrcmposamH, TO K. W. 1. n’ Ma-
muHH, paborammeit no HeoGpaTmMmomy mukny Hapro (1. e. miofoii
TeIUIOBOM THWKINYECKH paboTaiounedd 10 ¢XeMe pHC. 02 MAIIHHAE,
dJeprmaloliedl TEmI0 TOMLKO W3 PEe3ePBYAPOB C LOCTOSHHBIMYU TeMIle-
parypamu 8, u 6,), He MoyxeT 6HTE GoNbIe K. II. . 1) MAITHHEH, paGo-
TAIOIMeHd II0 COOTBETCTBYIomEeMy oOparmMoMy mukixy HapHo, T. e.

M <7 (5.2)

Takum obGpasom, K.I.A. mukIa HKapHo MakcmManen mOpu 006-
paTHMOM IIpOLecce ¥ HUKAKMMH WOYTAMI He MoKer OHTh CHeIaH
PABHEIM e[{MHUIE, TAK KaK /{1 TONyYeHUS MEXaHHYECKOoH paGoTH
A Heo0XogmMo He TOIBKO B3ATH U3 OKDPYMKAOIMEHd CpegH TemiIo
(Q, nnA opraEW3amUE H30TEPMHYECKOr0 DACHIMPEHHsd, HO U 006s-
3aTENBHO OT/IATH B OKPYKAWIYIO cpeny 4acTh (, B3ATOTO Temia
OJIA OPraHu3amuy HW30TEPMUYECKOr0 CYRATHA.

DoxarxeM cHauana yreepsaerde (5.2). Il sToro npenosoxnm,
970 CYIECTBYIOT ABAa IHUKIa HapHo: oguHE HEOOPATHMHHA, K.O.J.
KOTOpOTO ", U APyroi 06paTuMHH, K.I.A. KOTOPOTO 1), IPHIEM
HArpeBaTeNIH ¥ XONOJWIBHAKA B OTHX MAKJIAX COOTBETCTBEHHO WMe-
0T OfWHAKOBHE TeMOepatype 0, wu 0,, mpmuem 0, > 0,. Homyc-
TEM, 970 1’ >, @ y0eguMcsa, 9TO 5TO AONYIMEHHE OPHBOJUT K
OpPOTHBOPEUMIO CO BTODHIM B4aKOHOM TepMoawHaMukm. JleiicTm-
TeIbHO, OCTh TEINIOBAsA MANMKHA ¢ 1)” paboraeT B IPAMOM Hampas-
JeHny W IPOM3BOJUT MEXaHWYeCKyw pabory A’. 3acTaBUM BTODYIO
(oOpaTuMylo) TEONOBYD MAMIWHY pPaGoraTh B MPOTHBOIMONOKHOM
HATPABJIEHAW, T. €. HCIONB3YyEM €€ KAK XONOMUIBHYH MAIMAHY.
Torpa pans Mammee ¢ K.ILA. 7" mmeem Q >0, @, >0m
A"=0Q{ — Q; >0, a gna mammAn ¢ K.IO.7. 1 umeem Q >0,
Q>0 A= Q;— Q@ <0 (—4 > 0 — pabora, coBepmae-
Masa HAJ XOJONHNBbHO# MamMHON).

BriGepem o6parumiii mura HapHo Tak, 9100 ¥Memo MecTo
paserctBo ') —A4 = 4", T.e. Qi —Q:=0Q; — Qy, mw coexmm-
HUM 9TH JBe MamuHE BMecte. llomyumM MammuHy, A KOTODOH

A=A +A=0Q{+ Q— Q— Qs =0.

EpuncTBeEHNE sddeKT, OpomssoguMuil aTo# cocTaBHOE Mamm-
HO#, OyZeT 3aKA0UATHCA B IepepacupefeeHHN TeINIOTH MERIY
TeaaMH, KOTODHE CHAYMKAT HarpesaTelieM M XOJORWIbHHKOM.
Ot omHOro M3 HUX OeperTcsa W mepefaeTCa APYroMy KOAHIECTBO
remna (Q; — Q) = (Q;, — Q»). Mmu srfpanm oGparmMuil m
1y Takoit BuGOp oGpaTHMOll MaIIMAH € TeM 3Ke K. IL. J. 1 BCeIAa BO3Mo-

#eH UyTeM LIpPOoCTOro uo,mﬁopa pa3Mepos paﬁoqero TeJla, TAaK KAK BEJUYHNHBL
paﬁo'rmn Teulla B pacCMaTpHBaeMOM CJ1ydae HPOIIOPHMOHAJIBLHLI Macceo Texa.
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HeoOpaTUMHil NWKJIH Tak, 9T0 |A| = A", mostomy 1Q; = n'Q:.
Orcropa cnexyer, uro W3 MOpefmoNokeHHsA 1) > 1] BHTEKaeT

HEpaBeHCTBO .
Q<<

(Ql - Ql) = (Qz - Q?) > 0. (5-3)

TlonosxurenpHan senmuusa (Qz — Q,) paBHa o0mieMy  KOJIMYeCT-
By Temia, safHpaeMoMy M3 peaepByapa ¢ Temmepatypoit 0,, a pas-
Hag eif moxommrenpHas BeamamHa (Q; — Q)) — KoxmgecTBY
Telna, mepefaBaeMoMy B pesepByap ¢ Golee BHCOKOH TeMmepary-
poit 6, > 6,. TakmMm oOpasoM, cocraBHas MamuWHA 0e3 3aTpPATH
BHemiHe#t 5Heprum OyferT mEePeBOXMTH TEILIO OT XOJIOJHOTO pesep-
Byapa K TopsYeMy, 9TO HEBO3MO)KHO COIJIACHO BTOPOMY BaKOHY
TePMOIMHAMUK.

Tarxum ofpasom, crenaHHOE HAMHI IpPeNIONOkKeHHe, UTO 11" >>1),
OpHBEIO X HPOTHBOPEYMIO CO BTODHIM 3aKOHOM TEPMOIHHAMH-
KH U TOJKHO OBITH OTBEPrHYTO. [[OMYCTUME TOABKO BO3MO/KHOCTH

" <nummy =7 (5.4)

Ecam mammua ¢ k.m.j. 1’ Takke ofparmMas, TO, DOMEHAB Mec-
TaMa 1)’ H 1] B OPeHAYIAX PACCYKACHAAX, NONYIAM

mwm

n <7 @i g’ =nq. (5.5)
CoorHomienus (5.4) u (5.5) COBMECTHH TONBKO IPH YCJIOBHA
n =

JTAM [OKA3HIBAETCH PABEHCTBO K.H.J. MIOOHX [BYX OOpDATHMEX
mukios HapHo mpu opmEakoBmx 0; w 0,. Ecim MammEa ¢ K.O.7.
1’ HeoOpaTmMa, TO HeXb3s 3aCTaBATh PAaGOTAaTh 3TY MANMHY C TeMH
)K€ pesysabTaTaMi B OGPATHOM HAUPABIEHWH W IIO3TOMY HENb3A [0-
Kasarh PaBeHCTBO (9.9).

CrnemoBaTenpHO, eCiIM NHKI ¢ K.IL.JA. 7' HeoGpardaM, To BooGme
HMeeT MeCTo HepPaBEHCTBO

' <M.

HKosppunment 1 xapakrepmayeT cTeneHL WCIONL30BAHUA TEMJIO-
BOi osHeprum (@, coo0IaeMOd HATDETHIM TenoM paboTamDied Ma-
MUHe; TOALKO UacTh 9TOH SHEPIHH, oUmpefeNseMas BeAUIHHOM 1),
IpeBpaMaeTcs MAIAHON B MexaHWYecKyio pabory. Hambomee BH-
rogHa ofpardMas MAammMHAa, TaK KaK paiad HeoOpartmMmoii, Boolmie
roeopsa, Beerma n' < 1. B aToM cMmuicie rosopaT, 4ro HeoGpaTHm-
MOCTH BeJer K JOHOJHMTEeNbHOH mIorepe YacTH 3arpavYmBaeMoi
9HEePrHH. '
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Ilpm moxasarenbCTBE PAaBEHCTBA K.II.J. BCeX OGPATHMBIX IAK-
moB HapHO MH He MONB30OBANNChL HHU CBoiicTBaMm pabowero Tena,
HH 9YACTHHEIMH CBO¥CTBAMH I[MKJIA, CIELOBATEIBHO, K.I.O. OG-
parumoro mukiaa KapHo He 3aBHCHT OT CBOMCTB paGodyero BemecTBa u
OT CTEIeHN DACIIHPEHWs, a BABHCUT TOIBKO oT 0, m 0, m gBiasAercs
yEHBepcanpHOl dyEKnmelr 1 = n (0;, 0,).

Tenepr HafiieM sTy yHHBepcanbHyn QyEKmEIO 17 (0;, 0)).
Ho ompepenenmio k.m.m. nukaa Kapao umeem

_ A 4 Qs
n(el,ez)——Q—l—i o

Beemem BMmecto M (0;, 0;) dyHKIHIO
f(01,02) =1 —n (8, 0y),

/61, 05) — 2=

Honyaum mna f (0;, 0,) dyHKRIUOHANBLHOE ypaBHeHue. las sroro
paccMOTpUM TPH Teja OONBIIOHA TEIIOEMKOCTH ¢ TEMIEpPaTypaMu
0,, 05, 03 m Tpu ob6paruMuXx nmxaa KapHO, B KOTOPHIX BTH Tela
CAY/KAT HATPEBATEIAMU WIH XOMomEAbHUKaMu. (QueBUTHO,

[0,0) = L= 2 Lo j(0,0.)7(0,00),  (5.6)
rae, HanpmMep, f (05, 0,) =1 — 1 (05, 0,) nua muena Hapso, B
KOTOPOM TEJIO ¢ TeMmeparypoil 0, ciyskur HarpeBaTereM, a TeIo ¢
TeMoeparypoi 6, — XOIONHABHAKOM, H T. [i. 3aMeTHEM, 4T0 HOPA-
INOK yKasaHUA apTyMeHTOB QYHKIMM CyHieCTBEHeH, HA IEPBOM MECTe
BCETJIa CTOUT TeMIleparypa HarpeBareis, a HA& BTOPOM — TeMuepa-
Typa XONOmMIBLHUKA paccMaTpmpaeMoro muria HKapmo.
B cayuae 0, = 0, ypasHernume (5.6) CBOOHTCA K YCIOBHIO

1 =] f(93, 91) . f(e]7 63),

T. €. IPHE TEPEeCTAHOBKE aprymenToB (yHKOUA f mpeBpamiaercs B
1/f. Wcnonbsysa ato cBoiictBo (yHKmum f, w3 ypasHeHHa (5.6)
MO yIAM
Q _ _ 183 69) 7
Ql *f(ela 62) - ]t(ea, 91) . (5' )
W3 ypasuerua (5.7) caexmyer, uro orHomeHme (Q/Q, He 3aBm-
cur or 04, & 3aBHCAT TONBKO OT 3HAYeHWil TeMmeparyp 0, m 0,
Pemenne yHKI@OHANBHOTO YPaBHEEHAA (5.7) AMeeT BHJ

® (02)
f(eh 62) = 0 °
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CiefoBaTeldbHO, TAK KAaK 04 MOKHO CUMTATH MOCTOSIMEHON Ans
BCEBO3MOKHMX 0, m 0,, OyneM uMmern

Q2 . ©(B:)

Qi o®)

Hazosem smauenme ¢pymrmuu @ (0) aGcomoTEOM TeMnepartypoii 1)
T u Torma GymeM mMeTh

0‘2 — T | =¢
O, T T (5.8)

T. €. OTHOOEHHEe Telna (Jy, OTAAHHOTO TePMONUHAMUIECKOH CHCTe-
Mot mpw ofpaTuMoM nukJie KapHo XonogunbEEKY, K Temny @y, mo-
JYJeHHOMY CHCTEMOM OT HarpepaTelis, PaBHAETCA OTHONMIEHHIO al-
COMIOTHHX TEMIEPAaTyp XOJONWIBHHKA W HATDEBaTeld. OTHM Ca-
MHM yCTAHABIHBAETCA CBA3h MEKARY HOHATHEM TeMIepaTypHl,
KaK XapPaKTePHCTUKNI M30TepM, 1 SHEPrusaMu, IIO.TIy‘IeHHI)IMI(I n oT-
JAaBaeMEMH B cOOTBeTcTBYwmeM murie Kapmo.

CoorHomenme (5.8) nasa oGparumoro Ipo-
mecca HANNIIEM B BUIE

pPOBKA BTOPOTO 3aKoHa Tep-
MOJ{HHAMHEKA DPHMEHHTEAbHO

Qi Q.

K oOparmMomy mukay Kapxo T, T, .

Jlanbmie, B COOTBETCTBHHM ¢ OOMEMH OUpelesleHUAMH, YCIOBHUMCA
CYATATH KOJHMYECTBO Temia (; — 0, moJNydeHHOe CUCTeMO#, mo~
JORUTEABHEM, & KOJHYECTBO TeImra —(Qy = Q(ze), OTJIAaRHOE CH-
CTEMOM, OTPUMATEIBHLIM; B 9TOM CJIy9ae TIPefHAyNiee PaBeHCTBO
TpHMeT BHJ

Qif) é\‘—’)

7 + = 0. (5.9)

dro yHHEBepcanpHOE YTBEPK[EHUE BHITEKAET M3 BTOPOTO 8aKOHA
TEPMOJAMEAMHKH M MOKET CIYKHUTh KOIMIECTBEHHOH (opMYIHPOR-
KOif BYOPOTO 3aKOHA TEPMOOWHAMMKY I M1060ro 06paTHMOrO MUK-
na Hapro, B KOTOpoM pafodmM TeloM MOKeT OHTh IPOU3BOJb-
Hafd ABYXIapaMeTpAYecKas cpena.

Kommuyeersennas  ¢opmyma-
POBKA BTOpPOro 3aKOHA Tep-
MOXHHAMHAKF OPHMECHATEALHO
K TDPOH3BOALHOMY OOpaTH-
MOMY IHKIY

PaccMorpEM HeKOTODHIHE 00paTAMBIA MK
£, wusobpakaromuiica B IPOCTPAHCIBE CO-
cTOAHEU#A p, 1/p nmomamo#t KpmBoit, coBma-
Jaomleil ¢ BHemMHEH rpaHAmeil cyMMH 00-

pareMrx nurigoB Hapmo (pumc. 34). Tak
Kak paBeHCTBO (5.9) OymeT BepHO JiA KAMKIOro OTAEIBHO B3IATOIO

1) Jlerko UpPOBEPHTH HENOCPEACTBEHHHM BHUMCICHHEM, 4UTO €CIH B
KagecTBe pabouero Teda B HuKJIe HKapHO HCmONb3yeTcs COBepIICHHENH ras
C ypaBHEHHEeM cOcToARMA p = RpT (T — Temneparypa no HKeassumy), TO
Q./ Q1= T4/ T,. CiegoBarenbHO, BEOAMMAA 3[iech a0CONIOTHAS TeMOEPaTypa
IpOnopnHOBajbREa TeMIepaType mo Henssumy.
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mukna KapHo, To, CI0KMB 9TH paBeHCTBA A Beex muknos Hap-

HO, HOJXYIAM
Q.
D=0

i 1
1

wierst Q;/T;, COOTBETCTBYOIIHE BHYTPEHHMM NO OTHONICHHI K
% nmyraM, Tpm CYMMWDOBAaHHH, O9YeBHIHO, BHNAgyT, TaK KAk
KOUKIBIA W3 BTHX IyTeil, HAmpH-
mep AB, 6yger npoxogurhca X
ABAKIL B PABHEIX HANPaBAeHAAX,
npuueM OfMH Pa3 TEN0 C TeMIe-
parypoit T; Gyger caymuTh XO-
JOMUIBHEKOM, a BTOpOil pas —
marpesareneM. IlosToMy okomHua-
TeNHHO TONYINM

2%_: 0, (5.10) 7

Puc. 34. Iponece Eéu’, COBTAT A0
Ilé CYMMHDOBAHHE IIPOBOIHATCA ¢ BHCTLHEH Fp{llﬁ’llleﬂ CYMMTI LATGIOR
TOXBKO IO MOTOKAM Temma (Q;, apHo-
THOCTYNAIONAM BIOJND JOMAaHOH KpPHBOiH, OrpaHMYMBApIEl cyMMap-
BHi qnuka £.

Iycte Temepsr £ — npowsBonbHHA O0OpPATAMEE NIMKI, CO-
BepImMaeMbll [ByXHapaMeTpUUYECKOM TepMOgHHAMHUUECKON  cucTe-
Moi. Jmsi oCyImecTBIEHMS TaKOro
MAKIA HaM MoHagoburcss Gonbinoe
9HCI0 TEILIOBHIX Pe3epByapoB ¢ Oec-
KOHCGTHO MAjo OTIHYAIOMAMACH TeM-
neparypaMu. CmcreMa mociefoBa-
TEJIHHO IPUBOSATCA B CONPHKOCHO-
BEHME C TEME pe3epByapaMu, TeM
meparypa KOTOPHX COBHAjfaer C
TeMnepaTypoil cucTteMnl Ha JAHHOM
9IEMCHTE IUKJ1a, ¥ B TO K€ BpeMA

7/p ~TopBepraercsa GECKOHEYHO MeJJIeH-

Puc. 35. Hpomssonsuui olpa- HOMYy CRATHIO WM  PACIIHPEHMIO.
THMBE IR, IIycrs Ha GeCKOHEUHO MAJIOM ydacTKe

AA’ saMrHyTOH KpuBoii £ (puc. 35)

cHCTeMa IOJIydYaeT 3JIeMeATapHOe KO-

nmuectBo Temia AQ®). Ilposemem uepes rouky A mzorepMmy AC, a ue-
pes Touxy A" agmabary A'C & o6ospaunmM gepes AQusor TO TemIo,
KoTopoe cucremMa monaydmna 0w, ecnm Opt mpomya 0ecKoHeYHO Ma-

Y/

axiit maorepmMmueckmii nponecc AC. CoorHomenne Messy Y  dQ©@ .
AA’

=AQ® u AQ,3;0r MOKEQ TONYYATH W3 DPACCMOTPEHHA MAaIOro
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mukna AA'CA. TlpuMeHWMM K HeMy B3aKOH COXDAHEHHA OHEPrHH
AQ®— AQyuz0r = AA (orpezok maorepmsr AC B mukine AA’'CA
mpoxonurcs B HaupaBiuerEnm CA, HOSTOMY B 3aKOHE COXDAHEHHA
saeprum miaa nmeaa AA'CA crout (—AQuser)). KHonudecta  Tem-
aa AQ® u AQuaor A GeCKOHEYHO MAJIHIX 3JIEMEHTOB IUKJIA —
GeCKOHEYHO MaJHeE mepBord mopsgka, a paGora AA, cosepmae-
Mag B MajoM I@KJIe, mpefcraBiadgerca maomanbio AA'CA u aApna-
ercs HosToMy OeCKOHeYHO Majoidl BTOpOro mopagka, T.e. Gecko-
HO Manoii mo cpaBHeHEIO ¢ AQC) @ AQu.or. Ilpomommum agma-
Gary A'C no nepeceuesus ee ¢ £ Bo BTopoil Touke B’ u mpoBemeM
aguabaty uepes Touky A. Torma ¢ To#t ke cTemeHbio mpubamxe-
gag remno AQ'?), noxydennoe cucreMoii B wacty BB’ mpomecca Z,
PaBHO TOMy Temiy, KOTOpPO€ OTBeiaer OTpe3Ky wu3oTepMu B'D.
Mur BugmM, wTo 7ABa 3jeMeHTa TemioTH AQ(? Ha y9acTKax mpo-
mecca AA' w BB’ ¢ TOYHOCTHIO 0 MAJEX BTOPOrO IOPSAKA pPaBHA-
10Tcs KonmaectBaM Temna AQyuor, KOTOPHE CHCTEMAa NONYIHIA OH
OT HATPEBATENd M XOJONMIbHUKA, ecqm OW oHA Opura  paGoumM
rejioM MamuHEK HapHo, coBepmaltomeii obparmmuiii muka Hapro
ACB'DA.

Ecam Mu pasfgenuM BCIO ILIOMAMb, JEKAMYIO BHYTPH KPUBOMK
£, Ha MONOCKM ¢ MOMOMBI CHCTEMHl anmabar (puc. 35) M Ipose-
JeM COOTBETCTBYIOIIWE WH30TEPMH, TO NONYyIHM nmpouecc L’, Ko-
TOPHE B IPOCTPAHCTBE COCTOAHWA OymeT m3o0pasKaThbCsA JIOMaHOM
JNHHWEA, cOCTOAMEl M3 0Tpe3KoB aguabar u usorepM. K sromy mpo-
meccy MOKHO HpAMeHHATH paBeHcTBo (5.10):

AQ,
1 130T
D) = (5.11)
3 1
1

e cyMMupyoorca HOTOKH Temlna AQ;or, TOCTYHAKIUE BIOIH
rpagans; L.

Ecnm wmcno mpoBemeHEHHX agmabar CTpeMHTCA K GeCKOHEUHO-
cTH, a4 OTpesKM NUKIa £, depe3 KOHNHE KOTOPHX NPOBOIATCA
agmabaTh,— K Hynwo, 10 &' — £, a

AOHBOT - AQ (e)’

2 Tak kak pasamma AQ® — AQsr €CTh MAJIAs BTOPOTO IOPHIKA
(mmomags GECKOHETHO MAJIOTO KPHMBOJWHEHHOTO TPEYTOJBHMKA),
To 13 (5.11) B upemene DONyINM COOTHOMCHHE

(e
é%dg, ' o, (5.12)
9-

KOTOPOe TOYHO BRIIOJHAETCA HaA Jdwo0oro o6paTuMoro makia, co-
BEPIIAEMOro [ByXHMapaMerpu4decKol cpepmoi.



§ 5. Bropoe Hawanmo TepPMOAMHAMHKN H MOHATHE SHTPONRH 235

N3 pasencrBa

d dQ(e) -
\ =0
¢
aQ®
oo awboMy obpatmMoMy nEKay C ciemyer, 4To Q T BIf

AB(&
1106010 00pPaTUMOTO Ipoiecca £ MeEIy COCTOHHI/IHMIfI 421 u B He 3a-
BHCHT OT HYTHM HHTEIPHPOBAHHA £.
Boefienge sRTpOmEE ¢ mO- QDuKCHPYs TOUKY HAYAIBHOIO COCTOAHHA
MOIBI0O 06paTHMEIX mnpomec- CHCTeMH A pua namo6oro cocrosEma B
COB A AByXOoapaMeTphde- NBYyXMNapaMeTPHUECKOH CpeAn, B KOTOpoe
CRAX cpern MOKHO mepefiTm w3 cocrosammsa A obparu-
MBEIMH OYTSMH, MOKHO BBECTH QYHKINI0 HAPaMeTPOB COCTOAHHA —
KoopawmHAT ToukKu B:

NS,
S(B):S(p, %):S 2+ 5(4), (5.13)
A

HasnBaeMylo sETpommeii. Cormacuo (5.13) sHTpoOmMA ompenenseTCH
¢ TOTHOCTBIO [0 affuTHBHON moctoaHHOHN S (4). Us (5.13) moxmy-
9UM, 4TO JIs OPUPAMEHHsA dHTPONMY HPH N060M W3MEHEHIH KOOp-
guHaT Toukm 5 BepHa ¢opMyana

TakuM o6pasoM, XOTA 3IeMEHTAPHHIH IPHTOK TEIJad, BREPAMKAM0-
muiica 9gepes MapaMeTpHl cocTosAHUA u ux pupdepennmann, He
ABIsAeTCA, BooOINe, HOMHLIM aud@epernuanoM, Iia HEro UMeeTcs
uETerpupyomuii Muomxwurens 1/T (p, 1/p) — Bennmumma, obpat-
Hag aGCoaOTHOU TeMIepaType.
BocmonpsoBaBmucs ypaBHeHHEM HOPHTOKA Telaa, DONYIUM IS
gudpdepeniuana SHTPONHN BRIPAKEHLE
(e) @
ds — Q7 dUm+d4 (5.14")

T T

MW, B pacueTe HA eIUHUIY MAacCH,

1
dq®© U +pd—

dS: T - T ’

(5.14)

KOTOPO€ MOJKHO MCIONB30BATL JIJIsA BHUYNUCIEHHH SHTPOHAM JBYX-
mapaMeTpPUYecKO#l CPeNHE, ecam BHyTpeuHsas osaeprags U cpepgu
H3BeCTHA KAaK (YHKOUA DIAPaMETPOB COCTOSHHSI.
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Jurponms aaAx  cosecpmen- HanmpuMep, pas coBepmeHHOro rasa ¢
noro  rasa HOOCTOAHHHMHE TemioeMKkocTaMu (p =pRT,
U = ¢yT) O6ynem umerhb

1
epdT  Rd—

P _din [Tc"' (:T)RJ .

1
p

T T
s =c,In rE ~+ const = ¢,ln —i -+ const, =
p Y
p P P
=cy, lnp—Y -+ consty, = CVln_pT — cyln 2= 450, (9.19)
0

Te Py, Po» So — COOTBETCTBYIOIWE IIOCTOSHHELIE.

Yenosnn, namaraemme dak- PaBeHCTBO (5.14) BaxnagmiBaer orpaHmye-

TOM cymecTBOBaHmA 9HTPo- EuA HA pyHKumm U (p, p) u T (p, p), T. e.

gffm'ﬁ BOl YPABHEHAA €O~  gcpopHHIE TEPMOJEMHAMHUYeCKNEe QYHKOUE

COCTOAHEA cpegh. Tak Kak ds [JOJKHO )

OwTh TMOMHEIM AupQepeHnuasoM, TO  YCIOBHE HHTETPHPYEMOCTH
(5.14) mMeer Bux

i(i U\ 9 (18U p
8973P>_5T89 p*T |
nin
aT U  oT [ aU p T
A IR (3.46)

llpw sapammoit pynrume U (p, p) ¢ysxnum T (p, p) AOLKEN OHTH
pemermaMu (5.16), caemoBatenrHO, TakWe (QYHKOHM He IPOM3-
BOJBHH, XOTA CYIIECTBYEeT MHOIrO pPAa3IWYHEIX PeHIeHWH ypaBHe-
HHA B 9aCTHHIX IPOUM3BORHHX (5.16).
Temeps B kavecTse mpEMepa paccMOTPEM, Kax GOpMyJIHpyeTcs
BTOPOI 8axoH mus HeobpaTwMmoro muriaa Hapmo.
Koumsecrsenman  gopmymn- Ilyctes nBa pesepsyapa ¢ TeMIEPATYDPaMu
posra Broporo zakoma tep- 11 B Ty (T > T) caymar HarpesareneM
MOIMHAMAKH OpHMEHHTENh- 1 XOJONWIBHHKOM B ABYX nukiaax Hapwo,
HO X HeobpaTHMOMY UMKNY onuE w3 KOTODHX OGpAaTHM (K.ILJ. 1), a

Kapno ‘
pr BTOpOH HeoGpatmMm (k.m.a. 1'). i
Torpa, Tax xaxn’ <=1 — To/T;, 10 '
1 — Q? <t T w2 >T
N T1 Tl
1 1
OTKY/IA & Q,

puli S
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Cumrasa tenno (), DpPHTEKAOME® K CHCTEMe, IIOMOKATENbHBIM,
a Temno (Jy oTAaBaeMoe CHCTEMOH, OTPHLATENLHEIM, TOJYIAM

D % o, (5.17)

9To U ecTh Koam4yecTBeHHAS QOPMYIAMPOBKA BTOPOTO 3aKOHA TEPMO-
IMHAMEKH [ig Heofparumoro muria Kapmo.
PaccMorpEM d9acTHEE nDpuMep, KOTODLIA

XapaKTep H3MeHeHHs onrT- I1OKABEIBAET, KAK MOKHO BBECTH SHTDOIMIO
ponmy B HeoODATHMBIX NPO-  [JIs1 CHCTEMEI B IEJIOM M KaK SHTPONMA MeHs-
Teccax eTcs B ciyuae HEOOPATHMEIX IIPOIIECCOB.

Honycrum, aro Mbl uMeeM niBa HeckoHeuno Maaux obseMa I m 11
HECKMMAEMOM HEJKOCTY ¢ ONMHAKOBLIMY JABICHUAMA M PABHLIMHI
tTeMmepatrypamu. Ilycrs teMmepatypa o6bsema 1 pasma 75, a Tem-
mepatypa obpema II T’y (T > T4).

Ecau 5Tu 00beMbl IPUBECTH B COOPHUKOCHOBEHUE, MEKIY HAMU
Oymer OpoucxoauTh 0OMEH TEIIOM, IIPAIeM B KayKALI i MOMEHT Bpe-
MeHHN KaykuaoMy m3 o6seMoB 1 u 11 MoxxHO mpummmcaThk ompenesies-
HOe 3Ha9eHHe TeMmepaTypi (Tak Kak o6peMsl I u 11 manm).

IIponecc mepegauu renna or I1 k I Heobparum, Tak Kak cormaac-
HO BTOPOMY 3aKOHY TepPMOAMHAMHKM Temiao 6e3 3arpaThl paboOTH
BHENIHAX CHJI MOJKET IE€PENABATHCA TOJIBKO OT YACTULH C TeMIepa-
typoit I’y K wactune ¢ teMuneparypoit Iy, eciu Ty > T.

O6Go3aaumm gepes d(Q monokuTeIbHOE KOJINYECTBO TEINIA, KOTO-
poe mepexopur ot gactunul 11 k gacrune I sa Bpema df, m paccMor-
PHEM 11 IPOCTOTHL CAY9ad, KOT[Ia CACTEMA, COCTOAMANA U3 COBOKRYI-
vocta gactun I u II, He oOMeHMBaeTCA TEmJIOM ¢ BHEIIHEH CpeIOi.
Ecnn mHeoGparuMocTh CBABAHA TOJBKO C IIPONECCOM TEILIOmepPefayn
OT OfHO# YacTHOH K APYro#dl, IpuM KOTOPOM COCTOSHHUA W IPOIEC-
Chl B Ka;KIOHM OT[eNbHON 9aCTHIIE MOKHO CYUTATH 00PATHMBIMHA, TO
Ui OTREeNBHLIX JaCTHI[ MOKHO HalIUCATh

. d
d‘S[—_ 71Q1_ »
—d

dSi = T2

Hamenenne sETponmu Beeli cmeremnr 1 4 Il MoskHO mopmcudTaTh,
opepmoiarasg, 9To IIOJHAA DHTpondsa S MABIAETCA AaJIUTHBHOM
dyHKOmEH, T. €.
S = S§t+ Sm,
CJIEeJOBATEIBHO,
/5

\J T -
dS = dSy + dSy = dQ >0,
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Taxum 06pasoM, XOTA B PACCMOTPEHHOM IpuMepe BooOme Her mpu-
TOKa BHemHero Telna K cucreme I -+ II, sarpomma sto#t cmcreMu
Bo3pacTaeT 3a cdeT HeoOpaTUMOro BHYTPEHHETO Ipoiiecca.

Brrme, mexopa us nukna Hapro, sHTpommsa

poBka BroOporo 3aKoHa Tep- KaK QYHKI COCTOSIHUA OHLIA BBEJEHA TONb-
MOAMHAMEKM NPEMEHHTeNPHO KO [iA AByXxmapaMerpudeckux cpepn. Ilo-

R
cpenie

MHOTONApaMETPATECKOH  cMOTPMM Temepb, KAK MOKHO BBECTH JHT-

POUMIO [is CPeji, COCTOAHNE KOTOPHX ompe-
AENACTCA k IIePeMeHHBIMH ONPeeTAIMUMI NapaMerpaMu ut, p2, ...
..oy, B TOKAKEM, UTO [JIA IMPOM3BONBHOTO HeoOpaTuMoro nuria C,
AJIA KOTOPOTO BO BCEX HPOMEKYTOUHBIX COCTOSTHHAX MOMKHO OIpe-
IenuTh TeMuepatypy I' cHCTEME, BeDHO HEDPABEHCTBO

dQ(e)
S )<,

Jna atoro pasoOpeM MpPOM3BONBEHRI (MOKeT OHTH, HEOOPATHMEIN)
nukn C, coBepmaeME NPOU3BOJIbHOM CHCTEMOI, HA GECKOHETHO Ma-
IE€ DIEMEHTH dl;, HA KayKIOM M3 KOTOPHX TEMIIEPATYPY CHUCTEMH
MO3KHO caurath nocrogHHOH (7). O6GosHagnM wepes d(Q; tenuo, Ko-
TOpOe TOoJNyuaer cucTeMa B mporecce dl;, u depes d4; — pabory,
KOTOPYI0 IPOM3BOJMT CHCTEMAa B 5TOM 3JIeMEHTaPHOM LpoIecce.
Bo BpeMs kaskjgorTo sieMeHTapHOTO Iporecca d/; MHOTOOAapaMer-
pHuecKas cpejga MoeT OHTH HCIOJIb30BAHA HAK TEIJIOBOM pesep-
BYyap 1JisA sleMeHTapHOro obparmMoro nuria Kapuo, ocymecTBisie-
MOTO BCIIOMOraTelbHO! [ByXmapaMmeTpHuecKo#l cpefol; MOKHO
BHOpaTh oty mukIk HapHO Tak, 9TOOH B Ka)X0M U3 HUX BCIOMOTA-
TeJbHAsA ABYXIapaMeTPHUYECKAsA CHCTEMA OT/aBaja paccMaTpuBae-
MOl MHOTONAPAMETPUYECKOH CHCTeMe KOJWYECTBO Telsa, DPAaBHOE
dQ;. IlosToMy MOKHO IpejacTAaBATH cebe, 9TO BCE TEIUIO, KOTOpOe
ToNIydaeT MHOTOIMAPAMETPHYECKAs cpeja u3BHe B mpormecce C,
0HA @odyJaer ¢ MOMONbLI0O KOHTAKTA ¢ BCIOMOTATENBbHOH pByXma-
paMerpudecKoil cpeioii. B KagecTBe BTOPOTro TEINIOBOTO Pe3epBya-
Pa A BCEX BCUOMOTATEIbHHX HWKIOB HapHoO BO3bMEM HEKOTOpOE
TelX0 ¢ MOCTOSIHHOU TeMmepatypoit 7.
Huxa xamporo snementapuoro nuria Kapao 6ymeM mMers

4Q?  aQ,
T + To

—0, (5.18)

rze (—dQ(f)) u dQ, — KoaMyecTBa Temia, HOJIYyUaeMEe ABYyXOapa-
MeTpHUecKO# cpemoil HAa waorepMax I; m T,coorBercTBerHO. HH-
rerpupys (5.18) mo BceMy muray C, moryaum

Q():@dQO:To@ d%w(e) .
C

C
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PaccMorpuM Teneps TEPMOAMHAMUIECKYIO CHCTEMY, COCTOAM[YIO
M3 COBOKYIHOCTH JIByXNapaMeTPHYECKOM W MHOTomapaMeTpmde-
ckoif cpex. Temro K 3TOi CHECTeMe MOCTYHaeT TOIBKO OT pedepBya-
pa Ty. Cymmaprmil npurox Temna ussHe (B rmukie C) paser Q,. Ilo
BAKOHY COXpaHeHUs sHeprum (J, paBHserca pafore 4, KOTOPYIO 3Ta
CYICTEMA COBEPINAET HAJ BHEITHAMHA TeNIAMHU:

408
Qo = To§-%— — 4.

9xmuBasenTHOCTH  dopmMy- PagoTa 4 He MosKeT OHTH WOIOKUTEIBHOH,
AHPOBOX  BTOPOTO  3aKOMA ¢y gag B HTOM CIAy9ae MLI MMeIN Ol THK-
TCPMOAHAMAKY
andecky padoTAOMIy0 MAImHAY, KOTOpPas
TONBKO 33 CYeT INPHTOKA TEIJid OT OJHOTO
pesepByapa ¢ (UKCHPOBaHHO# TemMmeparypoit 7', coBepmana Om
MeXaHHIecKyl paGoTy A HaJ BHEIMHEMK TelaMH. HeBO3MOMHOCTH
OCYMECTBJIEHAsA TAaKo#l MAIIUHE ABIAAETCA OHHOW W3 (HOpMYyIHpO-
BOK BTOPOro 3aroHAa repMopuEaMuku. QHa SKBUBAJEHTHA yTBEP:K-
JEeHUIO 0 TOM, 9To Temwio 6e3 3aTpaTH SHEPIUU U3BHE He MOKET mepe-
IAaBaTHCA 0T MeHee HarpeToro K Gojiee HATPETOMY Texny.
B camom pene, monydennyio pabory, ecam 4 > 0, MOsKHO ORLIO
Obl MCHONB30BATE B XOIOMUIbHON MamuHe, pafoTapmiel Io TUKIY
Kapro, mia mepefaus remia m3 HEKOTOPOTo pesepsyapa ¢ TeMpe-
parypoit T* < T, B pesepsyap ¢ temueparypoit 7.
CoracHo ypaBHEHHIO

A= —=Q=0>0

pTa MamuHA 3a6upana Om KoamdecTBo Temna (Q, U3 pesepByapa ¢
teMueparypoit 7* um mepemaBama Ou KoxmdecTBo temiIa Q) >
B pesepByap ¢ reMueparypoit Ty. B peayanrare B TepMogmBEamMuue-
CKOIl cHCTeMe, COCTOAUIeH M3 3TOU XOJNOAWILHOH MAMUHLL K pac-
CMOTpPEHHOM BLIIe MAaIIWHE, IpousBomsmeill pabory A, Tak Kak
Q. — Qp >0m Qy > 0, renno Gez 3arpaTH KaKOW-1mGo SHEPraH
W3BHEe NepelaBayoch OHW OT Tejia ¢ MeHbmeid Temmeparypoinr T'*
K Teay ¢ Godee BHCOKo# TeMmepaTypoit T, uTo HEBO3MOIKHO.

s NoMHOTH paccy:KAeHuA 00 9KBUBAIEHTHOCTH ABYX dopMy-
JUPOBOK BTOPOro 3aKOHA TePMOJMHAMKKH 3aMeTUM, UTO €CJH, Ha-
06opoT, MOOYyCTHTH BO3MOKHOCTH Iepefadnm Ttemya 0e3 3aTpaTh
pHemHe# paboTel OT MEHee HATPETOTO Tena K 0onee HArpeToMy,
TO W3 HTOT0 JONYMeHHS Oymer CIemoBATH BO3MOKHOCTH CO3MAHUS
BEYHOTO [JBUTATEIS BTOPOTC poja.

HeificreurensHo, nonycteM, 910 Teli1o 6e3 3aTparn paboTH H3B-
He NIepexXouT OT Tejla ¢ TeMmeparypoit 7' K Teay ¢ TeMmepaTypoi
T, (T, > T,). BosasMeM HEKOTOPO® KOIHIECTBO Temaa (Q;, mepemen-
uree or Tejxa ¢ teMnepatrypoit T, ® Teny ¢ temuneparypoit Iy, u uc-
moJb3yeM ero B TemJI0BOH MamimHe, paforarpmeii, Hanmpumep, 1o
nukry KapHao, koTopas Geper aTo Temno (; oT Teaa ¢ teMueparypoi




240 Ta. V. OceOBHHeE DOHATHA W YDaBHEHHH TePMOIAHAMHAKH

T,, uepepaer gactb ero Q, (Q,<C Q,) oGpaTHO Temxy ¢ TeMuepary-

poi T, m OPOMSBONMT HEKOTOPYI0 MexaHmiecKyw pabory A ™ 0.

Ecam paccmorpers 06a yKazaHHHX OpPomecca (CaMOIPOH3BOJL-

HH{ ¥ B TeNJIOBOW MaumrwHe) Kak ONMH, TO fCHO, 4TO B DPe3yJabTaTe

9TOTO Ipormecca Gyaer MepHONUIECKH CO3[@BATHCSI MEXAHWIECKAs

pabora TonbKo 3a caer orfopa temna () — (y oT offHOTO pesepBya-

pa ¢ Temmeparypoit Ts, 9T0 NPOTHBOPETUT BTOPOHX POPMyIHPOBKE
BTOPOTO 3aKOHA TEPMOJUHAMHKH.

Komauecrsemman dopuymn- 1AKAM 00pasoM, Beme M ITOKA3aIH,

pPOBRAa BTOpOro 3axkoHa Tep- 4YTO JOLIyNienue
MOJHHAMHEA NPAMEHBTENb- &do(ﬁ)
i

HO K HeoOpaTHEMEIM mnpoIec- >
caM B aioGoif cpene b T
HPOTHBOPEYUAT BTOPOMY 3AKOHY TEPMOJUHAMUKY U, CIeT0OBATElIh-
HO, [IOGKHO AMeTh MC2TO COOTHOINeHHE

,]Q(E) -
12

¢

A nwboro mursa C, cosepitaeMoro nio6oit MHOromapaMmerpmde-
CKOMl (B TOM WWclie W AByXUapaMeTpWUecKoil) cpemoil.

Koamueernenman opmyan- LCIE OCHOBHOM wumkn C obparuMmuii, 7o,

poBERa BTOpOTO 3akona IIOBTOPDHMB HAamM paCCYy:KACHUA B clydae

TePMOJHHAMHKY  HpEMenH- yuKjAa C, OPOXOAAMOTO B IIPOTHBOIOJOK-

TeILHO K OGPaTHMBIM HPO-  yoyv HampaBeHHH, NPUAEM K 3aKI0YHHIO,

neccaM B aI0DOH cpene

aro pomymeHme A < 0 Taxke DpoTHBOpe-

YAT BTOPOMY 3aKoHy TepMmopuHamMmen. ias oGparuMoro mmrna C,

coBepiaeMoro nwbo# cpenoi, ocraercsa eIMACTBEHAAA BOBMOKHOCTh

()
T
C
Bpegenme smrpommm  Axa  O7Tciofa clegyer, 4TO B CIydae OOpPATHMEIX
MHOronapaMeTpHIYecKux cpexn B
€ MOMOMBI0 00paTAMKIX MpPO- ¢ dQW
neceon NPOIECCOB WHTErpas 5 — - HE 3aBHCHT
A

0T IyTH HHTerDUPOBAHUA W HOpa ¢HUKcm-
POBAHHOM HAYAJBHOM coCTOSHEM (A) ABAsercA TOABKO QYHRIMEH
KOHEIHOTO coctrogHuA cpensl (B). CaemoBaTeabRO € IOMOIMBIO
00paTUMHIX OPOUECCOB [Ifi MHOTONAPAMETPHYECKHUX CPef, TAK 3Ke
KAaK U ¢ IOMOoIpI0 00paTUMHX NPOWECCOB [JIA AByXIapaMerpude-
CKHX Cpel, MOKHO BBECTHM OJHOSHAYHYK (YHKIUIO COCTOSHMS]

B
. a0
S (B) :S — -1 const,

A

HaBHBAEMYI0 SHTPONHEH.
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Ecanm sxe nmpomecc ¥, mepepomamuit cpeny ma3 cocrossdma A
B cocToAgENe B, HeoGpaTUM, TO SETPONHIO B COCTOSHAA B MOXHO BHI-
YHCJHMUTL IO COOTBETCTBYIOmMEMY IPOHM3BOJBHOMY ') o6paTrEMoMy
npomeccy £, Memny A m B, ecam taroi o06paTuMuit mpomecc Cy-
mecTByer. IIpu sroM moayaum

e — V.
S(B—S§@4)> { 290 ]

T ° % /
AB(®) /g/g
rd
-~

eficTBUTeNbHO, DACCMOTPHM [IBA COCTOAHHA 4 ~——="
A m B HeroTopoidl [ByXmapaMeTpHYeCKO
cpeasl. IlycTh MY 9TUMH ABYMSA COCTOS-
HUAMHM BO3MOKHO OCYWUIECTBHMTH JIB& IPO-
recca, ofuH M3 KOTOPHX (7;) oOpaTHMHI,
a propoit (¢) HeoGpaTmMEIii.

C momMompio o6parnMoro mpomecca ¥; MOKHO BHYUCIHTE DHT-
ponuio

Puc. 36. Beepenne 58-
TPOIMH € IYOMOIBIO
00paTHMEIX OPOLECCOB.

dQ®
T -

Sp —Sa =
AB(21)

Ecawn sxe Mp paccMorpuM 1uriI C = AYBZ,A, To oH, ouYeBH-
HO, Oyger He0OpATUMEIM B
40
$2—<o,

C

09TOMY

. d0(®)
Soosym | 49
AB(%)
Cremyer o6paTuTh BHUMAHHE HA TO, YTO HocHefHHH mHETErpan Ge-
percd 0o neobpaTuMoMy nyrtu L.
s meoGpaTuMoro mpomecca, CBS3HBAOIIE-
HexomueHcHpOBafROe TEWI0 1o ;p3 (ECKOHEYHO GAH3KUX COCTOAHAA
A u B, 6ynem uMeTh
d0(®
as >

TaxkaMm o6Gpa3oM, B ciydae HeoOPATHMMEIX IPOLECCOB
TdS >dp®
WIA

TdS =dQ® + dg’,

1y OueBngHO, 4TO 3HAYeHHE pasHocTH S (B) — S (4) OMMHAKOBO A BCA-
KOTO M3 pasiMYHHX OOpAaTHMHX IyTell Me)KAY COCTOAHUAMH A H B.

|
_
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rie BeawuuHA d(), HA3HLIBAEMasd HEKOMOEHCHUPOBAHHKIM TeIJIOM,
Bcerjia Gonpime mim paBHA Hyar. B ciydae ofpaTUMEIX OPOLECCOB

dQ = 0.

O[HAKO CTOUT MOMUEPKHYTH, uTo UpH dQ == 0 mpomecCH MOryT
OHTE BoOOme HeoOpaTHMEMI.
0 paGore Temmopoii Mamm- INonyaum Temepn OCHOBHOE DHEPreTHIecKoe
wbt mps dQ**=£0 ypaBHEHHe yid TeIoBo# MamuEE, palo-
raomei npu dQ** == 0. IIpumMepom Takroi
MAIIZHEI ABIAETCA YCTPOMCTBO, B KOTOPOM MCIOJB3YeTCA TAK Ha-
3HIBACMEA MarmEMroTepMmuecknii agdexr. HssectHo, uUTO amma-
faTuuecKoe HAMATHUYMBAHWE M PasMATHUYIMBAHWE TIAPAMaTHUTHBIX
BEmIECTB AHAJOTUYHO anuafaTHYecKoMy CKATHIO U PACHIMPEHHIO
ABYXTIaDaMeTPHIECKAX CHCTeM, HOROGHEX COBEDPUHIEHHOMY Tasy.
Ilpr apgmabatMueckoM HaMarHMYWBAHWUE HEOGXOQUMO 3aTPATHTH
BHEMHOKW sHeprumw dQ**, BHyTPeHHAA 3HEPTHA Cpefsl OPH HTOM
yBeJqUYHBaeTCA W TeMmeparypa ee pacrer. Ilpm agmaGarmueckoM
PAa3MATHUYMBAHWM CHCTEMAa oTfHaer pHeprmw dQ**, BHyTpeRESA
DHEPTUs e YMEHBINAETCH W TEMIIEPATypa majaer.
Maraeurorepmuuecknii sddext ORI HCUOIH30BAH IR IONY-
9eHUSA OYEHh HHM3KUX TEMIEpPaTyp (TAKMM OyTeM MOJYYEeHLL TeM-
neparypu 0,0044° K).
Ilpn dQ** == 0 ypaBHEHUWE IPHTOKA TEIIA WMEET BUJ

av,, = — dA® +- dQ(e) 1 dQEE,
Hna samrayTOre mukna C MoIyIuM
&(dA(i)~— d()**) — C&dQ(e): Q(c)’ (5.19)
¢ ¢

rae uepes Q¥ 0GosHaderH TOMHKEIT HPHTOK TEmiIa K pafoueMy Tery

MAIIWEHL.
N3 teopemsl xuBmx cui dE = dA) 4 dA) pns saMKHYTOTO

AR (<§ dE = O) fymeM WMeThb

R @,
§)dA i §>dA

Ilosromy pasenctBo (5.19) MmoskHO HepemmeaTs ciaegylommm 06-
pasom:

—"@(dA(e)—’r— dQ**) = Q(e),
C

9710 COOTHOIIEHEHE M €CTh DHEPreTHYeCKOe ypaBHeHMWE, ONHCHBAIO-
mee paGoTy TemiI0oBOA MAaIIMHEL B TOM CJIydae, KOrfla MamWHAa, CO-
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BEPMAKIAA 32aMKHYTHA OUKJI W I0JYJaI0ON[AA U3 BHEMHBed Cpemn
remno (), Moker paCXOROBATH €ro He TOJIHLKO HA IPOHM3BOACTBO
MeXaHH4YeCKo# pPaGoTH HAJ BHEIIHEMH TeJIaMd, HO M HA mepegauyy
UM DHEPrAA He MeXaHHmIecKoH (paGora MaKpOCKONHYECKHMX CHII)
U He TeIlJIOBOH MPHUPOJH.

Mpu BHgHEM, YTO BHIBOJH, Kacaiompuecs pPaboTH TEIIOBHX Ma-
MIAH, OPEMEHEMH 1 B ciyuae dQ** == 0, ecam mog d4 noHEMATH
cymmy dA) + dQ**, 1, e. cauraTh, uTo

A - ® (dAY +— dQ*H),

C

O nporeccax, sapmmommx- (OTMETHM, HAKOHEI, YTO MOLYT CYIHECTBO-
¢ 3AMKHYTHIMH 10 DBHEP"  paTp MpomecChl B Pe3yabTaTe KOTOPHX dHEp-
;%;’;;‘iﬁ)’f:‘mmll‘ap‘:;“p;gp;f Ids CHCTEMEH He MEHAETCH, a DHTPONHA CH-
MeTpaM  SHTPONHH CTEMHE H3MeHseTcsa. ITO CBABAHO ¢ TeM, UTO
BHYTPeHHAS 2HEPrHA ® OSHTPOOHASA MOTYT
3aBUCETH OT DA3HBIX TEPMOAMHAMHUYECKHUX IIapaMETPOB W IPOIMecC
MOKeT OHTh 3aMKHYTHM II0 9HEPIreTHIECKUM I1aPaMeTPaM i He3aMK-
HYTHIM II0 apaMeTpaM SHTPOIHH.
Hanpumep, B coBepmernom rasze

o . T
U=cyl, s=cpln ——  const.

p Y

7 mqboii npormece, MPOTeKAInMi MeHY [BYMA COCTOAHHAMH C
OJIHAKOBOM TeMIEPATYPOd M DasHpIMu JaBIEHHUAMU, SBIsETCS Ta-
KO0 pojia IpOIeccoM.

Taxk, ecum ras, maxojamumiica <
B Gaymrone mop GonpmimM j(@@Bic- g
HHEM pg, BEHIITyCKAaTh B arMocde-
Py UpH LOCTOAHHOHE TeMiepa-
Type, TO BHYTPeHHAA OHEDPIUA
€r0 He WU3MEHHWTCHA, a § yBeJl- Par
9ATCA (34 CYeT YMEHBIICHHA p) B
(pmc. 37). Ilpu srom mpomecce 77
raz oTfaeT bBHEPIH) B BHfe
Mexanudeckoii paborel, a moiry-
4YaeT 0 BEJIMYAHE B TOYHOCTH Tas
KYI0 jKe TeIUIOBYIO DHEpPruio,

3aMeTHM, YTO OJHO M TO Ke KOJIMYECTBO DHePIHU MOIKET HMETh
PasHYI0 IIEHHOCTH ¢ TOYKH 3PEHHA BO3MOMKHOCTH €€ IpaKTHYe-
CKOr'0 HMCIOJIBE30BAHMS, IPAUEM DTA MEeHHOCTL OIIpesiesIsieTes: KaK pas
BEJIAYMHOM SHTpOIMA (4eM 0ojnmre SHTPOUMsi, TeM MeHblle IeH-
HOCTH pacmosiaraemoil sHeprum). [leiicTBETeNnbHO, HampuMep, npu
nepeBojie Taza m3 cocTosamEMs A B cocrosmdMe B 1o H3oTepMe HA

T=corst

Puc. 37. AB — mpomecc, B KOTOPOM
U = const, a s MensieTcA.
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KaKI0M 3JIeMeHTe Hpomecca Ias orjaeT Mexamuveckyw pabory, a
TOJIy4aeT PaBHOE KOJHYECTBO TeILIa.

Ho TenmoBaa sHeprus ABJfAETCA HANMEHEE NEHHBIM BAIOM DHED-
rua. CoriracEO BTOpOMY 3aKOHY TEPMONHHAMHRH OHA HE MOKET
OBITH DOJHOCTBIO MpeBpamieHa B pyroi Bmj suwepram. HaobGopor,
OpyIrEe BUNH JHEPIAW (HAIPHMep, MexaHmuecKas pabora) Mmoryr
OLITH HOTHOCTHIO HpeBPAIlCHH APYr B Apyra, a TAKKe H B TEILIO.

JHTPONAIO § MOKHO  BBECTH  CTATHCTH-
O BBEJleRHH ORTPONMH C€Ta-  yecxpM I1yTeM. BeuunEa DRTPOMME CBA3LIBA-
THCTHYECKHM IIYTEM
eTCS ¢ BePOATHOCTHIO COOTBETCTBYIOIMEro CO-
CTOAHNA. B crarmctaueckoil ¢u3WKe miId SHTPOIMH YCTAHABJIU-
Baerca ciaefyoumaag dopMyna, npuHagaexamas BonbiMany:

s=klnP, (5.20)

rpe k& — mocrosaEan bonbnMaHa a P — Mepa BepOATHOCTH pac-
CMAaTPHBAEMOTO COCTOAHHA, ONPefieTsAeMas KaK 9ACIO BO3MOMKHEIX
MEKDPOCKOOAIECKHX COCTOAHEH, OTBEUAIOIMNX JAHHOMY MaKPOCKOIHA-
9eCKOMY COCTOSHHIO (I MHOTUX PA3IHYHHX MHKDPOCKOIHYECKHX
COCTOSIHWH MAaKDOCKOIMYECKHEe XapPAaKTEDHCTHKE HEPasIHYUMH).
U3 dpopmynn (5.20) cienyer agguTHBHOCTH
DHTPOIIMH, €CIH BEPOATHOCTH COCTOAHHS
CHCTEMH B HEJIOM DPaBHA IPOW3BEJEHWI0 BEPOATHOCTEH COCTOAHHI
OTHEJLHEX YacTeH.
Tak, 04€BMAHO, NONYYaETCA, KOIKA MOMKHO OPUHATH, UTO
BEPOATHOCTH COCTOSHEU OT[ENBHHX Yacreil HesaBUCHMHL
Bupaxenne (5.20) MOKHO paccMaTpHWBAThH
O BospacTaHMH  BHTPONEH  yap  orpepeseHde OHTPONNM, HPHIOLHOE
IpH  CTPOMICHHI CHCTEMM!  yak s PABHOBECHHX, TAaK M JUIA HEDAB-
K pPaBHOBECHIO LX,

HOBECHHX COCTOAHMA. Tak Kak mpaKkTu-
9EeCKHM OCYIMECTBEMEIE COCTOSTHHS COOTBETCTBYIOT Hambojiee BepOAT-
HEM, TO H3 (5.20) cuepmyeT, 4TO OPHU CTPEeMIEHHHM H30JHPOBAHHOM
CHCTEMH K PaBHOBECHI0 SHTDPOIHA BO3PACTAET.

Ecnm cuctema TeunomsonmpoBana, HO Mo-

ApmaGarmieckne opaTaMBe o1 opBepraThCS MIOGKM CHJIOBHM  BO3-
H HeOﬁpaTEMHe nponecchl o

JelicTBHAM, TO IPOIECCH, B KOTODHX OHA
y4acTByeT, Ha3HBAWTCA afMabaTHyecKUMH.

B sToM ciyuae BHEMHHH NPHTOK Tewja K CACTEMe DABEH HYJIIO
(dQ® = 0). B caywae obparuMux agmabaTHYECKHX MPOLECCOB

Tds = 0,

AQIETABHOCTL BHTPONAR

TO03TOMY
§ = const.

Oﬁpa’rnMHe anna6amqecrme OpomecCH ABJAIIOTCA H3IBTpPOIHYE-
CKUMH.

"
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Hao6opor, ecam obparmmuit mporecc M3HTPONHAYECKHHA, T. e.
S = const, To dQ¢) = 0, u mpomecc ABAAETCA AaxMaGaTAIECKAM.

Ecan e nponecc agnabaruyeckuit @ HeoGparmMuii, To dS > 0,
M DHTPONHSA, €CIH OHA H3MEHIETCH, MOKET TOILKO PACTH, TAK KaK
dQ’> 0.

B EHeofparmMux HeagumabaTHYeCKWX NpoOIeccaXx SHTPOUNHA
MoeT W yORBATHL M BO3PACTATH, TAK KaK 3HAK

TdS = dQ©) 4 dQ’

npu 3TOM MosKeT OuiTh n11006M, I3 BTOporo sakoHa TepMOAMHAMM-
KH clefyer TOIBKO, 470 dQ' HeOTPHOATEILHO.

MoskHO CKasaTh, YTO BTOPOM 3aKOH TEPMOJUHAMAKHA OIpPeAerId-
€T HampapJeHHe PeaJhbHO OCYIMECTBIAIOMUXCA IpomeccoB. Anma-
f0aTuuecKkme HeOOpATHMEE IDOMECCH MOTYT IDOHCXOQHTL TOJBLKO
B HAIPABIEHWH POCTA SHTpONAHU, & HeaguabaTHYecKAe — TOJIBKO
TaK, 9T00H dQ’ OBI0 HEOTPHIATEABHEIM,

Tar Kex BO BCeX mporieccax B M30IMPOBAH-

TPONMHM [JA H30IMPOBAHNHEIX HOH CHCTeMe B3HTDOIHA MOKeT TOIBKO BO3-
cACTeM M YCIOBHe PAaBHO- DAcTaTh, TO OYEBHAHO, 9YTO COCTOAHHA, B

Becusa

KOTOPHIX SHTPOUMS H30SAPOBAEHON CHCTEMEI
HMeeT MAKCHMyM, SABAAIOTCA COCTOAHAAMHA DPABHOBECHA.

Ilpm DocTpoeHmEM KOHKPETHHIX MoOJielieddl CHJIOMmHOH Cpexsl, B
KOTOPHX MOTYT IDOHCXORHUTH HeoOpaTuMble NPOMECCH, Heo0Xo-
OAMO C OOMOINGI0 CHENHATBLHKX ONHTOB, I'HIOTe3 HIH pPE3YIAb-
TATOB CTATHCTHYECKOH ¢u3Hkm moOnBaTh HaHHEE 0 dQ’.

§ 6. TepmogunamMuuecKire MOTEHIUAIBI
AByXHapaMeTPUYECKnX cpex

PaccMoTpuM eme BajkHEIA BOOpPOC H3 TePMOAMHAMHKU [[BYX-
mapaMeTpHuYecKHX cpef ¢ Boo0me ofparmMuMu unpomeccamu (dg**
6ymeM cYATATH PABHEIM HYJIIO).

Brime yrasmBazoch, 49TO AJMA JByXUNapaMeTPHUECKHX CpPeJ
tpu pyEKnEE cocToARNA U, sm I He MoryT OHITH UPO3BOJILHEIMI,
HanpmMep, ecnm BHyTpenHAs sHeprma U 3ajaHa Kaxk QYHKIOHUA
pup, 0 T(p, p) momxHA yHoBIETBODATH yciaoBuio (5.16), Koro-
poe upm 3amagHoi U (p, p) caepyer paccMaTPHBATH KAK JUHEHHO
nadpdepeEnHaIbHEO® YpaBHEHWE B 9YacTHHX NOPOH3BORHHEIX Tep-
Boro mopAnka pas oupexnenenms I' (p, p).

Kax maBecTHO, 3T0 muddepeHnmaIbHOe yPaBHEHTE HMEET MHOI'O
pemenuii, T. e. I’ (p, p) upu safamsoit U (p, p), a cremosaTesbHO,
H TepMOJHHAMOYECKHE CBOMCTBA CpPEAH OLPENeNATcS HEeORHO-
spauno. JJaa Toro 4ro6H yCTpPaHHATH 9Ty HEOFHOSHAYHOCTH, HE06-
XOJEMO B3ATH OfHO W3 YaCTHHX pemeHuil ypaBHerHua (5.16), T. e.
BHOpaTh KOHKPeTHHH BHJ ypaBmeHus cocroammsa I' = T (p, p).
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Ilocme 3tToro sETpOnmMA (C TOYHOCTHIO [0 ANNHTHBHOMN IIOCTOAHHOMN)
ompenenutca u3 (5.14),
3a ompenenAnmEAe TepMOAMHAMHUYECKME IIEPEMEHHEE [ByXIa-
PaMeTPHIECKON CpeJH MO:KHO, a 9acTo W ypxoOHO, Oparh pasnms-
HEle MapH HepeMeHHHIX, HaupuMep pu s, p A s, pu I' @ T. 1.
Bceraer Bompoc: Henbssa nM 3aRaTh BEYTPEHHKWIO dHepruio U pyHK-
O¥ell TaKNX NepeMeHHHX, 4TOOK B pe3yabTaTe I3TOro B3aJaHHS
JDpyrHe TepMOAHHAMEYecKHe (YHKIHWA ONDEREeMHINCH OH IOMTHO-
¢ThI0 H ofH03HaYH0? OKa3kIBaeTCA, MOKHO.
IIycts U sagama Kak QyHKOEA p H S.

Bryrpennan  smeprmA .  Tormg mo npasmiaM anddepenmupoBaHms u

SHTPOIHA KaK TePpMOJHHAMH-
YecKHEC TOTEHNHAJXBI

CeoGonnaa  smeprasa

U3 ypaBHEHHs IPHTOKA TEIJIa ¢ YYeTOM BTO-
POTro 3aKOHA TEPMOJMHAMHUKM LI 06PATAMEBIX
nporeccos (5.14) 6ymeM mmerh

P (0N et (2 go— Tds — pa

db~<as>pd3+<ap J,dp =T ds—pd. (6.1)
Orciona BBEAY mpomsBona ds m dp mOXyIEM
ou ou

T — ( 83 >; s p = p2 (W)s N (6.2)

T.e. T w p xak ¢yHKmuE p, s ONpefeIWIHCh OfHO3HAYHO. BHYyT-
PeHEAA sHeprusi U B DTOM cilydae HA3HBAETCA TePMOJUHAMHEYE-
ckEM motennumamoMm. Wa pasencrsa (6.1) BEAHO Tamke, 9TO eciu
3ajlaTh SHTpoHHUIO § KaK dyrxumo ot U m p, To

1 {98y P ds
T 7 \aU Jo’ T T\ o1jp UV

T. €. B 9TOM ciIydae JIA MepeMeHHHX U W p SHTPOUHA ABIACTCA
TePMOAMHAMAYECKAM HOTEHIINATIOM,

Ecam oOUpefelAoOIUME TEepPMOJHHAMATE-
CKEME TepeMenEnMEM sBagiorcea p u T,
To paBercrBo (0.1) ymoGHee mHcaTh B BH[E

d(U — Ts) = —sdT Jr-—p%dp

wim
dF = —sdT—{——ppz—dp, (6.3)

rpe depes F ofosHaueHa QYHKOUA COCTOAHHUA
F=U-—Ts, (6.4)

HasmBaeMas cBoGonmoi smeprmeit. Ecam F xax ¢ymruma p m T
mspectHa, To m3 (6.3) ommosHauHO ompesensioress p u s. [edcTBr-
TenpbHO, n3 (6.3) cuenyer: ;

S el e

Ny
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B ciywae mcmonp3opaHms OepeMeHHHIX p M I TepMoZEHAMMIE-
CKUM IIOTEHLHANOM aABisAercA cBobomHasa smeprua F (p, T).

AHanormyHO, ecIH ONpeeIAKMHAME Da-
paMeTpaMm CJIYKAT AaB/ieHne p U 9HTPONHA
s, To coornomeHwe (6.1) ymobmo sammcarts

Tennocopepsxamme mwima 9H-
TaAbIaA

B CiefyoIeM Buie:
(U +L)=ras+ 2
P P
NI
di = T ds +d—’;’—. (6.6)

Ilpu sToM yHEUUMA cocTOAHUA
i(p,s)=U -+ plp, (6.7)

Ha3pIBaeMasa TeEIIoCOodepaHneM HiIn BHTaJIIJHPIefI, 6yp;eT TepMoO-
AUHAMUIeCKNM TOTEHIOHAJOM, TaK KaK

oi 1 ai
T = | = —_— = (- .
(aS )p, > =57, (6.8)
TepMozanangeclmﬁ oo- Haxomenm, ecntm onpefexdnmaAMA Tapa-
reaunan I'mbGea MeTpaMu ABJIATCA JaBlIeHHe p W TeMIepa-

typa T, 1o coornomenue (6.1) memecooGpas-
HO TPEefCTABUTL B CJIENYIOMEM BHIE:

d(U—Ts+2) = —sdr + -2

nin
W — —sdT+ﬂpB.

Yepes dyrxnuoo cocTosiEUA
V(p, T)=U —Ts 4 p/p, (6.9)

HAa3HBAEMYI0 IPOCTO TEPMOAHHAMNIECKMM [OTEeHIMAIOM HIH Tep-
MOIEHaAMHI4YecKnM moTeHnmanoM ['ub6ca, 0JHO3HATHO ONPEeHIAITCA

0 = s:
s:—(%‘;_') : i:(-"-‘i'-) . (6.10)
\ p p op |t
Ecniu BHYTDPeHHAA OHEPTUA W PHTPOIHA OUpPefeddioTcs ¢ TOd-
HOCTBIO [0 afJATHBHON NOCTOAHHOHN, TO cBoOomHad smepras F m
TePMOJHHAMHIECKUH moreHnyan ¥ ompemeisioTca ¢ TOTHOCTBIO [0
nuneinoit yHKIUE OT TeMIepaTypH.

O9eBUIHO, 9TO B MEpPEUMCIEHHHX BHI'E CAyIaAX BBeJeHHE
yKasaHHKX [ePeMeHHHX II03BOJAET CBeCTH 3afady of ompepese-
HEM BoeX QYHKOAA CcOCTOAHMA K OOpeleleHHI0 TOABKO O/-
HOI'O COOTBETCTBYIOMEro moTeHmuana. [{id HDepeMeHHHX p H 0
mia T ® s HeT COOTBETCTBYIINUX HmOTEHIHMAIOB.
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Cpena oupeneaserca sama- Hrax, TepMogmHaMOYecKme M MeXaHHIECKHE

HEEM
OOTeHNHANOB KaK QyHKNAi

TEPMOJMHAMBUECKHX  cpojicTpa  pAeadbHOH  JBYXIIapaMeTpmue-

coorBercrBylomux mepemen- CKOH CPeIHl MONHOCTBHIO OUPENENAIOTCS Ba-

HAIX

06

nammeM onHoir ms ¢ymmmmi: U (p, s),

i(p,s), Fp, T)wnu¥ (p, T). Bagamusn U,
i, F, ¥ coorBercTBeHHO KakK QYHKIHHA OT [APYIAX IepeMeHEHX
HEJOCTATOYHO IS TIONHOIO OIpPeJENIeHHA CPeAH, B 3THX CIyUasX
Tpefyerca 3afaBaTh NONONHHUTENHHHE COOTHONIEHHSH, HAIIPAMEp
33]1aBaTh YPAaBHEHNE COCTOAHMA KAK HEKOTOPOE PEelIeHHe opeieseH-
HOT'O YpaBHCHUA C YaCTHBIMU IIPOM3BOJHBIMU,

oupemelenmE  Tepmo A  ompemeneHMsA COOTBETCTBYIONHX IIO-

IMHAMAuCCKHX  moTemmuma- TCHIMANOB IPHMEHUTEIBHO K DPeadbHHM
Z0B A3 OmbITA JUIKOCTAM M rasaM HY/KHO I0Jb30BAThCH

DAaHHHIMHA  CTATHCTWIECKOH QusMkm, mo-
JIy9eHHHIMU C TIOMOIOBI0 HEKOTODPHX IIPOCTHX AOUYINEHWH B  CO-
OTBETCTBYIONNX (U3WYECKHX MOMENAX, MAW JAHHMMU  ONETOB
(kKaOPEMETPUYECKAX W MEXAHWYECKMX).

B d—acrrOCTH, BajkHOe BHAUCHHWE WMEET W3MEDEHWE BENWTHHEL
TEINIOEMKOCTH eJWHHMIEI MAacCH BemecTBa. TemioeMKoCTh, Kak
HW3BECTHO, OUDPENeNIsercsi KaK KOJMYECTBO TEIIOTH, CO00maeMoi
eIdHNIe MACCH IPHM MOBHUIEHWW ee TeMIepaTypDH HA OAWH TIpa-
oyc Heabcusa (upH MCOONE30BAHMM ISl M3MEPEHHA TEMIepaTypsl
mranxn [leascus).

Jlasg pByXmapaMeTpMYecKOH CPeNsl TeIIOEMKOCTh 3aBHCHT
CYMmECTBEHHO OT M3MeHeHHs 000X IepeMeHHHX napaMerpos. Temn-
JI0EMKOCTh ONPEIeAAeTCS s OXHO3HATHO TOJIHKO IPH HOJTHOM 3alaHAN
npornecca, COHPOBOKAAIIIEr0CA TOBHINEHWEM TEMIIEPATYPH.

Baskayo ponap HIpalT TENJI0EMKOCTH C3KAMAaeMoil cpeis npH
HOCTOAEHOM JaBIeHUH Cp M IPH IOCTOAHHOM ofbeMe cy. [Jlud rTem-
J0eMKOCTeH ¢, | cy BePHH GOopMyIH

dg i o P
e» = (), = (57}, = (57),— & (), =

‘ P
L LS, e

H

o = (), = (2], = (350, (3, + (), ~ 012
)

\

a
Jna pasaoctm ¢p — cv u3 dopmyxn (6.11
BEHCTBA

e =[(2L __£_<6_P\ - i) ﬂ;l_(_ﬁﬁ 1:
‘» CV#K ap )T p”] oT |p [( ap )T 9] 6T>o' (6.13)
W3 (6.13) u ypaBHeHNA IPHATOKA TeIia CiIefyeT eme pPaBEHCTBO

u (6.12) caenyior pa-
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KOTOPOe HA OCHOBAHAHW PABEHCTBA

(o7, = = (). (3F)s-

clefyiomero m3 GopMyan

op dp
ap = {35} ar +(32) d
P=\%T), + 20 )1 O
OPHBOJHTCA K BAAY
T (3])\ ( ap 2
c — = (== =\, A
» CV p? \ ap )T oT )p (6 5)
Papencrsa (6.13) — (6.15) BepEM Aad OPOMSBOJNBHHX JBYX-
mapaMeTrpHuecKHX cpef. Ilomxpsysch HaHHKEIME, HOJYYeHHHIMH B
ONHTAaX M0 U3MEepeHH Ko2Q@UNUEeHTOB TEINIOEMKOCTH ¢, M Cy,
¥ H3MepeHHLIMH BeJHINHAMU Ko3()PHUIMERTOR TeIlJIOBOIO M3MEeHe-
HAA IJOTHOCTH OPH NOCTOSHHOM jaBiienmn (0p/01), =k, m Ko-
9t (UIMCHTOB TIOBHINEHNA [aBJGHWA [pPH NOCTOSAHHOM 00DbeMe

(0p/3T), = kp, MO}HO OIpEeNUTh NPOH3BOJHKEE OT BHYTpeHHed
9HePTHU M OT TEIUIOCOJIEPMAHHA COrNacHo dopMyTam

E%{T ::p—k:iv—+ L= — |7 /63%/\9“ | (6.16)
o) =V
i <_§L) .
or jp — P
oi ; N S AU 9p e
(T )e == 25t 5 = [T (), el

Ilpm sToM, oueBHIHO, KAK CIeJCTBHE UEPBOT'0 WM BTOPOro 3aKOHOB
TePMOJMHAMHAKHE [JOJKHH YIOBJIETBOPATHCH clegyiomue YCJIOBHUA
HHTETPAPYEMOCTH:

T [ §2p / Oc
A ) o5
u
1
D - 02—\ | (6.19)
<0pp)T:dT< 0T§ )p

KOTODHE MOKHO HCIOOJB30BATH AJAA COKPAMIEHHS YHCIa ONHTOB
MM IS OPOBEPKH PE3YIbTATOB OMHTOB.

Ha sToM MH B 0cHOBHOM 3aKOHUHM H3J0KeHHE 00X CBeje-
HU{# W3 TepMOfMHAMUKH. B 2TOH riaBe MH YCTAHOBHI®, H4TO A
BCAKO TEepMONWHAMHUYECKOH CHCTEME MOXHO BCEerja BBECTH JIBe
QyEKkoum cocTosHMA: BHYTPEHHIOW O9HeprHio U W BHTPONHIO
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s, a U1 PAaBHOBECHHX IPOIECCOB elle ONRY GYHKIAI COCTOAHAL —
abconroTHY TeMmepaTypy I'; MOJYYWIH HOBOE YHUBEPCAJIBHO®
ypaBHeHHe — ypaBHEHUE TPHTOKA Teria

dU = *’T’ Vot + dg© 4 dg* (6.20)

I paccMOTpEeNIH BTOPOH 3aKOH TePMOJWHAMHKHA
TdS=dQ® +dQ’, dQ’'>0,
mam (M1A egUHANK MAacchH)

Tds=dq+-dq’, dq' = (fzg >0,

KOTOpHIt BooOme Heo6XoAWM [AJA MOCTPOEHHA KOHKPETHHIX Moje-
Jedl CIVIODTHHX CPef.

ITpumenuM Teneps 9TH pe3yabTaTH K NOCTPOSHMI0 KOHKPETHEIX
Mojienell CIIOITHNKX Cpef.

§ 7. Tlpumepsl mpealpHBIX U BASKAX CPEX
H HX TepMoOfmEaMudecKue cBoiicTBa. TemmoupoBopuocTh

Ilonyuennaa cucmema Yhubepcasbubly ypasueruii O8UNCEHUSL
CRAoWHOU cpedvl mMeeT BHUJ

gtﬁ’. + pdive = 0 — ypanHeBEme HepaspHBHOCTH,
pa' = V;p" + pF' — ypapmesnst mMmymncos,

p'i = p'' — ypaBHeRMs MOMEHTOB B KJIACCHIECKOM CIydae,
ij
dU = %—de“‘—]— dq® 4 dq** — ypapHeHre IPUTOKA TeMJa,

T ds = dq(® + dq’,dq’ >> 0,— BTOpOii 3aKOH TepMOUHAMAKH.

Hdas rToro uro6H ¢ moMOmBIO 9TOH CUCTEMH yPaBHEHHH paccMar-
pHUBATH YACTHEE 3a[a4M O ABIKEHWA CIUIOINHON cpefnl, HeobXo-
IAMO HOLOJHHATH €€ COOTHOINEHHAMH, 3afAOMUME CBOICTBA KOHK-
PeTHOHX MOJAENH CPEAH.

PaccMorpuM Temepp ¢ yueToM TEPMOAMHAMHAYECKNX CBOMCTB
HEKOTOPHIe BajkHEe MOJENHU CUJODIHHX Cpef.

a) Mogensr mageanrHON HecmuUMaeMOn
MUIZKOCTH

W3 ycaoBEa Hec:kuMaeMoCTH BHITEKaeT, uYTO [IA KaKKOH
qacTHIL

p = p, = const.

B cnyuae HeogHOpOAHON KHUAKOCTH ILIOTHOCTh P MOKHO paccMar-
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PHBATH KAaK 33aHHEYI (QYHKOHIO OT JarpaHMeBHX KOOPIHHAT
El, E2, % muA ONHOPOAHOH KHIKOCTH ILIOTHOCTH ONHHAKOBA IS
BCEX TACTHI.

B cooTBercTBHH ¢ onpefeineHHeM, JAHHKM paHbIIE, >KATKOCTD
HAa3HBAaeTCA MAEANBHOH, ecam p’/ = — pg¥,

Hax msBecTHO, B ciIyuae HACANbHON HeC;KEMaeMoOil OTHOPOMHON
JKEIKOCTH CHCTeMa WeTHpeX CKAJADHHX ypaBHEHHi, CoCTOAmAsn
H3 ypaBHEHHA HePa3PHBHOCTH

dive =0
¥ TpeX ypasHeHmi Jiinepa
1 Jp

a,=F;, ——

p oz’

o0pasyer 3aMKHYTYIO CHCTeMY A oNpefeneHus AaBieHUA p (zi, f)
H BexTopa cKopoct: ¥ (z%, t). Ecam upeansHas Hec:xmMaeMas HL-
KOCTH HEOJHOPOJHA, TO K STHM YDaBHEHHAM CleAyeT No0aBHTH
oAToe ypaBHEHME

v do

=Y

1
KOTOpOE CAYKHT [MIS ONpeJeleHHA C TOUKH 3pPeHHA IJilrepa
ymxmun p (2, 22, 7, 1),
PaGora BHyTpeHmMX cmn Tax xar paGorta _BHYTDEHHHX CHI [laBie-
B clysae HueaasHoii me- HHAA B HAealbHOM HeC)KIMaeMOH# KEAKOC-
CIKAMAEMOH IKHAKOCTH TH BCerja paBHA HYTIO,

. 4 y .
dA® = — lJp—eijdt = %g”ewdt = -S—e’.; dt = —[:— divedt =0,

TO YpaBHEHHEe INDHTOKa Temjia
U = dg

MO;KHO pPACCMATPUBATH KAK ypaBHeHHWe [JIA ONpeNeNeHHs IJIO0T-
HOCTH BHYTpeHHell sHeprnm U mim KaK ypaBHEHHE PacHpOCTpaHe-
HHA TeONjia B IOTOKE KATKOCTH.

B ompemeneEme Mofenm HuealbHON HECKHA-
g::gl?;';’“ u;ean::z;peﬂﬂﬂ’gf MaeMoOil JKHIKOCTH BXOQUT TAKKe OMyIme-
CHEMACMOR | SEROCTH HOe, YTO MeXaHMYeCKHe MNpONecCH B Hel

o6paTEMBI, OO3TOMY

dg® = T dS, dg’ = 0. (1.1)

YpasmeHme mpuroxa Temia ¢ yuetoM (7.1) maer
aU = Tds.
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Orcropa cnepyer, aro U = const, ecad s = const; moaromy U/ ectb
$yEEDEA ToabKo oT §, I/ = U (s). Ho Tak xax

dUu

ds - T,

10 04eBHAHO, 9T0 I = T (s mum U = U (I us = s (I).
InA ymenbHOH TEIMIOEMKOCTH ¢ HECKIMAeMOH ;KAJKOCTH MOK-
HO HAaOmcarh
o dq® _dU
¢ =~ =37 ~ ¢

JHTpONUA ¥ BHYTPEHHSS SHEPruA WMAEANBLHOH HeC;KHMaeMOH Kup-
KOCTH OIpefelsoTca depes TemroeMkocts ¢ (1), sajaHHyI0 Kak
¢YHKIEA TeMOmepaType, mo {QopMyiraMm

U:Sc(T)dT, s:S%ﬂT—. (7.2)

Ecnu ¢ = const, To
U=c¢T 4 const, s=clnT 4 const.

YpaBHeHHE TPHUTOKA TemIa

dg® aT or , 9T .
Z—t:C(T)T:c(T)[Ft‘I—UIﬁ] (7.3)
MOKET CHYKUTH [AJA OIpefielieHNA PacOpefeNeHAs TeMIepaTypH.

TaxuM 06pasoM, ¢ TOYKH 3PEHMS MeXaHWKH CILIOINHOH CpefH
nealbHas HECREMAaeMasa HUAKOCTh 3alaeTCA TOALKO 3HaueHHEM
OJIOTHOCTH ¥ TemIioeMKocThio ¢ (1),

Kpome Toro, fna pemeHnA KOHKPETHHIX 33/a9 HeoOXOAMMO 3a-
Jarh BHEIIHWEe MacCoBHe chmin F, mpuTok Temna dg'® m pmomod-
HATEILHHE KpaeBHe, HaJalbHHE WIKH JDYrde YCIOBHA, Heol-
XO[AMEIe [IJIA ONHO3HAYHOr'0 BHEJEHNA DeIleHUA CHCTeMH YypaB-
HEHHI B YaCTHHX HPOU3BOXHEIX.

HesasmcaMoeTs  MexaHHue-
ckoff 3ajaum OT TEILIOBOH M
CBA3b TEILIOBOM 3aiaYm| ¢ Me-
XaHHAYECKOM B clIyuae JBHKe-
HHs AneaJbHoll Hec;KAMaeMoi
HKATKOCTH

B saraiodeHme saMeTmM, YTO pelleEHe Me-
XaEmuecKoit 3amaum o6 oupemereHMA BH-
JKeHHA NAeaJbHOH HECKHMaeMON IKHOKO-
CTU moj feiicTBMEeM 3aJaHHHX CHI He 3aBH-
CAT OT pelleHHA 33JaYd pacIpefeJeHHA
TeMmepaTypH B o6meMe JKUIKOCTH U He

TpeGyer sHAaHWA BHYTDEHHell DHEPrHU.

Haob6opor, ypapmeEme (7.3) AnsA OTHCKAaHHA pacupejeleHHA
Temuepatyps I' B ¢lydae 3aJaHHOTO NPHUTOKA TEMia CTAHOBHTCA
ompefieieEERIM TOABKO IIOCHE TOTO, KaK paclupefiesieHAe CKOPOCTH
v (2%, f) HalileHO W3 pemieHms MeXaHWJYeCKoll sajadgu.
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CrepoBarenbHo, NpM HAIWYMH [ABEKEHHA CPEAH peMeHHe
TeINIOBOA B3ajauM 3aBHCAT OT peNIeHMA MEXaHWYECKOH 3ajadm.

6) Mogeap mgeanbHoro rasa, T.e. HfeanbHOIl
CKHEMAEMOHN MHAAKOCTH

Mogeas mpgeansHoro rasa QupemenmM WOeajNpHHHE ras, BO-OEPBHX,

KaK Takyl cpeay, B KOTODO# TeH30D
HAOPsKeHNHW 1M1apoBO:
i i,
p = —p8
BO-BTODHIX, KAaK JBYXNapaMeTPHUYeCKYi0 CPEAy, B KOTOPOIl BHYT-
PeHHAA 3HEPrHA 3aBUCHT TOJIBKO OT ABYX NapaMeTPOB, HAaOpHMeD
pHs:
U=1Up,s),

W, B-TPETBUX, KaK Cpey, B KOTOPOH B CiIyIde HEIPEepPHBHEIX
OBUGKEHHA BCce MeXaHWYecKHe mpomecck ofparumu !) m, caego-
BaTeAbHO,

9TH TpH HPEJNOIOKEHAs UpH yciaoBmH, aro U (p, §) 3ajgaHO.
DOJTHOCTBI0 (PHKCHPYIOT MOJENb HAEAJIbHOI'O Ia3a mIH HACANLHOM
CKMMaeMOH JKHJKOCTH KaK B TePMOJMHAMAYECKOM, TaK W B Me-
XaHWIec KOM CMHCIe,

JeficTBATeNpHO, €CIM MaccoBHe CHiaW I m BHemHWHE mpu-
TOK remna dgl samamel, To pgBa ypapHemusa (6.2), HasEBaeMHe
YPABHEHHUAMH COCTOSHWA, BTOPOH 3aKOH TePMOAMHAMHIKH

T ds = dq'®
WJIXA ypPpaBHEHHE HNPHATOKA Telia
v — — pd% + dg®),

ypaBHEHWEe HEPa3PHBHOCTH

dp :
— 4 pdive =0

W TpH ypaBHEHWA Jilmepa
’ 1 0
a; = ]’i —_— -—p-
P oxt
OPEACTABAAIT C000H BAMKHYTYIO CHCTEMY [AJs ONpejeeHHS COMA
HeW3BECTHHIX CKAAAPHHX (yHKD@: p, vi, p,sa T.

1) MHorga B WealbHOM ra3e PaCCMaTPUBAIQT HeoOpaTAMLE PH3HKO-XHMA~
YeCKMe HPONECCH, HANpAMep XHMHIecKkrne peaknmm. IIpu aTom dg’, CBABAaHHO®
¢ Heo(paTHEMOCTBI0O TAKUX HPOIECCOB, MOKET OTJIHMYATLCA OT HYJHA.
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YpasEeHEA cocrogEmA (6.2) cmpaBefnmBH npm dIOOHX mpo-
neccax. Bmecro pyakmmum U (p, s) MoxkHO 3afiaBaTh dM060# m3 mo-
reanuanos I (p, T), i (p, s), ¥ (p, 7).

Ecam B RaMmoM sneMeHTe Telia IPONEce 00-

Doxmas cucrema ypasHe-  paypymii m agmaGatmueckmii, 10 dg' = 0
HHM [ABMIKEHHA HANEaJbHOrO €)
dgt®) = 0; mosTOoMy

rasa B ciyyae aamafarmue-
CKAX MNpPOIECCOB s= f (8, &, B),

T. €. JUIA KOKI0H WHIWBHAYAJIbHOH 9YacTMIK SHTPONHMA cOoXpa-
HAeTCA. 3HAUeHNWe SHTPONHE B YaCTHNAX, NOXOOHO IJIOTHOCTH
B HEONHODPONHON HECKMMAaeMO# JKHUIAKOCTH, JOJNKHO OKTH 3aJaHo
MM OLpe/ie/ieH0 W3 NONONHHTEIHHHX YCIOBUM, BHTEKAIOIMUX U3
TMOCTAHOBKA KOHKPETHHX 3ajad.
Ecnm npum agma6atmiecKoM HpPOIECCE SHTPOUMA S Y BCEX dac-
THI{ OTUHAKOBA, s = const, To 3 ypaBHeHRit cocTroaaun (6.2) cie-
IyeT, UTo flaBieHne p W Temueparypa I 3aBHCAT TOJNBKO OT O, T. €.
IOPOLECC ABIAECTCA OAPOTPONHHEIM, H CHCTEMA MELAHUYCCKUL YPaB-
HeHui#l OKasHBaeTcsA 3aMKHYTOi, Korma ¢yExmus U (p, s) msBecTHA.
Hosman cmerema ypapme- [JCIM HEBABHCHMBIMH  TeDMOJHHAMHUECKH-
Hmil JBW;KEHAA HpeaxbHOro MH IEPEMEeHHBIMHT 6y11y'1' pu T , TO miadA om-
raga B cIylae H30TepMHYC- pe[eJCHHS MOJEIH CIUIOMHON CPEeJEl BEIIOJ-
CKHX Hponeccon HO 3aj1aBaTh cBobogayw sEepruno F (p,T) =
= U — Ts. YpaBHEeHAA COCTOAHHUS B 9TOM ciydae OyIyT HMeTH
BEg (6.5). OHE Taxske CIpaBe/UIMBH IS JIOOKHX IPONECCOB,
HO #X BHA 0co0eHHO yno0eH npwm M8yueHWH H30TePMHYIECKAX OPO-
IECCOB.
HefictBuTenbEO, B 93TOM cCiyuae IpH 3afaEHON (yHKIEE
T (8, &%, &) mam npm T = const ma (6.5) cpasy momyuzaercs,
4TO JAA Ka)KIO0H YACTANH P ecTh W3BecTHAA QYHKUHA P, OPHAYEM
p ABnserca (yHEKmEeN TOABKO 0T p (¥ He 3aBHCHT oT §'), Korpa
grad T=0. CHmcreMa Merawuueckur YpaBHEHMA B 3TOM Ciaydae
BaMKHYTa, ecim usBectHa QyHrmua F (p, T).
IIpm sToM sHTponHA oupefeaAeTcA W3 MEPBOTO YpPaBHEHWS
(6.5), a ypasHeHEme NIpPHTOKA Temia, KOTOpPOe MOXHO HANMCATEL B
BHJE
aF
dg® — —Td(-37-) (7.4)
HO3BOJACT BHUNCIATh BHEITHAA IPATOK Telia, HEeOOXONEMHIH i
HOJIePKAHAS H30TEPMUIECKOTO IIPoImecca.
ITpumepoM Mopenm mieadbHOH CciHEMaeMoit
JKEQKOCTH MOJKET CAYIKATH MOJENb HEaTb-
HOT'0 COB@DPIIEHHOTrO T'asa, KOTOPYIO 3amgalT o0HYHO AByMA GyHK-
' nEAMA;
U=c,T+const, p=pRT (¢, = const, R = const).

CopepmeHnHi ras
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OueBuiHO, 3Ty Ke MOJIENH MOMKHO MONHOCTBIO OUPENeNIHUTh 3afa-
HHeM Toabko ofHO# ¢dymruum U (p, s):

8—8a

e "V 4 const (7.4")

Lv-1

U =c,T, (Tfo‘)

(cy» T = cp/cv, So, To, Po — KOHCTAHTHL).

B)Mofens BABKOHN MUAKOCTH

Onpenenenme wmoneam Bas- Baskoi skuaxocreo (eM. ria. 1V) Hasmba-

KOH KHKOCTA ercA cpefila, B KOTODPOH KOMIOHOHTHl TeH-
30pa HAUDAKeHNA M KOMIOHEHTH TeH30pa cKopocreil nedopma-
IEH CBS3aHR COOTHOIIGHWSMH BHAA

P = —pgi? + 71 (e4p), (7.9)

e 1Y — BaA3KWe HANPHKEHWS, & 2€.3 = Valp + Vpala-
Ecnu 3aBmcuMocTh TV OT €, JAMHEHHAS W KUJKOCTh WBOTPOM~
Has, TO

Ty = Mgi; dive + 2pe;;. (7.6)
TaxkuM o6pasoM, [IA HB0TPOMHOA JIMHEHHON BABKOH KUTKOCTH
p = — pg¥ + Mg¥ div v 4 2pgiigie,s. (7.7)

Bumecto roadduumenta A MOKHO BBecTH BTOPOil Kodddmiment
BABKOCTH §:

Czk—i—-g—p.. (7.8)

Koos¢pmunmentnr {, A m p [1A pasim9EHX Cpej PAasiWIEH W MO-
ryr OnTh QYHKOUAMEM TEMOEPATYDH, Ju00 TOCTOAHHHMHE . JUIA
JaHHOI cpefn ¢uamdeckuMn KodddunueEramn. B HeKoTOPHX HpH-
JI0KeHHAX Tpedyercd paccMaTpMBATEL TAKKe CPEAH, JIA KOTODHX
BeIMYMHKE A ¥ | ABIAOTCA HEKOTODHME (YHKIMAMH CKAJIADPHEX
HHEBAPHAHTOB TEH30DA e;;, TeMOoepaTyps I W JpPYrEX HepeMeHHEX
TePMOJMHAMKIECKAX XapaKTeDUCTUK. DB JanbHeidmeM miA mpoc-
TOTH Oy#eM paccMaTpHBAaTh IPAKTHYECKH OYeHb BKHHIE IpEMEp
BABKOH cpepsl, MaA KoTopodl KoosddmmmerTH §, p — BafaHHHE
TMOCTOAHHHE,

JlisA ompeneneHuWs MoOfeNW BABKON JKUIKOCTH CIEAYeT €me 3a-
JaTh BHYTDEHHIOK 3Hepruio Kak (QYHKOWIO, HAampuMep, O # S:

U=1U{p, 3,

a Tak:Ke [aTh CBEJIeHWA O BeJH9IMEE dg’, TAaK KaK [BUKeHHe BASKOMH
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MUIKOCTH ABAAETCA, BooOmEe TroBops, HeoOPATHMBIM ITPOLECCOM
(dg’ + 0).

YpaBHemm IBHEeHUA JTHHEHHOH BA3BKOH MUTKOCTH C IIOCTOHAH-
HEMH KO3pPHImEeHTaMH BA3ZKOCTH — ypasHemms IHasre — Crok-
Ca WMEIOT, KaK W3BECTHO, BHJ

d 1 ‘ i
_(%:F_Tgradp+<%w—3"—)gradd1vv—f—vAv, (7.9)

rie v = W/p — KHHEMATHYIeCKAH KOPPunueHT BAZKOCTH.
" YpaBHeREme IPHTOKA TeNmja C yYeTOM BTOPOTO 3aKOHA TE€PMOJH-
HaMAKH MOKHO HANHCATh B CIEAYIOMEM BHIe:

(%)
dU——i 4 Tds— dg'. (7.10)

PaGora smyrpenmux cmax B llopcumraem dieMeHTapHyI0 paGoTy BHYT-
BAIKOH IKHAROCTH PeHHHX HaNpsKeHuil, OTHeCEHHYI K efu-
HHUIle MACCHL BABKOH skmAkKoctd. IlofcraBmM p/ m3 (7.5) B oGmee
BHpaweHAe xasd paloTH BHYTPEHHAX DOBEPXHOCTHHX CHI, IO-

nyquM
o ij i
—dd/:_n - pp eijdt = T glieydt - gy dt =
e,
=2 divedt — — 4. (7.11)
P p
Benepctsme ypaBEeHUA HePa3PHBHOCTH:
. - 1 dp
dive = — —p- T
OymeM HMeTh -
L () i Ve
—dAY = pd — — —dt. (7.12)
dm p

Aapremse n Temepatypa I3 (7.10) m (7.12) momyuum
B BA3KOH KAAKOCTH

17
dU:—pa’—p—-f—’—pidt+Tds—dq'. (7.13)

IlpuMeM mo ompepenenuio, 9TO AAA BA3KOH CRHUMaeMOH KHIKOCTH
(B13KOro rasa), Tak ke KakK Jid WHEANBHOH C/KHMAaeMOH ;KHIKOCTH
(mneannHOTO Tasa), /JJABIEHHE D U TeMHepaTypa T pna awo6ux opo-
HEeCCOB ONpefieIAIOTCA U3 COOTHOIMEHNs 1)

dU:—pdT—f—Tds, (7.14)

1) 9ro cymecTBeRHOe AOUYIeHHe, HaskBaemoe Qopmynoi I'mb6ca, nos-
BOJAfAEeT HEMeJJIeHHO YCTAHOBUTH (GOpPMyNy AJdA HEKOMIEHCADPOBAHHOTO TeD-
aa dq'.
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T. €, UMeIT MecT0 (OPMYIH
U (U
(. = (&) (6.2

HexoTopuM OoCHOBaHWEM K BBEEHHI0 NOJOGHOH MOJIENH MOFKET

CIY;KUTH TO, 4TO HapaMeTpu p © I B NOKOAMEHdcA BA3KOH KUIKOC~

TH, T. €. OpA e;; = 0, HOMKHE COBIANATH C COOTBETCTBYIOIIHMM

mapaMeTpaMu B HMOKOAMmMeENcA MaeaJbHOR KEIKocTH. To }Ke moay-

9UTCH, KOT[a KEJKOCTh IBHKETCA KaK TBepaoe Teao. BAsxme mam-

PAxeRNA TOABIAIOTCHA TOJNBKO IPH ABIVKEHHMHE ¢ AedopManuaMH.

Ba B sBBemeEHONH Mojenm BASKOH IRHIKOC-

cnp%‘;’;‘gzoﬂfo I‘“;ﬂ;‘g“‘;“‘;i‘;: TH [aBieHHe, TeMOepaTypa, SHTPOOHS H

KOH SKITKOCTH BHYTPEHHAA DHEPTUA CBA33AHK COOTHOIIE-

HHSIMH, He 3aBHCAITAMA OT CBOHCTBA BA3-

Koctr. s cpaBrenusa yparmerwmii (7.13) n (7.14) moaygaeM Boipasie-

HHE [ HEeKOMIOEHCHPOBAHHOrO Temd, KOTOPO€ BepHO B 06 ImeM
CTy4ae HeIUMHCHHOH BA3KOH JKHIKOCTH:

i3
'I.']

da’ = €ij d
q =0 t. (7.15)

Hdncemnanma Mexammueckoii  [oxaskeM, uro Hammyme dq’ obycioBimBaer
OHCPTHE B BASKOM KHAKO-  rpcoppanmio MEXAHHYECKOH OJHEPTHH XpPH
e IBIJKEHNH BASKOH kugKocTH. B caMom

Henxe, TEOPeMa MKEBHIX CHJ JJIA BABKOH SKUIKOCTH MOKeT OHTEL

3anmncana B BUE

»? dA® 1 TUes;
Benumgmaa - (1/p)vie;dt = —dq’, umpepcraBasgomas coboit

OTHECEHAYI0 K eIMHHMIE Macch paGoTy CHII BA3KHX HANDMKeHOH,
BCerja OTpPHOaTejbHA (WIm paBHA HYII, ecau e; = (), Tak Kak
dg > 0. Iloatomy 3a cuer paboTnl BA3KHX HANPSIKEHHH KHHe-
THYECKAS PHEPrUA KUJKOCTH MOKET TOIHKO YMEHBINAThHCA.
100K TENEHOCTD Koa(- Ecau BA3Kasg KUAKOCTD IUHEHHA W H30TPON~
(UNHCHTOB BA3KOCTH Ha, T0, mojcrapuB 3akon Harre —Croxca (7.6)
B BEIpayKeHMe [JIsT HeKOMIeHCHp oBanrEoOro Temia (7.15), monyqnm, uro

R S L PR | T TR YR AT i, | =
dq’' = ol e dt = 5 [(C, 3 p/.(e_i) - 2pe e”}_

dt 2 n
rae [/, u [, — mepBHE W BTOPOl HHBAPHAHTH TEH30pa CKODOCTEA

9 JI. !A. Cenos
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JedopMmanui, onpenesnseMsle CHeIYOMEMHA HOPMyaaMu:
i i
Iy =gy, Iy=e"e;.
Jlerko mpoBepuTh, YTO B TUIABHEIX OCAX TEH30PA CKOPOC-
reit gedopManuilt BHpaykeHue

I, —

|3

MokeT OBITH 1IPEACTABJEHO B BHIE  CYMMH  KBaJpaToB, a
UMEHHO:

[2 \ ; \
Y By )

OT1croga HETOCPEACTBEHHO BHITEKAET, YTO A IPOM3BOJLHEIX IBH-
I

2
KeHUH B IDpPOW3BOJBHOH cHcTeMe KoopmueEar [, — —3—1 > 0. Tar

rak ¢opmyna (7.16) mpmmeEmMa i IDPOUBBOJBLHHX [ABHKEHHN
W 00 YCIOBHUIO { M | He 3aBHCAT OT ¢;j, TO M3 BTOPOTO 3aKOHA TEPMO-
paaamurn (dg' > 0) caegyer, yto L > 0mp > 0.

B caMoM mese, ecim KHUOKOCTh IBUTAETCA TAK, 4TO 00BEM Kask-
Mo# YacTHUIEI He MEHAETCS, TO

I,=0udg = 2;;12—(;1 >0.

Ho I, > 0 Bcerga, u moaromy p > 0. Jlna BcecropoHHEro CiRATHA
WM PACIIMPEHAs YACTHIH, T. €. KOTJA ¢; == egij,

2
Il

, dt o

u, ciaemosarenpHo, § > 0,

PaccMoTpuM Temeps eme BOIIPOC O cIoco0ax Mepefjaum Tellja K

00BEMY CILIOIIHOH CPEAH.
Temnmo K cpege MoKeT OOCTyOAaTh ¢ IIO-
MOIIbI0 PA3AHYHEHEIX MEXaHH3MOB: 3a cUer
TemIOOPOBOJHOCTH, HW3JIyUYeHHsd, DIEKTPHUIECKOTO TOKA, XUMHUYe-
CKHX pearkmuét m T. [.

PaccMorpnM mpomece TemioIPOBOTHOCTH, T. €, IIPOIEcC Iepe-
a4y TeImjaa 3a CUeT HePABHOMEDHOCTH DpacIpeflielieHHA TeMIEepaTy-
pH B Tene. B oToM caygae Temno K A000My BHeTeHHOMY B Cpefie
o6seMy At DOCTymaeT TOJbKO 4€Pe3 MOBEPXHOCTH X 3TOTO 00BeMa.
Taknm obGpasom. mMeeM

dQ@ = SQ do,

b3}
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rpe (Q — HexroTopas (YHKIWS TOYEK NOBEDPXHOCTH 2, OTPAHHYA-
paomeit o0bpem At. M3 ypaBHeHM: mpuToka Temma clemyer, uTo
Opu CTATMBAHUYU 2 B TOUKY BeamumEa dQ() umeer mopsmox At dt,
T. e. dQC = dgq“)o At, rme dg® — Mamas mopanka dt.

Orcrofa caemyer '), 9To MOBEPXHOCTHHIT HHTErpal %Q ds pmon-
)
b3
/KeH CBOJUTLCA K OOBEMHOMY, T. €. s BeaXmunmAn Q Ha = [0JIK-
HAa WMeTh MecTo ciaefgyiomas gopMyna:
Q= —(g'n + ¢°nz + q"ns)dt,

Ifie n; — KOBAPHWAHTHLIE KOMIOOHEHTH! €JUHWYHOIO BEKTOPA BHEI-
et mopMaan K 2. Tak Kax Q — cransp,
TO KOHevHEE BenumguHH ¢ (2!, 22, 23, )
MOKHO PaccMaTpUBaTh KAK KOHTPAaBapH- »
auTHEIC KOMIOHEHTH BEKTOpPA ¢, OMpefe- g
JEeHHOTO BO BCeX TOUYKax cpegsl. Bekrop
(¢ Ha3bIBaeTcsl BEKTOPOM IOTOKA TEIlIA.
ITOT BEKTOpP XapaxKTepusyer HaMpasie- z
HUe Mepejadl Temna W IO BeJHUNHE N
pPaBeH KOIWYeCTBY TEIJIa, IPOTeKAIMEMY
B eIUHANY BPEMEBH 4epe3 CAMHNIHYI0 pye. 38, Bexrop moToka
OJIOmMAAKy, NEPHeHAUKYIAPHYI0O K 3TOMY Temla (% — eANHAYHKIT
HampaBJieHm0. HOoNAYeCTBO Temaa, MpoTe- BEKTOp  BHemHel mHOp-
Kaloee uepes IPOU3BOJABHO OPHEHTUPO- Mamt ® ).
Bamnyo mwiomanky do sa BpeMmsa df, Oy-
IeT, OYeBHMIHO, pPABHO ¢ndg di(n — HopMauab kK d3), a obmui
npuror Ttemna d@() k obbemy V moixer OWTh IpefcTaBlIeH B cle-
nyomeM Buzge (puc. 38):

4 = — Sq~nds at,
g

rZ¢ n — BHOWIHAA HOPMalb K HosepxHocTH 2. ITo Teopeme I'ayc-
ca — OcTporpajicKkoro
40© — — Sdiqur at.
4
KommuecTBo Temia, HocTydajomee K (GECKOHEYHO MAIOMY 00BEMY
dt 3a Bpemsa df, GymeT paBHO

do¥ = — divgdrdt,
a K eJUHHIE MAaCCH CpeIpl —
dq®) = — —f; div g dt. (7.16")

1) Dror BUBOJ NOTYYAETC TEM e IIyTeM, Kak U QopMyna (2.4) . 111

s pPn.
9s
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SaKOH  TemnOMpOBORHOCTE  3aKOHH, ONpeEJEIAKIINEe BEKTOD @, MOTYT
Qypre OHITHh Pa3TAYHEIMY.

OcHoBHEIM, HamGojee pAacCHpPOCTPAHEHHHM, XOPONIO  OIpAB-
ALIBAIOIWMCA BO MHOTHX CJIYy9asfX Ha HOPAKTUKE B3aKOHOM,  Ompe-
NeNAIOIMEM @, ABJSETCA 3aKOH TemronpoBogaocty Oypre, KOTOPHL
HMeeT BUJ(

= —¥% gTad T.

BekTop DOTOKA Tema M IPajeHT TeMIePATYPE MMEKT, eCTOCT-
BEeHHO, TPOTHBONOJOMKHKE HANpPABIeHHS, moatoMy % > (0. Ko-
adENMEeHT % HOCHUT Ha3BaHUEe KO3hPHOUEHTA TEMIOMPOBAJHOCTH.
MoskHO paccMaTpHBATH YACTHEHE BAKHKIE OPUMEPH, KOTIA KO3~
OUIMeHT ¥ MOCTOSHEH WMIW siBjisercd QyHKmueid Temmeparypw 7.

Bhipawenme pui  nmparoka D ACCMOTPMM HDAKTMYECKW O9€HL  BAKHBIH

Temma sa cuer  remdompo- IIPOCTOH ciyuaif, korpma % == const. Torma
BojHOCTH,  NopummAlmcii- s OPUTOKA Temia dg(®) HA eMHHIY MAaCCH
¢ 3arony Dypre CpemH HONYYAM
(17[[(8) b . b2 ij ® .
at - —P—-dlvgl’adT:—p—- V.‘g VJT:?VT'VIT,
nian
dq(e) 9 %
i =5 VT =—-AT,

rpe AT — omepatop Jlammaca oT TeMmepaTyps.
B nexaproBoit cmcreme koopaWHAT

dgt®) yx (82T | 8T 02T>

dt ~ p \ 0z% oy? dz?

Ypasuenme upaToka rten- TakmM o6pasoM, ypaBHEHWe NPHUTOKA TeImia

J;z M:}o “:3“""0 TEIIONPO~  y1g BY3KOM KHIKOCTH B TOM clydae, KOTaa

AHOTG Tasd OPHTOK Temia K Hel 06ycCIoBleH TeIo-
npoBopgHOCTEI0 o 3aKoRy Dypbe, GyneT wMeTh BHJ

A —}—-—‘l:”e + AT (7.17)
uam, A ocHoBaHum (7.14),
ds

_1 i . b/
—aT——--p—T €w+—p—AT.

Ilna smakocrd, ynoeaersopsaiomei sakory Hasre — Crokca,
5TO ypaBHeHHe coriacHo (7.16) Moker OHTH 3amKCaHO eme cle-
IyIomAM o6pasoM:

ds _ § . 20 T 4 1 . %

T —d{- - —E)— (dlv 'U)z + T I.E 73.“' e -3- (le 'v)2 + -‘—)'- AT. (7.18)

910 ypaBHEHHE MOKET CAYKHTER JNJIA ONpeAeJeHdAs pacmpeje-
JeHHA TEeMOEPATYPH B KAJKOCTH.
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Bryrpennss sEepras U RIK SHTPONHUA § IPH 3TOM JOMKHE OHITH

A3BECTHH KaK (YHKIHU OT TeMHOeparypsl m mioTHocTH. Hampumep,
ecan

U= S ¢y, dT - const,

TO B )IeI{apTOBOﬁ CHCTeMe KOOPJIHUHAT HMMeeM

dU aT oT oT orT oT »
ril e v(-ar+“—57+”337+“’7)-
YpaBHeHme ONpuTOKa Temia (7.17) B ciyuae morosmielics CpefH
COBIANAET ¢ OOKIHHM YDPABHEHHEM TEILIOOPOBONHOCTH
oT = (62T 0T 9T \
T ey \a T E T )
MNoanast cncreMa ypasme- FEcnm BHeUIHWe CHALI 3af[aHEl, TO YPaBHE-
i:ﬁ‘;‘TﬁBm“eH“” BAJKOM KM gpg Haebe — Crokca, ypaBHeHHe Hepas-
PHBHOCTH, YypaBHEHHe OPHTOKAa  Temia
(7.18) m ypaBHEHHS COCTOAHWSA IIPERCTABIAAIOT Co0o# MONHYHO CcH-
CTeMY YPaBHEHWHl [JiA ONUCAHUA HNBW/KEHHH CIKAMaeMO#l BA3KOH
(nuAeitHON W30TPONHOH) TEmIOHPOBOJHOM IKHIKOCTH.
TIpumepoM Mojenm BA3KOH CKUMAEeMO#l CPEIR MOKET CIY;KHUTh
MOJIeNb BSASKOI'O TEILIONPOBOJHOTO COBEPMIEHHOr0 raga, B KOTOPOM

U =cyT -+ const, p =pRT.

Mzt nogpo6HEO paccMOTpeNr HEKOTOPHE BAKHBIE MOJENH RUMA-
KocTeil m rasos. B nocnegywomem GynyT Tak e mogpobHO H3yIEHSH
HEKOTODbie HamGojiee BajKHEIE MOJeAM TBEDAHX JedOPMHPYEMEIX
Tead W, B YACTHOCTH, YOPYIHX Tel.

\

§ 8. 1lepserit 1 BTOPOIi 3aKOHBI TEPMOTMHAMHKN
1 KOHEYHBIX 00BbEMOB CINIOMIHON cpebl.
( Ilpou3BoacTBO DATPONHH B HEKOTOPHIX HEOOPATHMBIX HPOLEccax

Yeppuii m Bropoit sakons HapmmeMm Temeph BHPAKEHHES IePBOTO M

TCPMOMBAMARA A KOHEY-  pronorog 3aKOHOB TEPMONMHAMHMKH B HMHTE-
HBIX  00BEMOB  CILIOINHOM .

cpensl rpaabHON opMe A KOHETHBHIX Macc cpe-

oel. A DpOCTOTH OTPAHWYMMCH JOIY-

menneM 00 agguaTUBHOCTH BHYTPEHHEH 5HEPTrMH W DSHTPONEH IO

MaccaM 4YacTHMI, KoHedHoro obbeMa rtena. Ha ocHoBammm Teopum,

PasBHTOM BhmeE, 9TH YPAaBHEHAA MOMHO HAIIHCATH B Ciefylomei

topme:
d 2
o+ U =

Vr

- Sp(F.p)dhL S(pﬁ.v)dc~— Sq;dc + Sf’;“i’;‘_““_pdr (8.4)
& ] 14

-
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s _ d C1 [(dg® | dg
@ = ar \edr= ST<T+T>pdT' (82)
\4 \4

B sTux pasenmctBax V — KOHeuHbI#i HONBWKHH I HHAWBHIYATh-
Hbli 00HeM; B IPUTOKAX BHEINHEH DHEPIMY BHJENEH IPUTOK DHED-
TMH Yepe3 MOBEPXHOCTh %, OTPAHHIWBANILYI0 00beM V, onpesense-
MEIfi BeKTOpOM ¢ *.

B o6osrauenun astoro BexTopa (q¥) 3Besyoura 03HA4aeT, 4UTO
9TO TOJHHIH YAEIBHBEIE ITOTOK DHEPTWH, HE CBASAHHOH ¢ paboroil
MeXaHH49ecKnX cui (Kak TeIIoBoil, Tak m me Temuaosoir). Jlob6aBou-
Heiit wien B (8.1), comep:xamuit dq;[acc/dt, ompefieaseT  BHEITHHN
MacCOBHH NPATOK 9HEPTHM, B YACTHOCTH, HTO MOKET ObITH [KOY-
JeBo Temio, pafoTa BHEITHHX MAacCOBHIX map ¥ T. A. OcTaabHue
0003HAYEHAS ACHLH M3 HPENHAYINEr0 TEeKCTa.

PaccMorpEM mporece TEINIOIPOBORHOCTH B
Tenaonposomoers  wak me-  geponpmxmoM Teme. Kak B IpHBECHHOM

ol it .
patEmuiit npomece BHIIE UYACTHOM mpuMepe (cM. § 5 oroil
TIaBE), NIpEMeM, uTO B atoM ciayuae d¢' = 0; Torma
1 ..
Tds = dgle) = — - div g dt. (8.3)

JTO COOTHOmMEHWE BHIIOJHSETCA, HAODEMeD, B INOKoAmelcs
BA3SKOH KUITKOCTH.

B srom ciywae ypaBreHme (8.2), mpeofpa3oBaHHOE C IOMOIILIO
dopmyan I'aycca — Ocrtporpajckoro, maer

dS 1 . n 1
7‘:_ [ S._T_ div q dt = - S -(ZT— dd + S(qgrad T) dT. (84)
v \4

9ro pasenctso npm yciaosuu (8.3) Bepro npm awboM Temnoobmene
OAHHON YacTH Cpefsl ¢ BHENIHMMH TejaMu.

CornacHo (8.4) 9HTpOUIMA MOMKET BO3pacTaTh WauM yOHBATH 3a

qn
cueT HHTErpaia — S_T— ds npm ¢n==0.Ecau Teno TemiomsoaupoBa-
3

HO, TO 9TO 3HAYAT, 9TO HA €ro MOBEPXHOCTH ¢, = (}, HO BHYTpH Teaa
M3-3a HePABHOMEPHOCTH PaclpefeieHnsa TeMIepaTyP BeKTOD ¢ MOMKeT
ORITH OTIWIEH OT HYJIA.

Taxum o6pasoM, AJsd TEINIOM3OAWPOBAHHOI'O TeJa NOJYYAM

as q-grad T
r S“—“fg“— dr. (8.9)
\4

Beanunaa B 9TOM Clydae Bcerjia (oxbimme HYIA, TaK Kak

as
@
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DPHTPOLNHs 34 CuYeT TEWJIOHMPOBOJHOCTH PACTET, IIOBTOMY IO
BTOPOMY 3aKOHY TEPMOJAWHAMUKM CHAJIAPHOE NPOUIBEICHTE BEK-
TopoB q u grad I Bceraa OoTpPHIATENBHO.

Cornaceo saxony @ypre ¢ = —x grad 7', » > 0. IIpu manu-
uuy 3axoHa Oypre paseHCTBO (8.5) NpHHAMAET BHZ
LA S% |grad T [ dr. (8.6)
v

Taxnm 0O6pasoMm, mecMoTps HA OTCYTCTBHE IDHTOKA Temja u3-
BHE K TeJy B IeloM, pHu yciaosuu T'ds = dq®, d¢’ = 0 momygaercs,
9TO0 JHTPOIMA Tesia B IeaoM pacrer. llpoBemeHHOE paccysijeHue
opercTaBiger coboii ofofmeHme HOpuMepa, MOPMBEIEHHOTO B § O
9TOH TJABH.

I3 nposemenHoro paccyskjenmsa scHo, uro yciosue dg’ = 0
He ABIAETCA JOCTATOYHEIM YCJIOBHEM oOOPaTHEMOCTH IIPOIECCOB.
Jns DoaydeHms [JOCTATOYHOTO KpPUTEPUA
0o6paTMMOCTH HPONEcCOB MOKHO ILIOCTYNATh

cregyiomuM myreM. [lomosmm
dS = d,5 + d;S, (8.7)

Kpartepuii neoGpaTuMocTn

rpe dS — nuddepernman sETpomnum, a d,S u d;S — OecKomeu-
HO MaJEIe cjaraeMile, npudeMm d,S oIpepienser IpUpalleHue 3HT-
pOUEM 3a CUeT MPHTOKA SHTPOUNME HM3BHE, IPOMCXOJAMErO 3a CYeT
aHEEproobMeHa ¢ BHemHMME rejaMd. Beamumna d;S mo ompepexe-
HUIO CYILeCTREHHO MONOKHUTEABHA IIPH HAJUYUHE HEoOPaTHMOCTH H
JAeT POCT SHTPONMH 33 CUeT BHYTPEHHWX HEOOpaTUMHX Mpolec-
coB. Jlusa o0parmMux mnpomeccos d.S MoKer nMerh A000H 3HaK,

a d1S = O.
B npeppymem npuMepe Aiasl Teda B MeiI0M MMeeM
dS  d,S &S (n - Q g-grad T
e ta = ST‘“ \ e —dr.

pH Vv

Ha ocmoBanmmu pmamdnix Bume ompejenennit HeoGXopuMo TO;0-

JHRUTH
dsS g 7, - L a
i = \7pdo=— \div 4 dr,
by v
&S Cg-gradT
i = S——f—“ dr.
v

OTCIO}Ia OJIs1 IJIOTHOCTH 29HTPOOUHA HOJYIUM

1 . ‘grad T
do=—taiv L@, de=— 28T 4 (88)
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Us ¢popmyun (8.8) cnenyer, aro B obmem caydae

Tds+=dq'.
B HekoTopHX ciyuasx, HAIpUMED IPH OTCYTCTBUM TPAJMEHTOB TEM -
mepaTypsl, paBeHCTBO T'd;s = dq' mMeeT MecTo.

®opMyast aam mnpomspojer- OOHYHO BenWunHH d,s W d;s ONPEAEIAOTCS
Ba BHTpONHE d;s $opMyNaMHu caefiylomero Buja:

des dis _ 2 Xox* >0, (8.9)

1 . 1S
a :—————p—de, [y at
pie § — BeKTOp HOTOKA 9HTPONAHA, ¢ OHPEAENsIeT BeIUIUHY HEol-
PATAMOTO POCTA YHTPOIMH 33 cYeT BHYTPEHHMX IIPOIECCOB, y* Ha-
8BIBalOTCS 0GOOMEHERIMI HOTOKAMH, A X, — OGOCIIeHHLIMH Tep-
MOAMHAMAYECKAMA (CHJIAMHEY,
B cayuae temnonposogrOCTH MMeeM

q - 1 oT
§=7, w=¢ X=— ma-

B cymecrBylomux TeopusaX HeoOpPATHMHEIX IIPOIECCOB OCHOBHOI
sajlageii ABasgerca ycraHoBiaeHne gopMmyna tuna (8.9). Bo mmormx
clIy4asaXx Opefmoaaraercs, 4TO CYMECTBYIOT CBASH MEMAY HOTOKA-
MH ¥* u «cmmamay X.. [[ada ompepmesesmsa DTUX chsi3edl BLICTaB-
JAATCSA PasJUYHble TPHHIAIE.

B cayqae gBmyeHmAa BASKOH TEIMONPOBORHOI KHAKOCTA ¢op-

dys
Myna (8.9) gua %% pmeer BOJ .

@t
ds 4 Tey g gradT dy  q-gradT
e B i e Lt

B nannoM cnysae dpymHrumonanpHbie cBssH T m ¢ or e;; m grad T
COOTBETCTBEHHO OIPEJENA0T CBOACTBA BZKOCTH H TENAOIPOBOJHO-
CTH CpEfHL.

3axonsr Hasre — Croxca m Dypee AT 9YacTHHIE IpH-
Mep cBaseil 0G00MeHANX MOTOKOB M TEPMOAMHAMMUYECKHUX (CHI».
Ipn Banmuum cssn ) mexpay y* 1 X Beau-
YAy ¢ MOMHO PAcCMaTPHUBATh KaK QYHK-
uuio ) wid Kak gyEknomio Xg, T. €.

St Xax® = 5(Xp) = o (). (8.10)

OyHKINI0 ¢ HA3HBAKT AuccHnartuBHO# ¢ymknmeidr. B psage Teo-
PRl HEOOPATHMHIX IPOIECCOB MOHOJIHUTENbHbIE TNPHHIUIL CBO-
IATca K ofocHoBaHmMI0 clegyiomux (GopMynx (He BHTEKAOMMUX

Jdacennarapnan  $ynxunsn

1) CymecTBoBaHne KOHEeYHUIX CBAZe Mely %M Xp IIA BCEBO3MOMHBIX
Mofleslefi COMOITHRX CPef He 00A3aTeABHO.
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HemocpexcreerHo 3 (8.10)):

‘1=m_az_

axa aXa !

(8.11)

rje A W m — HEeKOTODHEe CKANADHHe (YHKOWH, IS KOTOPHX HA
ocHoBaruu (8.10) BepHE ¢opMynm:

[$) s}
k:—le— u m== ——68—'. (812)
S &

M3 (8.11) u pasencrsa
de = y*dXa -+ X.dy* upu do =0
caeayer, 4yto A~+~m =1,

Ecnu pucemmaruBHas ¢yHEOmEA — OgHOpOMHAA (QYHKIESA CBO-
HX apryMeHTOB, TO Ha OCHOBAHUH TeOpeMH Jiinepa o6 ogHOPOA-
HHX (YHKOUAX A # M HONYYAIOTCA NOCTOSTHENMH. Ecnm pmumccH-
maTuBHAA (QYKIUA — KBafpaThuHag $opMa CBOWX apryMeHTOB, TO

1
), = M = -—2— .

B sroM cayuae coormomenus (8.11) ompepmenar coGoil nmHeiiHHe
CBASH MERIY (CHIaMd» W IMOTOKaMu. V3 cymmecTBOBAHUA AUCCHIIA-
THBHOH# (YHKIHE Ciefyer, UTO MATpPUOA W3 NOCTOAHHHX Koaddu-
OUEHTOB B BTHX JIHHEHHHX CBABAX CHMMETPHIHA.
TeopHus, oCHOBaHHAA HA HPEANONOKEHNH,
9T0 JACCHOATHBHASL (QYHKIASA ABISAETCHA
KBagpaTnyHO# (GOPMOHl CBOMX apryMeHTOB W dTO COOTHOIIEHHA
(8.11) cupaBepmiamBH, COCTABIIET cofieprranme Teopun Omnsarepa. 3a-
roan Qypre uw Hapbe — Croxca — wacTHHE npmmep Teopum OH-
aarepa.

B srom caygae miad AWCCHOATHBHON (YHKOHE HA OCHOBAHUM
saxonoB Mypre u Hasre — Crokca monywaercsa dopmyina:

o= 18T (g(e:i)z + 2pfeey — (@) ]) . (8.13)

U3 ckasaHHOro BHIIE SICHO, YTO MONOMKATENbHOCT: GyHKOUE G oGec-
geumBaerca yeaosmamum: % >0, § >0, p > 0.

Bo BropoM TOMe KHErA MH HOKaj)keM, ITO B TEOpHH HeaJb -
HOH IIacTHIHOCTH MOMKHO paccMarpusarh coormomenme (8.9), B
KOTOPOM (YHKIOUA ¢ sBigercsA ONHOPOAHOH ¢GyHKOWedl HepBOi
cremend or ¥%; B oroM cuyusae A =1, a dopmyma jua ¥* uepes
Xq B (8.11) zamensierca fpyroit Gopmynoil aHANOrMYHOH LpPUPOJHL,

O Tcopmm Omnsarepa




TJTJABA VI

OCHOBHBIE NOHATNA M YPABHEHHSA
3JIEKTPOJIMHA MIKI

§ 1. OcHoBEBIEe MOHATUA 3TEKTPOAUHAMURH, JJIEKTPOMArHUTIOE
noxe. YpaBueuns MakcBeldla B mycrore

B mocnexmee BpeMs Bce (onbmee W Gonbinee 3HAYCHNE IIPHOO-
PeTanT BONPOCH W3YIEHWS [BIWKEHNA CILNIONHOM Cpemnl ¢ yue-
TOM 9JIeKTPOMarHuTHHX dP¢derToB. B cBA3M ¢ oTHM B MeXaHHKe
CIUIOIIHOIL Cpemsl CTaao HEeoOXOAUMBIM H3JIATATL OCHOBHEIE CBe-
JAEeHUSA U3 DIEKTPOAMHAMUKN.

Jlanbuie mpmMeM, UTO OpocTeiinWe ONBITHHIE (AKTH H 3a-
KOHEl YJEKTPOJMHAMUKHA W3BECTHHL U3 2IeMeHTapHOro u obmie-
ro KypcoB ¢maukm. CHopMyIHpyeM OCHOBHEIE 33KOHH DJICKT-
POMUHAMUKA B BHge ypaBHeHWi Makci~ama arCHOMaTHUYECKH, KAk
pesyabsTaT TeopermuecKoil 06paboTKE m  OOOIIEHNS ONmEITA W HAa-
OIooneHuH.

QopMynmpoBka  ypaBHeHmiT MakcBeana  ocHOBaHA — Ha
HCIONb30BAHAA PAMA afCTPAKTHEIX MATEMATHYECKWX HMOHATHH 00
DIIEKTPOMATHUTHEIX XaPAKTEePUCTHKAX, BBOUUMEIX 1A ONHCAHUS
BJIEKTPOMATHATHBIX CBOMCTB TeN W TOJs. BBeJeHNE W aHAINS DTHX
MOHATHI W ypaBHeHUI CBABAHH ¢ rpoMajgHOi#i paboroit m  Goabim-
MH WCTOPHYECKMMHU MEPEKMBAHWAMHI B WHTEHCHBHOM pPAa3BUTHH
HAYYHBIX MCCIAEIOBAHUE HIEKTPUIECKAX ABICHUI B TedeRme Golce
cTa IerT.

IIMon0TBOPHOCT  TEOPETHUECKUX  METOHOB, ONHPAIIUAXCS
Ha ypaBHeHHd MakcBeaaa, ODOOTBEDKAAECTCH BCEH MPAKTHKOR oOom-
CAHNA DIECKTPOMATHUTHHX 3(PEeKTOB U BCeMM M3BECTHRIMH MaKpO-
CKONMYECKAMH DKCIEePUMEHTAILHLIMH [JaHHEIMI.

IIpu nsnojkeHUM SIEKTPOJUHAMMKM He OymeM NOpHUAEP:KH-
BAaTbCA MCTOPUYECKOTO ACIEKTA, a4 JaJuM KOHIEHTPUPOBAHHOE OIIM-
CAHME €€ OCHOB, UMes B BUAY OPUIOKCHHS DIGKTPOMHHAMUKH K
3ajayaM MeXaHHKM CINIOMHOHN cpexsl. OTMerdM TOJBKO, YTO TEO-
PUA DIEKTPOMATHUTHOTO IOJsI, KAK TeODHs PealbHOT0 OOBeKTa,
BospmKaa y @Papames m Onna ompobupoBana yOEIWTENBHO BDKCIIE-
PEMEHTAJLHO JHAML B KOHIlE IPONUIOTO CTOJeTHsA, Korga leprmy
YAAJ0Ch HONYIHTH DIEKTPOMATHHTHEIE BOJHL K OTHM IOKa3aTh
PeasLHOCTh CYIMECTBOBAHUS DIEKTPOMATHUTHOIO IOJA.

YraeM cHauaja, MOUYEMy JITEKTPOMATHUTHHIE gBICHWUS MOTYT
MMeTh 3HAUCHHWe Jiis MEXAaHWKHU CIIOmHOH cpepn, B ¢umamxe ma-
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BECTHHl YeTHPe OCHOBHEIX THIOA B3aWMOJEHCTBUHR MeKITy Mare-
pranpHEIME  00BEKTaMH: TPaBATANMOEHLIE, 3JAEKTPOMATHUTHEIE,
AfepHBe W clabhe BIAEMOJEHCTBMA B TEOPHH DIEMEHTADHEIX
YACTHIL.

Nayuaevsie Havu BHYTPEHHHE CHJOBLIE  B3auMOAeACTBHSA
CBABAHLI, B OCHOBHOM, C SJEKTPOMArHUTHoIMH 3QQoxTaMu; HMA
O0YCMOBIEHKE  MaKDPOCKOOWYECKW® HANDAKEHHA B TBEPHHX,
MEAKUX 1 rasoobpasmmx Tesax. B wacrHOCTH, NIpH CTOAKHOBE-
HUAX MOJEKylI W AaroMOB pPOJb JIEKTPOMATHHTHHX CHJI — OC-
HOBHAA,

HpoMme Toro, mpH HEKOTODPHX yCIOBHAX Teda MOTYT O06IafaTh
8NeKTPUYECKMMH 3aPAJAMH M B HAX MOryT Te4b TOKH. Bosmmkaro-
mpe HPH 3TOM CHJIH BRAUMOAEHCTBHA HEOOXOMHMMO YUHTHBATH B
obmeM GamaHce cmi, AeHCTBYIOIMUX Ha 00BEM CIIOMAOH CpEEL.
Taxoro popa sddextn mpospasIOTCH 0COGEHEO CHILHO IPH  M3Y-
9eHNHN JBMKEeHNA nnasMu. [IxasMa npeacrasnser co0oli ras, B Ko-
TOPOM EMeerca §onpmoe YuCA0 ¢BOGOJHHX DIEKTPOHOB W MOHOB.
ITosTomMy miasMa 3aMeTHO B3AWMOMNEHCTBYET C 3IEKTPOMATHETHEIM
moJieM.

HamoMuuM Temepsr HeKOTODHeE OCHOBHEIE OIpeNeNeHds W MO-
HATHAA 3JIeKTPOAMHAMUKH,

. OnmT mOKAa3wLIBaeT, 4TO  [BE IIOKOAMIHECHA
axom Kymoma pas mOKO~  yacrymp cpeisl, ofJajialoliue Bap
AMPEXCS 3apAAOB : - i PAaMI

¢4 M e, BBAUMONEHCTBYIOT MEHKAY CO-
o ¢ cunoii, AaHANOrHIHONW cHUIE NWPHUTHKEHHA MEKIY [ABYMA
Maccamu:

F = +k 22 gradr, (1.1)

rge r — pPAcCTOAEMe MERIY 3aPAKEHHLIMEA YacTHHaMHI. JTO COOT-
HOIleHUe HOCHT HA3BaHHe 3aKoHa HyioHa.

B mpoTmBOmONOMHOCTS CHIE TArOTEHHs, KOTOPAad BCerga Ab-
asgerca cRIOH NPHTMKeHNA, cuna F asingercd CHIOH HPHTAKEHNA,
eciu 2aPAMH ¢; W ¢; PASHOMMEHHHe, I CIJIOH OTTANKHBAHUA, eCIH
OHH OHOMMEHHELIE.

Buanmsanane cuip rpasUTaqEOHHOTO IPUTKEHA 3aMeTHO, KOrja
B3aIMOJ[efiCTBYIOMIAE MACCKH My W Mg OU€Hb BEIUKH. OJNeKTPHIe-
CKOe CHJIK B3aUMOJEHCTBUA BO MHOTO pas Ooubime CHAN TATOTEHUA.
Cuia rpaBHTAEOHHOTO NPHTKEHMA MEKIY ABYMS JJIeKTPOHAME
MEHBIIE CHIH HX B3JIeKTpuYecKoro orraiakmsamma B 10% pas.
9710 OUYEHH OOIBIIOE THCIO, KOTOPOE TPYAHO OI[YTHTHL C IOMOMILIO
OOHYHLIX NpeAcTaBICHAMH.

[rorsocts 3apaia B MexaHuxe CHIOMHOH CpPeABl eCTeCTBeH-
HO BBECTH HEHPepPHBHOE pacHpefeaeHHe

3apAM0B e, MORKOOHO TOMY KAaK BBOAUTCA HENpPEPHIBHOE pacmpe-
peenue Macce. I[ImoTHOCTE 3apAfa OHPERENAETCA CHEeNYOIAM
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oGpasom:

rne Ae — cymMMapHH#E 3apang B o6bseMe AV.

Hns snextpuaeckm medrpanbErX Tex Ae = 0 mp, = 0. Ilmor-
HOCTH 32PAfA p, B 3aBECHMOCTH OT HAKOIJIEHHS HMOHOB MJIH BIIEKT-
POHOB B OIPeJeJIEHHOM MecTe MOKeT OHTh KaK IOJOKUTEJbHOMH,
TAK U OTPHNATENbHOM. B peitcTBuTenbHOCTH p, 1A BCeX Ten Gam3-
KO K HyJI0, 3TO CBA33HO ¢ TEM, YTO OJHOMMEHHEIE 3apAAH BCErja
OTTAXKHBAWTCA; HOITOMY GONbIIME CKONNEHHA HOJOKATEIBHO MIH
OTPUOATENBHO 3aPSIKEHHHX YACTHI[ J0JII0 CYMECTBOBATH He MOTYT.
DIeKTPAYECKEE TOK HpeacTaBaseT coboi
IOBUJKEHWE 3aDsUKEHHEIX 9acTui. Tak, ecanm
B Tele HMenTCA CBOOOMHEIE SJEKTPOHH, ABHIKYINHEeCS HaNpas-
JeHHEIM 00pa3oM OTHOCHTEIHHO MOHOB, TO 9TO BHAUWT, 9TO B TEIC
TEKYT SJIeKTpPHYecKHe ToKW. lIpm »TOM, HecMOTps Ha HaIudUe
MAKPOCKONHWIECKAX IIOTOKOB MOHOB W 3JIEKTPOHOB, MaKPOCKONNTE-
CHafg CyMMapHasg CKOPOCTH YaCTHI[ TeJa MOKET PABHATHCA HYIIO.
DI eKTPUYECKAN TOK Mo CBOEH mpUpoje mogoGeH WHTEHCHBHOM yHo-
papouenHoi pmmdpysmm. Toxku MOMKHO paccMaTpEBATh KaK
B NOKOAMUXCSA, TAK M B ABIKYIMEXCA cpegax. IImoTHOCTH TOKa
XapaKTepPU3yeTCs BEKTOPOM INIOTHOCTH TOKA Jj, BeIHYHHA KO-
TOPOTO DaBHA BeJIMYWHEe CYMMAaPDHOTO 3apAfa, HEePeHOCHMO-
ro 4Yepes efAwHHYHYK IIOMAAKY, HEPHEHAHKYJIAPHYI0O K BEKTO-
Py J, 33 efMHUNY BPEMeHH.

B 0GHYHHEIX YCIOBAAX ATOM BEMIECTBA  DIIEK-
TPHYECKU HeHTpajeH, ero CyMMAapHEIH 3a-
PAZX paBeH HYIIO, BO €CIH MMEEeTCS COBOKYHHOCTH OJIMBKO PacHo-
JOKEHHHX JIpYT K JIPYT'Yy AaTOMOB, TO 3apAAH B KajKAOM H3 HOX
CMEmATCA APYr OTHOCHTENBHO APYra — HEUTPAJLHEH aTOM CTa-
HOBWTCH MOROOHHIM JMIONI0 WIA MYJABTHIONI. OTO ABJIEHAE
HasHBaeTcA mojispuaanmei. Boxrmoe KommuecrBo moMspH30OBAH-
HEIX MOJIEKYJ HWJIH aTOMOB OIPH UX YIOPAJOIEHHOM PACIIOJOKEeHHU
moj, fileicTBHEM BHEOIHETO JJIEeKTPHIeCKOro IMOoJs HPHBOJHUT K MAaK-
pocronmueckoMy 3PPeKTy SAEKTPHIECKON NOJAPHM3anmdd MAaKpo-
CKomM4ecKmX dYacTell cpenn. O4eBHAHO, 9TO XAO0THYECKOE TEIIO-
BOe IBWKeHWe, BOOOMmE TOBOPH, NPEHOATCTBYET IOABIEHUI0 MAaKpPO-
CKONMYECKON IOJAPU3AMAL.

HKpomMe ykasaHHEIX BHINIe B3aEMOJEHCTBHM
IOKOAMMUXCA 3apsIKEHBHIX YACTHI, Cyme-
CTBYIOT €me MATHWTHEE B3amMOJeHCTBHA.
Tax, HapmpmMmep, W3BECTHO, 4TO HAMATHUYEHHOE KEJIE30 HPUTATH-
BaeT K cefe jkeNe3HbHEe ONMJIKH, HAMATHAYEHHAS CTPEJIKA KOMHA-
ca pacmonaraerca Io MepuamaEy 3emiau. CiemoBarenspHO, HA 3eM-
lle BCEeTrZa CYMECTBYIOT CHJAH, KOTODHE HOBODPAYHBAIOT CTPEIKY
KOMIaca B OOpEleNeHHOM HAIpaBlIeHHOH.

OJIeKTPHYECKHii TOK

Hoaapnsanms aromon

MarnaTase B3aEMoO/ielierT-
BHAA
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B cBsas®m ¢ HammdmeM MATHWTHHX B3AaWMONEMCTBHH [leNajuch

DONKTKA BBECTH B PACCMOTPEHHE MaTHWTHHE 3aPANH 1 HAACATH
ANA HUX 3aKOH, aHAJIOTMIHHE 3ak0oRY HyloHA /s saeKTpHYecKUX
3apsioB. BrsicAMNOCEH, OHAKO, 9T0 HUKAKMX MATHHTHHIX 3aPANOB
B IIPHPOJe Ae CYmecTByer, a MarBEUTHBIE B3aUMOJEHCTBAA CBOJAT-
cA K B3aUMONEHCTBHAM DJIEKTPHISCKHAX TOKOB (T. €. ABIKYMUXCA
3apafoB). B wacrmoctd, MarHETHBIE CBOMCTBA DPABJMYHBIX BEIl€CTB
00BACHAIOTCA HAJIAYNEM MUKPOCKOIMYECKAX TOKOB, TEKYIIUX BHYT-
PH ATOMOB 32 c4eT IREAKCHAA DIEKTPOHOB BOKPYT fAfpa W 33 CUeT
COGCTBEHHOIO «BPAIMEHUAA» DIEKTPOHOB W Afep (comuoB). B ofpg-
HEIX YCJIOBHAX B GOJNBINMHCTBE TeN ATOME OPHEHTHDOBAHHL XAa0-
TAYECKM ¥ JedcTBUE BHYTPHATOMHEIX TOKOB HE IDOSBIAETCH.
Ecau ke Bo3EHmKaer ymopsfodYeHHAs OPHEHTAIHs BJIEMEHTAPHHIX
9aCTHI|, W3 KOTOPHIX COCTABJIEHO TENO, TO COOTBETCTBYIOMMHA MaK-
pockonuueckuil s¢pdeKT mposBrAeTcd B MATHHTHEIX CBOMCTRax
Ted, CBABAHHLIX C sIBIeHNeM HAMATHOIWBAHUS.
HonyctnM, 310 B IIPOCTPAHCTBE HMMEETCH
COBOKYHHOCTDH 3apsIfOB, MOKOAMEXCS OTHO-
CHTEIHHO HEKOTOPOH HHePHAILHOM CUCTEMB!
koopguHEatr K. B ¢usmke npmHAT OOMWH NPBHIAN, ¢ IOMOMIBIO
KOTOPOTO MO;KHO HM3yYaTh DIEKTPUUECKUe CHUIH, JedCTBRYOMIE CO
CTOPOHH CHCTEMHl 3apsANOB HA UTPOOHBIA sieMeHTaPHHH 3apsaj e,
IOMEemeHHH B JaHAyI TOu4Ky ', x2, 2 mpocrpamcrea. Haxk
U3BECTHO, CHJA, ACHCTBYOMAA HA HEHOABIKHBLL IPOOHBI 3aps,
33BUCHT TONLKO OT €r¢ MOJIOKEHHs B RenMIMAN. (OHA paBHA

F = ¢E, (1.2)

rpe £ — HEKOTOPHE@ BEKTOD, HA3KIBAEMBI BEKTOPOM BIEKTDH-
gecKOii RaupsaskerHOoCcTH, K — K (2!, 22, 2®). Ilone mexropa K mo-
JyJaeTca KaK CyMMa IOJell OTAeNbHEIX 32pAMOB.

IlepBoraganbHO cYuTaNm, 9TO BTO HOJAE HPEACTABIAAELT cOGOMH
MareMaTHYeCKyw abcTpakmuo, yHoOHYWw I BHYHWCIEHHWS CHJI,
nmeiicTByIONTEX HAa mpoOHB 3apan. Ilociaemywimue mcciaemoBaBmsa
HOKAa3aJH, 9T0 moJIe dIeKTpHdeckolt Hanpsskernocty F MosxHO pac-
CMaTpPHBAaTh KAK 00BEKT, CYymecTBYOMUA B MPOCTPAHCTBE BHE 32-
BHCUMOCTH OT CYIIECTBOBAHHA LPOGHOTO 3apsijia, W MOMKHO TOBO-
PUTE 06 3NEeKTPHYECKOM IIOJe KaK O MaTepmajIbHOM 00BEKTE, OT-
JUYIHOM OT MAaTePHMANBHOTO TEJaa.

Bo3Mo<HEL iBe TOYKH 3PeHHs Ha COOTHOMEHHE MEKAY 3apsaja-
MmE u noilem. MoKHO cimTaTh, 4TO HOJd€ HOPOKJAETCs 3apAfaMu
HJIH 9TO 3apA/ElI ABIAKTCA OCOOKMH TOoIKaMu (QusmiecKm Majsi-
ME 00BeKTaMH) CYMECTBYIOMEro dJIEKTPHIECKOTO MOIA.

ABaOTHYHO BEKTODY SIEKTPHTECKOH HANPHKEHHOCTH, IyTEM
CYMMHUDOBAaHHS [eHCTBAS DIEMEHTADHHX TOKOB BBOJAMWTCA BEK-
TOP MarEmTHON HampspxeHHocTH H Kak XapakTepuUCTHKA MATHWT-
HOTO IoJiA, ¢ TIOMOINBI0 KOTOPOl MOKHO ONEHHBATH CHIH

Bexropsr  baeRTpHuYeCcKOH ©
MArHUTROH HANPKEHHOCTH
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MarBUTHOTO B3amMojelicTsnsa. o XapakTépHCTHRE DPOoOHOTO dIC-
MeHTAPHOTO MAarHWTA WIK TOKA BBOAWUTCA MaJlii MATHUTHRA [qa-
TIOJIbHHA MOMeHT ¢d TaK, 9TO0 MOMEHT HmapH CHJl, AeHCTBYIOMWI co
CTOPOHH IOJA HA 3NEMEHTAPHYIO MATHUTHYIO CTPEAKY € MOMEHTOM
d, BoumcaseTca mo ¢opMmyie

m=dxH. (1.3)

Ecan marmmraoce mozme omHopopxo, H = const, To ofmas cu-
13 BO3ZeHCTBHA mOJsA HA DJeMeHTAapHHHA AUOONb paBHA HYIIO.
OTnugeH oT HyIA TONBKO MoMeHT M.

Ecnu none H Heogwopommo, 70, KpoMe MoMeHTa I, MOABIAET-
ca cuna F’, xotopas ompepnengerca ¢opMyraoi

F=(d-V)H = (dV) H=a%"
rpe 0/0s osHadaer AUuQPepeHNEPOBAHNE IO HANPABIEHUIO MOMEHTA
JONONS B TOYKE PACIOJOKEHUs 3IeMEHTAPHOLO TOKA.

B crarmgeckMX YCOOBHAX HATPSKEHHOCTH DJIEKTPUYECKOrO
¥ MATHAUTHOTO moJe#l B HAHHOM TOYKE IPOCTPAHCTBA MOTYT OHTH
oOpeaeneHH o ma3MeperusaMm cuasl (1.2) w momenra (1.3), peiicr-
BYOIIEX HA IOMENEHHHE B 3Ty TOYKY HEHOABHKHEE mpOOHNLE
BJIEKTPUYECKNE 3aPANE W PA3THIHHM 00pasoM OpHEHTHPOBAHHbBIE
BJEMEHTADHHO MATHOTH (DIEMEHTApDHHIE OIEKTPUYECKHE TOKM).

Jiil TPOCTHE ONEITH ¢ HPOCHEIME DIEMEHATAMH MOMKHO yC-
JIOKHATH, 0600NATP M PACHPOCTPAHATH HA CAy4yall MOABIKHEIX
NpofHLIX 3apHauoB U TOKOB u moneil K u H, nepeMeHHEIX IO Bpe-
MEeHH.

TaxuM oGpazoM, 3NEKTPOMATHATHOE HOJIe B MYyCTOTE B KAMKIOM
TOYKE NIPOCTPAHCTBA M B KAKAHIH MOMEHT BPeMEHM XapPaKTepHusy-
€TCs BYMs BeKTOPaMy — HamPKeHHOCTHIO 2JIeKTPrIeckoro nonsa ki
U HANPAKEHHOCTbI0 MarEmTHOTO monss H. Bexkropm E u H,
IJIOTHOCTh 3apAJ0B pe M BEKTOP IIOTHOCTH 3JTEKTPHIECKOTO
TOKa J fSIBIATCH OCHOBHHIMH NOHATHAME 5JIEGKTPOJUHAMOKM.
Herpynao yOemutbesd, uto 3aKoH IlyJsoHa,
ompejiediomuit  mone I cHCTeMH HemoO-
IOBWKHEIX B WHEPOUANBHOM CmCTEME KOOp-
OUHAT TOYCTHEIX MV PACOPEXeIeHHLX 3apAfO0B, MOKHO HANUCATEH B
mmpdepeEnuaasHOi Gopue;

div E=4np,, rot E=0. (1.4)

OOmee pemenme cucremn ypasuenuit (1.4) B GecKoHETHOM
MPOCTPAHCTBE ¢ YCJIOBHEM ucue3HoBeHuA Bexkropa F B GeckoHed-
HOCTH IIPEBOJHUT K 3aKoHy HyioHa,

ITepexon oT mpocToro ONHTHOrO 3akoHA KyioHa XK ypaBHe-
aoaM (1.4), mpepcrapasrommM coboji ypasHenm:1 Makcsemna jid
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CHCTEMH HENOJBIKHHX 3aPAN0B, ABIAeTcA mpocroit mepedopmy-
JIHpOBI{Oﬁ OCHOBHOTO 3aKOHA JIEKTPOIMHAMHAKH B TePDMHHAX 1111@-
(pepeHNUANBERX YpaBHEHWA. JTOT Iepexoj BO MHOIOM aHalo-
IFUYeH MEePeXofy OT B34KOHA BCEMHDHOTO TATOTEHHA HboToHA
K nuddepeHENUATBFHEM YPABHEHAAM B TEOPHH HBIOTOHOBCKOTO
OoTeHuraJila, BBH}Iy BAKHOCTH TaKOTO oepexona IOACHNM

cxkazagHoe Gojee MOAPOOHO.
Madgepernmmansusie ypapne- LCJHI AMEIOTCA JBE MATePHANbHME TOYKH
HAA PPaBUTANHOHHOrO moaxg C MaccaMH m U m;, TO OHH HOPHUTATHBA-
B HHIOTOHHAHCKOI MeXaHHKe I0TCSI APYT K JpYry I0 3aKOHY HeoTora
B HA TOYKY M CO CTOPOHBI TOIKH M JEHCT-

ByeT cHia, RoTopad paBHa

mm, o

ok

Fo=—1

Tfe r, — PacCTOMHAE MEKAY TOUKaMU m U my, [ — IpaBUTAMHOH-
HASA IOCTOSHHAS, 4 7, — eAWHNTHLH BEKTOP HAOPABIEHHS  OT
m; K m.

Kax wu3BecTHO, 3Ta cUia MOTeHHHANbHA, T. €. I = grad Uy,

mny,

u uoteamuan U; ==f rh".
Ecnm B mpocTpamHCTBE MMeeTCss 7 MATEPHANBHEX TOUEK ¢ Mac-
camu my (k =1, 2, ..., n) ¥ MB paccMATPHBAEM HUX B/IHAHLE HA

OflHy MaTepHAIbHYI0 TOYKY Maccki m = 1, KoTopas Moxer OnTn
OOMEIIeHa B pasHLE TOYKA HpocTpaHcTBa (mpobHAt Macca), TO
CO CTOPOHH BCEX TOYCK m, HA mpofGHyio Maccy m = 1 Gymer peifcr-
BoBaTh cuia F = ZF; U ee HOTeHIHAAT

U:ZUkazlfi, Iy = grad U,. (1.5}
k Tk

Pacmpenenenue Macc m; co3jgaeT B IOPOCTPAHCTBE I'DABATAIMOH-
HOe ToJie ¢ HOTeHnHaNoM {/, KOTopoe MOKHO OOHApPYMHUTh C IO-
MOmpbI0 NPOOHON MAacCH, MOMEIEHHOH B pacCMaTpPUBAEMy> TOIKY
IPOCTPAaHCTBA.

Hannmem puddepeEnmannrHEOEe ypaBHeHHe, KOTOPOMY HOJKEH
YEOBIETBOPATH HOTEHHUAN CHI TaroTeBHs U.

Dyprnus 1/ry,, Toe

r=VE TGP E 5P

paccTosiBme Me;KIy TOYKOH Z, Y, z, B KOTOPOil moMemeHa IpobHasn
Macca, W TOUKON Iy, Yy, Zr, B KOTOPOH Haxomurcs k-Macca, CO3-
Japmas TPABHTAMUOHHOE Y0Je, SABISETCS TapMOHIYECKOH pyEK-
nueit. Bo Bcex Toukax z, y, z, AIA KOTOpHX ri == 0, dymxmua
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1/r;, ymomaersopser ypasmeHmio Jlammaca

o (r) By (1)

A'r,\“,”': ger -t gt g =
CnenoBarensuo, norernuan U, IpaBUTANUOHHOTO MOJA OJHOH Ma-

TePHAJbHON TOUKH Y/[OBIETBOPAET yPABHEHHIO

AU, =0

i
divlF,=0, F,=gradUy, r. e. vrot F = 0. (1.6)

Ypassenume Jlanmaca asaserca JuEeAnsiM ypasHeHmeMm. IloTen-
nuala rpasuraguoreoro noisa U (z, y, z), c081aBaeMOro HeHpEepHB-
HEIM pacrpefeleHBeM Macc IO HeKoTopoMy obbeMy V, Ha ocHoRa-
guu (1.5) MokHO HamHcaTp B BHJE

Uz, y, )=/ S (o dv = dm). (1.7)
v

pdr
-

Ouesupnno, uro ara ¢yarmua U (z, y, z) yHOBJIETBOpAET ypaB-
peEnio Jlamnaca

AU =0
B TOYKAaX, IJie HET Mace.
Ypasuegue Jlannaca pias U pDaBHOCHABHO ypaBHEHWMAM

div F=0, rot F=0, F=grad U. (1.8)

MosxHO HoKa3aTh IPU BecbMa OOIMUX MPAKTHIECKH IPHEMIEMBIX
NONYIIEHWsiX OTHOCUTEIHHO pacIupemeleHAs ILIOTHOCTH O, 9TO IO-
reHnuan U rpaBuramdonnoro moias (1.7) gas toduex z, y, z, pacmo-
JOKEEHNX BHYTpu V, ymoBierBopsder ypaHeAwio llyaccoma

AU = —bnmp. (1.9)

9ro ypasuenne (1.9) paBHOCHJIBPHO ypaBHEHAAM
div F = 4mp, rot =0, F=grad U. (1.10)

Taxum ofpasoM, 3ajgaga oIpefeleHHs NOTEHOUAJAA TCPaBUTA-
MOHHOT'O WO W CHJIE, IeHCTBYIOIEeil ¢O CTOPOHK NOiA HA mpol-
HYI0 eHHUYHYI Maccy, MoKeT OHTH HOCTaBIeHA KAk 3amada o0
oupenenennn ¢yuxouu U (z, y, z), Hcuesawmeil B GeCKOHETHOCTH
H yHOBAETBOpAIMER ypaBHeHWI0 Jlamnaca Bcogy BHe V M ypaBHe-
nuo 1lyaccora Beiogy BHYTpH V, HIM Kak 3a7avua oNpe;|eIeHAs CHT
F, ynoenersopsiomux ypasEeruaM (1.8) m (1.10).

Tawroro pofia mocTaHOBKA 33XAYM B TEOPMM HBIOTOHOBCKOTO MO-
TEHOUAAa NOJHOCTHIO AHAJOIMYHA IIOCTAHOBKE 33aa¥M SIEKTPO-
CTATHKH Ha ocHOBe ypasHeRuWi Makcseana (1.4). MosxEO mokasars,
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4ro peilleEne B 0eCKOHEYHOM IPOCTPAHCTBE 3a1aYl 00 OTHICKAHHEA
¢yarnun U, ucyesapomeil B GeCKOHeWHOCTH, IPHBOAT K (GopMyie
(1.7), BuIpaskaiomeii cofoil 3aKOH TPABATALMOHHOTO TATOTEHAAY).
Ilpn manmanu HecTamMOHAPHHX HIEKTPHYECKEX M MATHATHBIX
Hoieil HA OCHOBe ONKITHHX 3aKOHOB WHAYKIWH AHAJOTAYHEIM IIy-

TeM MOKHO monyunrth ofo0menue ypapHemmit (1.4).
Vpastemn Maxcuonsa s JTH ypaBHEHMS B HHEPOUANBHON cHCTeMe
saerTpomarsaTHoro moms s KCOPAMHAT B IYCTOM HDOCTPAHCTBE, HE 3a-
nyerore HATOM MATePHANLHHIMA TejIaMH (B 3TOH
obmactu p, =0, Tak Kak TOJABKO MaTe-

PUaJbHEIE TeJa MOIYyT HECTH 3apPAALI), UMEIOT BH

1 dH

I'Ot/E—-——“——'———a—t——, leHZO, (111)

rot =20 div E = 0. (1.12)

Ypasueraun Maxcseana (1.11) u (1.12) ynoGHuo B3ATL B KavecT-
Be McXogHOI, 0asmCHOH MaTeMaTHuecKOW albcTpakTHO# (opMynau-
DPOBKH ONLITHHIX HAOII0MeHNI BMecTo 3aKoHOB HynoHa m  ppyrmx
3aKOHOB 2JIEKTPOJAWHAMHUKHN, CBABAHHKX HCTOPHYECKH U IIPAKTH-
yeckd 0ojiee TECHO ¢ HEIOCPENCTBEHHHIMA oObTamMu. B ypasue-
amax (1.11) m (1.12) ¢ — mocrofgHHAA ¢ PasMePHOCTBIO CKOPOCTH,
IAJbIIe BHIACHAETCH, 9TO IOCTOAHHYIO ¢ HYMHO pDACCMATPHBATL
KaK CKOPOCTh pACHDOCTPAHEHUS B3IeKTPOMATHNTHHX BO3MyIe-
HHUii, T. €. KAK CKOPOCTH CBera.

VYpasueaua (1.11) a (1.12) cocraBiasAwT OCHOBY ¢H3WKH. ITO
rJaBHEE YPABHEHUA B ONTHKe W pang@orexHUKe. (OHE OOHCHIBAIOT
pacupocTpaHeHHEe CBETOBHX H BOOOME SJeKTPOMATHUTHHIX  BOJH
B IIyCTOTE ¥ MHOTHE [DPyrue sSBIeHNd.

Muorrme 9JeKTPOMATHMTHEIE  XapaKTepuc-

gnerSgggg::mea’:gEg‘;Eg TARA SBIAKTCA Pa3sMEePHEIMHM BeIMYMHAMH.

Hammncaane KoHKpPeTHHX (OPMyI ® ypas-

HeHHA# HAJIAraeT oUpefeleHHbIE CBASM MEXAY eIMHUIAMHA W3Mepe-

HEA A4 BeIWYHH, BXONAMMUX B 9TH (OPMYyIH N ypaBHeHHA, B

YaCTHOCTH, UCIIOAb3oBaHMe ypasHeHWA Maxcsenna B dopme (1.11),

(1.12) monpasymesaer, uro K n H u3aMepAnTCA B ONHUX M TeX ke
efMHANAX. ‘

[Ipm He3aBECEMOM BHOOpe eWHUI, MBMeDEeHUA [NA CAIE, Mac-
CH W yCKopeHmsi ocHOBHOoe ypasHeAme Hrioroma F =kma He-
00X0HEMo NMHCATh ¢ PasMepHoi nocrosaHod k; nipu k = 1 atu exnm-
HOIH A3MEPEeHAd 3aBUCHAMEL.

Paamepryo mocrosmEy0 ¢ B ypasEemmax (1.11) m (1.12) naum
HOCTOSHHAYY [ B 3aKOHe TPABUTANMN MOYKHO HONOKHTL DPAaBHOM

1) 9ro mnpepomenne HoxpobHO PazoGpaHO BO BTOPOM TOME BTOH KHETH
(cm. § 25 ra. VIII).

18 J1. ¥, Cepos
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e[IWHUIIE, TO BIOJTHE BO3MOKHO W IPUHAMAETCH HEKOTOPLIME aBTO-
pamu. Opraxo eciau B (1.11) w (1.12) ¢ = 1, T0 3TO 03HAHaer, 4TO
InGo CKOPOCTh CBeTAa IPHHWMAeTCH B KadecTBe eUHMANLI [JIA W3-
MepeHHus CKopocTeil, Nr0o emuannsl uaMepenus ans B u H crano-
BATCH 33BHCHMLIMU 0T €IWHWI[ HBMEPEHNA IJIMHK W BpPeMeHH. AHa-
JOTHYHO NpH f =— 1 B 3aKoHe I'paBHTANWHE W OJHOBpeMeHHO k =— 1
B 3akoHe Hreiotoma, F = kma, eguHHns H3MepeHHS AJIs MAaCCH
MONYYAOTCA BABHCHUMHIMU OT eMWHUI, H3MEDPEHUs pACCTOSHUA ©|
BpeMeHH H T. II. Takoro poja JONOJHUTEIbHBIE YCIOBHA BO  MHO-
rux o6JacTsAX OIHTA, IJie BCTPEHANTCSA pPAcCMaTpPUBaeMule BelIWUH-
HEI, He CBABAHHI C CYLIECTBOM (UBMYECKNX BENMUYAH U TNPOIECCOB.
IlosTomy Tak®me ycnoBuA BooOmEe HEYHOOHH, XOTA H JOIYCTUMEL
nOoTHYeCKH. HaupmMep. CKOpPOCTH I0€3708, KOHEYHO, MOKHO W3-
MepPATH B [ONAX CKOPOCTU CBeTa, HO 9TO HEYJ00HO, HeCMOTPA HA
TO 9TO CBET IPWMeHsETCA B cBeTodopax Ha JKENe3HHX JopoTax.

B acTpoHOMEE M B reorpadUy pacCcTOAHUA MEKIY HeOeCcHEIMHI
TeJIaMA MW IOPOJIAMM ¢ TOUHOCTBIO 0 CAHTHMeTDa BooGiie He mMe-
10T CMEICJIA, I09TOMY HCIOIL30BaHWe CAHTHMETPA KAK STaJ0HA
Vi e UHANN ACTPOHOMUYECKHX WM Teorpa@UiecKMX paccTosi-
HUH BOOJXHE BO3MOKHO, HO ¢ MPAKTWIECKON TOYKH 3PEHUS JOBONb-
HO OECCMEICNEHHO. 3eCh ciieqyeT BCIOMHUTH, 4TO JJisi IIOJyde-
HYA 9YHCTA, XAPAKTePHB3YIOMEro AAHHYI0 [IVHY B ONBITaX, IO
CYIIeCTBY IOApa3syMeBaeTcs IIOCHAefoBaTeNbHOE NIPUNOMEHNE K
U3MepAeMOil [InHe MacHITabHOM ANUHL (e [UHHNH JJIUHEH).

EctecrBenno, aro ¢usmgeckme Macmralnl JjiA PAa3NUGHBIX Be-
JNWYAH JOJKHE OHTH CPABHAMI IO CBOEMY CMEICIY ¢ HU3Mepse-
MEMY BEIMIHHAMI.

Boofute gocturaeMas monbp3a oT MONHOI CTAHAPTA3AIAY U YHYI-
JUKaNMUKY eIUHAI] WSMEPEHHA BO MHOTUX CIY4asX HE OKyIaercsd,
TaKk KaK BO3HMKAIOT pasinWgHnie HeypxoOcTBa M, B 9aCTHOCTH, IIO-
TePs YYBCTBA OCAB3AHUs M3yJaeMEHX 00BEKTOB W JOMKa yCTaHOBUB-
medca KUSHeHHON MPAKTHKM U Tpagunui. Ha npaxTuxe BcTpeda-
0TCA 3aTPyMHEHUA fajKe NP Hanuuud OecCIOPHOM ¢ HAYYHOHU TOU-
KU BPEHHA Heo6GXOomMuMOCTH UPHUMEHEHHWS TOJNBKO OJHWX eJMHMNIY
U3MEPEHNsd, HAOPHMED CAHTUMETPOB WIKM JIONMOB.

QurcupoBanne (QU3AYECKMX IOCTOAHHHX pAdd BHOopa  enqnm-
HAI uaMepenusa Boobme meymobmo. CropocTs cBera uMeer GyHIA-
MeHTaJbHOE 3HaueHuWe B (maure. ONHAKO, BO MHOTHX mpobmeMax
9Ta BEIMYNMHA COBCPHIEHHO HECYM[ECTBEHHA HJIH MOKET OHITH IpH-
HATa paBHOH GeckoHewHOCTH. BHeceHme B Takwe mpoONeMsl orpa-
HUYeHU#, CBA3SAHHKX ¢ BEJWYMHOH CKODOCTH CBETA, ABIAETCA HE-
HYKHEIM OCIIOKHEHHEM H IPOTHBOECTeCTBEHHO.

®opma ypasuenwmit Maxcsemsa (1.11) m (1.12) — «goGpomo-
pAfounas gopmar, IPHHEATAA BO MHOTHX y4eOHMKAX, MOHOrpaduax
M HaydHHX paforaX psAa CAMEX B3HAMEHHTHIX AaBTOPOB PO~
JI0TO B Hamero BpeMeHy,

AR
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3nech MH He Gy/ieM OTBJIEKATHCA U PACCMATPUBATL  PA3ANIHLIE
CHCTEMH eJVHHUI[ W3MeDeHHs Mg 3JJIEKTPOMArHENTHHX  BEIHYHH;
9THX CHCTEM MHOTO. Boupoc o efUHHMIAX H3MEDPEHHUA B DIEKTPOIN-
HAMHKe HOxpo0HO WM3yYaeTcs B 9JeMeHTapHoM W of6meM Kypcax
¢mamkn. Ilpm uucIeHHOM peIneHWN KOHKPEeTHHX 3a7aY4 3HAHUe
eANHAI] m3MepeHusd abconwTHO HeobGxomumo. Ilocine PurcHpoBanusa
ypasEeBmit (1.11) m (1.12) m ppyrux B3akoHOB JasibHeimee
pasBuTHe 00mMell Teopud B MeXaHUKe CINIOMHHEX cpel He CBA3AHO

¢ KOHKDETHHM BHIOOpPOM CHCTEM EJNHHI[ M3MEPCHUSA.
Baukayroets B mempoTHSo- CucreMa ypaBHeHMI (1.101) u (1.12) comep-
pesnBocTs cmeremst ypapme- KUT BOCEMb YDaBHERWI A ompejeie-
HAfl MaxcBemra B 1mycrore HYS TOJIBKO INECTH HAU3BECTHHRIX XapaKTepuc-
THK 9JeKTpoMarHmrHoro moasa: FE;, E,,
E,, H,, Hy, Hy. OgHaxo ara cucreMa HEIPOTHBOpPEYHBA. JTO CBi-

3aHO € TEM, YTO COOTHOINCHUS

divH=0 u divE=0

MO3KHO paccMaTpHBaTh KaK CIAEJCTBHA HEpPBHX ypaBHeHwil B (1.11)
u (1.12) ecam HauanpHHeE JaHHHE 3afaHH COOTBETCTBYIOMIIM
obpasoM.

IleiictBrTentHo, ecau A (z, y, 2z, £) — mpomsBoabHoe udde-
peHnupyeMoe o KOOPAHHATAM BEKTOPHOe mode, To div rot 4 = 0.
ITosromy us mepsoro ypasEerus (1.11) sareraer, 4ro

J ..
?{dlvH:O,

1. e. div fI me 3aBucur ot Bpemernu {. Ecau div H= 0 B Hexoro-
pHil HauaXbHHE MoMeHT Bpemenu, To divil= 0 Bo Bce apyrue
MOMEHTEL. YCJIOBHE CONEHOHMAANBHOCTY MAUHHTHOTO IIOIS YyA0B-
JIeTBOPHUTCA BCETJQ, €CAn HAayaJbHEE JAaHHEHE YIOBIETBOPAIOT  OTO-
My ycaoemo. TaxuMm oGpasom, ypasHesme div H == 0 moxHO pac-
CMATPHUBATL KAK OTPAaHWYeHWe HA 33/JaHNE HAJAILHHIX  [JAHHHX.

AmanorwiEo u3 mnepBoro ypaBmemma (1.12) BuTexaer, dro

0 ..
é—tdLVE:O’

T. e. eciu div = (0 B HexoTopHIl olpefeleHHK MOMEHT Bpe-
MeHW, TO OHA DABHA HYI0 H BO BCE [pPyrAe MOMEHTH BPEMEHH.

Ycnosue div £ = 0 M0;KHO paccMaTpuwBaTh KaK YCIOBHE He-
BO3MOKHOCTH HOSBIEHNA B IYCTOTE 3aPA/0B, €CAH HX He OHJO B
Kako#-mmbo «HagadabHHH» MoMeHT BpemeHnm, a div H =0 —
KaK yCJA0BHE OTCYTCTBHA MATHWTHHX 3apANOB.
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Xora ypasrerna div A = 0 z div E= 0 He aBagorca oox-
HOCTBIO CIHEJICTBAAMHA IIEPBHX YDAaBHEHWI, OHM He HAXOJATCA C
HEMA B IIPOTABOPEYHH. JTH YCIOBHUS ABJIATCA CYIECTBEHHEIMU
OI‘paHH‘IQHHHMH Ha JIOHOJIHHTGJIBHLIG JaHHBIC, DU KOTOPBIX pe-
meRMs ypaBHeEWH MaxcBemna uMMenoT (USHIECKHMI CMHICI.

Ypapuerma Maxkcsennra B Buge (1.11)

O npHMCHHMOCTH ypasHeHHH (1 {9) rogsaTcA He TONXBKO JIs ONMCAHII
Magcseaaa (1.11) m (1.12) ( ) A I

B MaTEpHAJbHBIX Telax

BIEKTPOMArHUTOr0 OJA B IyCTOTE, HO ¥ JJIH
OIIACAHUA 3EeKTPOMAarnuTHOTO IOJA B TCJIAX,
ecJId TeJia 3I6KTPHYECK H MArHATHO HeHTPaJbHEL, T. €. KOTAa B HuUX
HeT MAaKPOCKONIMIECKUX 3aPANOB, a IOJ JeiCTBHEeM BHEIIHETO 3JeKT-
POMATHETHOTO IIOJA B HEX He BOBHHEKAIOT 3JeKTPHIECKUE TOKH, MaK-
POCKOIIMYECKas MOJAPH3ANHsA N HaMarEMIABAHEE.

Kaxmasa #3 cOCTaBIAKINEX TeI0 MOJEKYJ BCETJA CO3JaeT BOK-
pPyr ceGa >JIeKTPOMATHHTHOe moie. DBsamMopeficTBme sTHX IoXei
OIpeJeNsaeT CANH BEYTPEHHAX HampsusreEAHR. OgHAKO 3apagm  co-
CTAaBIAIIMMAX TEJO YACTHI, MOTYT OHTHL pacupefelieHH TaK, HUYTO
B cpemgHEM coOCTBEHHOE HJIEKTPOMArHUTHOE IOJe B KRN0 Touke
Tela, KaK M MAaKDOCKONHMYECKH# 3apaj B Tele, PaBHH HYIIO,

Ecp = Oa IIcp = Oa

a mEorga FE., m H gy ocraoTcA paBHBIMA HYJII0 ¥ B IPACYTCTBHH
BHEITHET'0 SJEeKTPOMATHATHOTO IIOJA.

TaxmM 06pasoM, XOTA MUKPOCKOIIMIECKEE OIS B aTOMAX 1 MOJe-
KyJaX BCEI[|a CYMECTBYIOT, M3-332 XAaOTHMIHOCTH IBWIKEHHS ATOMOB
¥ PYyrAX OPHIAH MaKPOCKONHYECKW OHW MOTYT HE MPOABIATHCA.

BMecTe ¢ 3THM OTMETHM KaK OUYeHb BKHEIM OmBITHHIA  awnr,
aro ypaBHeHusa Maxcsemna (1.11) u (1.12) nmpumeruMEr s omm-
CaHAA MUKDOCKOONMIECKHX WOJell BINIOTH A0 ATOMHEIX MaciitaGos.

Ilepexon oT aIeMEHTAPHHIX ONHTHHX (ax-

O snavemmm  ypamwemmdl 1o p 3axOHOB, ONMCHIBAEMBHIX B (HBHKE
Maxeseana

IpH HePBOM 3HAKOMCTBE C TEODHMEH DIeKT-
pEYecTBa, K SKBHBAJEHTHHIM MM ypaBHeHuaM MaxcBemna npep-
cTaBaAeT co0od MPOCTYW ImepedopMyIAHPOBKY.

B Oymmax HayYHOM KHM3HM YKOPEHWJIOCH MHEHUe, uTo nepedop-
MYJIHMPOBKH y;Ke YCTAHOBJICHHHX NPEAIOKeHHA M TPeACTABICHWH
MOTYT OHTP TONHKO TPUBMANBHEL IO CBOEMY cymecTBy. OmHAKO
nmpuMep mepexofa K KOHIEHTPHPOBAHHOH (GOPMyIMPOBKE 33KOHO3
3JIEKTPOAMHAMEKN B Buje ypaBHeRmit MakcBemna ompoBepraer 3TO
MHEHHe. IJT0 — TeHHANbHOE HOCTHKEHHME, IOCIYKHEBITEe OCHOBOI
passuTua Bcedl coBpeMeHHROR ¢msmrum. llocaenoBaBmimit 3a dopmy-
IHPOBKOM ypaBHeRm# MakcBeasna aHANW3 OPHPOIH 3IEKTPOMAT-
HETHOTO LOIsI W CBOMCTB cHCTeMH ypaBHeHEm# Maxcsemna cran
HCTOYHMKOM TEODHH OTHOCHTEJIHHOCTH W COOTBETCTBYIOIISTO (GpyHMA-
MEHTAJIBHOTO IIepecMOTPa CTAPHX HOHATAH 00 HMEEPOUAIbBHHIX
CHCTEMax OTc9eTa, 0 MPOCTPAHCTBE M BPEMEHM.
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§ 2. YpaBuenus MaxcBenna B npocrpanctBe MunKOBCKOro

®opmynmposka  ypapmemmit JJA 0Gosee modHOTO pasbACHEHEA QE3mIe-
Maxepemma B vermpex- CKOH CymHOCTH ypaBHeHmH MaxcBesiaa me-

MCpHOM  IIPOCTPAaHCTBE penmmeM 93TH YPaBHEHMA B HOBHX 0003-
HATCHEAX.

Cragana mpocro B KauecTBe 0003HAYEHUs BBEJEM aHTHCHMMET-
puuEyl0 Marpany F;; = —Fy CcOIIacHO CIefyomeMy MaTpmi-
HOMY PaBEHCTBY:

0 Fy Fig Fia 0 H? — H* cE;
v For 0 Fyg Foy — H3 0 H' ¢k, 54
Vsl =l py Fp0 Fa|=| B2 =m0 cmylr @D
F41 ]?42 F43 0 —cEl - CE2 ‘—‘0123 0 I

M pPacCMOTPUM HYeThHpexMepHoe MHOToo0pa3me — OPOCTPAHCTBO C
rooppmuartamu !, 22, z°, r* =t, mpmuem z', 22, z° Gymem paccmar-
puBaTh KAk OOLIYHEIE OPTOrOHAJNBHEE [EKAPTOBH KOOPIMHATEHI
B TPEXMEPHOM TreoMeTpHIecKoM chneme,

Jlerko mposepurh, uro ueThHpe ypapEerud (1.11) B mpoexmmax
Ha JIEKAPTOBH OCH KOOPAMHAT MO;XHO HANMCATH B JTOM ciydae B
CIeNyIOMEM BHIE:

oF. oF oF,.
ik I{i ‘ L 7. k= 4), 2.2
dx' + o + axh 0 (@7 k=1,2,3,4) (2.2)

Ecam mapany ¢ Marpanei F;; BBecTHn B 9TOHd Ke CHCTeMe KOOp-
ImHAT Marpmny F¥ coraacHO PpaBeHCTBY

0 H* —H? —CLEI
- —H 0 Ht —%—Ez
| Fi) = . | : (2.3)
H* — Ht 0 ——E
1 ., 1 1
— By =B —E 0

T0 weThpe ypapueHud (1.12) MokHO HammcaTh B CAEAYIOMEM BHE:
oF'

— =10 (i=1,2,3,4). (2.4)
oz’
Hcronxosanme pexmuwHbl ¢ HeTpymHO mOKasarh, uro ofmee pemeHme
KaK CKOpOCTH CBETA ypaBHeHm# (2.2) MOKHO UODENCTABATH B
BHJIE
dA 0A;
Fij=-—_ 1 2.5
17 P o 1 ( )
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rie A, A,, A3, A; — werThpe OPOW3BONbHEE (YHKIHE OT z!,
z?, 28, .
CaolicTBo aHTHCHMMeIpHM [is F;; IPH 9TOM, 0YEBUIHO, Y/OB-
JeTBOpAETCA,
damernyM, uTO 3HaTeHUs F;; He uaMeHarcH, ecnd K Ay, Ay, A,,
A4 1oGaBUTH COOTBETCTBEHHO KOMIOHEHTH YETHPEXMEPHOT'O  BeK-
Topa — rpaguenra 9V/dx', 0W/da2, OW/ox?, oW/9z*. Iloansysacs
BTUM HPOM3BOJIOM, Jaibime HODMHEpyeM BHOOp dyExkmui A; no-
0aBOYHBIM YCI0BHEM
e (2.6)
© ox® 1 gz c? Ozt
Jna nwoboii 3apaEnoit cucreMu germpex ¢yawiuit 4; MOK-
Ho ompenenuts Gpyurmuo ¥ Tax, wroGer pasencrso (2.6) ymomier-
BOpsiIoch. PaBeHcTBO (2.6) MOMKHO paccMaTpmBaTh KAaK yCJoOBUe,
HCKA0YaoIee NpousBoi B Bhibope ¢yAkmuum Y.
[locxe samenn B (2.4) F/ gepes

) 0A, 04,
e
i ; p

ox! ozt

Ha ocuoBaanm (2.6) momyamMm nist uersipex QyHKUmMA A ; clefyomne
UeTHIPE OJMHAKOBHIX yDaBHEHHA:

84, | Ay | %A 1 824; . .

o) =+ d(at)? =+ o(x3)? T o T 0 (Z - 17 27 37 4) (27)

Tarum o6pazom, pemenue ypaBHeHU Makcpeajaa MOXHO CBec-
TH K 3aJilage OTHICKAHNA JeTHPeX (yEKOUN 4;, yOoBICTBOPAIINX
cooTHOIEHUO (2.6), Kagasgs H3 KOTOPHX YAOBIETBODPIET ypaBHE-
umio (2.7). Ypasrenue (2.7) Ha3pIBaeTcsi BOJIHOBHM YDaBHEHHEM.

Boxee 1moano obmue cBoiicTBA pemieHU# BOMHOBOTO yPABHEHUA
MH paccmorpuM B Ti. VIII (cm. 1. IT). OgEaxo sgech MM  yRa:KkeM
Cpasy 3Ke Ha TUIMYHOE CBOMCTBO pemmenuil sroro ypasHeHus, Ilycts
f {§) — mpomsBonbHAA, pBaKAL AuddepeRIEpyeMan IO CBOEMY
aprymenty $yuxuusa. Jlerko Bumerb, 410 QYyHKIHA

A=7f@ — ), (2.8)

YZOBJICTBOPSIET BOJHOBOMY ypaBEeHmIo. COTIaCHO 3TOMY PeIIeHuIo
nausoe sHauenme A = f (§), cooTBercTBylOmee HEeKOTOpOoMYy (UK-
CHDOBAHEOMY BHAYEHHI0 & == z' — ¢f, PACIPOCTPAHAETCA BHOID
oc ' co cKopocThio ¢. OTClOfa BHEIACHAGTCA CMBICH BEJIWYUHE C

KaK CKOPOCTH CBeTa.
HpochaHCTBO MBHKOBCKOT'O BBQJIBM JeThHIPeXMePHOe METPHICCKO®e IICeB10-
eBRJIMAOBO 1) ImpocTpaHcTBO MHHKOBCKOTO,

1) IceBROeBKAMAOBOCTE O3HAUAET, UTO MeTpHKA (2.9) He ABIsETCH MOXO-
MATeNBHO HePUHMTHOH, HO g;j MOKHO NPHHATH NOCTOAHHRIMI BO BCEM IIPO-
crpaHCTBe.
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oTBedaomee KoopaumEaTtaM z!, z2, 2%, 2% = {, B KOTODHX MeTPHKaA
IIo oXpefieseHNI0 3aMaeTcA HOPMYTOi

ds? = — dz¥’ — da? — da® + ?di? = gy dat dad, (2.9)
s oroit Merpuky ana Matpmn ||g;]| o ||g7)] nmeem
—1 0 0 0 —1 0 0 0
0 —1 00 - 0 -1 00
lesl=| o o _q4 of M&°l=) 0 0 —1 0}
0 0 0 ¢ )} 00 0 ;1

W3 onpegenennit(2.1) u (2.3) Bugno, ar0 Fi' v F;; CBA3AHH COOT-
HOIMEHUEM
F'=Fpgrigd.

Ipeobpasosanme  ypasue- Ecawm napangy ¢ Kooppmuaramu ', 22, 2%, 24 =
Hui  Makepeada K nmpom3- — { BBeCTH NPOM3BONBHYI0 KPHBOJHMHEII-
BOJLHOM KPHBO.TMHCHHOH HyIO C-I/ICTel\Iy KOOpI[I/IHaT yl’ y27 y3’ y4’
cHacTeMe RoopanHar 1 2 o 4 ~
CBABAHHYIO ¢ ', 2%, z°’, 2* = { mpeobpaso-
BaHHEM
y'= i, 22, 2, 2%) (i=1, 2, 3, 4), (2.10)
TO mpeofpasosamuaa GopMmyaa maa ds? Gyger WMeTh BHJ

o7 az? 927
2 — o 1 7 D',. = 8pg— —— .
ds %@@,mowwmmw
ITpeo6pasosamuse ypapuenms Makcsemna (2.2) n (2.4) u dop-
Myny (2.5) jerxo mammcaTh, e€CJIM PACCMOTPETh BEIWMYMHH F;; X
A; KaK KOMIIOHeHTHl TEH30Pa W BEKTOPAa B IpocTpaHCTBe MUHKOB-
cKoro, T. e. Fi; m A B HOBO#l CHCTeMe OOPEJECIUTL PaBeHCTBAMU

oy, 0 g, (2.11)

T Pq 0yi_ —8yj- P

YeroipexMepusit TeH30p F = F;; 9’9’ HassBaeTcA TEH30POM BIEKT-
POMATHHTHOTO TIOJIA, a GeTHpexMepHHil Bexrop 4 = A3 HaA3L-
BAeTCA BEKTOPHHIM IIoTeHIHagoM. Ha ocHOBaHME QOPMYJ TEH30D-
HOTO aHAJM3a LOIYIUM

ViFi+ ©Fy + ViF3 =0, (2.12)
ViF7 =0, (2.13)

. .o , . a4, 94;
e VIA— Vi, = — 214
Fi;=V;A;— Vi, Iy (2.14)
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BoxroBue ypaBrenmsd (2.7) OpH co6I0eENE YCIOBAA
V%A, =0 (2.15)

npeodpasyoTca K BHAY
V4 = 0. (2.16)

ITH ypaBHEHHA CICAYIOT M3 TEH30PHOro BUAA ypaBHeHmil (2.2),
(2.4), (2.5) u (2.7) B mpocTpancTBe MEHEKOBCKOTO, I KOTOPOTO 0T€-
BHJIHO, YTO OPOH3BOAHEE IO KOOPAUHATAM H II0 BpeMeHH B CHCTEME
z', 2%, £°, t COBIAJIAXOT C KOBAPHAHTHHME IPOW3BOXHEIMH, TAK KaR
B 9TO# cucTeMe Bce cuMBOMH Hpmcroddenda paBEH HyIH0.

dameTnM, 9To BBH/LY AHTHCHMMeTpHM F,;; B HIPOM3BONBHOH cHCTe -
Me KoOpAmHAT B ypaBHeHwm (2.12) uneHn ¢ cmMBoxamu Kpumerod-
dens cokpaTarcsa, W MOdTOMY ypasHeHme (2.12) B mpousBoxbHOI
KPUWBOJHHEHHO! CHCTEMEe KOODAHMHAT MOKHO HANHCATh TAKMKE
B BHJE

, ’ ’

oF,, OF,.  OF,
i L Ut | I § (2.47)
ay’ ay*

Ypasrenue (2.13) B packpuroit fopMe uMeeT BuJ,

vt = OF T preipi Ly pripi g
7 - 6_y’_ _l" ) _l" ip — Ve

W3 aETEcAMMerpun FP) m cHEMMeTpAR 110 HIKHEAM HHjEKcaM ['p; cie”
myer, uto F'Pil; = 0; KpoMe 3TOro, Ha OCHOBAaHWH (ODPMYILl

(3.6) ru. IV mmeem
. = 1 ?_I/_Zg_
PUVZe oy

ITosToMy BepHA eme ciaemyoomas $opMa BTOPOH Iapel ypPaBHEHWI
Maxcsenna (1.12):

v F— L V=l (2.18)

, Tae g=|g|.

TarguMm o6pasoM, ypapHeHWs MakcBeana MOKHO HamHCaTh B
TE€H30DHO# $opMe ¢ IOMOMIBIO TEH30pA F;; B CHENUAIbHO BBE/IECH-
HOM @0 ONIPEIEJICHAN YeTHPEXMEPHOM IpocTpaHcTBe MmHKOB-
CKOTO.

C moMompo HONYyIeHHHIX TE€H30DHEIX YpaBHEHWII MOKHO pac-
CMOTPETHh B PAsNMYHLIX CHCTEMAX OTCUETA BOIPOC O BHJAE YypaBHe-
Humi MakcBenna 1 0 KOMOOHEHTAX MATHUTHOH M 3JIEKTPHYECKOI Ha-
npsyxeanoctn HY, H2, H® w E,, E,, E3, mcxons u3 paBeHcTB (2.1)
(2.3) m dpopmyn mpeobpasosanma (2.11).
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Merpnueckoe HPOCTPAaHCTBO MHUEKOBCKOIO BBEAEHO KAaK BCHO-
MoOTraTeJbHHA MareMarmiecKdit o6pa3. JTo cAeIaHO HOKA TOJBKO
B CBA3H C TE€M, UTO ODH HPeo0Pa3OBAHMAX KOODJAMHAT B HPOCTPaH-
cTBe MHHKOBCKOTO MOKHO paccMaTpuBaTh TeH30p Fi;; ¥ ypaBHe-
HAA MakcBeana B 5TOM HPOCTPAHCTBE MOIKHO PACCMaTPHBATL KaK
TE€H30pHKIE yDPAaBHEHHS.

TpaxToBKa BBEIEHHOIO0 TAaKHM o00pasoM mpocrpaEcTBa MuH-
KOBCKOT'0 KAaK (JU3MYECKOrd MPOCTPAHCTBA M B CBABH C 9THM TPAaK-
TOBKA TEH30pa 2JEKTPOMAarHUTHOI'0 HOJS TOKE KaK (PH3MYECKOro
00BEKTa BOBHMKAKT TOJLKO HOCAE NPHHATUA [OMONHHTEIBHBIX
¢U3UYECKAX IOCTYJIATOB, CYMHOCTh M CMHICJA KOTODPHX OYRyT 13-
JI0/MEeHH B CIeyIOmeM maparpade.

Tl peobpasosamme TomsKo WpPo- 31ech e OTMETHM eme CIefyoI#ae BEBO-
CTpamCTReNHMX  Koopqunar AP, BHTEKAIONMHMe W3 CIENAHHRIX —MaTe-
MATH4YeCKHX OHpefe]eHuit.
BossMem uactHbIE Ipeo0pasoBaHda BHAA

y* = j* (21, 22, 2%), a=1,2, 3,

(2.19)
V===,

B KOTODHX Npeo0pPasyIOTCA TOJBKO HOPOCTPAHCTBEHHEE  KOODAH-

HATH W COXPAHAETCA HEW3MEHHOU KOODP/MHATA, COOTBETCTBYIOMAS

BPEMEHN.

Jlerko nposepurb Ha ocHoBammd Qopmyn (2.11) m MarpuuHOi
dopmyan 1) (2.1), uto coorBercrBylomme ¢opMynnr npeolpasoBa-
Hus jus Beawynna E; m H mpepcrasasior coGoit popmyasr mpeob-
pa3oBAaHHUA COOTBETCTBEHHO AJSA KOBADMAHTHHX M KOHTDaBapHAaHT-
HBIX KOMHOHEHT TPeXMEeDHHX NPOCTPAHCTBEHHHX MOJAPHOIO M
AKCHAJIBHOrO BeKTOPOB. IIpm mpeoGpasopammm (2.10) o6mero Bupa
MOKHO TaKie B PASHHX CHCTEMaX KOOPAUMHAT PACCMATDHBAThH Be-
anunen E; mw H', ogHaro coorBercTBylomue mpeobpa3oBaHus He
0ynyr mpeo0pasoBaHMAMH KOMIOHEHT KAaKHX-IHGO0 BEKTOPOB.
Pacemorpum  mpeoGpasoBarma y' = fi (zF)
caMoro ofirero BHfia, KOTODHE COXPAHIIOT
Bmj KBajpatuyHoil ¢opMu (2.9) [aIA METPHYECKOI0 HPOCTPAHCTBA
MnEKOBCKOrO, T. €. TAKHWE, /YIS KOTOPHIX MMEET MeCcTo PaBEHCTBO

ds? = — dz'?—dz?® —dz®2 4 c2df2 =
_—_-——dylz . dy22 _ dy32 + c2dee. (220)

Taxr e xax npm awOHIX Hpeo6pPA3OBAHMAX KOOPAUHAT, MPH Ta-
KHX HOpeo0pasoBaHHAX, HasHBaeMbix mpeoGpasopaEmaMu  Jlo-
penna, TeHsopHHe ypaBHeHHs (2.12) m (2.13) m cooTBeTCTBEHHO

Ilpeodpazosanmsa Jlopenna

LB KPUBOJIHE {HOM OPOCTPAHCTBEHHOH CHCTEME KOOPANHAT B MarpHIle
(2.1) BMecTo H' meo6xogumo monpasymesats H VDet\lg 2, B=1,2,3(cm. §3
ra. IV, ¢opmyna (3.26)).
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(2.17) u (2.18) B pacKpHTOM BHUE OTIAHYAITCA TOJIBKO 0003HATE-
HOAMH KOODAEHAT M KOMIOHEHT [7;;.
IlpeoGpasosanusa JlopeHna CcOXPAHAIOT BUJT

HrsapnanTHOCTD BexTop- TAKKE ¥ BEKTOPHEX YypaBHeHuit Maxc-
HeIX  ypapHenwii Marcpex- penma (1.11) u (1.12). Oguaxo us gopmyn
Ma  OTHOCHTEALHO mPeodpa-  ppeoGpasosammsa  (2.11) momywmres, wro

sosanmii Jlopcuna

IIpeoGpazosanms Taxaxen

BEKTODHI DJIIEKTPUYECKON M MATHUTHON HaI-
pmreEHocT K, H B cucreMe z' m BEeKTOPHI
E’, H' Bcucremey' — 910 pasHbie BeKTOPH. B cremymomeM mapa-
rpade MuI yraskem ¢opmysnnr mepexopma ot K, H w E°, H' npu mpe-
o6pasoBanuax Jlopenma.

Taxum o6pasoM, ypaBHemma MakcBemaa @OpPH COOTBETCTBYIO-
OUX YCAOBHUAX OTHOCHTENLHO mpeoOpasoBaEua Bexropos K u H
MHBADUAHTHE OTHOCHTENLHO mpeobpazosaHuil Jlopennma. Ua ypas-
meaui (2.17) u (2.18) moxHO yeMoTperb, 4To, KpoMe mpeobpasoBa-
auit Jloperna, MosKHO yKasaTh Oosee o0Ime KIacCH mpeoOpaso-
BaHKI, ueM OpeobpasoBaHus JlOpeHIA, MJIA KOTOPHX TAKKe wWMe-
eT MecTO WMHBAapWATHOCTH ypaBHeHuilt MakcBeana. OpfHaKo, Kax
Oyfer mokazaHO HisKe, 0cOOeHHO Ba)kHOe (uamIecKoe 3HadeHHE
HMerT npeobpasoBaHusa JlopeHma.

IIpeo6pasoBarus Bupga

yr=a*ar—vd, a=1,23,
Y=t =ttty =+ b,

rpe ty, @p W U* — IOCTOSHHbIE, HABHBAIOTCA NPeo0pasoBaHUME
Tanmnes. B mrpworonmancroii Mexamuke npeodpasosanus (2.21) co-
OTBETCTBYIOT IOCTYHATEJIBLHOMY DPABHOMEDHOMY IIPAMOJMHEHOMY
_ ABIDKEHHIO CHCTEMEl OTCHETa y* OTHOCHTEJIBLHO CHCTEMBI OTCYeTa %,
OpudYeM v* — KOMIOHEHTH CKOPOCTH HTOTO JBHKEHNA B CHCTeMe Z7.
OueBnpmHO, 49ro mpeobpasoBamma [anmiesa He ABIATCA Ope-
obpasoBanuamMu JlopeHma, Tak Kak miasa nmpeobpasoBaHumit [ammues
He Bhmoxusercs paseHcTtBo (2.20). Ilpeo6pasoammss Ianmies
u dopmynn (2.21) MOIKHO YCIOKHHUTH TONOJHUTENBHHM  MDOBODO-
TOM CHCTEMHl y* Ha (JUKCUDOBAHHHI KOHETHHH yToJ O0OKOIO He-
KOTOpPOW NpPOM3BOJBHO (MKCUPOBAHHOH OCH H 3€PKAJDLHBIMHU OT-
PAAKCHAAMU OTHOCHTENLHO KOOPIMHATHHX INIOCKOCTEH. 3aMeTHM,
momyTHe, 4To Jio6ce BpaIienme MOKHO 33aMEHNTLH COBOKYIHOCTLIO
3EPKANLHEIX OTPAyKEHMII OTHOCHTENBHO HEKOTODHX HJIOCKOCTeil.
B 4ernipexmeproM mpoctpaHcTBe MEHEOB-

} (2.21)

TeHzopHbie  H BeKTOPHBIE CKOI'O B CBiBH ¢ ypaBHeHmaMu Maxcsed-
XaparTEpUCTHEM B OPOCT- ;5 Grpp BBefleHH  TeH30D 9IEKTPOMAr-

pancTBe MHHKOBCKOro; TeH-
30P SHEPrEU-UMILYIbCA

gaTEOrO mona F = F;;9'97 wm  Bex-
TOpHHNI moteEnmual A =— A4;9'. Ilpu gans-
HefimeM DasBHIMH TEOPHMH BBOJHTCA MHOTO [DYTHX BEKTOPOB 1
TeHsopoB. HanpmMep, 4eTHPeXMOpHHH  BEKTOP 2JIeKTPHIECKOI0



§ 3. IIpeoGpasoparna JlopeRNa M HHAEPOYAILHEIE CHCTEMBL 283

Toka J = J'9; (cM. §4), ueTHpexMepHN Bexrop cuan I (cMm. § 5),
BEKTOD UeTHpeXMepHOH  CKOpOCTH o = u's; = drl/ds, rme
dr = dz'9; — veTHpexMepHOEe IepeMeleHne NHIBAYAIbHOH TOq-
KH, ds = |dr|, TeH30D 5SHEPIHA — WMIYJNbCA BIEKTPOMATHHTHOIO
moJis

S = S"9ay, (2.22)
rie
v 1 am ik 1 T i
SF = by [Fmif’n” - ‘Z-éi an[’mni’ )

I MHOTHE [[PYTHe BEKTOPH W TEeH30DHI.
Nz ypapuenuii (2.12) u (2.13) BuTeKaT ciaemyomine Ba;KHLIE
CIeCTBHA:

VieS=0, i=1,2, 3, 4, (2.23)

KOTOPHE MOKHO TPAKTOBATh KAK YPABHEHUSI MMIOYILCOB W DHEP-
THH JJI51 DIEKTPOMArHATHOrO MOJISA B HYyCTOTE.

§ 3. HpeoGpasoBanna Jlopenna m unepumaxbHbIE CHCTEMBI

orcyera
IlppuHuMD  OTHOCATEALHOCTHA OcvoBHAsA (I)I/ISI/I‘IeCKaH HOCBINKA — YHH-
B (uznre BePCANbHEIH# OPHHEMUHN  OTHOCUTEIBHOCTH

Tanunest cocromr B yTBep)KIeHWH, YTO BCE
PusmIecKue 3aKOHH 0 B3aMMOJIEHCTBUAX B MATEPHAILHEIX  cpefax
u moasx GOPMYNHPYIOTCA OJMHAKOBO W BCE (PUBHYECKHE IPOIEc-
CH ¥ ABJEHUA IPOTEKAIT OMWHAKOBO Jisa Habmomaresdeld B mo6oi
HHEePINUAJbHOH® cmcremMe orcdera. llocTymmpyerca CylnecTBOBAHHE
COBOKYIHOCTH WHEPOHAJHHLIX CHCTEM KOODAMHAT, KOTOPHE MOTYT
ABUTATBCA [APYr OTHOCHTENHHO papyra. ONHAKO COBOKYIHOCTD
MHEPNUAJBHEX CHCTEM OTCYeTa MOKer OBITh OIpejielleHa B pas-
MUYHBIX TEOPHAX pPAa3IHIHAKNMHA crocoGaMm.
B mrioTOHMAHCKON ¢u3mKe OpeAloIaraercs,
Unepumaiabuble  cACTEMM B ypo  dhpgygeckoe IPOCTPAHCTBO TPEXMEDPHO
HbIOTOHHAAHCKOU MeEeXaHRKe
(eBRIMIOBO TPeXMEPHOE IPOCTPAHCTBO), UTO
BpeMa afCoMIOTHO, H MOKeT OWTH ONIpEeeleH0 YHUBEPCAIBHO
KaK OTHO W TO K€ BPeMs BO BCEBO3MOKHHX IBIKYIDIMXCSA ApPYT OT-
HOCHUTEJIBHO [Pyra HOCTYHATENBHO C HOCTOAHHON CROPOCTBIO CH-
creMaxX KOOpAWHAT, 00pasylomuX BCe MHOKECTBO MHEPIHAIBHEIX
cucTeM orcdera. MHOKECTBO MHEDPIMHANBHKX CHCTEM OHpeelnser-
CA yCAOBHEM, UTO B 9THX CHCTEMAX W3ONHPOBAHHAS MAaTEePHANbHAS
TOYKA HOKOMTCS WM JBHIKETCS C MOCTOSHHOHA CKOPOCTHIO.
Hpmmé orHocureénbrOocTH l'ammaess — Heioroma cocrouT B
YTBEPKICHAN, UTO BCe (MBNICCKEE YPABHEHHs M BAKOHH  JIOJKHH
OHTb MHBAPDHAHTHHME OTHOCHTEIHHO CHCTEMH Opeo0pa3oBaBHi
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Tanmnes (2.21), ompepensiommx cofofl B JeKAPTOBHX CHCTEMax
KOOD[IAHAT IePeXof OT JeKapTOBOM AHEPNUAILHON CHCTEMH KOOP-
pmHAT z', 22, 2%, ¢ K OPYroil MeKapToBOl HHEPNHMAIBLHOH CHCTeMe
KOOpaMHAT yla yzv y3v 4 + #0'

B mrioToEmaHcKOi ¢usmke m3 (2.21) m KUHEMATHYECKOTO ONpe-
IeleHUsI CKOPOCTH BHITEKAET CJEAYONUA BaKOH CIOMKCHUA CKO-
pocreit:

vx:vy_l’v, (31)

rje v, — CKOpocTb O0BeKTa, TOYKH, OTHOCHTEIBHO CHCTEMH ¥,
¥, — CKOPOCTH 3TOTO K€ O('beKTa OTHOCUTEIHLHO CHCTEMH &, a
¥ — IOCTYHaTeNlbHAS CKOPOCTh WHEPIMANLHOH CHCTEMBI ¥ II0
OTHOIIEHUIO K CHCTEME Z.

Hax m3BecTHO, CKOPOCTH CBeTA B IIyCTOTE MOKHO OIPEJENHUTh

KaK CKOpPOCTh (POHTA DIEKTPOMATHHUTHHIX BOBMYIIeHUUd wmim, 0o-
jiee TPOCTO, KAK CKOPOCTh JBIMKEHUS B IYCTOTE 3JIEKTPOMATHHT-
HOi wactuunl — ¢goroHa. Corisacno (3.1) B HBPOTOHMAHCKOH
$uBHMKe IOIIKHO HOJIYIATHCH, 9TO CKOPOCTH CBETA PA3IMYHA JIJIA Pas-
IHYHNX Habmopareseidl, MPOU3BOAAIIMX H3MEPCHHS B CBOHMX MHED-
OUANTBHHEX CHCTeMaxX KoopAmHAT. HpoMe Toro, wu3 abGCcomoTHOCTH
BPEMEHM CJefyeT, 9TO B HbIOTOHHAHCKON (U3UKE BO3MOMHO pac-
MPOCTpaHeHAe CHUTHAJOB ¢ GeCKOHETHOH CKOPOCTHIO.
Ho atu BHBOAH HaXoAsaTCA B KOPEHHOM
OPOTUBOPEYAR ¢ omuToM. ONmBIT yRa3biba-
€T, 9TO CBeT PACIHPOCTPAHAETCA B IYCTOTE
¢ OmHOH H TOH jXe CKOPOCTHI0 OTHOCHTEIBHO JIOOHX JBIKY-
mMuxcg OpYyr OTHOCHTEIBHO Jpyra ¢ IOCTOSHHON CKOPOCTHIO Ha-
fmofaTenell W HM30TPONHO OTHOCHTENBLHO J000ro nabiaomaTens,
T. €. ¢ OAWHAKOBOM CKOPOCTHI0 BO BCeX HANDABIEHHAX. SHame-
HATHH oneT MajiKelhcOHAa W MHOKECTBO JIPYTHX ONLITOB IOKA-
3EIBAIOT, YTO CKOPOCTh CBeTa He B3aBHCAT OT BHOOpa wHepmHANb-
HO# cmCTEMH KOODIWHAT.

Bonee rayboroe mccrefoBaHMe (H3NUECKMX IIPOIECCOB IIOKA-
3HIBAET TAKJKE, YTO HEBO3MOJKHO JBYIKEHWE MATePMANBHHX 00b-
€KTOB M pACHPOCTPAHEHWE 9HEPIMH CO CKOPOCTHIO, OOJbImei
CKOPOCTH CBeT4, KOTOPYI0 MOKHO PAaCCMAaTPHBATH KAK NPEJelbHO
BOBMOKHYI0O CKOPOCTH BCSIKOI'O OTHOCHTEJIBHOTO [BIDKEHHS MaTe-
PHAJNLHKX O06BEKTOB.

IToaToMy B OCHOBY COBPEMEHHOH (M3WKHU IOJIOKEH HMOCTYJIAT —
3aKOH 0 IIOCTOSHCTBE CKOPOCTH CBETA BO BCeX MHEPIIHAJBHEIX CHCTE-
Max RKoopamHaT. [IpEm coXpaHeHAM OCHOBHOTO (H3MIECKOrO0 IIPHUH-
TIHIOAa OTHOCHTENbHOCTH I'ajmiea MOCTYNAT O MOCTOSHCTBE CKOPOC-
TH CBeTa CJIY;KAT OCHOBOM s m3MeHeHWA MOHATHA 00 mHEPIUANb-
HHIX CUCTeMaX F A OTHICKAHMA BMecTo mpeobpasosammii [amm-
nesa (2.21) HOBHX mpeo6pasoBaHmil, OHmpefieJAOIHAX HEPEXOJ OT
OHOWl MHEEPUHEAJBHOR CHCTEMH K JPYTOii.

IlIoctynar o0 MOCTOSAHCTBE
CKOPOCTH CBeTa
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B sToM caydae npeoGpasosanmusa aamies (2.21) craroBATCA Re-
IpHEMIEMEMH; IPUXOMUTCH YCIAOMKHUTH STH HpeobpasoBaHuA m
OTKA3aThCA OT CYINECTBOBAHUA a(CONIOTHOTO BPEMEHH.

Ob6parmMcsa Temeph K YCIOBHAM, Hajarae-
06 nmRepuHANLHBIX  emETe- MEIM IIOCTOSECTBOM CKOPOCTH CBET& HA Ipe-
Max KOO -
P T HO Pﬂg’gg;'m Bomggl‘;_ O6p330B<’iHPIH KOODAWHAT HpH Iepexofie
OALHOCTH OT OJHOM MHEePNUANBHOH CHCTEME K JpY-
roi.

COBOKYIHOCTh HHEPOHAJBHEIX CHCTEM MOKeT OHTBH HOJYyIeHa
¢ IOMOINBIO CHCTEME Ipeo6pasoBaHUI W3 ONHON-eIMHECTBEHHON CH-
CTEMHI, KOTOPAs BHENAAETCA IO YCIOBUK, OCHOBAHHOMY HA OIIBIT-
HBIX HTAFHBIX,

Jnsa oThICKAHHA COOTBETCTBYIOIMEX (OPMYJ IpeoGpasoBaHUA
BOCIIOJIb3Y€EMCH, KPOMe OCHOBHOTO YCIOBUA O IOCTOSHCTBE CKOPOC-
TH CBETA BO BCEX HHEDIHAJBHHX CHCTEMAaX, eIe ecTeCTBEHHLIMH
YCIOBUSAMH O PABHOODPABHOCTH JIOOHX [BYX WHEPIHAIBHBIX
cucTeM, 00 06GpaTuMoil CHMMETPUYHOCTH — HM30TPONHOCTH H OJHO-
ponBoctu. Ilomarme 06 OMHOPONHOCTH, CBSA3AHHOE € TEeOMETPH-
9eCKOH W KMHEMAaTU4YeCKOW pPaBHONPABHOCTBIO BCeX TOYEK IPO-
CTpaHCTBA, [falbme Oymer passiacHEHO B 6osee KOHKDETHOM
MaTeMaTUIeCKoll (GOpMyIApOBKe.

IIpeoGpazosanue KoOp/H- B kagecrBe wmcxommoit unHepunaanOﬁ c-

HaT npm  mepexome or op- CTeMH K, BHGOD KoTopo#l cBA3aH ¢ ONKT-

HOli WHepUMaAbHOH cCHCTe- HEMH /JAHHHMHO, BO3BMEM CHCTEMY KOOP-

MbL K Apyroii mmEAT 2%, 22, 2%, =1, B KoTOpoi
IpPOCTPAHCTBEHHLIE KOOPAWHATH z!, z%, z® paccMaTpPHBAIOTCA KaK
JGKAPTOBH KOOPAUHATH €BKIHNOBA TPEXMEDPHOr0 IPOCTPAHCTBA, a
mepeMeHHAsS ! — KaK BPeMsd.

Ilyers ¥, y2, ¥3, y* = — ppyrasa HHEpIHUANBLHAA CHCTEMa
koopaueat K’, B KOTOpOIL ¥, 4%, y® TOMKE AEKAapPTOBEL KOODAWHATHI,
a t" — cBoe BpeMs.

Mu paccMarpuBaeM 3amagy 06 yCTAaHOBIEHHH CBOHWCTB H 06
U3yYeHNW YCIOBHH JIA ompefeneHnd GopMyn mpeobpasoBaHnA

yi=fi(zt, 2%, 2°, 2), i=1,2,34, (3.2)

KOTOpPLI® [OMKHLE 3aMeHHTH cofoit ¢opMynn mpeo6GpasoBaHNA
Tanmnes — Heorona (2.21).

IIyers dat, dz?, d2® — KOMIOHEHTH NepeMelleHnA HEeKOTOPOu
mofBmKHON Touknm M 3a Bpema dz? = df B cucreme K m cOOTBer-
CTBEHHO [uA 3710 e Toukum dy', dy?, dy® — OepeMemeHHA u
dy* = dt' — npOMe;KYTOK BpeMeHH B cmcreMe K°.

Ilaa cooTBeTCTBYWIUX TPEXMePHHX CKopocreil v m ¥° Toukm
M B cucremax K m K’ umeeM

pr Ae L doe® pdet® o dyC o dyT 4 dy?
= = @ :

d®
)
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B stmx dopmynax mepemenrnie y* u zf (o, p =1, 2, 3) cooTBer-
CTBYIOT ADYT APYry coraacHo gopmyram (3.2).
Bsepem senmuumamn

dshy = (¢ — v?) di? = — da'® — da?® — da®? - ¢ di?,

sy = (2 — v) dL? = — dy® — dy®® — dy® -+ c2dt’™.

PaccmorpuM nBuskeHHe OTOHA, KOTOPHI, KAK M3BECTHO, [BH-
JRETCH B TYCTOTE CO CKOPOCTHIO CBETA Kak B cucreme K, TaK W B
cucreme K'.

Ecau ogroBpeMenno v = v/ = ¢, TO

ds; = ds;. = 0.

Ecnu npursats dsy; = 0, To paBenacTso

o 1 2 3 3 9 ja
dg,‘/ — ﬂ_ dx? >2 -+ ﬁf___. dxz?) -} i dz? ) — ¢? .ﬂ._ dzP ? =0
: 8P 0 dx”

v z axP

MOJIKHO BHIOOJTHATHCA KAK CIEICTBUE CHENuAJbHOIO BHAA IPEol-
pasoBarua (3.2), moaTOMY B OGMIEM Ciryyae IPH U == ¢ TOJIKHO BH-
LIOJHATHCA PABEHCTBO

dssy = % (2, 22, 28, z%) ds3,

rjie % MOyKeT OBITh IPOM3BONBHON (YHKIHEN CBOMX apryMeHTOB.
Nz cummerpuu mepexomos K -— K u K’ — K cuegyer, 9T0

dsz = % (yh y% ¥*, yt) dsy = % (y) = (¢') ds2,
0TCIONA
®(y) % (7)) = 1. (3.3)

W3 cBoficTB 0nHOPOAHOCTH MPOCTPAHCTBA BETEKAET YCIOBHE He-
38BHCAMOCTH % OT TOY€K IIPOCTPAHCTBA, T. €. OT KoopamHar. M3
IIOCTOAHCTBA % U paBeHCTBA (3.3) BrITeKaer, 9T0 % = 1.

CunepmoBarenbHO, npu Npeo6pa3oBaHMAX IEpEXofa OT OAHOM
uHepouanbHOHl cucreMn K kK apyroii mEepmmanbHON cucteMe K’
BEJIHYAHA

ds? = — da'® — dax®® — dx3? |- ¢? di? (3.4)

OOMKHA OLITH WHBADUAHTHOM.

®opmynry (3.4) MOKHO paccMaTpHBAaTh KaK OIpefeNeHme MeT-
PHKH 9eTHPeXMEDPHOTO HPOCTPaHCTBA.

Taxmm o0pasoM, ¢usmgeckoe IPOCTPAHCTBO MOKHO paccMar-
pHBATH Ka8K OPOCTPAHCTBO MmHKOBCKOTO, a mpeobpasoBaHmA Hmepe-
X0fla OT OfHOW WHEPIWANbHOW CHCTEMH KOOpAWHAT K APYTOH —
Kak npeobpasosamma Jlopenma.
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Temeps BHACHAETCS, 9TO HPOCTPAaHCTBO MUHKOBCKOTO M Tpeobpa-
sonarms Jlopenna, BBeleHHbIe paHbIle KaK BCILO'fOraTebHbIe MareMa-
\ THYeCKHe 006pasnl upH u3yYcHAEm npeobpasoBaHmii ypaBHEHHI
MaxkcBenna, noaygarrT (yHAAaMEHTANbHHE (QU3AYECKHI CMBICI.
OdeBHEAHO, TT0 0YEHDL BAXKHOE 3HAYCHHE B PABBHTON TEOPUM UMe-
eT WHBAPHMAHTHOCTL BEKTOPHBIX ypaBHeHmit Maxcpeanma  oTHO-
cuTenbHO npeobpasoBamuit Jiopenma. IlpuHsarsie Bhime Jonyme-
HHUA ¥ HOJYdYeHHBIE BBIBOALL COCTABISIIOT OCHOBY COBDEMeHHOIT
dusmrm,
ITpunsarue 1aKoll cucTeMBl MOCTYAATOB B II0GANBHEIX  CHCTe-
Max ]I KOHEYHEIX Tel — 9TO CIEeNUANLHAS TEOPHs OTHOCUTENb-
noctu. McnmoapsoBamme »THX IMOCTYAATOB TOABKO B JIOKAJILHEX,
MaJHX 3JeMeHTaX MATePUAJLHHX Cpefl HMJIM IOJA IOJOKEHO B
OCHOBY IIOCTPOEHUs OOMEH TEOPMM OTHOCHTEALHOCTH.
Crofiersa  mpeoGpasosammii Wsyuum §0nee mogpoGHO CcBoicTBa IIpe-
Jloperma oGpasopanuit Jlopenra
ITpeskme Bcero wuowwikeM, aro QYHKIAK
f (z¢) B dopmymax (3.2), ompemensommx mpeobpasosamus Jlo-
peHna, JAWHEHHH.
Hoxasxem Gomee ofmee mpemroxenne. IlyeTs 3agamo npeobpa-
30BaHIE

‘ Y= fi(a', 23, 23, 2%), %Z_:f}f u |/x]5=0,
U OyCTh
ds? = gu dytdyl = g dx? dad,
- (3.5)

opmueM g';; = const, gp, = const u |gij] == 0. Iloxaxem, uro B
sToM caydae ¢ymrnum fi (2!, z2, z°, z') — aunelidne QyHRIIM
CBOMX apryMeHTOB.

Huddepennupys pasencrso (3.5) mo z°, HoxyunM

g fi fi - gl = 0 (3.6)

i’ ps

o {1 fi —
gl vy =¢8

3fechb p, §, ¢ — IPOM3BOJAbHEE MHIEKCH, IPHHIMAIONHUe 3HATe-
HHH1 2, 3, 4. OueBumHO, YTO B CHIYy CBOHCTB CHEMMETPHUHR

g;=gi 4 ;‘p = fi. Ilocme mepecranoBkm B (3. 6) wuHRmeKCOB
. P — q — $-> p MOJKHO HaIlUCaThb
| guft 1l gLl = 0. (3.7
Brrunras us pasencrsa (3.6) pasemcrso (3.7), momyamm
| it — 8l opli =0 (38)
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Tenepp mepecraBmuM B (3.8) HHEEKCH p — S —>q — P W BHUTEM
pesyabrar u3 (3.7), momydmm

g;jféf;s =0 nmm Aq.qf;s =0, (3.9)

rme p, q, s — nwo0we uAfexcH m3 1, 2, 3, 4. Jlerepmmuanr (A
OTJIMYeH OT HYJfA, TAK KAK BEPHO MATPHYHOE PABEHCTBO

Pl =18,11750 = 185150, |£]]+0.

Tax wxax [4;] =0, To M3 CHCTEMH OJHODOJNHX YypaBHEHM
(3.9) cmenyer

o2t
= 8P s

i, (3.10)

Ypapuenusa (3.10) BepEHM npH i, p ® S OPOE3BOIBHEX; OTCIOjA
caesyer, 9ro ofmee pemeHme cmcreMsl ypaBHermit (3.10) mmeer
BUJL

Y= fi(@h) = fo+ ¢t (3.11)

rae fo I ¢y — IOCTOAHHHE YHCJA.

OueBUHEO, YTO AOKASAHHOE NPEILIOKEHHE BEPHO Jig NIOOHX
n-MEepHEIX TPOCTPAHCTB.

IlpeoGpasoBarme (3.11) coorBercTByeT OmHOPORHOHE medopMa-
L¥KM 9eTHPEXMEPHOI'0 IICEeBAOEBKIHW0BA IDOCTPAHCTBA, HTO Mpe-
obpazoBanmue Gomee ofmee, TemM Ipeobpa3oBaHusA -] opeHuaA.

Hus Bujenenns cpexgm mpeodpasoBarvmit (3.11) mpeo6pasosa-
Brit Jlopennma HeoOxoguMo 3ameHutb (3.5) Oonee CHTBHEIMM Y-
JOBHAMH, BHTekaomumu m3 (2.20):

gan=su=—1 g,=8n=—1,

é’;:,:gaa:—‘L g;4:g44=02

u (3.12)

gy =8y ="0 mpm i==j.
Yenosus (3.12) HAKIAAHBANT CHEAYIOMHUE HECATDH ajgrebpau-
qeckux cBsiseil HA 16 K03dPUIAEHTOB ¢ i

i g &Q ‘ .
giCp~q = Epq BIU C1C'1 = O.p. (3.13)

Takxum o6pasoM, obmee mpeoGpasoBamne Jlopenna 3aBucuT 0T

qeTHipex IOCTOSHHKX for ONPEAENAIIMX IIPOCTY0 TPAHCIALNIO,
1 OT INECTH He3aBUCHMEIX IIapaMeTpoB, U€pe3 KOTOPHEe COrJIacHO
(3.13) MOXHO BHPASUTh NMECTHAANATH BEAHIHH C'y.

o1
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Elﬁzﬁpgzzo;afégﬂe mﬁlm(i)ﬂeff IIpeo6pasoBarua Tanunes o6pasyloT rpym-

HAKOBOG qncng pneaami‘; oy, BaBHCAIMYI0 OT [ECATH IapaMeTpoBR;

MEX  nmapamerpom, papmoe UETHDE H3 HEX ONDEEIAIOT TPARCIANHEIO,

HeCHATH TPHE -— BPameHne W 36PKANBHOE OTPadiCHUe

TPeXMEPHOTO NPOCTPAHCTBA M TPH — KOM-

HOHEHTH CKOPOCTH NOCTYHATEIbHOTO /BIGKEHHA CHUCTEMH KOOP-
AMHAT,

Hpeo6pasosarms Jlopeana raxke o6pasywoT rpynny, 3aBhcd-

IYI0 OT JeCATH DAaPaMETPOB: OT YeTHPEeX MapaMeTpoB, oIpeeaaio-

mMUX TPAHCIANEID, W OT INECTH NMAPAMETPOB, ONpeeAAlIaX 3ep-

RaJgpHOE OTPa;KEHWEe W BPANIEHHE YeTHPEXMEPHOTO IIPOCTPAHCTBA

MnEKoBCKOTO, 3a/]aBAEMOTO HE3ABHCHMEIME LIAapaMeTpaMu, depes

KOTOPHI® BHPaKATCA KOIHPAIAEHTSH C ;.

IIpeoGpasosanms, ynoBaerpopsiomme yciaoBEam (3.13) upm
NPOM3BONBHON METPHWKEe W B NPOCTPaHCTBaX Npboi pasMepHOCTH,
HA3HBAIOTCS OPTOTOHAJNBLHEIMEH upeobpasdoBanmaMd. OproroHaIb-
BHle IpeobpasoBaHusa obpasyior rpyomy. OproroHajbHhe IpPeol-

pasoBaHyA ¢ AeTepMmEaHTOM IpeobpasosaEmAA = |[c';| >0 obpa-
3yIOT HmOATPYNNIY, HAa3HBaeMyio COOCTBeHHO# Tpynmoi BpaineRwsd,
Jlis  TompecTBeHHOro mpeo0pa3oBaHHS B
rpynme OpPTOTOHAJNBHEX TOpeoO6pazoBaHUit

nMeeM

Deckomeano  Maxante mpe-
obpasopanua Jlopenna

i i
Cyp = 6 Ko
Bumecto ¢’y BBefileM BenmumHH 'y, ONpefeNeHHEe (OPMYyTaMm
9 i i
¢y =8 + Q.

Tas TompecTsenHoro mpeoGpasoBammsa Q' = 0. Ecam Q% 6ecro-
HEUHO MaJH, T0 Ko3PPUmmenTs c'y OIPENeAI0T npeoGpa3oBaHme,
npnaannemamee CO6CTBGHHOH rpynne BpameHHH, Tak Kak A ~= 1.
Bemaunns ¢ n QY MOHO paccMaTpMBATE KAK KOMIOHEHTH TeH-
30poB B Oasmce cmcreMnl K mnm B Gasmce cumcreMnl K' miom  Kak
BEKTOPH Io mEfekcy i B K u BexTOpH Io muflercy k B K'.
VYeaoBug opTOroHANBHOCTH [JIA GECKOHEUHO MAJbIX Bpamienuit
mocie OTOPACHBAHMA MANEX BTOPOTO IOPAJKA HMEIOT  BHUJ

g, p + gpi Q=0 (3.14)
nina
qu = QPLI'

ArTHCEMMeTPHYYI0 MATpumy 25, MOKHO PacCMATPHBATH KAK
KOMIIOHERTH COOTBETCTBYIOIIEr0 YETHPEeXMEePHOro  AHTHCWMMeT-
puuHOTO TeH3Opa B mpocTpaEcTBe MmHKOBCKOro. Illects HeaaBm-
CHMEX KOMIIOHEHT 93TOT0 TEH30pa MOHO paccMaTPDHBATh KAk

10 JI. H. Cenor
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He3aBHCUMbIe HAaPaMeTPH, oOpejelsiomde (GECKOHEYHO Majioe Bpa-
meHne B 9eTHpeXMepHOM IpocTpaHcTBe MuHKOBCKOro. Yernhipex-
MepHOMY aHTHCHMMETPHYHOMY TeH30py (2,, B MHEDOUAJLHHX Jie-
KapTOBHIX CHCTEMAX MORHO HOCTABHTH B COOTBETCTBHE JBA TpeX-
MepHEIX BekTopa @ u U corinacHo paBeHCTBY

0 —Qs Q2 —U,
Q@B 0 —Qt —U, ; .

1R =} _ Q: ot 0 — Ul Qg=gPQpq. (3.15)
U, U, Us 0

Jlerxo BAReTh, uTO aKcWAIbHEI Bekrop « (Q1, Q2, Q%) xapar-
Tepu3yeT 0ECKOHEYHO MAJBI# TpPeXMEDHHH HNPOCTPAHCTBEHHHIA HO-
sopor, a nonaspuetii Bekrop U (Uy, U,, Uj) — GeckoHEUHO Manyio
DOCTYNATEIBHYI0 CKOPOCTh JIBIDKEHWS WHEPIUAIbHOM CHCTEME
K’ orsocurenvHo cumcreMu K.

PaccMorpuM BaykHOe KOHEWHOE  JACTHOE

IIpeoGpaszosanme  Jlopenma
NpH DOCTYNATEALHOM  [IBH-
skennm cactTeMbl K' otHoOCH-
TeJIbHO cmcTeMbl K

npeobpasosanue Jloperma (3.11), uMernmee
BH,

1
= clyxt + c'yt,
Y2 = 12,

3 3
y - B

4 4
" = ¢ 2! + c4t.

dT10 mpeobpa3opaHWE COOTBETCTBYET MOCTYHATEALHOMY [BHKEHHIO
BIOJb ocu 2! cmereMer K° OTHOCHTENLHO cucTeMH K ¢ MOCTOAHHOMR
cropocteo U = —cl,/cly. B arom cayuae ycuosua (3.13) merko
Pa3pemanTCd, IoCie 1ero npu ycaoBmu A > (), CBA3AHHOM ¢ OT-
cyTcTBHEM [0GABOYHOTO 3€PKANBHOIO OTPAMKEHHs, MOILYTAM

1 — Ut , lme 1
Ve = T
t— 2 1_7
u o0paTHEE POPMYIIH ] (3.16)
U
, L o T
1. w4 Ut . ¢
z 4————__07 B t——————_w .
Vi-gEl V%

T peoGpasosarusa Jloperma (3.16) mepexopmar B mpeoOpasoBa-
pua Tannnes, korma Ulc mMano, mociae mpeHeGpeskeHus BeaAwInHA-

Mu nopapka (Ulc)?.
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OtHocarensnocrs moratEa  CoraacHo ofwum ¢opmyaam (3.11) u, B
BpEMEHH qacTHOCTH, Popmynam (3.16) mpm mepexope

Pazanmume AHTEPBAJOB Bpe-

MeRHn

oT K ®x K’ BpeMda I’ B «HOABHMHON cHCTEME»
OTJIMYAeTCSA OT BPEMEHHM B LEPBOHATAJABHON, «HELNOABIKHON» CH-
creMe. KpoMe TOro, reoMeTpmuecKWe KOODAMHATH M BPeMs CTa-
HOBATCA [0 HEKOTOPOH CTelleHW paBHompaBHEMHE. OgHAKO O HOJI-
HOM CTHPAHHMH PASIHYAS MEKY TeOMEeTPHIECKAMM DPACCTOSHHAMU
¥ IIPOMEKYTKOM BpPeMeHH He MoskeT OHTh pedd. ITO Pasimiue Ipo-
ABJAETCHA, B YACTHOCTH, B TOM, 4TO B ONpeMeIeHWE METPHKH s
ds? pneMeHTH dx*2 m di%2 BXOOAT ¢ pasanyomMy 3Hagamm. V3 Teo-
PHEE KBAagpaTHYHHX ¢(OPM MB3BECTHO, 4YTO IIPH JOOHX BEIECTBEH-
HHX [peoOpasoBaHWAX NEePEMEHHHIX, COXPAHAUIMX KAHOHMWIE-
CKMil BMJ KBagpaTugHOH GOopMH 1A ds?, YKA3saHHKE 3HAKM  fAB-
IAITCA HHBAPMAHTAMH.
PaccmorpnM cBasp, BETeRawn(yo us (3.16),
MeKAY COOTBETCTBYHOIIMME HMHTEPBAJIaMM
BpeMeHn dt” u d¢ B Touke M, HemOABWKHOMI
B cucreme K° (y! == const) m, ciepoBaTenpHO, ABIMKYymeHca co
ckopocteio U B cucreMe K. Vimeem

dt = —% ¢ oo dt>dr. (3.17)

Uz
1 — =

ABanorwyHo mycTh TOuRA [N CBASAHA HENOJBHKHO € CHCTEMOM
K (2! = const); Torga momydmm

t‘l = ———dt—.:_.— , T.C. &7’> d,\[. (318)

U'Z
Vi-%

Takum oGpasoM, ¢ Tourm 3peHuMsa Habmwomarena B K cobcrBenmoe
BpeMsa y mabmwopmarens K' rteuer Memnenmee. G mpyroif cTtoponm,
onsa Habmomartens B K' cobectBenHoe BpeMsa B K Toxke Teder Mej-
nennee. B »TOM crasEIBaeTCs MOMHOE PABHONPABHE MHEPHAAIBHEIX
cucreM K n K°.

TTomo6HOTO POfa COOTHOIMMEHUA TaKske OyayT HMETh MECTO JUIA
JIUHE COOTBETCTBYIOIIUX OTPE3KOB, PACHONOMKEHHLIX BHOAb HAI-
paBierma cxkopoctH U. [{nmHE 0TPE3KOB, HMePOEHAMKYAAPHHX K
ranpaBiaeEmno ckopocrn U, opnHaKoBe B K m K’.

B npunoskeEmax ocoGoe 3HAYEHWAE HMEET

CoGerpemmas  cmeremMa OT- coOCTBEHHAsA CHMCTEMA OTCYETA; 9TO HHEP-

cgeTa

nuajbHasg cmcreMa orcuera K¥, Koropas
peIOpaHa B JaHHOW Touke M cpefsl Tak, 4TOOE CKOPOCTH TOYKH
M otHOCHTEenbHO cucTeMbl K* B NaHHHA MOMEHT BpeMeHH pPaBHsA-
JIach HYJI0; CKOPOCTH COCEHUX TOYeK W TOYKE M B ipyrue MOMeHTH
BpeMeHH B 9TOH CHCTeMe MOT'YT OTIAHIATHCA OT HYJIA.

10*
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C mcuoxb30BaHHEM COOCTBEHHOM CHCTEMEI OTCUeTA u| COOCTBEH-
HOTO BPeMEHH MHE HMeeM [eJo B Hammx omymeHmax. CobcTBeH-
HOE BPEMA — 9TO MHBADHAHTHAS XAPAKTePHCTHKA CTADEHHS W BCE-
BO3MOJKHEIX BHYTDEHHHX IPONECCOB ¥ BHYTPEHHHX B3amMojeii-
CTBUI.

IIpm gBmKeHUAX 3JIeMEHTADHHIX YACTHI[, ATOMOB ¢ MOJEKYJI
3aKOHH JIJid BCeX BHYTPEHHHX B3aMMOMEHCTBHH H Bce XapaKTep-
HBHI€ BPEMEHA OMHAKOBH TOJNBbKO B COOCTBEHHBIX CHCTEMAaX OTC-
9era, HAIPUMED: [EDHONH M3JIYIaEMHIX CBETOBHIX WAM pPajmo-
BOJIH, BpeMs TOJAypacHafa pPAJMOAKTHBHEIX AMEp, BpeMeHA cyme-
CTBOBAHHA HEYCTOMYHMBHX (DIEMEHTADHHX» YACTHLN H T. I
IIpu m3yueHNE IBHMKEHNSA KOHTHHYyMa MO~
HO PpacCMATPUBATL B KAKIOW TO4YKe M B
KaJKIHIA MOMEHT BPEMEHH CBOI0 COOCTBEHHYI0O CHCTEMY KOODAHHAT
E B DTOH CHCTEME HOJb30BATHCA BHAYCHHAMN KOMIIOHEHT Pa3JIWd-
HHIX TEH30POB, BEKTOPOB U CBOUM COOCTBEHHKIM HWHTEDBAJOM Bpe-
MeHE dt, oIpefenseMbM paBeHCTBOM

,1 2
de— L ds — dtl/1—-§z— @ <c?, ds>0), (3.19)

CoGeTBenHoe BpeMs

rae di — COOTBETCTBYIOMMI WHTEPBAN BpeMeHM B (PHKCHPOBAHHOMH
cmcTeMe oTcuera HabIOmaTend.

QOueBHNHO, 9TO0 COOCTBEHHHIE CHCTEMHI KO-
OpAMHAT BOOOWmE HE COBIAKAIOT ¢ COIYTCT-
BYIOIeH CHCTEMOHR KOODJAWHAT, B KOTOPOH
CKOPOCTH BCeX WACTHUI[ BCEr[a PABHH HyaI0; COOGCTBEHHAsA CHCTEMA
BHEDPOHANLEA, a4 CONYTCTBYWIAA CHCTEMa, KOHEYHO, BOOOmEe He
ABJIAETCS WHEPOHAJ LHOM.

IIpu paccMOTpeHMM PAa3IWYHBIX [BUKEHMIT
ONHOM W TOH >K€ TOYKHN WJIH OPH PaCCMOTpe-
HUM PA3IWYHHEX [IBHKEHHA PA3HHX TOYEK MOKHO BHYHCIATH
KOHEYHEE IIPOMEKYTKH COOCTBEHHOT0 BPEMEHH C IOMODIBIO WH-
TErpajioB BHAA

CoGcTBeHHRIE B COIYTCT-
ByOIAas CACTEMS&I ROOPAHAAT

IHapanore sacon

i

Ar:r—10=%8d3=SI/1_—;’; . (3.20)

fo

CobcTBeHHEINM HHTEPBAN BpeMeHH At gBIfgerci WHBAPHAHTOM, O
mosToMy BeipakeHme (3.20) gaeT ONMHAKOBHH pe3ynIbTaT B BH-
YACICHUAX IPH KCHONB30BAHUHM J000 CHCTEMH KOOD/MHAT Ha-
GarofiaTens KaK WHEPOEAJILHON, TAK U He NHEPIHAIBHOM.

B sapgamHOli wWHepmmanbHONH CHCTEMe KOODHUHAT HaGIIofaTeNd
maETerpan (3.20) saBACHT OT KDEBO# z'=— z' (!) B mpocTpaHCTBE
MuukoBCcKoro. B uwacTHOCTH, B Cory49ae NpAMOIAHEHHOTO JBUKEHH
mATepBal At aABaAseTca (YHKNUOHAIOM OYTA HATETPHAPDOBAHHA B
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mrockocTu z', ¢ (pue. 39). 3HageHns AT, BHIHCICHHEHE IT0 PA3/IITIHLIM
nytaM Cy m C,, naymnm n3 Toukd O B Touky O%, pasimamsl.
s nmokoamerocs Texa Ha 3eMie, IpMEEMaeMoil 3a WHepHHE-
AJIBHYI0 CHCTEMY KOODAMHAT, OYyTh WHTEIPHDPOBABHA COBIANAET
C OCBIO BPeMeHH f; 1A KOCMOHABTA, YJIETAIOMEro Ha paKeTe BHOIb

r
174 V=¢
V4 z’

Prc. 39. UETepBan coGCTBEHHOTO Bpe-
MEHJ 3aBHCHUT OT 3aKOHA /BH/KEHMN.

OCH z W 3aTeM BoapBpamapmerocai of6paTHO Ha J3eMI, 3aKOH
IBIKEHNA m3o0paskaerca KpuBoil Bmaa Z.

MopsaTerpasbEoe KOXAYECTBO B mociemrHeM wnmrerpate (3.20)
opu v =~ O MeEbpme, 9eM npu » — 0; HodTOMY HpH BO3BpamIeHUH
KOCMOHABTA B TOUYKy (' mpOMe;KyTKM COOCTBEHHOTO BPEMEHM [IJIA

seMHOro Habmromarenda ATsn = 00" ® I8 KOCMOHABTa
t(0") —_—
02
Atyoen = S ]/1 - c_zdt
t(0)

OyayT pa3MYHEIMM, TIPUIEM

Atyoem < ATgon. (3.21)

Jlna KocMOHABTA ¥ 36MHOIO JKHTe]s — 6aM3HENOB HOCIE BO3B-
palleHAs KOCMOHABTA HA 3eMII0 KOCMOHABT ORayKercA Ooyee Mo-
JNOJEIM, YeM ero 3eMHoil Opar.

ITycts orpesku OB m BO" COOTBETCTBYIOT 3aKOHY NBIDKEHHES
¢doToHA ' =ct 7 2 = —ct + Ty, ABIKYIENOCA CO CKOPOCTBHIO
csera. OueBmamo, uT0 AA (oroma Beerga At = 0, T. e. coGcTBeH-
goe BpeMs (OTOHA HE TedeT.

Teneps Jerk0 BHACHUTh, KAK H3MEHAIOTCA

HpeoGpasopanue E ¥ II(I sextopsl E u H npm mepexofie oT ofHOM
upn mepexope or K x UHEPIUANBHON cmcTeMH KoopauHatr K K
IpYTOil «IHONBIKHON» HHEPHNHAIBHON CHCTEMe KOOPAWHAT K' m,

B UACTHOCTH, NIPH Ilepexode K COOCTBEHHOHW cmcTeMeé KOOPAMHAT

K' = K*.
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Ha ocmoBammm ¢opmya (2.11), (3.16) = (2.1) merpynmo ycra-
HOBHTLH clefyomue GOPMYIIH:

\ t (3.22)

t (3.23)

31ech WAIEKCOM || 0003HAWEHH COCTaBIAIIINE BEKTOPOB, @apaj-
JelbHEE CKOPOCTH ¥ MOJBUKHOE cmcreMu K, a wmHjaeKcoM | —
COCTABIAIONAE, MePONEeHTUKYIADHbE K ¥. J1eTKO BUJeTh, 9T0 diIe-
o (v/c) X H m (v/c) X E He ganT BKIaja B BHPaKeHUAA WIS
Ein#H |, rakuro E = E | u H=H). Ograko B ¢opmyrax (3.22)
7 (3.23) 5TH wiIeHH coXPaHEHH JjifA CHMMeTPAE OPMyYI, 9T0 OUeHb
yno0HO juiag samncu OPEOAMKEHHHX $OPMYyN Opu Maisx v?/ck

Dopmyns (3.22) m (3.23) DOKABHBAIOT, YTO OCHOBHHE OOHTIHO
HCHOJb3YEMEE XAPAKTEPHCTAKH  HJIEKTPDOMATHHTHOTO HOJS —
BekTOpH F uw H 3aBHCAT CYIMECTBEHHO OT BHOOPA WHEPIHMAILHOM
CHCTEMH KOOD[AWHAT, W O9TOMY WX (U3NIECKHIl: CMBICI HOCHUT BeCh-
Ma OrpaHWYEHHHH XapakTep.

B BhlOTOEMAHCKON MexaHWKEe OPU HCIOIL30BAHWUU YCKOPEHHO
OBIKYUIMXCS CUCTEM KOOPAUHAT IPHXOATCH BBOAWTH CHIBI HHED-
nmu. Taxum o6paszom, @mole BHEIMHHX CHI B HePeIATHBICTCKOMN
MexXaHOKe 3aBUCUT OT BHIGOpA OOJBMYKHOM CHCTEMEH KOODAWHAT.
CymecTBeHHO, OMHAKO, 9TO II0J€ CHI OJUHAKOBO B WHEPIIUAIBHHIX
CHCTEMAaX WM WM3MEHHeTCA TOJAbKO HPH IepPexofie K CucTeMe KoOp-
OUHAT, IBW/KYMEHCA OTHOCHTEIbHO IePBOHAYAJIBHOH CHCTEMH
¢ YyCKODeHmeM. OJNEKTPOMATHWTHOE [IOJNe W3MEHSeTCa  JIasKe
IIPH @epexofie OT OJHON WHEPHUAJBHOH CHCTEMBl KOODJWHAT
K Opyroi.

OTMeTHM, KPOMe TOTO, UTO €CJIM B HEKOTOpPO#l CcmcTEME KOOp-
auHAT K OHIIO TOJIBKO DIEKTPUUECKOE HOJe, TO IPH Iepexoje K
cucreMe, ABIKYMEHCA OTHOCHTENbHO K, 00S3aTENbHO HOABIAETCH
TaKKe M MarHEATHOE [oJe, W HaobopoT.

Hanpnmep, paccMoOTPHM BJIEKTPOH B €ro coGCTBEHHOH cmcTeme
roopamHEAT K*. B sroii cmcremMe KOOPAHHAT MATHUTHOE IIOJIE OT-
cyrcreyer, H* = 0, a snexrpmuecxoe mome E* fyaer KymoHOB-
ckmM moneM. B cumereme KoopAmHAT, ABIKYINEHcs DAaBHOMEDHO W
NPAMOJUHEHHO €O CKOPOCTHIO ¥ OTHOCHTEIBHO CHCTEMH KOOpAud-
HAT, B KOTOPOHl 3JIeKTPOR NoKouTcH, BekTopu F’ w H' ompepens-
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f0TCA KaK pemeBMsa ypaBHeHm# MaxcBenna ¢ moMompio ¢gopMyn
(3.22) m (3.23), B xoTopux Hapo moxoskmrk H = 0, a Bektop E
BHIPa3uTh 9epes r mo fopmymre

e
= — —gradr.

Bonee moxnoe mccaepoBaHme nonyuennoro noia E m H MoxHO
nposecT: Ha ocHoBaHET Popmyi (3.22) m (3.23).
06 muBapmamTEHX xapak- I\GKIHI B oTienbHOCTH 15 Bextopos K u H
TEPHCTHKAX dleKTpPOMarmAT- SABHCHT OT BHOODA WHEPHHAABHON CHCTEME
HOTO HOaA KoopamHAT. TeH30p 2JIeKTPOMAarHATHOTO
nons F = F;; 9'a/, oupepenenanii 9epes E u H marpuneit (2.1), as-
AfAeTcd WHBADHAHTHOR (H3MYECKOH XapPaKTEePHUCTHKOH BIEKTPO-
MATHHTHOTO IOJIfA, MOJOGHOH TeMIepaType, BEKTOPY CHIH, TEH30-
py npedopManumit mw T. 1.
Tenaop F mMeer InecTh HE3aBACHMHX KOMIOHEHT M TOJIBKO
JBa He3aBUCHMHIX HHBapHAHTA:
& FuF = H — B2,
. (3.24)

—;;[FlkFlmFqum — T(FLkFtk)Z} = (E-H).

IIpeoGpasopanmeM JlopeHUA MOKHO TOJHOCTHIO YHHYTOKUTH

MATHATHOE WY 9JeKTPAYECKO® I0JIe TOABKO IpA HaINIUM PABEHCT-

pa E-H = 0, 1.e. xorga Bexropu .E u H B3anMEO mepeneHIHKY-
JASIPHEL,

Ecau H? = E? B Kaxoit-nu6o ofHON cHucTEMe KOOPAXHAT, TO 3TO
PAaBEHCTBO BHIIOJHAETCS B J¥060H APyroil MHEPIUWAJILHONR cHcTeMe
kooppuEar. Ecnm H2 —E2=0n E-H =0, 10 Bextopu F u H
pPaBHH MekIy cofofl W B3amMMHO HePHEHJUKYIAPHH BO BCEX CHC-
TeMaX KOOPHAWHAT.

0 mextopax E u H b mpak- Ha npaxtnke oOHYHO IPWXOMHTCH BCTPE-
THYecKH OOBIYHO ymoTpe6- JATHCH ¢ PA3IMYHHIME WHEPNUAILHHIMH CHC-
AAeMHIX B TeXHAKe CcHCTe- TeMAMM KOODHAWHAT, MNJiA KOTOPHX OTHOCH-
Max oTcuera TeJIbHAA CKOPOCTh Maja IO CPABHEHUIO CO
CKOPOCThIO CBeTa. IlooTOMyY 3a"acTy DAasHHNA MEMXKNY BeKTopaMm
E, H u E’',H’, cootBercTBeEHO, Masa. 113 dopmyn (3.22) u (3.23)
BHJIHO, 4T0 BeKTOpH I w H M0oXHO paccMaTpHBaTh KAaK HHBApH-
aHETHHE (nsmYecKHme XapaKTEePUCTHKH, €CIW TpeHeOperars Be-
JINYUHAMHE IMOPAJKA v/c.
Npubmmxennse  gopuyma D AdJIbHEHmeM Gyger paccMarpHBaTHCA He-
mpeofpazoparma E m H  PEIATHBHCTCKAA MEXaHMKA CINIOITHOH Cpe-
(¢ yverom Mammix mopAfka JH ¢ y9ETOM 3JEKTPOMArHUTHHX 3ddexros.
v/e) ITosroMy OyayT HCHONB3OBATECA TOIBKO
TaKHe CHCTEMH KOOPHMHAT, ]I KOTOPHX OTHOCHTEIHHAA CKOPOCTB
U MaJjia mo CPaBHEHHI0 ¢O CKOPOoCcThIo cBeta ¢ (V%/c? << 1). Ilpu arom,
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ecam OmpeHeGperarb MAJXHMu BTOPOTO MOPAAKA IO U/c, HO yYA-
THIBATb MAJHeE NepPBOTO MOPAMKA, TO WMEPEXOJ OT CHCTEMH KOOp-
mmEaT K K cucreMe KoopamHAT K*, ABMRYmElcA ¢ HOCTOAHEON CKO-
POCTBIO ¥ OTHOCHTENBHO K, Oy/er oupeaenarsca Npeo6pasoBaHHAMHE
Tanunea

y* = z% — v,

t =1,

a popmyns upeo6pasoparua E u H yopomawoTca W AMENT BUT
E' =E 4 (vxH),

H' =H— - (vxB)

(3.25)

(BeaTMUMEEL CO MTPHXOM OTHOCATCA K cucteMe K', Ges mrpmxa — &
cmcreMe K).

B wacrEEIX 3agagax, HanpmMep Koraa Bekrop F Man, B opMyIH
(3.25) MOXHO BBOZWTH HOUOJHUTENbHHE YNPOINEHWA.

§ 4. BsaumopeiicTBue DIEKTPOMArHUTHOI'O WOIA
¢ OPOBOJHUKAMMI

IlpoBogaAKE — 3TO TeJa, B KOTOPHX IOJ BIWAHHEM BJIEKTPH- |
gecKoro IOJIA BO3HMKAeT dJeKTpHUecKmil Tox. B sTom maparpade {

MH He OyleM YYATHIBATH ABJEHWH, CBA3AHHEIX ¢ HOJApH3ammei [

¥ HAMATHAYABAHHEM. ‘
IMTpuMepoM IPOBOMHEKOB MOTYT CIYKMTh MeTAIIHWUECKHe Tela: ;

MeJib, Xele30 M T. I.; Ba;KHKIM IPUMEPOM NPOBOAANEH CPennl ABJIA- !

eTcsa TasMa — MOHM30BAaBHHIA ras. |
Tpexmepusii ¥ ueTmpexmep- OJEKTPHYECKUE TOK, BOBHMKAWINUE B OpO- ‘
HEI BEKTOPH ICIOTHOCTH TO-  BOMHHUKAX, IpefcTaBiIsger cobofl ABMKeHHE \\
ka. Toxr nposofaMocTH 3aPAKEHHAIX YACTHL (9IEKTPOHOB M MOHOB). ‘
Ecaim MHEKDOCKONMYECKUE CKOPOCTH SIEKTPOHOB M HOHOB B He- i
KOTOpOM ManoM o0neMe cpefs 0603HATHATE Iepes ¥y, 4 3aPANH Tepe3 r

€x, TO IOTHOCTH TOKA j MOKHO BBECTH KAK 2, e;0;, OCPeTHEHHYIO 10
i

ManzoMy obpeMy AV: i

, . 1 .
Jj= ilvm0 —H,—Z,e.;v.; = §* -+ pv. (4.1)

31ecs ¥ — MAKPOCKONIMYECKAA - CKOPOCTH cpefil. Bexrop j* mpen-
cTaBuaAer coboi oORYHLI «TexaRYeCcKHl ToK». Taxo#d TOk BO3AUKAET
KAk B HEOOJBIKHLX, TAK H B [ABIKYIMXCA OPOBOJHMKAX IOX
meficTBAEM SJEKTPOMATHHTHOTO HOJAA H Ha3HBAETCA TOKOM

o
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nposogmMmocTa. Berrop p.v npeacrasnser co6oi TOK, CBA3AHHHG
¢ MepeHocoM MaKPOCKONHMYIECKOTO 3apAafa.
Tax rar

Zeivi = Y& (v; — v) + Aew, (Ae= Zgy),

TO BEKTOD TOKA IPOBOJYMOCTH j* MOKHO BHIPA3UTH I€Pe3 BEKTOPH
norora mpupdysuu I,, seegennante B ra. 111, mo dpopMmyine

r-3i

i 1

I

iy

OTHOINEHUA e;/m; BaBUCAT TOJBKO OT COPTa MOHOB, LePeHOCHMUX
3aPAIEL.

Hapsapy c TpexMepHLIM BEKTOPOM j, ONPEIETEHHLM B reoMeTpu-
9eCKOM IPOCTPAHCTBE, BBOTHTCA €HIe TeThpeXMEePHbLE BEKTOD NA0T-
HOCTH TOKAa B IPOCTpaHCTBe MEHKOBCKOTO, KOTODHH B COGCTBEHHOM
HeKaPTOBOH cHCTeMe KOODAMHAT ompejeler fopMyIaMu

1
g =J 2;, } (42)
Je=p e 3= T,

KoMmnomeHTH BeKTOpa o B M1060# ipyroil cacTeMe KOODJMHAT ompe-
neadioTcs  Uepe3  KOMIOHEHTH B COOCTBEHHOH# cucreMe 1o
o6muM ¢opMyraM npeoOpazoBaHUA TETHPEXMEPHOTO BEKTODA B
npocTtpaECTBe MHHKOBCKOIO.
YpapHeHEs MaKcBesna Ipu HAJNAYAE TOKOB

Ypargenma Maxceemna B
P H 3apAA0B U NPH OTCYTCTBUH LONAPHIANHA

TIPOBOJ\HAKAX
A HAMArHU49YMBaHUA B TeJaX HMEIOT BU]
p oL
4 1 E (4.3)
T,
rot H = —= j + — 5= |
"
v H —
div 0, (4.4)
div E = 4np,.
B gacrHOCTHE, B cIydae CTADHOHAPHOTO 3SMEKTPOMATHHTHOI'O HOJA
rot® =0, (4.9)
noaroMy F — moTeEnuanbHEI BEKTOD, a
rot i =2 7, (4.6)

T. €. BACKTPHYECKHHA TOK IPUBOIUT BCEr/la K HOABJIEHHIO BEXPEBOrO
moAA MArHEMTHOA Hanpssxearoctd H .
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1 0E
Tox cmemerms Bennumna —— ¢~ TAK)Ke BHBEIBAET MOABJIe-

HHe MAarHNTHOI'O IOJ A M HAa3HIBaeTCA TOKOM CMEIOIeHHA. Ha OpaKTH-
: 1 6E
Ké BO MHOTHX CIIydaAX TOK CMEIMeHnA o e O4YE€Hb Mal. BBe,ueHne

TOKA CMEIIeHUs B ypasHeHHA MakcBenna nponssenero MaxcBemrioM

B COLJIACHHE ¢ ONHITOM I B [ONONHEHWE K CYIIECTBOBABIIHM /[0 TOrO

OULITHHIM 3aKOHAM dnexTpoquaaMukn Kymnora, AMnepa m Mapanes.

3 Ecnu or ofemx uacTeil BTOPOTO yPaBHEHH:
AKOH COXpaHeHHA IIOJIHO- 4 3

ro sapana (4.3) B3ATH AWBEPreRNUI0 ¥ BOCIOIb30BATh-

¢a eme ypaBHeHWAMH (4.4), TO TONYIATCA

B)KHOE CIEACTBHe ypaBHeHWA Makcpemna:
dp .
= P divyi=0, (4.6")
KOTOPOe MO)KHO PACCMATPHBATH KAK yPABHEHHE HEPA3DPHBHOCTH
JJIsA 3apAJOB WIH yCJI0BHEe COXPaHEHHS 3apsAfa.

HeiicTBETENHHO, NPOMATEIPUPOBAB ypaBHeHne (4.6') 10 HEKOTO-
POMY HENOABHKHOMY TeOMETPHIECKOMY 00meMy, 3aHATOMY CIIIOMI-
HOW cpefol, KOTOpAs ABIAETCA OPOBOIHUKOM, MK IONXYYHEM

dp El i
e . . .
v v \4 b3
rme X — DOBEPXHOCTH, OTPAHWYWBAINAS V, a 12 — BHENIHASL HOD-
Manb K £ . BeKTop Toka j DEPEHOCHT 3apAIH depe3d MOBEPXHOCTH 2,

BeIMYIHA *v]"ds mpefcTaBiser ¢co00H CyMMAapHHH 3apaf,
A

BTeKamuil B 06seM V uepes HOBEPXHOCTH & 32 €NHHANY BPEMEHH.
JTO KONMYECTBO DPABHO M3MEHEHUWIO 3apsaja B o6seMe V B euHHEIY
BDEMEHH, T. €. BEJMIHHE

0 e

5 Soudr = 5,

\4

rae e — monai 3apsag BEyrpu V. Ecam j, = 0 Ha mosepxHoCTH
2, to 0e/0f = 0 u sapsj BHyTpm V coxpaHsercs.

YecnoBme COXpaHEHUA WOJIHOTO 3aPANA ABIAETCS TOYHHM CIEf-
crBUeM ypasHeED# Makcsenna (4.3) m (4.4). OTMeTEM, 9TO 3aKOH
COXPaHeHWs 3apAfa, B OPOTHBONOJOKHOCTh 3AKOHY COXPaHEHMS
MAacCH, ABIAETCA B HACTOAMEE BPEMs BCEIT]A BHIOMHIOIMEMCSH

dyHEIaMEeHTAIPHAIM 3aKOHOM (UM3UKH.
Cmcrema ypasmeHmit Maxcsemna (4.3) =

Cucrema ypaemenmii Maxe- (4.4) AaBaserca HesaMrHyToH. Umeno ypas-
ne:;ga B m“p‘?;‘;fg;‘;““ — HeHHH B He#l paBHO CeMH, TAK KAK ypaBHEHHO
ne ) div H =0 saBusgerca HemocpeacTBeHHHM

cAeCTBHEM IEePBOro ypapHeHms (4.3) OPH COOTBETCTBYIOIHX HA-

Ny
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9ANbHEIX JAHHHX. UYHCIO 3Ke BXOOAIMX B HAX HEW3BECTHLIX
paBuo pecartu: E, H,j, p..
HKpome Tor0, TaK KaK B MOJBUKHEIX IIPOBOJ-
O cesa3m sagay  oAEKTPOMA-  HUKAX j=j* -|-p,v, pacopefesenne MIOTHO-
HAMHKA M MEXaHAKH CIIOM™  cry 33pg/0B 3aBIUCHT OT JIBHKEHHSA CPEIH,
Hoit cpeant [O3TOMY B3aJ[a9M 3JIEKTPOAMHAMUKHE OKAa3hi-
BAIOTCA CBASAHHBIMHU ¢ zajagaMd MeXaHWKH CIUTOUIHON CpEH.
3aron OMa /14 HENOABIKHBIX  3aMLIKAIOIIMM CHWCTeMY ypasHeHHi (4.3),
OPOBOAHHKOB (4.4) pnAa BemogBMMHON NPOBOAAMIEH Cpe-
I BEKTOPHLIM COOTHOINIEHMEM MOMKET CIY:;RHTb 3akom Oma. 3akonm
OMa yCTAHABIMBAET CBA3H MEIKY ILTOTHOCTBIO TOKA IPOBOSUMOCTH
J* W XapaKTepHCTHKAMH HI€KTPOMATHHUTHOIO MOJS. JTA CBA3b 3a-
BHCHUT OT CBOMCTB HPOBORHHKA. B0 MHOTMX B&KHBIX caAydadx g
HeDoNBUKHEX IPOBONHUKOB ONKITHL i 3aKkoH OMa UMeeT BUJL

J*=oE. (4.8)

I1poBOIEMOCTD Kos¢dunuenr ¢ Hasznsaercs KoadpPumueHroM
npoBoguMocTy, Jasg U30TPONHKX IPOBOIHH-
KOB IIPOBOAMMOCTh ¢ — CKaJXAp, LPHIEM
' 1

g = R
rge R — counpoTUBieHAEe NPOBOJAHMKA. A aHMBOTPONEHX Ipo-
BOJHMKOB, HAIPHMED JJIA KPHCTAIIOB, IPOBOAUMOCTH ¢ MPEICTAB-
ager coboil TeH30p BTOPOro paHra, B ypaBHeHmHu (4.8) TeH3op ¢

cBepThiBaercs ¢ BekTopoM K.

IIpoBOAMMOCTD ¢ PASANYHA i PA3INYHKEX MPOBOJHAKOR, & A
JAHHOTO IPOBOJHUKA MOKET 3aBHCEeTh OT ero remmeparypu I u
APYTHX TePMOJMHAMUIECKHX mapaMerpos. C pocToM TeMIepaTyphl
mpoBoguMocTh Tasa pacter. Hampmmep, Bo3gyx npm OORYHHEX
YCIOBUAX IOYTH HE WOHU30BAH W ABAAETCA WIOXMM IPOBONHE-
KOM, HO ¢ POCTOM TEMIEPATYDPH HIW IPU HHTEHCHBHOM 00JIydeHWH
CTENeHb MOHH3ATUM BO3LYyXAa PACTeT, TUCIO0 CBOGOTHHX BIEKTPOHOB
B BO3[IyXe YBEIMUMBAELTCS, B BO3JYX CTAHOBUTCH XOPOIIMM IPOBOI-
HUKOM; JJIA TBEPALIX TEJI C POCTOM TEMIOEPATYPH ¢ MOJKET yMEeHb=
mateea. [IpoBOMUMOCT: BO MHOTHX ClAYy4afX PACCMATPHBAGTCA KaK
dusmUecKada KOHCTAHTA MaTepHWANa, aHAJOTHIHAA KoodumuueHTaM
BABKOCTH W ¥ { Wi Ko9()PUIUEHTY TemIoIpPOBOJHOCTH X.

Jinsa mofBMKHHX ODPOBOZHAKOB MOCTYIUPY-
ercsa, 4To 3akoH OMa B Buje (4.8) BUIOAHA-
eTCca B Kamgo# TouKe cpegsl B cOOCTBEHHOMI
cacreMe KoopamHAT (cM. ompepedeHwe B § 3).
B coGcTpernoii cucreMe KoopawHAT 3akoH OMa mMeeT BUJ
Jj*=0oF, (4.9)
IJie 3HAK ~ YKA3KHBaeT HA TO, YTO COOTBETCTBYIONMWE BEIMIMHE

3akon Oma B coGcTBeHHOMH
eAcTeMe KOOPAMHAT
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paccMaTpuBalTCA B cOOCTBEHHOH chcTeMe KoopamaaT. Ilocae mepe-
X0Ja OT cOOGCTBEHHON CHCTEMH K OCHOBHOH MHEPIHEANLHOHN cHCTEMe
0OTCYeTa, OTHOCHUTEIbHO KOTOPOH pacCMATPHBAETCHA [IBUMKeHHE
cpeanl, coriacHo ¢opmyinam (3.25) mpeoGpasoBaHma BeKTopa Ha-
OPsKEeHHOCTH 3dJeKTpudecKoro moas K monyumm saxom OMa mus
HONBH;KHEIX HPOBOJHHKOB B BHUJE

5
B

j‘:c<E+%xH). (4.10)

Ounit w Gomee NOAPOOHHE TeOPETHYECKUH AHAAH3Z MOKA3HBAIOT,
gro 3akonoM OMa B popme (4.10) MoKHEO IONB3OBATHLCA He BCET/A.
Hanpumep, B cryyae CHIBHOTO MATHATHOTO OJA 3aKoH OMa caedy-
eT 6paTh B BHUJEe COOTHOIMEHUSA

§ = c<E+% xH)—l—k(j*x H),

rnek — HEKOTOpAasA MOCTOAHHAA HMIM QYHKIUA TepPMOANHAMUI-
decKMX InapaMeTpos cpefsl. JloGaBourmii uwnen (j* X H) Ho-
CHT HAa3BaHWE TOKa XoJa.

CymecTByoT cpefsl, IPOBOAMOCTb KOTOPHX

Cpenpl ¢ GecrkoHeupoii mpo- OYEHDB BEJIHKA (Hanpnmep, Meopb MJINA CHIIb-
BO/IAMOCTHIO HO MOHMBOBAHHAM IJIa3Ma). B cBasm ¢ aTEM

Craa

Ha IPAKTHKE 9acTO pPacCMATPHUBAIOT CPEMH
¢ 0ecKOHEWHOH HNPOBOJAMMOCTHIO, A KOTOPHIX IPOBOAEMOCTH ¢
fecKkoHedHa, a conpormuBienue R paBHO Hyxnio. Beenenme rakux cpep
B HEKOTOPOM CMKICIe AHAJIOTMYHO BBEIEHHUIO HEANbHOU MHAITKOCTH
BMECTO BA3BKOMH.

s sakona OMa B dpopme (4.8) u (4.10), Tark Kak MIOTHOCTHL TOKA
J* mommua OHTH OO YCIOBHWI0O KOHEYHOM, BHTEKAET, 4TO BHYTPH
noxosmeiics cpejiil ¢ GecKOHEYHOH MPOBOTHMOCTHI0 [MOJKHO BHI-
OOJNHATHCS YCIOBHE

E=0 (4.11)

a B cpejie ¢ OECKOHEYHOM IPOBOAAMOCTHIO, ABIKYIIEHCA €O CKOPO-
CTBIO ¥, MOILKHO OHTH

E=— " xH. (4.12)

TaxsM 00pa3oM, IoJe BEKTOpPA 3JIEKTPHIECKOM HAOPAKEeHHOCTH K
B cpefe ¢ GECKOHEYHOI HPOBOAMMOCTBIO ONpPEIeNAEeTCH Yepes moJe
MATHATHO} Hamps:keHHocTE H u TMoje MaKpOCKONHIECKOH CKOPO-
cTE cpem v. B sToM caydae gBa ypasmeHusi Makxcgenma (4.3)
MOTYT CAYMTH [UIf ounpejeneHus moasa H m maotHocTH TOKA J.
ITormepoMoTOpHEIME CHIAMH HA3HBAWTCA
CHJIL, JeHCTBYIOIM@Ee HA CpPely ¢O CTOPOHH
3JeKTPOMATHATHOTO IOJA.

Ecan cpepa moxkomTes, T0 Ha GeCKOHETHO MAJIHIH 3JIEMEHT Cpe-
au dv, mMeommdi 3apap de, cormacHo 3akoEy HymoHa melicrByer

Jlopenna
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ODOHACPOMOTOpHAA CHJIA

Fav =% gav— . dr.

Ecam kpoMe 3apaza de B aneMeHTe dT €CTh €Ie TOKHA J, TO HA eAUAH-
oy o0mema cpefn OymeT MEHCTBOBATL WOHAEPOMOTOPRAS CHJIA

F = p.E +—(jx H), (4.13)

HazpBaeMag cmiod Jloperma.

Ecam mMeeTcs ABEMYIAACA CPeNa, TO MOMHO UPHHATH, 9TO B
co0CcTBEHHOM cHCcTeMe KOOPIUHAT RJA IIOHXEPOMOTOPHOMN CHIH Bep-
Ha amajormyEas QopMmyxa:

B, B — (7% H), (4.14)

TJie BCe BEKTODH ONPENeNeHH B COGCTBEHHOIl CHcTeMe KOODAUBAT.

Eciu BOoCmONH30BaThCA NPUOAMKEHEERIME QOPMYyTaMu HePexXoa

OT COGCTBEHHOM CHCTEMB KoopauEAT K, ABIKYMENCH CO CKOPOCTHIO

© OTHOCHUTEILHO WHEPIHANBHON cHCTeMH KoopauEaT K (cM. (3.23)),
2

v -
TO IOCJae OT6paCHBaHH}I MaJiblX OHOpAAKA = B AHEPIUAJIBHOU CHC-

teMe K momydmm

F:Pe(E-f——f*XH).—f—-%-(j'XH); (4.15)

3[iech NPUHATO, yr0j* — j*. Orciona, cpaBamban (4.15) ¢ (4.13),
DONyYAM
F=F,

T. e. cuna JlopeHna B HEPENATABACTCKOM HPHUOIUKEHUYN B CHCTEME
orcuera K upefcrasiasierca GopMmyioit (4.13), Tak ;xe Kak ¥ B cIyIae
HEmoABM;KHOU cpepul. PaBeHcTBO (4.13), ompepensmomee IoHAe-
POMOTOPHYIO CHAY, AeCTBYOMY0 HA eAUHUALNY 00peMa IPOBOAAm el
cpeAsl, YCTAHOBIEHO Ha OCHOBAHHE OIKTHEIX (AKTOB K paccMa-
TPHBAETCA KAK OJJMH W3 OCHOBHHIX IIOCTYJIATOB 3JIEKTPOAMHAMEKE
WIK Kak OfHA U3 OCHOB JIsI OmpefeseHusI 3JIeKTPOVarHMTHHIX Xa-
PAKTEPUCTHK HOJIS W TOKA.
ypamenma mumymean cyue R . o
TOM NOHJAEPpOMOTOPHBIX CHA .
CTHNH NPOBOAAMEH CpPeNH, ABIAITCA 00B-
eMHEIME CHJIaMH, ¥ UX, TAK ke KaK u, HampuMep, CHIY TAKECTH,
HY’KHO BBOJWTDH B yPAaBHEHHA NMIIYIBCOB JJIA Marepua ILI0H cpefsl

pa = V;p' -+ Fiopenna + 0 Frmrecm- (4.16)
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danaya ompepejeHYs ABWKEHHsA HPOBONAMEH CIIOMMHEON Cpenkl
ABIAETCS B 00MEM cayvae KOMILIEKCHOR 3ajauel, I ee pelmeHus
Ae00X0AUMO PemiaTh yPAaBHEHWS MeXAHAKHU CIUIONIHON CpPemH COB-
MECTHO ¢ yPaBHEHHAMHE 3JeRTpogmiamMukn. IlogiepKHeM, 4TO BEi-
pasKeHme sl MOHIepOMOTOPHOH cumm (4.13) yIuTHRaeT To1bKO HA -
aMIMe B cpee 3apANOB W TOKOR MW MOIKHO OHITh VCIOM-
HEHO, KOrJa cpefa MOJIAPH3YETCs W HAMATHUIMBAETCH.

PaccMoTpEM Temeps SHEpPreTHYeCKOe B3am-
JuepreTHyecKue B3amMO-  yoneficTBHE MEMIY DJIEKTPOMATHHTHBIM IIO-
HeHCTBHA B INIOJe H IoaA o o
¢ uposonsmiedi cpenoi meM M IPOBO[AUIEH Cpefoil. WsapectHo,
WAIpUMep, YTO HEemOJBU/KHK T IPOBOTHUK, 1O
KOTOPOMY HET 9JeKTPUIeCKU TOK, HAUPERAOTCHA, 9TO HATpeBaHUE
cBs13aHO ¢ OOMEHOM SHePrHe#l Me;[[y DIEeKTPHUYeCKAM IOJEeM i IIPO-
BOJ[HIKOM.

[Toryaum Tenmepb w3 ypaBHeuuit Mawcsensa ypaBHeHue, ompe-
Hendonee U3MEHeHNEe YHEPrAM dJIeKTPOMATHUTHOTO TOJH, — yPaB-
Hemne Yywmosa — I[lodaTmura. Boiumras w3 mepBOro ypaBHEHHUs
Maxcsenna (4.3), ymaoeHEHor0 crajxapHo Ha L, BTopoe ypaBHeHne
Maxcpeana (4.3), yMHOKeHHOe CKAJAsADHO Ha £, moayduMm

H .ot E — F.rot H =
1 oH OE 4,

[4

B geraproBo#t cECTEMe KOODAUHAT JEBYI0 9ACTh 3TOTO COOTHOMEHHS
MOKHO 3a0MCATh B BHJE PAsHOCTEH ABYX OompeqeauTeNei:

]{1 H2 H3 E], E2 E3
9 i} i} a ) 9
drl 9z G20 | | Ozl 9« Ga?
B, F, F H, H, H,

Mlocne nmepecTaHOBKH CTPOK B 9THX OQUPEAENIHATENAX MOAKHO HANUCATD

s o 8 K.
B E, FE, |t ‘EH“. By | |
[ | o
Il 3HAKOM \_[ OTMEYEHH BEJIMYAHE!, KOTOPHE LU PACKPHTHH

ompefenuTeneii He ciaepyer auddepeHNUPOBATE.

KA
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Orcoma BuaHO, 9TO NEBaf YacTh COOTHOMIEHU: (4.17) Momer
OHTH OpencTaBlieHA B BHAE OJHOTO ONPENeIdTeNs:

2 8 9

dr! g2  Ox®

B, E, E

H, H, H,
Bekrop Ymosa—Ilofinrenra LECAE BBecTm B PacCMOTPeHHe BEKTOP
8 = (ExH) (4.18)

HA3LIBAEMHIU BEKTOPOM YMoBa — I[ofnTUAra, TO COOTHOIMEHHE
(4.17) MoxHO 3amucaTh B CHEAYIOMEM BuUme:
Y Y — . 0 1 5 .
paBHeHnde MOBa divS + - = (H* + E?) + j- E=0. (4.19)

Il ojlinTHHra 9t 81t

JTo ypaBHeHme HOCUT Ha3Bagme ypasHeaus YMoBa — Iloiin-
tuAra. [IpounTerpupoBaB (4.19) mo HeHOABWKHOMY KOHEUHOMY
o6bemy V, moayumm

SSndc +2 L S(m e+ (G Bydr =0, (4.20)
> ' v v

e ¥ — NOBEPXHOCTH, orpannunBaomas obsem V, a m — BHem-

HAA HOpMaih K 3.

Kaspmii w3 9JeHOB WHTETPANBHOTO COOT-

Homenws (4.20) uMeer (uamuecKmil CMHCI.

TpexMepEEH CKaJAP

o (H? 4 E9)

Snepmm JACKTpOMAarHuT-
HOro moJaAa

BBOJIUTCA MO ONpeNesieHnI0 Kak 00BeMHas IJIOTHOCTh ¢ BHEPTHMH
9J1eKTPOMATHUTHOTO MOJA, g(j-E) dv dt MomHO paccMaTpPHBATh

Kak aJeMeHTapHyI0 paboTy osaekrpudeckoro nons F mHag mepeme-
MAIMMEMACA [PU MUKPOCKOIMIECKOM BHYTDEHHEM JBUKCHHY
3a cueT TOKa j* U Ipm MAaKPOCROMMYECKOM IBMAEHHH 33 CHET P v
BaPMKEHHENMH YacCTHNAME,

B caywae HemopBM:KHOIO NIPOBOTHHKA

Jlproyaeso Tenito S(j-E) dv dt = Suﬂ) dvdt — dQux

v % 4.21)
npepcrasiaser cobofl mxoyaeso Temno. [aA HemonpwHOTO TPO-
pojEnKa ypapuenme (4.20) MosxHO HammWCATh B BHIE

g AQ g
@ _ SS" do — R (4.22)
)]

*—M
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IMonnasa sHeprmsa & SiaeKTPOMArHUTHOrO moad B o0veMe V Hemop-
BHJKHOT 0 IPOBOJHNKA M3MEHACTCSA 3a CYET IIOTOKA BEKTOPA YMOBA —
IloftaTMEra 9Yepes MOBEPXHOCTh X, orpagmumpammylo ob6nem V,
® 3a cUeT Iepexojia K cpele [KOYIeBa TeIa.

IlpmTOoR Temwno0BOH aHEPTHE dqﬁ.,”n) 0T IOXA

LpaTor  TemnoBOH sHePIMH g enyppne MacCH MOKOAMEHCA IPOBOXAMEH
OT DIOoJaA R MOKOAIMEeUucst
CPefHl paBeH

cpefie
dgo — 992 _ L gy ar (4.23)
o= 1 . (4

HUsmenenne smeprma axek- JlopmuepxmEeM, 9TO oHeprua  9AeKTpPOMAr-
:‘g(‘,’;‘:mnmom HOAA B Y-  purHoro moAA B o0beMe UV MEHAETCA HE
TOJIBKO 33 CUET B3AWMOJEHCTBHA TOHAA CO
cpepoii.
YpasHenne YMoBa — IlofiETHHTA cOpaBefinBO W IPH HAJIHIAR
ypasHeEni Maxcsenna (1.11), (1.12) B mycrore. B arom cmywae
cooTHommenue (4.22) 3anECHBaeTCA B BAJE

d¥
WZ -— SSndG,
n

T. €. DOJHAA 9HEPTHA IEKTPOMATHATHOrO IoJXA B o0beMe V B 3TOM
cIyTae MEHJeTCS TOJXBKO 33 cUeT mOTOKA BeKTopa YMoBa — JloitH-
trara. QEEAKO 3TO HBMEHERWe OTIWTHO OT HYJIA TOILKO B CliyTae He-
CTAaNIOHAPHOTO BICKTPOMATHATHOTO TOnA. B ciydae cTan@modapHOTO
anexrpomMaramTHOro mons (9H /9t = JE /3t = 0) moToxk BerTopa
¥YmoBa — IlofiHTHAr2 CKBO3h 3aMKHYTY0 TIOBEDXHOCTH B IIYyCTOTE
B cmay ypaBHeHmil Makcmenna Bcerpga paBeH Hyn0. B mpoBopHE-
Kax HOTOK BeKTopa YMoBa — lloiiHTHHTra CKB0O3b 3aMKHYTYIO TIO-
BEPXHOCTH 2 OTJIHUAETCA OT HYJIs W B Clydae CTANMOHADHOTO 2JIEKT-
poMarEmTHOro mois. Uepes He3aMKHYTY0 9YacTh MOBEDXHOCTH 2
mOTOK BeKTopa YMoBa -—— IloitaTHHra, BOOOMmE, OTIAMYIEH OT HYJIA,
ecin BexTopHoe mnpomssemende F X H ==0. Bexrop Ymosa —
IloftAaTEHTa XxapaxrepuayeT oOMeH SHeprueil Me;KAy Ppas3ImyHEMA
yIaCTKAMH 3JIeKTPOMATHATHOrO MHOJXA, T. €. HOTOK DHEPIHH depes
pPasfenAwInEe 9T TaCTH TOJA TOBEPXHOCTH .

IIpm Banmamm MaKpOCKOOWTECKOTO JBEIKEHUS CPEJRl BCe TIpe-
OHAYIZE TOTKOBAHMUS MO/KHO HPEMEHATH ANd 0(eCKOHETHO MAaJHX
27eMeHTOB CPEIsl, KOoTAa ypaBHeHme ymosa — l[lofiHTmHra Hamm-
CaHO B COOTBETCTBYIONed MHEPUHANBLHON coOCTBeHHOH cucTeMe
KOODAHMHAT.

B mHepumanbHHX cmCcTeMAaX ROOPAHMHAT, ABWHKYIMAXCA OTHO-
CHTEJIBHO WHEPIHAJNBHON COOCTBEHBONE CHCTEMH KOODAWHAT, Be-
bigugith: ()

~
Py

{ G-y + S G-E)dvadr, (4.23")

AV AV

s
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T. €. H¢ DaBHA IKOyJaeBy Temly. Pasauna pasHa paGote moHIE-
poMoTopHOI cmukl (4.13).
eHHe IPHTOKA Te 7
YpaBHeHWE OPHTOKA TEIIA YpasH b o 1 A TOABUKHEOU
AJA MDOBONAIIEH Cpemsl YACTHIH HPOBONANEH CPef: B coGcTBeH-
HOH cHCTeMe KOOPAHMHAT 3aUHCHBAETCA B
o0meM caydae cIeylomuM 06pa3oM:

PQBdsag (e) 1 ,~ & .
AU = ——= - dgueon + — (J-B) dt +dg**,  (4.24)

Tje 3HaK ~ YKas3unBaeT Ha TO, YTO COOTBETCTBYWOIHWE BeJWYNHLI
B3ATH B COOCTBEeHHON cmcreMe KOOPpAUHAT. HPHTOK OHEepIrun

—é—(}-ﬁ)dt:dqéﬁf opefcTraBasger coboil MEOyIeBO Temmo, T. e.

OPHTOK K YaCTUIE CPeIH TeILTOBOi SHEPTAHW, I€PIAaeMOM B DIIEKT-
POMATHATHOM Iole. DB paccMarpmBaeMoM clIyyae BRIAN 2XeKTPO-
MaTHHTHOTO @OJA B dg** npmEmMaercd paBHHM Hya0. B cie-
AylomeM naparpage ME yBHmmM, dro dg** HeoGxopmmo, Boobme
ToBOpA, YUYHTHBATh, €CIH CcylecTBeHHEH o{deKTH momapmsa-
Al 1 HaMaTHOYABAHWA,

B pamkax BsegeEEMX B 3TOM naparpade COOTHOWEHHmA s
HOHEPOMOTOPHHX CHJI H SHeproobMeHa MEXAY LOJeM H cpepoil
OCTPOEHA MAarHWTHAA THIPORHHAMHUKA, OCHOBHEE IIONOMEHHA KO-
TOPO# MHE paccMOTpPMM HEeCKOIBKO IIO3[HEe, a cefiyac mepeimeM K
PACCMOTPEHHI0 BONPOCAa O IMOHIEPOMOTODHHX CHIAX W NPHTOKAX
9HEPTHH OT JIEKTPOMATHATHOTO LOJXA K CPele B TOM CIydae, KOTHa
adPeKTH MoNAPA3ANUY W HAMaTHHIWBAHNA CPEIH CYINECTBEHHE,

§ 5. BaaumopeiicTBUE STEKTPOMAHHTHOTO IO
¢ TEeIAMH ¢ yI€TOM MOJAPH3ANWA W HAMATHHYCHHOCTH

B mexotopmx Temax moj BJIWAHNEM BHEIIHETO JIEKTpPOMAar-
HUTHOTO IIOJA BO3ZHMKAIOT HOMAPUW3ANMA ¥ HBAMaTrHHYGHHOCTb.
Ilog BIMAHWEeM BHemHeTo NOJXA BHYTPH Tel CO3/AeTCA MakK-
pocxonMdYecKoe JIGKTPOMATHHTHOE WoJe, AedopMUpyKINee H H3-
MEHAIIEee BHEINHee IoJe.

B rakmx tenax ypaBmHenmuma Maxcsemra nme-

YOT BHJ(
VYparnenus Maxeseana ¢ yye-
TOM MOTAPH3ALAMA U HAMaram- oo F7 . _ 1 4B divB =0 (5.4)
9eHHOCTH. BEKTOPH DAeKTpH- c oat’? r AT

4ecKOii W MarHHTHOH MHJyK- 4t . 1 8D .
num, Bamaradvernocrmmmo- Tot H = —J + ===, divD=A4mp,,

AApA3ALAN c a
(5.2)

rme D @ B — BeKTODH D3JEKTPAIECKOA H MAarHHTHOH HHIYKIIAM
COOTBETCTBEHHO.

-
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Bmecto BexTopa MarauwTHOW wWHAyKDuu B MOKHO paccMaTpHBaTh
BEKTOp HaMarnwdeHHOCTH M, KoTopmii cBssa® ¢ B caepylomei
dopmymoii: _

B—=H | 4xM, (5.3)

Bextop M xapaKTepusyeT ¢ MAKPOCKOIMIECKON TOYKM 3PEHNA YyIO-
pajoYeHHOE pachpefelleEVe B Teje MarHWTHBIX Aunosned. AHamo-
THYHO BMECTO BEKTOPA DJIEKTpHdeckod muayknuu I MOKHO pac-
CMaTpHBATh BeKTop mossipusanmu P, Kotopwii cesasad ¢ I caexyro-
muM o0pasoM:

D —F 1} 4nP. (5.4)

Bexrtop noaspusauun P Telda XxapaKktepusyeT paclpefeleHHe DJeKT-
pPHYECKHUX JUIOJell B Tele.

Bropoe ypasuemme (5.1), Kak ¥ paHbIIe, ABIAETCA CJEJCT-
BHeM IepBoro ypapHeHus (9.1), Korga B HaJaJbHHIA MOMEHT
Bpemenu div B =

Cucremy ypasmenmit (5.1), (5.2) MomxHO

Ypapmemmsi MakcBem1a B zappcath B WHTErpaapHoil ¢opMe clemylo-

HHTErpaJIbHOK dopme mmM  06pasoM:
OB
c&E dg ~ — — S " da, {B.s=0,
% z (5.5)
4w €. 1 aDn
$r-as="% o+ - (5mds,  (Dods =4 fo.ar,
F i} 5 b v

O UX CHeJCTBME — YCIOBHe COXPAHEHHA IOMHOTO 3apAga ~ clje-

nynomuM obpasom:
d .
- —dTSpe(ZT = S]ndcw
1 >

rie ¢ — saMKHyTHll, HoKoamuiica B BHOpaHHOIl WHepPUHAIBHON
cucTeMe KOOpAWHAT KOHTYD, X, — IOBEPXHOCTb, HATAHyTadA Ha
5TOT KOHTYD, MHAEKCOM 7 OTMEYeHSH HODMAJBbHEE K HOBEDXHOCTAM
3, u I CoCcTaBIAKOMUE BEKTOPOB, HANpABJIEHHE HOPMald 2 K 1I0-
BerHOCTI/I 3, BEI6paHO Tak, 4To0bl HampaBiende 00Xofa MPW HH-
TeI‘pI/IPOBaHI/H/I o0 KOHTYPY oﬁ ¥ HaNpaBJeHNe 7 06PA3OBBIBANY Hpa-
BOBHHTOBYK CHCTEMY, 2 — 3aMKHYTAas, IIOKOAIAsACA B BbIﬁpaHHOI/I
cucTeMe KoopamHAT ITOBEPXHOCTD, OorpaHMYUBalOImasn obbem V.

Taxk e Kak YPaRHEHUA AJA 3JeK TPOMarHAT-

Ypasrenaa Maxcsemna ¢
HOI0 IOJIST B MyCcTOTe, ypanheAusa MaKcBei-

Y9eTOM 3AEKTPHYECKMX TO-
KOB,

ooadApusangd H Ha- Jla B MaTepuaJbHLIX CpejaxX MOMKHO HamucaThb

MAaCHNYMBAHEA B TEH30PD- B TeH30pHOH ¢opMe B mnpocTpaHCTBe Mun-
noii popue KOBCKoTo. Jlas 3TOoro HEOGXOAUMO BBECTH B

paCCMOTpeHHe BEKTOD ueTHpexmepHoro ToKa < =J;3; cormacHO
(4.2}, a BMeCTO KOBAPHWAHTHHX W KOHTPaBAPWAHTHHX HKOMIOHEHT
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Fi; m Fi, remsopa 2JeKTPOMarfdTHOTO NOJA, BBEJlGHHOro B § 2
coriaacuo MatpunaM (2.1) u (2.3), Hafo BBecTH fBa AHTHCHMMeTPHT-
HuIX TeE30pa F u H, KOMIIOHEHTH KOTOPHIX B «eKapTOBOMY CHCTEMS

koopamHaT (ds? = — dat? — da?®® — da®? + ¢2df?) onpepmencHbl
MaTpHIaAMU
| O B® B ¢k,
— B3 0 Bl
H Fy; “ - B2 Bt 0 elig (56)
—ck, —cEy —cE; O
a
0 Hy —Hy, ——D
| - 0 Hy ——-Dy
| HY| = Ll 6T
H,y — H, 0 — TD"
1 1 1
TD]' TDZ _6_D3 O

OgeBUHO, 9TO IPH OTCYTCTBHU HAMATHWYEHHOCTH M IOJAPUIA-
nun, 1. e. Korma P =0 m M =0, marpuna KommoHesnT F,; B
(2.1) cosmamaer ¢ Marpuiedl KoMmmoHeHT Fi; B (5.6), a marpuma
xoMmoHenTt HU B (5.7) coBmamaer ¢ Marpuued KomMmoHeHT KU
B (2.3).

Bumecto Temszopa H Mo:HO BBeCTH B pacCMOTpeHHe TeH30p IO-
dgpusanu P ¢ KoMmoHeHTaMu JP;;, OHOpefelleHHAMYU DPaBeHCTBOM

1
Pij = 7 (Fi — Hyj).

Jlerko HpoOBEpHUTh HENMOCPE[CTBEHHO, 4T0 ypaBHeHusa (5.1) m
(5.2) B Tensopmoii gopMe B JeTHpexMepHOM mpocTpaHcTBe MuEH-
KOBCKOr0 B JdI060H KpPUBOJMHENHOH cmcTeMe KOODAMHAT HMEIOT

BUJ
ViFiie + ViFyi + Vi Fyy =0 (5.8)
u
v HE =2 (5.9)
HHBapAAaHTHOCTS  OTHOCH- W3 temszopHo# ¢opMul oTUX ypaBHEHHUI He-
TeabHO  MpeoGpasoBammil MOCPEJCTBEHHO BUIHO, YTO OHH HMHBADHAHT-
Jloperma HHI OTHOCHTENBHO mpeobpasonanmil Jlopenna.



308

T'a. VI. OcHOBHEe NOBATHA B YPABHEHHA JJEKTPOLMHAMEKEA

IpeoGpasoBapAs  OCHOBHRIX
BEKTOPOB  3JEKTPOMATHATHO-
ro moasA mpH Depexofe OT
oxHoil wMHepnmWalbHOH cA-
CTeMBbI OTCUETA K APYroit

1Ipm mepexope oT oOfHOH, «HeDOJIBHMIKHOIM
MHepUMadpHOH cHcTeMH KooppunaT K K
JAPYToi, «IOIBWMKHOINY MHEPNHUANBLHOR CHCTE-
me K’ sexroput E, D n P npecGpasyrorcd mo
dopmymam (3.22), a sexropsr H, Bu M npe-

obpasyorca no gopmynam (3.23). KoMmoHeHTH ueTHIpexMepHOro
BeKTOpa IVIOTHOCTH dJIeKTpuIecKoro Toka J! mpeobpasyloTca no
o6uiumpeiv popMynaM npeobpazoBaEVA KOMIOHEHT BeKTopa. B wact-
HOCTH, eciii cucTeMa K’ [BMKETCS OTHOCHTENBbHO K 1OCTymaTesbHO
BIOJb OCH ' CO CKOPOCTBIO U, T0 Ha oOcHOBAWmE Qopmyn (3.16)

MOTY4HuM )
T t—op, .
le]l :—_-‘_._____02—, J2 _-]2,
Vi
v y  (5.10)
J¥ =8, JY =p, = E:Tf___*]z__
v
‘/1~ c?

HoMmomeETH ¥ BeiMYMAA TPeXMEPHOIO BEKTOpa IUIOTHOCTH TOKA,
a TaKMKe INIOTHOCTH 3apfAfa B3aBHCAT OT BHOOpa HMHEPIHAILHON

CACTeMEbl KOOpJAWHAT.

Bexropuniii moTemnman

Taxk sxe Kak JJIA BJIEKTPOMATHHATHOTO WOJIA
B IyCTOTE, JA BIJIIEKTPOMArHHTHOIO IIOJA B

Cpejie MOMKHO BBECTM BEKTODPHEW moreEmman A = A, nosomun

By = Vidy —Vid;.

Iocie sroro mosywmm, 9T0 ypasHeHHA (5.8) YAOBIETBOPATCA TOK-
mecrsenno. Ypaemerua (5.9) npu P;;=0, Jis=0 nm y*d.=
TNPUBOAATCA K HEOJHOPOJHOMY BOJIHOBOMY YpaBHEHHIO, KOTOPOC
B JIGKApPTOBOHl cHCTeMe KOOPHMHAT HMeeT BHF

0°4

04 1 %4

A
Fray +

Tenzop MmnnKoOBCKOrO

dx??

4m
tom—Eawm e

B kauectBe ToH30pa SHEPIUHM — HMMITYJIbCA
BIEKTPOMATHUTHOIO HOJA mpa JP;; == 0 Mo~

HO B3ATH TeH30p MHHKOBCKOI0, KOTOPHIH BBOAUTCA WO olipeneie-
HUIO cleAyiomuM o6pasoM:

vk
S = —

17 k 1 sk
_Z.'.T]-Fm{Hm ———4—61 f'mnf]mn_‘

(5.10")

dra dopMyna sABjAeTcA HeIOCPEJCTBEHHHM o6oCmenuneM ¢op-
Myas (2.22) must TeH30pa SHEPIHH — HMUYJILCA DJIeKTPOMATrHHT-
HOI0 HOJA B mycroTe. JIerko mpoBepuTh, YTO TeH30p MMHKOBCKO-
ro Boo0me HecMMMeTPUYHKIA:

SY o 8",
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YeTbipexmepHblli  BeRTOP B osroM ciaydae ypaBHeHHA HMIYJILCOB H

TOB/ICpOMOTOPHOH  cHkl SHEPTMH OPUHUMAIT BHJ
V8% = — F, (5.10")
rpe F! — gernipexMepHEU BEKTOP MOHIEPOMOTOPHON CHIIEL

IlIpusenennsie Hume obmue QOPMYIH OIA HOHAEPOMOTOPHOM
TPEXMEpPHOM CHIIEl U BHEProoOMeHa Mexsy IoJieM W Cpemoil mpH Ha-
JAIUN OOJAPW3ANUM ¥ HAMATHAIMBAHWA IONYYEHH ¢ MTOMOILBIO
¢opmyarr (5.10”°). B puparkemuax jpas Fi, F?2, F3 cogepkarcs
cocraBugomue cmwik Jloperma. Ilpu orcyrersum nosaspusammm
M HAMATHUYeHHOCTH Cpembl, HO IPH HAJWIUU TOKOB TPeXMepHASd
9acTh 4YeTHPeXMepHOHM NOHLepOMOTOpHO# cuian I pgaer mpocto
cuny Jlopenma, a dersepras KOMOOHEHTA — BeIMYUHY, PaBHYIO
J-E, rotopaa B co6CTBEeHHOH cHcTEMe KOOPAMHAT paBHA BEIIeJIeH-
HOMY JKOYJIeBY TEILIY, OTHECEHHOMY K eJUHHIE BPEMeHH U eIMHU-
me o0beMa MarepuaJbHOU CpejlH.

ITocie BBefennsa TeH30Pa DHEPTUM — HMMITYJIbCa IEKTPOMATHMT-
Horo modsa S =S¥ 9,9; ¢opmyan (5.10") ompeyensior derrpex-
MepHEli Bektop F = ["9, — 00beMHYI0 INIOTHOCTb BHEIIHEH WO
OTHOHIeHHUI0 K reny cuwibl. O6beMHAs HIOTHOCTH YeTHpeXMepHOM
CHIIE, AeHcTBYOmMEH Co CTOPOHH IOJA HA Tej0,— HOHXEPOMOTOP-
HOH CHJIBI OIPEHEIsTeTCA paclpefelieHueM XapaKTePHCTHK I0ASA X
BBOJAMTCA JTUM ITyTeM Aiad 0o0mero ciaydas, Korja MaTepHasbHAA
cpeja (Texo) [BUMETCA KaK yromHo 1).

g ycraHOBAEHHA 3aBMCHMOCTH KOMIOHEHT /! 0T MpPUBHIYHEX
TPeXMEPHKX BEKTOPHHX XaPaKTEePHUCTUK IOJA HEe0OX0IUMO BOC-
HOJNb30BaTHCA MHEPIHMANLHOM CHCTeMOH KOOpPAMHAT, B KOTODOH
HamucaHu ypasHeHuA Maxcsemna (5.1) m (5.2). Hua goctuxenusa
BTON IeJIM MOMKHO B KayecTBe MHEPIMAJIBHON CHCTEMEH KOOpPIUHAT
BHOUpATh pasIWIHEIE CHCTEMH KOOpPAWHAT. B 9acTHOCTH, MOKHO
B3ATh QUKCHPOBAHHYIO cHCTeMy oTcdera HAlmaTeds, B KOTOpOH
OLIpeNeNAeTCA ABHIKEHNE CPelbl, MIH HCIOIb30BATh COBOKYIHOCTB
CcOOCTBEHHEIX MHEPOMUAJLHEX CHCTEM KOOP/MHAT B KKION TOUKe
MaTepUAJBHOM CPEeJH U B KamIblil MOMEHT BPEMEHH.

HKoMIoHEeHTH TpexMepHHX BeKTOPHHIX XapaKTepHCTME MHOJA,
OUpefeIeHHEX YKA3aHHEIM BHIOE cU0C000M B COOCTBEHHHIX CHCTE-
Max KOOpAMHAT, MOKHO BHYHCIATH B COHyTCTBYylomeill cucreMe
KOOpPJMHAT, KOTopasg Boofme HewmHepi(uaibHa. Fcuam, B 9acTHOCTH,
CONYTCTBYIOMAA CHCTeMa KOODIHMHAT HHePIHAJIbHA, TO B KajKmOM
TOYKE CONYTCTBYIOMAS CHCTEMAa W cOOCTBeHHAsA CUCTEMa KOODAHHAT

1) ®opmynn (5.10”) = (5.29) upegcraBasoT coGoil 0000meHAe OMMTHHX
$yHIaMeATaNbHEIX 3aKOHOB diaeKTpopwEamukda Kynoma, Jlopernma, moyasa
H T. . Ha o0mmii cAydYai JBYKeHWA HaMATHAYeHHHX ¥ IIOJAPH30BAHHKX Ma-
TepaanbHEX Tea. U3 fanbHeHmero caeiyeT, 4To 910 0600meane CBA3AHO € yC-
JIOBAAME BHGOPA TEH30pa 9HEPTAN—HMIYALCA I cOOCTBEHHOT0 MOMEHTA WOJIA,
KOTOpHE MOryT OHTH pPasMHIHEIMH.
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COBIAJIAIOT; HOITOMY B 3TOM CAy4ae B3aUMOJEHCTBHE MEMKIY IOJEM
K MaTepHalJLHOU Cpejioil MOMKHO paccMaTpHBAThL KaK B3amMojei-
CTBHO MEeay IOJIeM H HeNOJBYKHLIM TeJOM B CONYTCTBYIONMEH CH-
cTeMe KOOpAMHAT.

B rasxjoff cucreMe KOODAMHAT TPH KOMIOHEHTH F* (g = 1, 2, 3)
u YeTBepTad KOMIOHEHTa F* mpu mNpoCTpAHCTBEHHEX IpeoGpasosa-
HHUAX KOOpAHHAT BHJA

yr=yxzk), y*=2z a,=1,2,3

00pasyloT COOTBETCTBEHHO KOMIOHEHTH TPEXMEDHOTO BeKTOpa H
TpeXMepHHI CKaIAD.

Hax Ooro ykasano BEHIIE, 3TH BeKTOp M CKAaldsp 3aBUCAT OT
BHOOpa MCcXOAHO# cucTeMbl KoopAmMHAT z'. B paMrax cmemmannHOi
TEOPHHM OTHOCHTEIBHOCTH Jaske [ MHEPUHUANBHHIX CHCTEM, J[BH-
IKYMUXCA HOCTYyNATeNbHO APYT OTHOCHTENBHO Apyra ¢ HOCTOSHHOM
CKOPOCTBI0, 3TOT TPeXMEPHHI BEKTOP M 3TOT TPEXMEPHHIH CHAJAD
HemHBaPHUAHTHHL 1).

Tem He MeHee B MOJBIKHBIX APYT OTHOCUTEIBHO Apyra HHEp-
LUMAJIBHEX CUCTEMAaX OTCUeTa HTH XaPAKTePHUCTUKE PA3INYAIOTCA Me-
MY coboil Mano, KOrfa OTHOCUTEIbHEIE CKOPOCTH JBIGKEHMA MaJkl
IO CPAaBHEHHIO CO CKOPOCTBIO CBeTa. B mpmiomenusx B paMrax He-
PEIATHBHCTCKON MeXAaHWKHA YTHMHU PasimauAMU MO;KHO Hpemef pe-
raThb.

B o6meM ciy4yae B KadecTBe eCTECTBEHHHX M yA00HBIX XapaKTe-
PUCTHK BHYTPeHHUX (U3MIECKUX IPOLECCOE B MaTepPMAJNBLHOM cpeje
MOMHO I0AB30BATLCA TPEXMEeDHBIMH BeKTOPaMH ILIOTHOCTH ITOH-
IepOMOTODHON CHJIBI U TPEXMEePHHIMH CKaxsapamu Fy = c?F* B
coGcTBEHHO# CHCTEMe KOOpHUHAT.

Cuctema ypaBHenuii Maxcsemaa (5.1), (5.2)

AIX DICKTPONEHAMMKH, sami- D€ ADBIACTCH 3AMKHYTOH. uB Hee BXOUT CeMb
KAOmuX ypasEemnA Makc- HE33aBMCHMHIX ypPaBHEHUN M LIeCTHAALATH

BeEJIIA

(5.1), (5.2) Heuspectonx E, H, B, D, j, p,. 9t ypag-
HeHHs He[JOCTATOYHH JJIA OIpe/[eIeHUs Iepe-
9UC/IEHHLIX XapaKTePHUCTHK DJIeKTPOMArHUTHOTO IIOJA.

Jlast Toro 4ro6H 3aMKHYTH CHCTEMY, HE0OXOAMMEL IO KpaiiHei
Mepe eme TPU BEKTODHBIX COOTHOIIEHWSA, CBA3KIBAKMIMX BEKTOPH
E1H1 .7* :j_pe/v’ B u D.

TakuMu COOTHOMIEHMSIMU MOTYT CIYKUTh 3aK0oH OMa U 3aKOHBI
NONAPH3aANUM M HAMATHWYMBARHUA Tela. OJTH [00aBOYHEE COOT-
HOIIEHUs He HOCAT yHUBEPCAJHHOI'O XapaKTepa, OHH IO CBOEMY
CYWECTRY PA3MUYHEL [JISI PA3AUYHLIX Tel U IporeccoB. Bo MHOTEX

1) 310 0fmee CBOMCTBO JIOGHX TpeXMepHHX BeKTOPOB B CHENHAILHOH Teo-
puE oTHOCHTEAbHOCTH. Hampumep, Tak sKe 0GCTOUT AEI0 ¢ BEKTOPOM MJIOTHOCTH
TOKa (eM. (3.16) m (5.10)).

4
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cayYasx Mcmoasadylorca sakon OMa W 3aKOHE HAaMAarHAYUBAHUA B
NOJIAPU3ANANA TEIA B CJIASAYIOMEM BHIE:

j‘=c(E+T”$<H>, (5.11)
B=ypH, (5.12)
D=¢E, (5.13)

rfie Yepe3 ¢ ofo3HAYEH, KAK W paHbIIle, KO3QOUIMEAT IIPOBOIAMO~
CTH, 9epe3 |1 — Ko3(QuNIeHT MarENTHOI NPOHWNAEMOCTH K depe3
£ — OUBIEeKTPHYeCKasa IOCTOSHHASA. Bo MHOTUX caywasx Ha mpak-
THKEe ©, |L W & MOKHO CIHTATh IOCTOAHHRMH. B uycrtore ¢ = 0,
p =¢& =1. Beamuusau 6, p u e, Dox06H0 KoadduImeHTAM BA3ZKO-
CTH W TeIJONPOBOSHOCTH, MOKHO PacCMAaTpHUBATh Kak QUaWdecKue
XapaKTePHCTUKM CPEAEl, OHU MOTYT 3aBHCETH OT TeMIepaTypH (mpH
HHO3KIX TeMIepaTypax HAMAIHHUWBAHMWE W NOJAPU3ANUA TeJ Hpo-
ABJIAITCA CUIbHee) m OHTH TEH3OPHHMH XapaKTePUCTHKAMH, Kak,
HAIIPEMEP, B CAydae aHU30TPOUHHIX TeJ.

TpexmepHEe BeKkTOpHEE cooTHOmenmA (5.12)
3axggfapuaa?ﬁl;ar?l?:::£ﬂ u (5.13), sauncanake B cOOCTBeHHOH cmCTE-
ol gropme Meé KOOpAMHAT, PAaBHOCUJIBHE OZHOMY 4Ye-

THPEXMEDPHOMY TEH30PHOMY COOTHOLIEHUIO,

KOTOPOE B CHIY CBOEro $M3NIeCKOr0 CMHICIA MHBAPHAHTHO OTHOCHU-
TeJIbHO BHOOpA CHCTEMH KOOpPAMHAT. B KOMOOHEHTaxX ero MOXKHO
HANIMCATHh B BHJE

Fy= Cu'szH1 Ciirt = — Cigg = — Cijrs (5.14)

rje KOMIOHEHTH Ten30pa Cjji; 3aBUCAT 0T KOMIOHEHT MeTPHIECKO-
ro TeH30pa gij, KOMIOOHEHT BEKTOPA YeTHPeXMEPHOIl CKOPOCTHE TO-
9eK cpefil u' = dz'/ds m BooGme oT Apyrmx $usmMIECKEX mapaMeT-
pPOB, XapaKTepH3YOMAX (QU3MUIECKOe COCTOSAHHWE YACTHL, CPejEH,
Ha@pmMep OT TeMIepaTyPH, KOMIIOHeHT TeH30pa pedopmammit
H T. O

B wmsorponHOM caygae, Korxa kosddummumeHTH p M € B (5.12)
u (5.13) — cramapH, MOKHO HPOBEPHUTH, UTO AJf KOMUIOHEHT TeH-
sopa C;j BEPHH Ciaefyomue GopMyJis:

1
Coim = — {P« (YarYir— TuTix) -+
1
+ 4 (8urttity — gixlhaly -+ ginlalhr — Eukili)( »
rae Yi; = £ij — Wj, 2 U, — KOBAPHAHTHHE KOMUOHEHTH BEKTO-

pa 9eTHpeXMepHO# cKopocTH. YKAa3aHHYI HPOBEpKY YAo0HO Ipo-
HM3BeCTH AJA HENOABHJKHOIO Telda B JAeKapToBOH HMHepHEAIBHON

A



Honpepomoropunie CHIH

312 T'a. V1. OcHOBHEIE IOHATHA H ypaBRERHA SJIEKTPOAAHAMIKH

cHCTeMe KOOpPAWHAT, CBAXAHHON ¢ TejioM. B 3ToH cHmcTeMe
1
uazua:()’ d:1’2’3; u4=—c—, U4:ZC.

3aMermM, uTO 3aK0oH HaMarHmampamma (5.12) He BHmOTHsAeTCH

AJIs1 0OYCHD CHJIBHHIX MaTHMTHEHIX II0JIe#, KOTa BeKTOpP HaMaTHW4CH-
HoctTd M = "‘4—;‘1 H pocturaer MaKCEMAJbHON BEIWYHHH IIpH
MOJHOM HAaCHINEHWN, TOTAA KAaK BenwduHy Bexropa H MokHO yBe-
AMYABATD 33 CYeT BHEUIHAX TOKOB. CYymecTBYIOT TaK;Ke MaTepHUaJIH,
B KOTOPHX AMNOJbHEE 3apafbl (BLH3BaHHHE MOJSpH3ammeil Tesa)
COXPaHAITCA HCU3MEHHLIMM B OTCYTCTBHH BHEOIHETO JJIEKTPH-
deckoro moas FE. Ilaa Takmx MaTepmajoB HECIPAaBeIIMB 3aKOH
moxapuszanmu (5.13). IlpmeefemAnMM BEIIE 3aKOHAMHE IOJA-
pH3anuu U HaMarHE9uBaHuA Tea (5.12), (5.13) MokHEO MOaAL30BATEH-
¢A mpu pellenuu GONBIIOTO Kiacca 3afad B ¢iydae He CJIHITKOM
CHILHEX 3JIeKTPOMarHdTHEX IoJeil.
TlpuBeseM Temeps BEIPasKEHWE [JIA NOHIEPO-
MOTOPHEIX CHJ, T. €. CHJ, JeHCTBYIOIUX CO
CTOPOIEL 3IEKTPOMATHUTHOTO IOJA HA TENd, B KOTOPHX IPOHCXO-
IUT TOJAPH3aOMA W HAMATHUYHMBAHWE. JTO BHPAIKEHHE IJIA LOH-
JNepPOMOTODHHX CHJI CBA3aHo ¢ ypaBHeruamMz Maxcsemma (5.1),
(5.2) m mMeer MecTo pu JO6LIX 3axoHAaX OMa, 3aKOHAX IOJIApPH3A-
NN ¥ HAMaTHHYHABAHHA.

TpexmepHasn moHAEpPOMOTOPHAA Cmia, OTHECEHHasd K eMHUIE
o0peMa, OPH ydeTe MOMAPHW3ANMA M HaMaTHAIWBAHHUS OTINIAETCA
or cunur Jloperna m B m06oit KpuBoauHEiHO# WHepHWAIBHON cHC-
TeMe KOOpAHHAT coraacHO Jopmymaam (5.107) mmeer caenyromui Buf:

1 .
F:peE‘}“T(J X B) +
+ o (DVE® — E*YDy + B.VH* — H*VB.),  (5.15)

Iie Yy = 9%yx — TpeXMepHHII BeKTop-TPajuWeHT; B HeKapTOBOi
OPTOTOHAJBHOH CHCTEME KOOpAHHAT

a . a . a

Jlerko BmeTs, 9T0 B mocjemHeM wieHe opmyns {(5.15) aas moH-
JepOMOTOPHON CHJIH BEKTODH 9JIeKTPHYeCKON M MaTHMTHOH MHIYK-
nmn D u B MoKHO 3aMeHHTh Ha BEKTOpH mojsApuzanum P m Hama-
remeerHocTs M. Cmaa F cormacHo (5.15) oTam4aeTcA OT CHIH
Jloperna

1 .
Fﬂopeﬂna = PeE +—c_('7 X H)
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Herpynso ycmorpers, uTo mocaenumii wien B ckobkax B (5.15)
ofpamaercss B HyJb, KOTfia MMeloT MecTo 3akoHn (5.12) m (5.13),
ecAd | M& — CKAaJADH M O[UHAKOBEHL ISl PA3HKIX 9aCTHIL CPeHl (He
3aBHCAT OT KOODJHMHAT). JTOT WieH, BooOme IoBOpsd, OTIMYEH OT
HYJA B AEM30TPONHHEIX CPeJaX, KOTYA | W & SABJAITCA TEH30PAMH,
4 B H30TPONHHX cpefax, Korna sakoHH (5.12) m (5.13) mHe BHImOI-
HAKTCA WIM KOTA (L M & ABJIAITCA PYHKOUAMH OT IlapaMeTpoB,
BaBHMCAMEX OT KOODAMEAT (HAPHMED, TeMIIEPATYPHI).
HpoMme cumoBoro B3amMojeHcTBEA, MeERAY
mojieM ¥ MaTepHaJbHOH cpeloil DpOMCXONHT
Tak;xe o6Men 9Hepruei.

W3 ypasmenua (5.10”) B feraproBoil HHepHMAIbHON CHCTEME KO-
ODAMHAT UpH [ = 4 HOIYyIHM

Iputor sHeprmm OT mouA
R Texy

oM® o [E PP+ H MP
Fit = F, = E.j+ E, 92 m +HB - «ﬁ<%).(5.16)
B camom nene, Ha ocmoBammu (5.6), (5.7) m (5.10°) wumeem
S8 _711“_(FmHm4_%anHmn‘) — %ﬂ (5.17)

H, KpOMe TOrO,
@ ¢
8 =58.9,= TJ‘I—(E X H),

Ilo ompepeneruo

384 a8} 382 883 a5
4e 4e 4 4 . 4 —d;
Fe= < ot o1 ox? ar® > o ot divs.  (5.18)

B paccmaTpuBaeMoM ciiydae NpW HAJMIMH HAMArHWIOHHOCTH H IIO-
JApHU3aNMK Ha OCHOBAHWM ypaBHeRmil Makcsemna (5.1) u (5.2) ypas-
HeHWe YMoBa — lIoWHTHATa HpPUHMMAaeT HECKOJBKO BUIOM3MEHEH-
HHA BHJ:

divs+4_1n( 22 L E. at)+ E=0. (5.19)

Ioncrapasa S, ma (5.17) u div § ma (5.19) B (5.18), mocxe mpoc-
THIX BHIKJIAjoK npugeM K (5.16). HemocpencTsenHO 09eBHIHO (CM.
(5.3)), gto B popmyay (5.16) 6e3 raxoro-ambo BIAMAHWA Ha BeJH-
umry F, MoskHO BMecTo KoMmoHeHT H ; Bexropa H BcTaBHTbH KOMIO-

BeHTH By Bexropa B.
IIprToK 9HEpPrUE OT mOJA K 9JIeMeHTY o6heMa dt MaTepHaJbHOM

cpenH 8a Bpemsa df 3a CUeT IMEKTPHIECKOr0 TOKA, MOJAPH3ANMM W
HaMAaTHMYeHHOCTH IpeficTaBuTcsl GopMyioil Bunma

Fdvdt. (5.20)
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JTa BeJIMYMHA BOH/ET B IPABYIO YaCTh yPABHEHAS IPHTOKA TEILIA
AJIA Tela KaK BHEMIHAH MaKPOCKONMYECKHMH HPUTOK 3HEPTHHU, KOTO-
pHIil MO0 0603HAUMTS "epes dQpy = QY -+ dQoy (cp. TH. V, § 2
(2.20)). B aroM ypaBHemHmM cixeBa CTOMT IpHpameHEMe BHYT-
penBeii sHeprmm dU paA paccMarpuBaeModl GecKOHEYHO MaJjoit
TACTHIHL.

Tak kax moCTpoeHMe MOJENM MAaTepPHANbHOHW Cpelbl CBI3aHO C
ompefieleHNeM BHYTPeHHEH dHePrmm, BXO[AMel B ypaBHEHHO
W ompefenseMol Ha OCHOBAHMM 3TOTO ypaBHEHHMA, TO A He-
DOJBIKHOTO Teda moamblll Auddepernman, sxomamui B (9.20):

E PP+ H . M®
d[ﬁ—+_ﬁ_d1;] ,

5 (5.21)

MOJKHO IIePeBeCTH B JeBYIO YaCTh YPAaBHEHNA HPUTOKA TEIJIa ¥ BHKIIO-
9UTH 110 OLpefieIennio Beauduny !/, (KgP? 4+ HgM*) dvBo BEyTpeRB-
HIOI0 dHepruto U paccMaTtpmBaeMoro siemenra Tesa !). Takoe
YCJIOBYEe aHAJOTHIHO HEPeXOAy B yPaBHEHUM HEPTHH WIN ypaBHE-
HOM IIPHTOKA TeIlia OT BAYTPEHHeH DHEPTHM K CBOGOMHOI 9Hep-
TMH WIH K TepMOAMHAMHMYECKOMY moTeHnumany I'm66ca m T. m. (cM.
ra. V, §6).

C yderoM Tarkoro ompefedeHHs BHYTPeHHEH dHEPTMY MaTePHAIb-
HOU cpefs HammmeM Temeph GOpMyIy [JIf OPATOKA DHEPTHA OT
IOJIA K TeTy, OTHECOHHOTO K OJIMHNIE MAacCH CPeJkl:

d *
dq* = ‘?:L" , dm=opdr.

Ha ocmosamuu popmya (5.16) u (5.20) B mammOit TouKe MaTepHaldb-
HOR CpefH TmOJyduM

dg" =~ (§-Edt + E.dP + H.dM). (5.22)

o[

Ougesmano, 910 Popmyaa (5.22) mua dg* TecHO cBA3aHA ¢ ypaB-
HeHHeM YMosa — [loamuara (5.19), cormacEo rotopomy gopmyny
(5.22) MosxHO mepemucaTh emie B CAEAYIOMEM BHJE:

dg" = — —[¢ 552 + aiv st (5.23)
o 8

Jueprermaeckue popmyas (5.22) u (5.23) mosyueHH U3 ypaBHe-
HER IJ moAsA, HX MOYKHO NPHMEHATH B M0G0l MHEePOEANBHON CH-
creMe orcuera HaGmiomareds, B KOTOPOH HAamWCAHH YPaBHEHHA
MagkcBenna. J{as Ted, MOoABIKHKX OTHOCHTENbLHO CHCTEMH HaOJio-
fatensi, ocoboe 3HAYCHNE HMEIOT COOCTBEHHH® CHCTEME KOOPIUHAT.

1) B cOOTBETCTBUH CO CKa3aHHKM BHe B ¢opumyie (5.21) B B MOCAeyOMHAX
KOMUOHeHTH Hg MOMHO 3aMeHWTS 4epes By,
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B coGcrBenmoit crcreMe KoOpAMHAT

1

T(j.E) = dq, (5.24)

riae dgl® — mKOyNeBO Temio, a

—:;—(E-dP 4 H.dM) = dg™, (5.25)

ecId IpomecC MONAPU3ANUA W HAMATHWYMBAHHA 06paTAM.

ITomaepknem, daro Takoe pasbuenue dg* ma dg® u dg** cupaBesn-
JUBO B CIydae HeNOABIKHHX cpef. Ecam ke cpefa ABmmeTcsA OT-
HOCHTeJBHO CUCTeMH oTcdeTa, To dopmyasr (5.24) u (5.25) cupaBen-
JUBHL B KaKIOM TOYKe TOABKO B coOCTBEHHOM cumcTeMe oTcuera 1),

Ilpu HanwINU 3aKOHOB HAMATHWIABAWAA W Moxsapusamun (9.12)
m (5.13) mpomeccH HONAPU3AMME M HAMAaTHWYMBAHMA 00paTHMEL,
a 3JeKTPOMATHHUTHOE IT0Jle 3aTPAaYMBAeT HA MOJAPH3ALKI0O 1 HaAMAa-
THUYUBAHME TeJa OMIMIHYI0 OT HYIs MaKpOCKONUYeCKYI0 3Hep-
THI0

E-dP 4 H-dM 40,

Beauananr dg®, d¢** m wommonents Bextopos E, H, Pu M
¥ uX IpupameHAA B COGCTBEHHOW cHUCTeMe KOOPAMHAT MOMKHO BHI-
pas3uTh depe3 COOTBETCTBYIOMINE KOMIOHEHTH W MX NPHPAMEHHS B
CONYTCTBYIOMEH CHCTeMe KOOPAMHAT ¢ YIETOM ABU;RKEHUSA COIYT-
CTBYIOIEH CHCTeMH KOODAMHAT OTHOCHTEIBHO 3aJaHHOH WHEPIH-
aJBHON CHCTEMEl OTCUeTa 2).

OmbiTHl ¢ HAMAaTHWYEHHON CTpeNKof B Mar-
HETHOM IT0Je TTOKA3HBAIOT, 9TO B3auMoOneii-
CTBME Tel W I0Js He CBORHICA TOIBKO K
TOH/IePOMOTOPHHM cuiaM. ONEIT MOKA3KBAET, 9TO 3TO BzamMomei-
CTBHE IIPOABJIAETCA TAKIKe 34 CUET JEHCTBUA PaCIHpefeJeHERX II0
o6BeMy map, 3aJaBaeMbIX CBOAMY MoMeHTaMu. BrefgeM o mpoaHain-
aupyeM AuddepeHnuaNbHOe ypaBHeHWE MOMeHTOB i moiad. [las
MojsA MOJKHO pacCMaTpHBAThL TpeXMepHoe O06BdHOe ypaBHeHHe
MOMEHTOB, B KOTOPOM (UIYPHDPYIOT TOINbKO OGHYHEE MOMEHTEH
TpexMepHHX cma. OfHAKO B paMKax ClemuaJdbHOR TEOpHH OTHOCH-
TeALHOCTH, T. €. B PAMKaX TEOPUM DIEKTPOMATHUTHOTO OIS, ONACH-
BaeMoro ypaBHeHMAMm Makcsemma, cmma mpesicTaBiaser coGoi
9YeTEIPeXMEPHEHH BeKTOp. B cBssmc oTuM TpefyerTcs paccMaTpHBATH

YpapHeHEe  MOMEHTOB B
ueTHIpeXMePHOi  dopme

1) CMm. (4.23".

?) CooTBercTByomasd reopns paspura B paGore JI. H. Ce 1o B a «O mom-
JePOMOTODHEIX CHJIaX B3aMMOZEHCTBHA DJIEKTPOMATHHTHOT'O IOJA B YCKODEHHO
JBIKYIerocs MaTepRaJbHOTO KOHTHAYYMA C YIeTOM KOHeTHOCTH AedopManniiy ,
IIMM, 1. 29, BHm, 1, 1965, crp. 4—17.
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YPaBHEHNE MOMEHTOB B UeTHpeXMepHo# gopMe, 5T0 cBA3aHO ¢ 0606-
IMeHEEM IOHATHSA O MOMEHTaX CHI U 0 MOMEHTEe HMOYIhCa KaK JIIA
MaTepHaJIbHOM CPeMH, TAK M A HOJA.

Wz 9eTHpeXMepHOTO ypaBHEHHS SHEPIMH — MMIYALCA RNA TO-
as (5.10"), mamHcamHOTO B [eKapToBOH WHEPHHWAILHON CHCTeMe
KOOPAWHAT, KAK CHAe[CTBHEe BLITEKAIOT CAEAYIOMWE DPAaBEHCTBA:

2V, S — v, ST = — (PP —2F), i j=1,2 34 (5.26)

roe x' — KoOpAMHATH TOYeK B 00beMe, 3aHATOM TeAOM. AmTHCHM-
MeTPWYHBII TEeH30p ¢ MIeCTBI0 HEe3aBHCUMBIMM KOMIOHEHTAMMK
z'F'—z' FiMomuo0 paccMaTpPUBAaTh Kak 0600menne Ha 9eTHpeXMePHE
caydadi 0GRIHOrO NOHATHA TPEXMEPHOT0 AHTHCHMMMETPHIHOTO TEH-
30pa, COOTBETCTRYIOINETO OJHOMY AaKCHMAJIBHOMY BEKTOPY — MO-
MEHTY TPEXMEpPHOH IOHAEePOMOTOPHOIl CHJIB OTHOCMTEABHO HAYaja
KOOpPIMHAT.

Heo6xommMo mopuepKuyTh, YTO B CHENMANLHOH TEOpHH OTHO-
CHTeXBHOCTH MOMEHT — [BYXBAJEHTHLIA AHTHCHMMCTPHUIHHH TeH-
30p ¢ HIECTHI0 HE3aBUCHMLIMH KOMIIOHEHTAME — B o0meM cayuae
MosieT OBITH CBEICH B IGKAPTOBOX CHCTEMe KOOD/MHAT K IBYM TpeX-
MEPHEIM BeKTOpaM (OJHOMY AKCHAJNBHOMY K IPYIOMY HIOJSAPHOMY).

Jlerxo smmeTh, 9To cooTHONEHMS (5.26) MOKHO IEPOIINCATE B BAJ(S

Vi (S¥ — §%a2fy 4 §Y _§% = _(ZTF - ZFY.  (5.2T)

HoMmoEeHTH TpexBalemTHOTO TeHsopa Stz — S% 2 MoskHO
paccMaTpuBaTh KaK KOMIIOHEHTH 0000INEHHOT0 TeH30Pa INTOTHOCTH
MoMeHTa umuyansca moxs. Coornomenusa (5.27) (aHaZOTrMIHO Teope-
Me JKHBEIX CHJI) IPEACTABAAIT C0GO0i IPOCTOE CIEICTBUE ypaBHeHMi
EMOYJIBCOB M BHIONHAIOTCA TOMKAECTBEHHO B CINIY ypaBHeHWH
HMMIIY ICOB.

B ypasrenus (5.27) Bxogar o6o6meHHNe TeH30DHELIE BEJIMITHE
IUTOTHOCTH MOMEHTOE HMIyJAbCa NONA W AHTHCAMMETDPUYHEE TeH-
30PH MOMEHTOB IOHAEPOMOTOPHHX CHJ, HOPOsKJAeHHbIe B3aMMO/leii-
CTBHCM C MaTCPHAIbLHOH cpefoi.

YpaBBeHwme sHEpPTHE B TePMOJUWHAMUKe mpeacrasiaseT coboil B
ofmeM cirydae ypaBHeHWe, He3aBHCUMOE OT TeOPEeMBI ;KMBEIX CHI.
ABaNorHYHO DTOMY MOKHO BBECTH HOBHE XapaKTePHUCTHKH TOJA:
TeH30PH 00BEMHLIX IIOTHOCTEH COOCTBEHHOTO BHYTPEHHETO MOMEH-
ta ¢ KoMmoHemramm Q7F — — Q¥ m TOHIEPOMOTOPHOTO MOMEHTA
¢ KomMmomeHTamn S = k' — (z'Fi — 2iF"), KoTopEe MOTyT omH-
PeAedATHCA ¢ TOMOMBI0 ypaBHeHWS MOMEHTOB [ HOJA M ypaBHe-
HAA MOMEHTOB [JIA Cpefbl, He3aBACUMLIX OT ypasHeHmit (5.27).

Taxue He3aBECHEMEIe YPABHEHAA MOMEHTOB RJs 3AeKTPOMAaTHHT-
HOT'O TIONA MOMKHO B3ATH B BUJE

Vi (Sikxj _ Sih‘zi + Qiik) — . ,%ﬁ = R + (xiFj___ IjFi). (528)
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HovmoHenTs! Ten30pa BHEIIHET0 IO OTHOIICHWIO K TeTy HOHZEPOMO-
TopEOrO MOMeHTa Jf!/ BKmouaoT B cefs, HOMHMO KOMIOHEAT MO-
MeHTAa HOHJCPOMOTOPHOK CHIN elle KOMIOOHEHTH R0GAaBOYHOTO
00p8MHOTO MOHTEPOMOTOPHOI'O MOMEHTA — JBYXBAJICHTHOTO AHTH-
CEMMETPHYHOTO TeH30pa A,

Ilpu mamucamum ypasHeHumit (5.28) mpwHEHMaeTcd, YTO BHEN-
HHEe pacHpefielleHEEe O0GBeMHEE MOMEHTH, HeHCTBYOIMEe Ha
DIEKTPOMATHATHOE MmoJNe, OGYCIOBIEHH TOJBKO MaTepHATBHEM
TEJIOM.

¥YpaBHEHNsT MOMEHTOB, AHAJIOTHYHEIe YpaBHEHUAM (5.28), MOKHO
HANIACATH OTAENBHO TAKIKe WM AIA MaTepHAaNbHOH cpeign. B ypaBHe-
HOAX [ MaTepHalAbHON cpefsl B mpaBoil gactu GyayT mpHCyTCT-
BOBATH CO 3HAKOM ILIIOC KOMIIOHEHTH S TeH30pa MOHAePOMOTOPHOT'O
MoOMeHTa 3a c4eT feficTBHA modsA Ha cpeny. Ilommmo sroro,
B 1IpaBoil 9aCTH YPABHEHUH MOMEHTOB JJIfA CPEIH MOTYT MPHCYTCTBO-
BAThH eIle MOMEHTE!, 00yCIOBIeHHLIe BHYTPEHANMHE B3aMMOJeHCTBH; -
M# Me3RIY 9aCTHOAMY CaMoH ¢PeflH ¥ APYTHMHA HOCTOPOHHUMH 06 Be K-
TaMud (Opyr¥e Tela M He BICKTPOMATHUTHEE IOJIA).

N3 (5.28) m (5.27) cuenyoT paBeHCTBA

h‘lj _ S’ij___ Sji __ Vinjk. (5'29)

ITH COOTHOMIEHHS MOKHO DACCMATDMBATH KAK YPAaBHEHHA IS
coOCTBEHHEIX MOMEHTOB (JeTHIpeXMepHEI aHaJor ypaBHeHHA (3.6)
ra. III). ¥Ypasmenma (5.29) u cooTBeTCTBYKINUWEe ypPABHEHHA JIA
MaTepHaJLHON CPEIbl BMECTe ¢ ONHTHRIMA JAHHLIMH, I0JI0KEeHHEIMA
B OCHOBY IIOCTPOGHHWA MOJENH CPEdBl, MOTYT CIYKATh HCTOYHH-
KOM [IA omupefeleHus KoMmoHeHT k'Y, S m QUF,

Ecam Mopens MaTepualbHO# cpefisl pUKCAPOBAHA, a W3 OMEITOB
OIpedeNeHE KOMIOHEHTH IOHAEPOMOTODHOTO MOMeHTa A (Hampu-
Mep, MOMeHT, neACTBYIOIMMI Ha DIeMeHTAPHYI MATHATHYIO CTpes-
Ky CO CTOPOHE T0JisA), TO cooTHOmenne (5.29) MoKHO paccMaTpABATE
Kak cBA3b Me:x1y KommomenTamm S m Qif, Eenm mo momonEmTenn-
HOMY YCJIOBWIO, BXO[JAMEMY B OIpefeleHre dIeKTPOMATHUTHOLO II0-
N, STH BEJWYMHH He 3aBUCAT OT KAKHX-THOO HOBHX CYHNECTBEH-
HHX XapPaKTePHCTAK NoiA, TO cooTHomenwsa (5.29) m cooTsercT-
BeHHO (9.28) MOJIKHEL YAOBIAETBOPATHCA TOMRACCTBEHHO MOH0OHO
(5.27)

B cooTBeTCTBUE C ONKTHEIMA JaHHEME COOTHOMEHHST (5.29) Mosx-
HO OPeBPATHTHh B TOMKIAECTBO ¢ HOMOMBIO PAa3JMIHKX YCIOBHIA.

B uwacTHOCTH, B Ka4ecTBe IIPOCTEHNIAX M ECTECTBEHHBIX YCJIO-
BUH MOMHO B3ATH CIeNyIONINe:

1) TeH30D JHEPTHH — UMIYJALCA BJIeI{TPOMaI‘HHTHOI‘O 100, ¢; g
TeH30p MUHKOBCKOTO, KOMIOHEHTH KOTODOTO OIpefeleHH $opmy-
aamm (5.10%);
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2) KOMIOHEHTH TeH30pa BHYTpeRHcro MoMeHTa QUF nys Toder
BHYTPH JaHHOTO 06BeMa HoJA paBHH HyJdI0, mid, B Oodee oOmel
dopme, BepHO PaBEHCTBO

ik
V0 0, (5.30)

KOTOpOe YHOBIETBOPAETCS TOMKAECTBeHHO WK B CHIY yPaBHEHHH
IMIOYJIBCOB. JTH iBA OCHOBHHIX YCJIOBHSA, KOTOPHE MOFKHO BKIIOYATD B
onpefieJieHNe MOJEIH 3ITEKTPOMATHHTHOTO TOJAA, MPUBOAAT K CO-
TIacOBABMI0 ¢ omuToM (cM. (5.33)).

Ha ocaoammu (5.10") w (5.30) us (5.29) u

Tensop momuepomMotopEoro  ycaoBmit 1), 2) momyamm
MOMEATa  DIEKTPOMArHHAT-

HOTO monA BV = Zij_"[—[p:n,H"nJ — FiLH™]. (5.31)

Ilposenem temeps BHkmagk:m B ¢opmyre (5.31). B jpexa-
pToBOil WHepmHaAbHON cHCTeMe KoopamHaT MaTpuma |HY]|

omperniesieda ¢gopmyaoit (5.7), a Mmarpuma |[F;|| — dopmyion
(9.6). Tar xax Fly —ghFpem gl=g® =g% ——1, a g¥ =
=1/c?, g9 =0 npu i == j, TO AIA MaTPUOE ||F£n|| BepHaA PopmMyna
0 —B p I
Cc
E.
B3 0 —B =
| Pl = e . (5.32)

- B 0 B
cly ¢k, cks 0

C momomgsio Matpmn (5.7) m (5.32) ma ocHoBanmu gopmya (5.31)
Jerxo mammcath Matpumy |RY[.
Jlns1 9eTHpPeXMepHOTO AaHTHCHMMETPHYHOTO
Tpexmepubie ~ MPOCTPAHCT-  ropzopa MOHAEPOMOTOPHOTO MOMEHTA C KOM-
BEHHBIC BEKTODH s 7 - _
HORNIepOMOTOPHOTO MoMemra  IOHCHTAMH hil B nmexapToBO# cHCTeMe KOOD
JIMHAT MOKHO BBECTH /IBA TPEXMEDHHX BeK-
topa J (ML, M2, 431 £ (2, Loy L), BXOAAmMuUX B MaTpuny ||A¥})
(em. (3.26) rar. 1V), KoTOpyI0 MOKHO HamucaTh B fopme

| 0 w0 —wr -2
a0 s 2
N N Cc
h‘l? —
L
L2 S B
[ [ [
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C momomgpio (5.7) 1 (5.32) mocie HeCIOKHEIX BHKIAJO0K HaliieM cie~
Iylomue OpocThie POPMYJIIRI:

./l{:-/%(BXH)—I——;E—(DXH):MXH—I—PXE (9.33)
H
1
=—4—(EX H —DX B)=8— 8% (5.34)

. 1
agech 8 — Bextop IlofATHATS, 8 BeKTOD §* = 4—n—(D X B) nMeer
aHAJOTHYHYI0 mpupoAy. B martpume rensopa MHUHKOBCKOIO KOMIIO-
HEHTH BEKTOpA FS 00pasyloT 9erBepTYI0 CTPOKY, & KOMIOHEHTH

1 .
BeKTOpa — S* — ueTBepTHIl cTOAGEI.

Tpexmeproiii BeKTOD 47 IpeAcTaBiader co0oil He YTO HHOE, KAK
o0BuHE#i mopjepoMoropHEE Moment. Mopmyna (5.33) naa A xo-
POLIO COOTBETCTBYET ONHITHEIM M3MEpEeHHUAM B paMKax ymorpebise-
MHX Ha OpaKTHKe Mojeleill MaTepHadbHbix cpen. Qopmyna (5.33)
ABJAeTCA ecTeCTBEHHHIM o06o0menmeM ¢opmyan (1.3) Ha caywai
Haanaua moagpusanud. OdeBmuHO, 9T0 S = (), KOTIa HMEIOT MECTO
ypanHeHua cocrofuuA (9.12) u (5.13), B KoTopHX &€ W U — CKamxfA-
pH. B o6meM cayuae IpHE Halwamm cBAsei (0.12) u (5.13) aas axm-
3oTponHHXx cpex . = 0.

Jas MaTepmasibHOI cpefibl ypaBEEHEHEe MOMEHTOB B CIIEI[MaJbHOM
TEOPHM OTHOCHTEIBHOCTH IIPeJICTABIAETCH B KOMIOHEHTAX HIeCTHIO
ypaBHEHMAMH: TPeMA «OOHYHEIMUY YPaBHEHUAMU MOMEHTOB B IIPO-
eKIUAX B TpexMepHO# GOPMyIupOBKE, COOTBETCTBYIOIIUMHE BEKTO-
PY A, v TpeMA YPAaBHEHMAMEM B HpPOEKIUAX, COOTBETCTBYIOLINMHU
BekTOpy &. llocaenume Tpu ypaBHEHMA MOMEHTOB Jjid Cpejsi B CH-
Iy onpejesenusa MOear HaMarHMINBaeMoil M oJIApU3yeMoi MaTepr-
ANBHOM CpeJsl MOTYT YIOBJCTBOPATHCH TOMKIECTBEHHO Jub0 Ipea-
CTABIATh C00OH CYMECTBeHHHE COOTHOIICHMA JJA ONpeleseHus
HEKOTOPHX XapaKTeDUCTUK CpeJbl.

Gopmynn (5.33) m (5.34) ycramopieHN B MHEPOUAJBHON CHCTE-
Me KOOpAMHAT (TpeXMepHas IPOCTPAHCTBEHHAsS 9aCTh CHCTEME KO-
OPAMHAT MOKeT GHTH NPOM3BOJBHON KpuBomHEeHHO#). X ampobm-
POBaHME HA ONLTE OTHOCHICA K HENOABIKHEIM TejaM.

IIpu paccMoTpPeEHHU CHCTEMEL 3JIEKTPOMATHAT~

O pasmmuHBIX ONpefeAcHAAX HOe IOJe — MATepH
Tensopa  DHPrEE ~— M- pHAJNBHAA Cpefla B LEJIOM
IyAbca M TeH30pa Momenara KAaK eJUMHOro o0'beKTa C pas3iMYHLEIMU MexXa-
9JIeKTPOMATHATHOrO MO HU9eCKUMH ¥ 3JIeKTPOMATHUTHREIMEA  Xa-
PaKTepHCTHKAMHU MOKHO B BOJHTH TOH30]
9HEPTHN — MMIyJAbCA M TEH30p MOMEHTOB JiJiA BCell CHCTeMH B Ie-
JIOM KaK CYMME COOTBETCTBYIOINMX TEH30DOB [Js II0JA H CPEIH.
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Js KOMHOHEHT 3THX TEH30pPOB MOMHO HAaNMCATD
SY4TY m Qhons + Qipeans

e T fanéi,’};nH — KOMIIOHEHTH COOTBETCTBYIOIUX TEH30POB, OTHO-

cAmuRCcA K cpefe. OUeBMIHO, 9TO YPABHEHHUA HMITYJILCOB M MOMEH-

TOB Il CHCTEMHI B IEJIOM He GYAYT Cojlep:kaTh HOHIEPOMOTOPHEX

CHJI M MOBIEpPOMOTOPHEX MOMEHTOB.

Pasnenenne o6mero cyMMapHOTO TEH30pa BHEPIMM — WMMIIYJIb-
Ca H TeH30pa MOMEHTOB, MMEHMmMUX o0Iyo 3JIeKTPOMATHATHYIO
OPHPORY, HA COOTBETCTBYIOMYE TEHIODH OTHEIBHO AJA LOJA W OT-
JeIBHO A Cpefikl, Booblie roBOpsA, MOMHO IPOM3BOZUTE COrIACHO
ycaosuAM mo-pasHoMmy. Ilpm ompepmememmoit cyMMe QuKcHpoBapue
3THX BeJMYHH A CPEIEl OHpeesAeT OHOSHAYHO MX 3HAYeHMe A
moas, u HaoGopor. Ilompsysace atuM, genecoobpasHo mpU onepupo-
BaHUU C PA3JEYHBIMH MATePHAJBHBIME CpelaMH OINpefelATh HM-
OyJbC, DHEPTHI0 M MOMEHT DJAeKTPOMATHMTHOIO IIOJA BCEIAa ONHHM
H TeM K€ CII0COBOM.

Tem He MeHee TH OmpENeJIOHUA AUHAMUYECKHX CBOICTB IOJIA,
BBOAYMEE AJA BCeX CaAydaeB CONIacHO QYHIAMEHTAJIBHOMY YCIO-
BHI0, MOKHO ONpefesATs Ho-pasHoMy. Brnue mano onucamue JuHa-
MIYECKHMX CBOMCTB 3JEKTPOMATHMTHOIO IOJS € IIOMOIILI0 TOJIBKO
OfIHOT0 HEeCHMMETpHYHOr0 TeH30pa BHEPTHH — MMOyiabca MuHKOB~
CKOTO ¢ KoMmoHeHTaMu S, ompegenenanmu fopmymramz (5.107),
B COOTBETCTBHH ¢ DTHMM BHIIEe YCTAHOBJEHH (OPMYJIH JJIA MOHAEPO-~
MOTOPHBIX CHJI ¥ MOMEHTOB.

Opmako BMecTo TeH3opa MHHKOBCKOTO MHOTHE ABTODH BBOJAT
B KadecTBe TEH30pA DHEPIHM — HMIYJbCA BIEKTPOMarHETHOIO
TOJIA CUMMeTpHYREH Ter3op AGparama ¢ KommoreHTaMu S, mus Ko-
TOPHX B cOBCTBEHHOM CMCTeMe KGOPAMHAT MPOCTPAHCTBEHHAA 9acTh
MONYYaeTCA IIPOCTEHIM CHMMETDHDOBAHHEM KOMIOHEHT TEH30pa
MuskoBckoro S* =1/, (S** |- §%2), BexTopH BPeMeHHEIX 1a-
cteil copmagaioT ¢ pektopoM lloftaTHHEra M, KpoMe Toro, S = S§%;
UMEIOTCA M JIpYyTrHe IOCIeOBATeIbHO PasBUTHeE HPENJIOKEHUA.

IIpm wcuoabzoBanzmm TeH3opa AfparaMa WIH JPYTHX TEH30DOB
dopMyasl miA TpeXMepHHX IOHZEPOMOTOPHHEIX CHJ 33 CYET BEKTO-
pos P u M monydaroTca ApyTAME, KPOMe TOr0, ypaBHeHNe MOMEHTOB
MOKeT IpPWBEeCTH K HPHEMIEMOH ¢ HPAKTHIecKOH TOYKM 3PEHUA
dopmyne (5.33) ToambKO NPE HANENeHWH NOJA MONOIHHTENHHEMHA
CBOMCTBAMHE, CBABAHHHEIME ¢ HAJIWIWEM pPACIpPefeeHHHX BHYTpPeH-
HAX MOMEHTOB, XapaKTepH3yeMHX TeH30pOM C KOMIOHeHTaMH
Qiik mpu yxQ'i*== 0. D10 cymecTBeHHOE 0GCTOATENBCTBO Tpebyert-
cA OTMETHTH SIBHO.

TaxumM 06pa3oM, ecadm He MOAB30BATHECA OHpeleseHreM TeH30pa
9HEPTHM — WUMIyJIbca Mo MHHKOBCKOMY, TO Ha TPeXMEpHHX II0-
BEPXHOCTAX CEUYCHWMA UeTHPEeXMEpPHEHX 00BeMOB MIM Ha [BYMEDHLIX
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IMOBEPXHOCTAX, pasfeldl0MuX OPOCTPAHCTBEHHEE 00heME B 3IIEKT-
pPOMaTHUTHOM HOJIEe, HYKHO BBOAUTH He TOJBKO MOBEPXHOCTHEE CHILI
B3aUMOJielicTBEA, HO HYKHO eIlle BBOANTDH B3aHMOJXEMCTBUE IOCpeS-
CTBOM pachpefieleEHEX II0BeDXHOCTHRIX MOMEHTOB (map Cmi).
Iipn mcmons3oBaHWME TeH30pa HHEPIHH — HMMIyJIbca N0 MHUHKOB-
CKOMY pacupefieieEHEe MOMEHTH II0 CeYeHHAM BHYTPH 3JIEKTPO-
MarEATHOTO IOJA BBOJUTH He Tpebyercs.

B c¢Ba3u ¢ ykazaHEEIME 00IUMHF, 10 CYIECTBY PABHONPABHLIMH
BO3MOKHOCTAMH BLICTABIEHNA PAa3IMIHHX YCIOBHU IPH OIpefele-
HHW JUHAMATEeCKUX CBONMCTB 3JEKTPOMATHUTHOTO HOJA, a TaKike
B CBA3H C AHAJAM30M YPABHEHUA MOMEHTOB [AJA 3JIeKTPOMATHUTHO-
ro moaA ¥ (OpMYIH AJIA IOHAEPOMOTOPHOTO MOMEHTA MOKHO
B KadecTBe YHHBEPCANBHOI'O W eCTECTBEHHOIO YCJIOBHA BHOGpAThH
TeH30p MUHKOBCKOTO KaK TEH30p DHEPIMM — HMMIyJbCa BJIEKT-
POMATHUTHOTO moNfA. BCIE IPUHATH 5TO YCJIOBHE, TO HM HYKHO
PYKOBOACTBOBATECA He TOJBKO [JIA ONUCAHUS JMHAMUYECKUX
CBOHCTB DIEKTPOMATHHUTHOIO HOJAA, HO M IPH HOCTPOGHHE MOJe-
el MaTepHaJLHHEX Cpen.

CrpeMieHEEe BBECTH i DJEKTPOMATHHUTHO-
gﬁ;:gnmg;‘;‘ ;‘;21:;‘:" I0 [OJS CHMMETDPHYHHI TeH30p SHEPIHH -—
SHeprME — HMIyAnea AMIYJIbCA CTHEMYJHDYeTCA CJIeIYIIIUMHI CO-

ofpasxweHmAMA. TeH30p DHEPTUHE — HMIYJIb-

ca, purypupyomuil 3 o0mell Te0pHH OTHOCHTEJBHOCTH WIH IIOJY-
YaeMHH IyTeM OCpeJJHeHNS MEKPOCKONMIECKOTO TeH30DAa SHePIHH—
HMOyasCca HOJSA B OYCTOTE, ABJIAETCA ABTOMATHIECKH CHMMeTDHY-
HEIM, OJHAKO DTO OTHOCUTCA IHGO K IOJNI0 U Cpejie B MeloM (HaoM-
HUM, 9TO MEKPOCKONMIeCKHE B3aMMO/[eHiCTBUA BHYTPU CPEeAE UMeIoT
3JIeKTPOMATHUTHYI0 ITPHUPOAY), IuGO K DJIEKTPOMAaTHHTHOMY IOJIO
B IYCTOTE WJIW IIPU OTCYTCTBME HaMaTHWYEHHOU W MONAPH30BAHHOI
MaTepHaabHOR cpefbl. Bo Bcex atmx ciaydaax auGo teHsop Mum-
KOBCKOT'0 CEMMeTpHYeH, Tak Kak P = M = 0, aubo cmMMeTpH4eH
TONBKO CYMMADHHI TeHB0D dHEePTHH — MMOyJaLca AJd CpefH I
[I0JI; HMEHHO TOJDLKO A 3TOTO TeH30Pa IOoJydaercs aBTOMAaTH-
YeCKHM CHMMETPHA B 00mel TeOpUH OTHOCHTEJIBHOCTH M OIPH OCPE]-
HeHUH.

C papyroif cTOpoHH, OYEBHHO, 4TO 3HAUEHHSI KOMIOHEHT de-
THPeXMEPHO# MOHAEPOMOTOPHOM CHAL (TpeXMepHAsA cHIA W IIPH-
TOK DHEPTHHM) COXPAHAITCA HEM3MeHHBIMH, eCIH BMecTO JI060Tro
TeH30pa PHEPIWH — HMMIYJIbCa ¢ KOMOOHEeHTaMu S B3ATH APYyToi
TEH30p ¢ KOMIOHEeHTaMH S*i;

S‘ﬁ — S’lj + Q’U',

KOTZla JUIA KOMIOHEHT X00aBOo9HOTO TeHaopa Qi To:ecTBeHHO
BHIOONHAITCA pPaBEHCTBA

ViQ¥ =0, (5.35)

{1 J1. . Cepmos
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HoGaBienne TeHzopa ¢ KoMmomeHTaMd Q7 mpu ycaoum (9.33)
He piauseT Ha QOopMyady AJs HOHJepoMoTopHOH cuiaw. Bo Muormx
cilyuadXx KOMIOHeHTH 27 mpu ycuaosum (9.30) MoKHO BHOpaTh
TaK, 9To0K TeH3op S*Y Omam cmMmerpuuHEIM. TakKo# omepanwmei
TEH30p 9HEePTuH — MMOYJABCa S/ MOIKHO CHMMETDMBUPOBATH HajKe
IpA COXPAaHEHHN (HU3AIECKOT0 TETHIPeXMEePHOTO BeKTOpa LOHJe-
poMoTopHOi cmas. OFHAKO B pe3yabrare TaKod CHMMeTPHBaIMu
IUIA NOJNYyYeHHs NpHeMJIeMOi QopMyJsl /A 06BeMHOI0 MOHTEPOMO
TOPHOTO MOMEHTa [iefiCTBYIOLUIero Ha MaTepHaIbHOe, Teslo, /IS oM
Bce e TpefyeTcd BBECTH BEYTPEHHWE MOMEHTH V,(QUF== 0.

Haxonmen, Bo Bcex KIacCUYECKEX MOJIEJNAX TEH30D dHEPIHUH —
HMIyJAbCA JUIA MaTepPHAJBHON CpeNul IOJYydaeTcs CHMMETDUIHEM,
OITOMY CTpeMieHHe K COXpPaHEeHHWI0 HTOTO CBOHCTBA B 00meM ciy-
gae KayKeTCsl eCTeCTBEHHBIM, OJHAKO HECHMMETPHsA TeH30pa BHep-
THU— HMIOYAbCAa JUIA MATePHAILHOH Cpedsl MOKET NPOSABUTHCA
TOJNBKO B YCIOHEHHKX MOMEAX, IJA KOTOPHX TeOopeTHdecKHe U
DKCIIe PHMEHTAJBHEIE MCCJIETOBAHUA eIMe He HPOBEJeHH [[0CTATOTHO
noapo6HO ¥ MHEPOKO.

§ 6. MaranTHan raApoxHHAMHKA

IlpnMepom Mojiend CIIOMAOM CPENEl, B KOTOPON YYHTHBAOTCA
3JIEKTPOMArHUTHBIE 3QQEKTH, MOKET CAYHATH MOJEJb HPOBOAme
JRUJKOCTH B MATHHTHON rujpogunHaMuke. B MarEuTHO# rupponvna-
MuKe IPUHAMAETCA, 9TO CINIONIHAS CPefa ABIAETCA RUAKOCTHIO MK
TasoM, B KOTOPHX OTCYTCTBYET IOJAPU3ALWA K HAMATHUYEHHOCTD,
HO MOKET Teyb 3JIeKTpuIecKuit ToK, T. e. M = P =0, j*= 0.
Homaraa dg¢** =0, 6ymem c9aTaTh, 9YTO B paccMalpHBae-
MEIX MOJleNAX MHAWBUIYaJbHAsA 9aCTWIA CILIONIHOH CPeJH MOJKET
00MEHUBATHCA ¢ COCEHAMH JaCTUNAMY K IPYTUMH BHEITHAMHA 00 BeK-
TaMHU TOJBKO MeXaHWYECKOM U TeIJI0BOI sHepruei.

Jag mpocToTH fadblie pacCMOTPUM MOfiesb miealbHOH CpejEL:
p¥ = —pgi. BGonee obmeM caydae B MAaTHUTHOH THAPOAMHAMUKE
CBOMCTBA BA3KOCTH CPEJLl YIUTHBAIOTCAH.

IlpuBopuman Emse cucTeMa ypaBHeHWI MaTHUTHOM THpORMHA-
MUKHN hpejcraBiaser cofoifl npubamxeHHYI0 B paMKaX HBIOTOHOB-
CKOH MeXaHHKK CHCTEMY, KOTOpas COCTOMT M3 CJIe[yIOmHUX ypaBHe-
HUI:

CKAlIDHOTO YPaBHEHUsI HePa3PHBHOCTH

% + div(pv) = 0; (6.1)
BEeKTOPHOTO ypaBHeHHMA UMIYyJELCOB
i}
o[+ @V =
i 1 1 .
= —grad p+ 0, [ B+ (v X H)|+ (4" X H) + pFros, (6.2)
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rae gepes Flpos 0003HEa9eHa WIOTHOCTH OOKHYHKX MaCCOBHX CHJ, HE
CBASAHEHX C B3aMMOJIeACTEAEM KHUIIKOCTH ¢ DJICKTPOMATHATHLIM 1O~
JIeM, HaOpHEMEp CHI TAMKECTH)

CKAJIIPHOTO ypaBHEHHA NPHTOKA Temda

dU + pd— = — (j-B) dt + dgils, (6.3)

I7ie 49epes dq,ms 0003Ha4YeH NPHUTOK TellIa K eJHHHNE MAacCH KHI-
KOCTH M3BHE 32 CYeT TEINMIONPOBONHOCTH MJIM H3IYUeHWA H T. I.;

CHAJAPHOIO COOTHOIMEHHWSA, BHIPAKAIOMEro BTOPOH 3aKOH Tep-
MOJIMHAMHUKI

1~ = e
Tds = (5 B)dt -+ dgfie (6.4)

B 5TOM ypaBHEHWH NpHHATO, uTo dg’ = 0.
Ecnm onmpemenurh cpefy samaHmeM BHYTpeHHeH 3Hepruum U
Kak YHKIUU P H S, TO U3 COOTHOMEHHA

dU = Tds—-pd—%—

IIOJy4YaTCA eme JBa CKAJAPHLBIX ypaBHeHUA COCTOAHUSA.

ou oUu
r=(%), —r=("r) (6.5)
P /s

K puraMmgecknM ¥ TepMoimHaMWueckmM ypaBHeHuaM (6.1) —
(6.5) my:xHO eme no6aBHTH DIEKTPOJUHAMHIeCKHE YypaBHEHWA, a
VMEHHO ypaBHeHEA MaKcBedia

rot B — —— 92 div H =0,
¢ Ot

(6.6)
1 6E'

c

rotH——— + — div E = 4np,

?

m 3akoH OMa, KOTOPHHA B 00KYHOM BapHAHTE MATHUTHON THIPOJH-
HaMUKH AMeeT B

j:o(E-{—-:—vXH)—l—pev. (6.7)

CrcreMa ypaBHeHnﬁ (6.1) — (6.7) monygaercA 3aMKHYTOH, eCIH
samaBH dqiys 1 Fiyos.
¥Vpapaemusn varmmraoi [ ACCMOTDMM Ba;KHBIM 9aCTHEIM CJIydad, KOr-
THADOMTMHAMAKA Jasd  cpe- Ja MO}KXHO NPHHATH, 4YTO IOpoBogAmasa cCpe-
me ¢ GecroHewmoif mPOBO- 1a, HalpuUMeD WOHM30BAHHLIM a3, mHMeeT
IHEMOCTLIO GecKOHEYHYIO IIPOBOAMMOCTH 0. B atoM cay-
qae ypaBHeHUA MaTHATHOH THAPOJHHAMHKE CHJBHO YIPOIAIOTCA.

11*

& -
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Jana GecroHeuHo mpopopsmiel cpefn m3 sakoHa OMa ciemyer,
9T0 HANPSKEHHOCTH BIEKTPHIECKOr0 mois B cOGCTBeHHOH chmcTeMe

roopauEar B pasHa HyII0, Tak KaK OJIOTHOCTH TOKA § HOJKHA OHITH
koHeuno#. Ilone F B mpomsBoabHON WHEPOHAJBHON CHCTEME KOOD-
ouHAT omnpefendercda depes v m H mo dopmyre

E=—_vxH. (6.8)

,Z[JIH OJIOTHOCTH TORKA j COrJIaCHO YpaBHEHUIO Maxkcgenna MOKHO
HANNUCaTh
A 1 9
j—z—'——‘-l’OtH——c——(—,’?('vXH). (6.9)

B marBuTHOIi THADOAWHAMHKE, KaK IPAaBWiI0, IpeHeOperamwT TO-
KOM cMemeBus u BMecro (6.9) mmmyt

j = ~—rot H. (6.9")

IlnoTHOCTH BapAAOB p, ompefensercs ¢ HAcmoabzoBaEmeM (6.8)
gepes v 1 H no ¢popmyne

1 .
Pe = — ~4—m—dlv ('v X H)- (6'10)

W3 sroit dopMynnl BUIHO, YTO P, B OOHMHHX YCIOBHAX MAJo.
B MargutHO# rajipoguHaMuKe OOHYHO B yPAaBHeHUAX NBHEMKOHAA Hpe-

1,.
meGperaior wieHoM p. B mo cpaemenmo ¢ — (j* X H).

Jlasi ompefieleHNs TOJsE MarHUETHOHA HampsmeHHEOCTH H B cpege

¢ GecKOHEYHOH MPOBOAWMOCTHIO W3 ypaBHeHnwii MakcBeama cpasy
BHITEKAT CIEAYIOmMe ypaBHEHHSA:
R _ rot(v X H), divH =0 6.11
——a—t— = T0 ('D X ), 1v == N ( . )
K KOTODHIM B 5TOM cliy9ae, II0 CYIIeCTBY, CBORHTCS BCS CHCTEMa
DJIEKTPOAMHAMUIECKUX ypaBHeHM.

Hmoyaeso remno (!/p)j-Edt paBEO HyTI0 A7 cPefHl ¢ OecKo-
HEYHOIl MPOBOAMMOCTHIO, Tak Kak F = 0.

Eenn mpomece ammabaTwdeckwmii, TO dqffo)ﬁ =0, n moatomy

s == const B gactune. Ecau cpepa npexpcraBaser coGoii coBepmeH-
HEHA ras, TO MABJEHWE P W INIOTHOCTH O CBASAHH OOHYHOMl opMy-

JOMH:
p = Cp". (6.12)

Cucrema amEaMmaeckux (6.1), (6.2), repmoguramMumyeckoro (6.12) n
aJeKTpojuHEaMmiecKrXx (6.11) ypaBHeHWIT ¢ yu4eToM COOTHOIMEHMI
(6.9) m (6.10) samkmyTa.
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§ 7. 3aROHEI BMOpPOKEHHOCTH MArHNTHBRIX I BAXPEBBIX JUHOH

BrisicauM Temepsb o6mpye cBojicTBa moJisA BekTopa A (x, y, 2, t),
YAOBJIETBOPAIOMEr0 COOTHONEHMAM BMIA .
A .
5 =rot(v X 4), divd =0. (7.1)
Brme (cm. (6.11) ) 65110 moOKa3ago, 9TO HTHM YCIOBHAM YIOBIET~

BOpAeT I0Jie MATHATHOH HanpsskeEHOcTH H B caydae cpens ¢ Gec-
KOHEYHOH OPOBOAMMOCTBIO. JTHM K€ YCJOBHAM YAOBIETBOPHAET

1

IoJle BEKTOPA BHXPA CKOPOCTH @ = —-Tot® B Caydae Gaporpom-
HHX OPONECCOB B HAEANLHOM KUAKOCTA B IOJe IIOTeHNMAJILHEX
MaccoBHX cua. B caMoM fese, paccMOTpHM ypaBHeHWe MMIIYAbCa
I0JS WIeaAbHOH HENPOBOAAMEeR xkuAKocTH B ¢opme Jlemba —
I'pomexmn:

——a”—{—1'z:1d1’2——{—2co><v——1 radp L+ F 7.2
5 T grad — =~ gradp+ F. (7.2)
Ilpeanonokum, 4910 BHOIDHAE MAacCOBHE CWIK F' MOTeHOWATBHE I
qro mponecc Gaporpomukil, T. e. ' =grad Ump = (p). B atom

cliydyae MOMHO BBECTH d)yHHIlI/IIO AaBJIeHNA
n

dp :
P = S___ 7.3
Do
rpajueHT KOTOPOH, KaK JerKo IPOBEDHTH, PaBeH

grad P = —;— grad p.

VYpasBenne EMIYIbCOB (7.2) B 9THX IPEATNON0KEHAAX OIPEACTABATCA
B BUIE

v Ui
7—{—gra«d——z——{—Zm Xv=—grad P+ grad U.

‘BasaB Temepb 0T 0femX YacTedl 3TOT0 ypaBHEHHS OIEPAlHI PO-

TOpa, HOJXYdIHM
%%— = rot (v X @), (7.4)
mpmdeM
div @ =0.

9Tu ypaBHeHHA [EMCTBUTEIBLHO COBIAAIT ¢ ypasEeHumamm (7.1)

m ¢ ypasueruamu (6.11). 3amermM, 9To ypaBmEemme (7.4) Apusercd

.. KMHEeMATHYeCK:M IO CBoeH Op®Epojie, HO OHO MOMYIHUAOCh KaK ClIel-

CTBU@ M3 JMHAMHYECKOI0 YDABHEHWsA HMIYJIbCOB.
Takmm o6pasoM,  ycraHoBmB ofmue cBoiicTBA BEKTOPHOTO

“‘momsn A, ypoBunersopsiomero yciosmam (7.1), ME ycTaHOBHEM,
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B 9aCTHOCTH, BechMa BAa)KHKI® CBONCTEA NOJISI MATHETHON HaNPAKeH-
HocTH H B CIIyuae ¢cpefiH ¢ GeCKOHETHOR MPOBOLUMOCTHIO B MOJIA BEK-
TOpa BEXPA @ Op¥ GapOoTPONHKX MPONECCaX B HIEANBHEONR KATKOCTH

B IIOJI¢ MOTEHIMANBHKEX MACCOBHIX CHI.
Briso opMyJIsl 1 mpous- Bregem cHavama GopMmyay aas mpomsBof-
BOAHOH 1m0 BpeMemm or HOI IO BPeMeHm OT IIOTOKA COJEHOMANB-
TOTOKA COMEHOMAAAbAOT0  HOTO BeKTOpa 4 (r, Yy, 2z, L) depe3 HeEKOTO-
:g::gg:oc“"epea HUIEYI0  (yio HesaN KHYTYI0 SKHIKYIO MIOBePXHOCTH X,
OTrpaHMYEHHEYI0 KOHTYpoM C, T. e. uepes mo-
BEPXHO>Th JABIKYINYIOCA BMECTe C YacTUIAMH COJIOITHON CPEAHL.
Kak m3BecTHO, IIOTOKOM BEKTOpa Yepe3 IOBEPXHOCTH X HAa-

3HIBAETCA HMHTErpal

((4.nyds = 4,ds,

/ & d

B KOTODOM 4epe3 ® 0003HAYEH eJu-
HUYHHH BEKTOD HOPMAllA K IEMEHTY
do moBepxmHOCTH X.

Hax wu pasbBlle, OONOMKHTENb-
HHe HalpaBlieHns HOPManx n U 06-
c xopma KoHTYpa C CBSMeM TaK, ITOOH

€ KOHIA 7 00x04 KoETypa C OHI BH-
Puc. 40. K BEIBOXY (opMynm JIOH COBEPIIAIIIMMCA XIPOTHB 9aco-
o SRRSO i SPEMOL B0l crpoai
pa Hopes MIAKYIO lﬁ‘OBerEOIC‘::' Eciui B MOMEHET BpeMeHH [ 3Ta
NOBEPXHOCTh 3aHUMAJIA IIOJOKeHHIe
Z, a B MOMeHT ¢ + At — nomoxenne I, (puc. 40), To mo ompee-
JIeHWI0 MPOM3BOLHON GyneM mMeTh

at
Zz

[/

n

KAn(x,y,z,t—}-At)dfs—SAn(x,y, z, t)ds
%—SAndc — lim & £ . (1.5)

- At
g At—)

HoxasxeM, uro B cuny ypaemenmit (7.1) aTa Ipom3BOAHAA pAaB-
HA HYNIO H, CJIe[[0BATeJbHO, [JA TAKOTO BEKTOpA

SAndc = const,

>
HeiicTBuTeNbHO, 0603HAYEM Yepe3 X, HOBEPXHOCTH, 00Pa30BAHHYIO
TPAaeKTOPHAMHE TOYeK KOHTypa C IIpH ero mepeMem[eHHM 32 BpeMs
At, m paccMOTpMM B3aMKHEYTYI0 IOBEPXHOCTh, 0OpAa3OBAHHYI0 IIO-
BepxHOCTAMA X, 3, u X,.

ITo Teopeme Taycca — OcTporpajickoro ¢ MCIOJIb30BAHHEM BTO-

poro ycaosma (7.1) GyneM mmetn

:S'+ An (2,473, tydo= {divAdv =0, (1.6)
4T, v
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rxe V — ofbeM, OorpasEMdeHHEIl 3aMKHYTOH IOBePXHOCTBIO X —+
-+ 2y -+ Z,, a HOpManb © — BEemHAA mo oTHomermio K V. Ilpu-

6aBasasa w BHUHNTAA S A, (z,y,2,t-+At)ds k(7.6) 1 3amensas Banpas-

JeHne HOPMAaJIHX N K 2JeMEHTaM IIOBEPXHOCTH Z]_ Ha IPOTHBOIIOJIOMK-
HO€, JerkKo Inoay4mm

\ i@, v, 2,0+ A ds — {4, (z, y, 2, t)do —
pY bH

= SAn(x, Y, 2, t+ At)yds — SAn(x7 Y, 2, t)ds +
A

Iy

-+ SAn(x, Y, 2, t)do.

A
Otcrora aas npomaBoRHOH (7.5) MONYyUHM CIEYIOMee BHpaKeHne:

d
YA SAn(x, Y, z,t)ds =

2
Sa
pat

BexrtopHsbtit aaemeHT miaomaxn 7 do G0KOBOI NOBEPXHOCTH 2y,
OYeBHHO, PaBeH

A
T ds -+ lim—AiTSAn(x, y, 7, t) do. (1.7)
At—) R

nds = v At X dl,

rie dl—snemMeHT KOHETYpA C, OTpaHAYKMBAIOMIETO IOBEPXHOCTE X {CM,

puc. 40). Ilostomy B wmHTerpame SAnddMOH{HO nepeATH K WHTET-
pat)
PHPOBAHHIO 1O KOHTYpy C:

V(aemyds = —§ a.@ x v)ar = — {at.o x ),
p2% C C

WIH, BOCHOAB30BaBMUCH TeopeMoit CToKca, mepediTd K MHTETPApPO-
BAEHIO 00 IIePBOHAYAJILHONR MOBEPXHOCTH X, HATAHYTOH HA KOH-
typ C:
1
K?S Ay ds = —§(v X A)edl = — S[rot (@ X A)],de.
P2 x

Bupaskenme (7.7) /18 HCKOMoM NpOM3BOAHOH NPHBOJAUTCA Te-
neps K BUIY

%. SAndc = S[%“:— — rot (v X A)]ndc. (7.8)
= =
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9dt0 06mas opMyaa BEKTOPHOIO aHAIM3A IS IPOH3BOSHOM OT MO-
TOKA COJEHOHTAJBHOTO BeKTopa A depes MKUAKYIO MOBEPXHOCTH 2.
flceo, 9TO musi cupaBemauBocTH GopMmynn (7.8) TpeGyercsa ompe-
JeleHHOCTh 3HAYEHHS BEKTOpa CKOPOCTH ¥ TOJNBKO B TOYKAX IO-
BePXHOCTH 2 ¥ orpaHHYHBaloIero ee KoHTypa C.
Ecan BekropHOe mosne A ypoBmerBopsier ycmoBmam (7.1), 1o
copasa B (7.8) monydaerca Hy#db, T. e.

it SAndc_Z 0.

b

Takum o0pasoM, MH HoKasan® cPOPMyIAUPOBAHHOE BEINE yT-
BEDIKIeHHe O TOM, dTO

SAndo = const, (7.9)
it

rje 2 — NOBEPXHOCTH, ABMKYIAACHA BMeCTe ¢ YaCTUIAME CIIOII-
Hoil cpepsl, B o6xacTu, rae moxe Bekropa A (z, y, z, t) YEOBAETBO-
pser ycaoBuam (7.1). Ws norasamnoro cpoitctna (7.9) paccmarpn-
BAeMOTO BEKTOPHOTO moiifi A BHTEKaeT PAJ OYeHb BAIKHBIX Clefl-
cTBUii.

IllepBoe cnexgcrBHeE

BeKTOpHHE MOBEPXHOCTH TAKOI'O BEKTOPHOTO HOAA HEPEXONAT
BCET/Ia BO BpeMA JIBMKEHUA TAKKe B BeKTOPHEBIe 1I0BepXHocTH. B ca-
MOM flejie, PACCMOTPMM B HEKOTODHIN MOMEHT BpeMeHH ! HeKOTOpYIO
BEeKTOPHYI0O ImOBepXHOCTH Il Takoro Bektopmoro moas 4, r. e. Ta-
KYI0 OBePXEOCTH, B KajkJ0#l TOYKe KOTOpOIl BeKTOop A IeKHUT B
KacaTeJbHOU K Hedl MIOCKOCTH. B CHy HeUPEePHBHOCTY IBMKEHUA
moBepXHOCTHL 11 B MOMEHT BpeMeHM ¢ -+ Af mepeiiieT B HeKOTOPYIO
Apyrylo moBepxHOCTH [1', HeTpy/HO yeMOTPETH, 4T0 3TA HOBEPXHOCTD
I omars Oymer BekTOPHOH HOBepxHOCTHIO. Tak Kaxk mOBepX-
HocTh |l WO yciaoBHMIO — BEKTODHAT IMOBePXHOCTB, TO IIOTOK
BeKkTopa A depes mio0yI0 HOBepPXHOCTH 2, NPHHAIIEKAMYIO
I, paser myuo. Ilo cBofictey (7.9) ocramerca paBHEIM HYNIO
B MOTOK Bekropa A dYepea HOBEpPXHOCTh X', B KOTOpPYIO IHe-
pefimer sa BpeMa Af NoBepXHOCTH 2 ¥ KOTOpas B CHIY He-
IpePHBHOCTA [BWDKeHHA OyIeT nOpHHEAmMIeskats 117, T. e. Bek-
top A B MoMeHT BpeMeHH ¢ |+ Al Gyner semaTh B MIOCKOCTH, Ka-
careapHol K II’: moBepxHEOCTS 2, a CieA0BATENbHO, W IOBEPXHOCTL
2’ Opm 9TOM MOKHO B3ATH CKOJB YTOOHO Malloil m TAe YrofHo Jje-
mameidl Ha moBepxHOCTH II, M TOrZa HempeMeHHO BO BCAKOH TO9UKe
11" A, =0, a a10 sEa=gUT, 9T0 HOBepXHOCTE I1’ BHOBB 6y,ueT BEKTOP-
HO#i IOBOPXHOCTHIO.
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B wacrHoct, GOKoBas IOBEPXHOCTH BEKTOPHOH TpyOKH mepe-
XOIHT BO BpeMA ABMKeHWA B OOKOBYI0 IOBEPXHOCTh BEKTOPHOM
Tpy6ku. BekropHHe TPYOKH mepexofAr B BEKTOPHEHE TPyORH.

Bropoe cumegcTtBHmeE

Bexropusle THERE BEKTOPHOTO n0nA A, YHOBIETBOPAWMEro ye-
nmoBuAM (7.1), Bcerna Bo BpeMs [BUYKEHWS NOPEXONAT TaKme B BOK-
TOpHHe awaun. [leficTBUTEabHO, YePe3 BEKTOPHYH JUHHIO [ B Mo-
MOHT BpeMeHM ! MOKHO TPOBECTH [[Be BeKTOPHHX mopepxHocTu [,
n 1, u I 6yner nuauell nepecedeHns sTHX NoBepxHocTeid. ITo He-
IIPEePHIBHOCTH [BH;KEHNA B MOMEHT BpeMeHH [ - At nmEna [ ne-
pelifier B IMEUIO nepecedennd [” mopepxaocreii 1] u I1;, B Kaayo
M3 KOTOPHIX IepeigyT cooTBercTBeHHO moBepxmoctn [, m II, =
Kasxgad us koropwux (Il; u 1) B cuny mepsoro caencrsus us (7.9)
ocTaHeTCH BEKTOpHOM moBepxHocThio. CiemoBarensmo, U’ cHoBa
6yneT BeKTOpHON TUHHUEH.

TpeTrTbe cAemcTBHE

HMutencuBrOCTy M060#t BeKTOpHOI TpyOKH paccMaTpmBaeMoro
moxnsi BekTopa A BO Bce BpeMsa [BWKEHHA OCTAETCH TMOCTOSTHHOM.

B camoM [fere, MATEHCUBHOCTb BeKTOPHON TpyOKHM, Kak H3Be-
cteo (cM. ra. 11, § 8), onpenenserca noTokoM BekTopa A dWepes mo-
mepedYeHoe cedeHde TPYOKHM (B COJIEHOMIANBHOM BeKTOPHOM HOJIeé OH
MOCTOSAHEH B oAb TpyGKu). [ToaToMy TonbKo 4To chopMyInpoBaHHOE
YTBEPIEHNE SBIAETCH HEMOCPEICTBEHHLIM CJEICTBHEM CBoOilcTRa
(7.9) paccmarpuBaemoro Bekropaoro noisa A. [[aa mons sexkropa 4,
yrosaetrsopaomero yeaosmaM (7.1), 6yneM uMeTs

SAnds == S A, ds,
> 32

rie 2 u X’ — NpPOU3BONLHOE IONIEPEYHOe cedeHne BeKTOpHOH Tpy6-
KM B MOMEHTH BpeMerw [ u t'.

Taxum 06pa30oM, B BEKTOPHOM Tosie A, Y/[0BJIETBOPAIOIIEM YCA0-
BusaM (7.1), BeKTOPHHE IOBEPXHOCTH, TPYOKM M IMHAHN COXPAHAIOT-
¢d BO BpeMA [BHMKEHHA B TOM CMEIC/Ie, 9TO OHF IepeMelaloTCHd B
IpOCTpPAaHCTBe BMeCTe C 4aCTHOAME CIUIOMHON cpens. Bexroprnie
NOBEPXHOCTH, NWHAA U TPYOKH BMODOIKEHE! B Cpemy.

Kaxr crasano smme, yeaonmaM (7.1) ynoBiaeTBopAIOT BEKTOPHEIS
mosiA Maramreol HampsixeaHocrda H B caydae cpeant ¢ Geckomed-

. 1
HOW NIPOBOJAHMOCTHIO H BEKTOPA BHXPA CHOPOCTH © = -—2—1'0t. B

cirygae 6apoTPONHEKX IPOMECCOB B HAANLHOR KENKOCTH M HOTEHIM-
aIbAKX BHENIAWX MAcCOBHIX cwi. IlosTOMy mona MarHATHOMR Hanpsa-
meaRocTE JH ¥ BeKTOpa BEXpH © BOTHX CIyYagX B yKa3aHHOM
BHIIIIE€ CMEICH@ BMOPOMKEHH B CPeny.
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Tax, HampuMep, ecan B HeKoropoil oGaacta P, saHATOH CImIom-
HOH cpenofl ¢ 6eCKOHEYHOM HPOBOJMMOCTEIO, B HAYaJbHLA MOMEHT
speMenu i, He Owmo MargmtHoro moasa H, To ero He Gymer m B
obracte 9’, B Koropylo mepeiier o6aactb ) B HPOU3BOJBHEIN
MOMEHT BpeMeHH {. MarmuTHOe 1I0JIeé JBMMKETCA BMeCTe ¢ IaCcTHIA-
mu conomHOR cpepsl. Ecau Ha Coarme WpPOMCXOJMT H3BepsKe-
HMEe ILIasMH, IpefcTaBidiomell ¢o00i 06JaK0 pacKaJeHHOT0 rasa
GeCKOHETHOH NPOBOAMMOCTM, TO MATHWTHOE IOJie IBHMKETCH BMEC-
Te ¢ miasMoil m BoTAruBaercA w3 CoaHma B MesKIIaHeTHOe IPO-
CTPAHCTBO.

BBuny BaskHOCTM CBOMCTB IIOJA BEKTOPA BUXPA @ B ciaydae 6a-
POTPONHBIX [ABIKEeHMH HAeaNBbHON KUIKOCTH B II0Jie MOTeHIHAJb-
HBIX CHJ JJIA DPWIOMKEHMII OCTAHOBWMCH HAa HEMX HoppolbHee.

CroitctBo (7.9) [muIA  BeKTOpHOrO MmOJA

Teopema Tomeona
pe ®© = —-TOt®¥  3aINMeTCA, eciIH z —

JHEIKAA TOBEePXHOCTH, CileAyIOIMUM 06pa30M:

S ©, do = const, (7.9

z

T. e. IIOTOK BEKTOpa BUXpPA CKOPOCTH & Yepe3 JIIOGYI0 MOBOPX-
HOCTh X, ABIDKYIIYIOCH BMeCTe C YacTUI[AMHE CIUIOIIHOM CpeJsI, 110-
CTOSHEH,

C momompl TeopeMbl Crokca cpo¥ictBo (7.9') MoskHO 3amHCcaTh
B BHfe

{ (v, at) = const (7.10)

o

(rme C — NpPOM3BONBHKI 3aMKHYTHH KOHTYp, COCTOAMMUN BCe Bpe-
MA M3 OJ{HUX M TeX ke TaCTHI] YKUJKOCTH) HIU B BHJe

I’ = const, (7.11)

T. €. eClIH BHOIIHWE MAaCCOBHEE CHJIbI IIOTEHI[MAIBHbH M J(BHIKE-
HUe HIeaJbHOM KMIKOCTH $apoTpONHO, TO DHPKYIANUA CKOPO-
cta I’ mo mo6oMy 3aMKHYTOMY GKHIKOMY» KOHTYDPY BO BCe Bpe-
MA JBIJKEHHA He HM3MeHAeTCA. OITO YTBepsKAeHHMe HOCHT HasBa-
HHe TeopeME Tomcoma.

BosMomHOeTs  mospyemms  CJ1€AYyeT MOMHMTH, YTO IOCTOAHCTBO LHPKY-

BAMEHYTBIX KOHTYPOB ¢ JIAONA, KaK BBETEKaET M3 [JOKAa3aTeJIAbBCTBA

I'#=0 B nDoreAnmasbHOM TeOopeME TOMCOHa, MMeeT MeCTO TOJBKO IIO

“:"'0““' ¢ NOBEPXHOCTAME  pogrypaM, MMONYYIaOIUEMCA Jpyr U3 Apyra

Pa3prIBa CrOpocTH HellpepHBHON AedopManmeit.

Ecam smuixocTh HAXOAMIACH B IIOKOE B HEKOTOPHI MOMEHT Bpe-
MeHH, TO OHPKYJANMA B 9TOT MOMEHT BpeMeHHM OHUIa paBHA HYJIIO
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1o BceM KoHTypaMm. OnHEako npu fajapHelImeM [BMKeHHH IPM Ha-
ANYMM DPA3PHBOB CKOP(CTH B IOTOKe B0OOmMe MOrYT NOABHTHCA
3aMKHYTHIe KOHTYDH BY, & £, N0 KOTODHM IHMPKyJIANHA OyfieT
oramyareca or Hyna (puc. 41).

B camom perme, ecam KOH-
Typ £ DepeceKaer JMHHHEIO
paspeBa CHKOpOCTe#, To mup-
KyJIAnud o KoETypy £ B00O-
me OTINYHA OT HYJIA, TaK KaK
¢Kopoctn rodex M u N Ha no-
BePXHOCTHU Pa3phiBa PasINIHH;
LI03TOMY KOHTYp £, 3aMKHYTHIH  Puc. 41. L{HpKYJAOuA 1m0 KOHTYpaM
B paccmannBaeMHﬁ MOMeERT C paBHA HYJI0, IO ROHTypy$ MOMKeT
BDEeMeHM, CTAHOBHTCA DPABOMK- OTARYATHCA OT HYJIA.
HYTHIM B CHIeAYIONUA MOMEHT
BpeMeHM W OHI BooOmEe He3aMKHYT B NPeAHAyImMe MOMEHTH
BPeMeHHM W, B YaCTHOCTHM, B HAYAJBHLHIH MOMEHT, KOTHA ;KUAKOCTDH
noKomIach. K He3aMKHYTHM >KUJKUM KOHTypaM Teopema Tomcona
HeIpHMEHWMA, M LUPKYJAALUA II0 TaKHM KOHTypaM He coXxpa-
HAETCA.

HenocpepicTBeHHENM caefcTBHeM TeopeMbl ToMcoHa ABiIAET-
cA TeopeMa Jlarpamxa,
Ecim mpu coGNIOfeHHH YCIOBHA TeopeME
ToMcoHa B HEKOTODPOH YacTH IKMIKOCTH B
HEKOTODPHI JTaHHEN MOMEHT BPeMEHH t, HeT BHXpel, To HX B DTOH
9aCTH KUAKOCTH He Obiio mpu ¢ < ¢, ¥ He Oyder mpu ¢t > ¢,. Ilon-
YepKHeM, 4TO B OPMYIAHpPOBKE TeopeMH Jlarpad:ka pedb HJeT He
00 ompefeneHHOl 4acTH HPOCTPAHCTBA, a 00 ompefleleHHON Macce
RHUAKOCTH, ABIKYIIeiicA HeIpepHBHO.

oxasmem Teopemy Jlarpammxa. ITo ycaosmio B obmactn & mpu
! =t, HeT BUXpel, H, CJEfOBaTEIbHO, B KaskHofl TouKe »TOi 06-

aacta @ = 0. Iloatomy mo teopeme Cromca (I‘ =2 Swnds> nup-
n

Teopema Jlarpamka

KyAAIMA 1o /A1000My B3aMKHYTOMY KOHTYpPY, IPHEAJJIeKaMeMy
%, paBEa HYIIO:

$ (w-at) —o.
C

ITo Teopeme Tomcora mupkyaanua I' mo a0GoMy 3aMKHYTOMY KU/~
KOMY KOHTypy Gy/ler paBHA HYJIIO Ji BO BCe IDyTHE MONEHTHI BPeMeHH.
Torma BHOBBL u3 Teopembr (CrToKca BHTeKaeT, YT0 1Jsa dwGoll 1o-
BEPXHOCTHM 3, NEMMKOM Jeskameit B o6iacta 9 3KHAKOCTH,

Smndc =0,
PH
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A 3T0 MOMeT ORITH TOJABKO TOrla, KOraa B 0o Touke 9 ¥ [JiA Iio-
Goro HanpapieEmas m ®, = 0, T. e. B mI06oit TacTHIle KMIKOCTH
B a1000fi MOMEHT BpeMeHH & = (.

OtcyrcTBme BHXpeii, KAK W3BECTHO, PABHOCHILHO CYINeCTBOBA-
HUI HoTeHmmana cKopocreil. Iloatomy Teopemy Jlarpamma Mo:xHO
chopMyIHPOBATEH TaKe CleAynImuM o0pasoM.

Ecau B HEKOTODHE MOMEHT BPEMEHH £, ABH/KOHUE #RUJKOCTH MK
rasa ORLIO MOTEHMHUAJBHEM, TO OpHM COGIIOMEHAN YCIOBHA TEOPEMLI
TomcoHa om0 6510 U GyleT TOTeHIUAIBHEM U BO BCe APYTHe MOMEHTLI
BPEMeHH.

Takum o6pasoM, B 2TOM Cjydae CYIMECTBYeT IOTeHIUAN CKO-
pocteit ¢ (z, Y, 2, t) &

v =grado(z, ¥, z, t).

N3 teopemnr ToMcoHa BuAHO Gonpmoe QusndecKoe 3HATEHUE IOTEH-
OUAJIBHEX JBIDKeHUH Miea bHOMN suprocty, Hammaue morennuaian-
HOCTH CHJIBHO 06JieT9aeT pemrenue 3a7ad 06 OMpefeleHUR IIOJIA CKO-
pocTeil.

MoskHO cKazaTh, 9TO BHXPH B KUTKOCTH MOTYT BO3BHHKATD H
HcYes3aTh, BOOGINE TOBOPA, TOABKO B TOM ClIydae, KOTJA HapyIIaeTcs
X0TA OB OTHO W3 HIPEANmOJOKeHMil TeopeMh TomcoHa, 1. €. nmbo
AUIKOCTh BA3KasA, aubo ApmxeHne He 6apoTponHO, nMuGo BHENIHHE
MaccoBEIe CHIIB He DOTeHIWANBHE, JH00 HApyliaercd HeUPepLIB-
HOCTH IOJIfA CKOPOCTeH,

JloxasaHHHE CBOMCTBA COXPaHAEGMOCTH BEKTODHHIX | HOBep-
XHOCTell W JUHWH, a TaK:Ke HaIpMAKEHHOCTeH BEKTOPHHRIX TpY-
60K [Id DOJNA BEKTOPA BUXPA CKOPOCTH 0APOTPONIHHIX ABYKEHUN
HfealbHOM AHEIKOCTH M/IN ra3a HA3LBAOTCA fMHAMUYECKUMIU TEOpe-
Mamu [esMroapna, KoTophie GOpMYyIUPYIOTCA CHSIYIOMEAM 06 pasoM.
Ileppas pgumammgeckas reopema I'enbm-
TONBOA: B OPEJUOONOKEHHAX TeopeMbl ToM-
COHA YACTHLH JKUIKOCTH, ofpasyomue B
HeKOTOPHII MOMEHT BPEMeHH BHXPeBYIO IIOBEPXHOCTh, TPYORY wWim
JIWHENIO, BO BCe BpeMd ABHKEHHSA 00pasyoT COOTBETCTBEHHO BHXpe-
BYIO TIOBePXHOCTb, TPYOKY MIm JHHHIO.

Bropas teopeMa IenbMromsma: B Ipe[IIONOKEeHMAX TeOpPeMB
ToMcoHA MHTEHCHBHOCTbh BHEXpPEBOU TPYOKH BO BCe BpeMs JBHKe-
HUA 0cTaercsi OOCTOSHHOM, T. e.

I = <§)(v-dl) = const,
c

rae C — 3aMKHYTHIiI KOHTYDP, OXBAaTHBAKWIONA JaHHYI0 BUXPEBYIO
TPYORY.

MsI mcmonnpsyeM 3TH TEOPEMH O BEKTODPE BUXDA CKOPOCTH B
. VIII, moceAmmenHO® 3amagaM THApoiEHAMUKH.



raiaAaBaA vl

O IIOCTAHOBRE 3AJJAY B MEXAHMKE
CILIOITHON CPEJibI

§ 1. O0mue 0cHOBHI MOCTaAHOBKH KOHKPETHBIX 3agad

Mogean m cmeremsr or-~ Ilpu reoperwdecKoM WCCHETOBAHME KOH-

caeTa KPeTHEIX 3aJ]ad B MeXaHHKe CIIOIIHOI cpe-
OB HeoOxoAuMo 00s3aTeNBHO ABHO WJIK HEABHO !) MOJB30BATHCH
BHOOpOM cmcTeM oTcdeTa Habawmarens, B KOTOPHX ONUCHBAIOTCH
IBIGKERNE W COCTOSHHME M3ydYaeMoii cpeghl. B HBIOTOHHAHCKOH Me-
XaHUKe B KadeCTBE CHCTEM OTCYeTa HAGNIOHATENsA MOKHO BHOMparnh
ni06He «HEIO/(BYKHLIEY WU JABWKYyImuecad cucreMu. OmHako Tpe-
O6yercsa BCerZa YKA3HBATH HHEePIUAILHYK CHCTEMY OTCIETa, TaK
KaK TOJBRO HA DTON OCHOBE MOKHO IIOJIL30BATEHCSA NAHHLIME O CH-
JIaX WHEPIUH.

B my;xuux caydasax Tpebyercsa TaKmke EMeTh B BHAY CYIIeCTBO-
BaHWe CHCTeMH Koopamuaat Jlarpama, Kotopasg QaxKTHIECKH HO3-
BOJIAET MHAVMBUIYAJUINPOBATH TOYKH KOHTUHYYMA CILIOIDHOMN cpe-
JBl M, 0 CYIEcTBY, BCEIla KNAJIeTCA B OCHOBY OIpeJeNeHHUsa Xa-
PAKTePUCTUK JBVKEHHA U COCTOAHWSA YaCTHI CPEH.

B mpepmaymux riaBax ORUIM yCTAHOBJIEHH ¥ OHHCAHE YHHBED-
CAJbHHE ypABHCHMsA MeXaHHKM, TePMOJHHAMHKA M 3JIeKTPOAMHA-
MUKH. JTH ypaBHeAHA ABIANTCA QYyHTaMEHTAXbHEIME COOTHOIIE-
HEAMHA, B PAMKaX KOTODHIX CTPOHTCH TEOPHA NKOHX KOHKPETHHX
Mopgednel cuIomAsx ¢pel. OHM TPUHUMAIOTCH JJIs BCEX Mojeliedi 1 B
PaMKaX OupemeaeHHON MOIeNu A BCEBO3MOKHBIX OTJAeNBHEIX CJIY-
4aeB ABIGKeHHH W (u3WIecKHX nporeccos. Hak OG0 BHACHEHO
BHIIE, YHEBEPCANbHAE YPABHEHUA I HeIPePHBHKX TJIaIKNX pac-
Hpe/ieIeHui MoryT OBITH HAmMCAHH B Buje AnpdepeHNHaTIbHHX
VPaBHEHUHA ¢ YaCTHHIMY UPOU3BONHBIMU.

Hapany ¢ muddepennmmanbHriMu ypaBBeEHmAMA OHIA yKasaHa
Take QOPMYNHPOBKA TOX Ke (HM3NICCKEX HOJOKEHHH B HHTer-
pajIbHOM BHje: WMHTerpanbBas opMa ypaBHeHHA HEPa3pPLIBHOCTH
((1.2), ra. I1II), ypasuenust mMoyascoB ((2.2), ra. 11I), 1-ro sakona
TePMOIHHAMAKE — ypaBHeEus sHeprum ((8.1), ra. V), Broporo aa-
KoHa TepmonmaamMukn ((8.2), ra. V) u o6mux ypaBHeHu#i Makcpeil-
aa {(5.9), ra. VI).

1) a1 OTIETANBOCTH A AICHOCTH B MOCTAaBOBKE 3a/lad Jydunie Bee JOnymenns
7 ycnopmA (GOPMYJNEpORBATH B ABHOM BAXE.
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JaA raafkuX HempepHBHAIX PAacIpe/eIeHAN NIPUMEeHASMEIX Xa-
pakTepucTHK AuddepeHLHaNbHEE ¥ HHTETDAAbHEe HOPMYIAPOBKU
9KBHBAJeHTHH. OfHAKO IPUXOJHTCA PACCMATPHBATE TAKIKE Pa3pHIB-
HEble paclipefleleHHA XapaKTepPUCTHK ABJEHHH B MPOCTPAHCTBE H BO
BpeMeHH. Ilpnm Haamumm paspeBoB mposasiAercA Gomxee o6masa mpu-
pojia HHTerpaJbHHX (OPMYAWPOBOK, COXPAHAIMUX CMECI K B
aToM caydae. Judpdepennuanparie (GopMyJMPOBKM COXPAHAIOT
CcBOe 3HaYeHWEe B 06JAacTH HEHPEepPHBHEX ABJIEHUI, HO HY;KAAIOTCH
B [JOLOJHUTEABHHX YCAOBHAX Ha paspuBaX. Ilpm muTerpaxbHOM
$OopMyIUPOBKe TaKue [ONOJHUTENHHEIC YCIOBHS B HHX YIKe CO-
Jeps;ratea. B caegylomumx maparpadax MH BEIBEleM COOTBETCTBYIO-
Mue YCIAOBHS HA PaspHBAX M3 YHUBEDPCAIBHHX WHTeTDAIBHHEIX CO-
OTHOILEeHHIA.

Hax 6nimo ye ykasano Bhile, id IOJYYeHHA CHCTeM ypaBHE-
HE#, 003BOAAOMUX 00paTHTBCA K HOAPOOHOMY H3YYEHHIO ABH:KE-
HEUA JaHHOH CIIOmMEHON cpefkl, TpeGyercda BCerjia BBOJHTDL JOLOJ-
HUTEJBHEE THIOTE3H — HPERHOMOMEeHHs, (HKCHPYOImUe JacTHHIE
CBOMCTBA UM (H3HYECKYI0 NMpHUPOAY paccMaTpuBaeModl Mojenau. He-
obxogumo BrGpars Momeab. llpoGmema BeIGopa Mojededl MoikeT
CAY;KUTHh IPEJMETOM CIeLHAJBHEX H OOMMPHHX HCCIeJ0BaHHM,
BO MHOTHX CJIY9afiX 9TO OCHOBHAaA npobigeMa ¢m3MKu, cBA3aHHAA
¢ ujeanmzanuell, cxeMaTHzanmeil U ¢ BBeJeHMEM Da3IMYHOIO POAA
DOHATHI X XapaKTepHCTHK. Bu0op M mocTpoeHme HOBHIX Mofedeil
HeOOXOUMEl [/ ONUCAHHA OTKDPHBAEMBX HOBHIX 3(QeKTOB M AB-
NeHuit, CYIMHOCTh KOTOPHX Y:Ke H3BECTHA HJIH TOJBKO Ha-
9@HAeT HOPOABJIATHECA B pasBHBAIOmMUXCcA 00JacTAX HAyKH M TeX-
HHUKH.

B npegpaymux riaaBax Mbl e HO3HAKOMILIECH ¢ PAJOM BayKHBEIX
KIAcCHIEeCKHX Mojieleil CINIOMHKIX Cpefi: MOJEJBI0 HAeaJ bHOM MM/~
KOCTH H rasa, MOAEIBI0 yIHPYIroro Teja, MOJAEIbI0 BA3KOU HUIKO-
CTH, MOJEJbI0 OPOBOJAMEN HUIKOCTH B MAaTHHTHON I'MpOoAuHAMU-
Ke H Ap. ITOT CIMCOK [ajJeK0 He HCYeDIEBAeT COBOKYIHOCTH
W3BECTHEIX MOjieJell; CyniecTByeT PAjL APYIUX MojJeleil, ¢ HeKOTOPH-
MK M3 HOX MH IHO3HAKOMEMMCA Janbile. B HacrosAmee BpeMd B CBA-
83U ¢ IpHMeHeHWeM HOBHIX MATepPHAJNOB, pacllIpeHHeM [Ualia30HOB
HCIIOJB30BAHHUA yike YHOTPeGIsieMHX MAaTepuaioB, HeoOXoauMo-
CTBI0 ydYeTa JIIEKTPOMATHHTHHIX CBOiCTB M 3)peKTOB B MeXaHH-
Ke, OpHMeHEHWEeM YCIOBHEH GOXbmoro BaKyyma wuam, Hao6Gopor,
09eHDb GOJBIIAX [aBJeHUIl, CBepXHU3KHX TeMIepaTyp mid, Haobo-
poT, oOYeHb GOJBIIEX TEMIEPATYP, B CBASM ¢ pacCMOTpeHHEM
CIOKHLIX fABJEHWH B JKUBHEIX OpraEmsMax 4 T. JA., H T. II
npo0aeMa IOCTpoeHHs HOBHIX Mofeieil axkTyanbHa. Teopma mo-
CTPOEHMA HOBHIX MoJieldeii B (H3uKe I MeXaHHKe B Hacrosiiee
BpeMsi pa3BUBaeTcA HHTEHCHBHO.

Iipepmonomennsa o pHEIHHX BOBHEHCTBHAX, HAIpUMep O BHeI-
HHX MacCOBHIX cmiax JF\¢), pieMeHTapHHX OpHTOKax sHepruu dj(®
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u dg**, MOKHO BBOJUTH JIONONHATEIBHO B PAMKAaX Kaskaol Pukch-
posaEHOi#l Mogenw. B paMKax safaEHOHR MOJENIH MOMKHO TAK}KEe CTa-
BHUTH 33fa1y of ompeHefieHHH TAX BEJMYAH O JBIGKEHHIO, 3afam-
HOMY TWNOTeTHYECKHW, WJM II0 Pe3yAbTaTaM HAGNONeHWH B ONHTAX,
HeoGXOgAMOeTs  [ONOMHH- Ilocne BEHIGOpa Mofmenw /s BHENEHRAA OI-
TeTHRX  ycaoBmif, Buge- DPCJGNCHHOTO ABJIGHMA MM KJjacca sABJe- .
AAONAX  OTAENbHRIG [ABA- HEH -— ABWKEHWI TpefyeTcss BHICTABIATH
EeHAT eme JOUOJBUTENBHLE YCHAOBUA. ITO Ode=
punao! B caMoM ferne, B paMKax TeOpeTHYECKON MOJIEIH HECHUMAe-
MO HEeaNbHOW MANKOCTH MOMKHO PACCMATPHBATH BeJWKOe PAa3HO-
ofpaswe NBIKeHHMH Bofsl, He(ITH, MHOIHX JPYTHX KUAKOCTell I
Jla’Ke BO3AyXa M APYTHX I'a3oB, KOTJa CIKUMaeMOCTHI0 MOMKHO Ipe-
Hebpeub, HaMpHEMe): pasHoolpasHeiIine TeIeHUs N BOJHOBHE IBU-
JHEHMA BOJLI B OKeaHAX W MOPAX; ABHKCHNE BOJH B CTPYAX, BHTE-
KalomuXx W3 COCY/IOB; JBHKEHWE BOJALI depe3 BOJOCIWBH B TJIOTH-
HaXxX; JBUKCHWE BOJH, BEI3BAHHOE JBWEHUEM Kopabieil W mMomBo/-
HEX JOOK B MOpe; [IBM}KEHWe BO3AYXa, BH3BAHHOE [ABWKEHNEM
mapEabeil IPU MaJIHX MO3BYKOBHX CKOPOCTAX, B T. 1. M BEJIMKOE
MHOJKECTBO Xpyrmx upobieM. Bo Bcex mepedwcieHHHX CIydasx
MOJKHO TOJIB30BATHCA OJJHON W TOM ke 3aMKHYTOH cucteMoii nudde-
permuanbpERX ypasaenmit. Caemopatenpro, cmetemn auddepen-
NHUAJTHENX ypaBHEHUY, BHITONHAIMAXCA B KaKION Touxe obbeMa,
3aHATOTO JKATKOCTHIO, M 00pPa3yIOMMUX 3aMKHYTYIO CHCTEMY, COBEpP-
INeHHO HeMNOCTATOYHO IS pelleHHMA MaTeMaTHIecKoil sajgayd o0
oTpeneIcHUN MoJied CKOPOCTH ¥ faBieHns B obseMe munrocTH. Har
n3BecTHO, 06mue pemenns AuddepeRNNaTbANX ypaBHERNI IBUKe-
HIA COAEP:KAT NMPOM3BOJABbHEE (YHKIWN W WOCTOAHENE, KOTOPHE
HYKHO OMPEieIATh U3 CHeNHANLHBIX YCIOBHH.
PacecMoTpuM Temepsr pasawdHEE THOAYHEE HONONHHTEJIBHEIE
YCIOBHA, BHEACIAOMEE OTHeJBbHLE [BYKCHNS.
Pemenuss MaTeMaTmdecKHX 3anad mpejcTa-
23:;?0“;-9;,?,;“? Hn:;’;‘;‘:; BIAIOTCA B BWAe QYHKINH, ONpeNieleHHbIX
BpeMeHH  BRCHEA B To4Kax 00beMa, 3aHATOTO Cpemoil, M WH-
TepBaJia BpeMeHH, B TeueHHe KOTOPOTO /BH-
eHUe paccMaTpusaercsa. MuTepsall BpeMeHH Mo3KeT OBITH KOHET-
HBM, MOKeT HaYMHATHCH B HEKOTOPHII XapaKTepHH «Ha4aJbBHID
MOMEHT BpeMeHHU { — f, uiau OHTH (IPHBA3AHHBKIMY K HeMy; pac-
CMOTDEHHE JBIKEHMA M COCTOAHMSA CHJONHON CPefkl MOKeT MpPOou3-
BOTUTECA Aad NOOHX ¢ > ¢, mau ¢ < t, #am BooOme A Beex
t < t, llo cmMmcay 3agadm BO3MOKHH Tpe6OBAaHMA OTHCKAHUSA
PA3IMIAKX XapaKTepPHHX MOMEHTOB BPEeMeHH.
Ob6aacTh 06BeMa 9P, 3aEATaAg ABWRKYIMeRcA cpenoil, B 0ofHUX CIY-
9yagx MoskeT OHITL 3ajjaHa, B APYTHX HemsBecTHa 3apamee. Hampu-
Mep, ofmacts 9 MOKHO CIATATH M3BECTHOH, KOTJA KAXKOCTH JBH-
JKeTCH B MAHAOM COCY/ie M TOJHOCTHI0 BamMOJHAET 3TOT COCYH Uil
KOTJ[A KMJKOCTH 32HMMAeT BCe HPOCTPAHCTBO UPH JBWKEHUH OKOJO
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pasInYHLX QUKCHPOBAHHHX M 3aJaHHHX 3apaHee Iperpaj BEYTPH
munroctd. Bo mMBormx caysasx obmacte 9 HemsBecTHa 3apaHee;
ee ompejlelieHHe N0JKHO OHTH OCYIIECTBIEHO, HANPEMEp, B HpO-
[ecce PemeHus 3a/aUM O BLIIMBAHWE BOJAH W3 COCY[a, OPH M3yde-
HEE gedopMammym yipyroro Teja Ioj HeHCTBHeM 3aJAHHON CHCTe-
MBI BHEIMHWUX HATPY30K M T. II.

B mexortopuix caydasx rpasuiia obaacta I MoskeT COCTOSATH W3
U3BECTHHEIX YacTedl, HapuMep MOBEPXHOCTH MOPCKOTO [HA, CTEHOK
cocyfloB mau BooOme IONBIKHEIX IOBEPXHOCTEH Tel BHYTPH
JKUIKOCTH, ¥ dacTell, HEH3BECTHHIX 3apaHee, KOTOPHIE HYIKHO
HafiTH B IIpolecce peNIeHWs 3aqady, HaOpUMep IOBEPXHOCTH
BOJIHYIIIETOCA MOPA MIM TPAaHAWIE UCTOKAOmE:d wu3 cocyla
CTPYH M T. 1L

OGnacThb, 3aHATaA CIVIOWIHOMN cpenoil, 2 MoskeT GLITH KOHEIHOM,
HAaIpEMep BHYTPEHHOCTHIO cOCYJa WIH TPYOH A SKUQKOCTH JJIH
00beMoM cTeprkHA, OaNKM, JeTajan MAamuWes ¥ T. U. i gedopmn-
pyeMoro «rBeproro» Teda. Ilpm cXeMaTmsammm IOCTAaHOBKM 3aj7ad
9a¢TO MPUXOAUTCA MMeTh Jieto ¢ obmacteio 9, comepsxameil Gecko-
HEeYHO yIAaJeHHYIO TOYKY, KOTA YRUAK0e MY «TBepioe» neopMupye-
MoOe TeJI0O WM IeKTPOMATHUTHOE IT0Jie 3aHWMAeT BCEe HPOCTPAHCTBO
WM BHEIIHOCTH AEKOTOP Ol CHCTEMHl 3aJaHHKX TeJ MJIH KOI'[a UMEeI0Te
€A CTPYM WIHN II0JM0CH — JIEHTH, YXOAAmME B GECKOHEYIHOCTD.
Tpn pemennu sanaq mid obnactu 9, BRIOYA-
o1meil 6eCKOHEYHOCTH, Ha OCHOBE IPEII0JIO-
sKeHM (H3MIeCKOTO Xa paKkTepa Heo6X01uMO 3aJ1aBaTh JOIOJMHHTEh-
HEIe YCIOBUA B GeCKOHEIHOCTH.

B KagecTBe TaKMX ycJ0BWIl BO MHOTHX CIydYasX Tpeqmojaaraer-
¢A, UTO MCCIeyeMoe ABJIeHHe HOCHUT XapaKTep MecTHOTO BO3MYIIe-
HEA ¥ 9TO IPH yAAJeHWH B GECKOHEIHOCTH COCTOAMHE U JBHMCHUe
cpennl 3ajaHK. HanpmMep, IpH M3y4eHAH a0CONIOTHOTO ABUMKECHM S
HeOTPAHAUEHHOr0 06peMa KAKOCTH, BO3HAKAIONICI0 IPH J{BHKCHIN
B HeM TBepJOr0 Tejla KOHEeYHHIX pasMepoB, MO/KHO IPMHHMATH, 4TO
IpH ylaJeHEdA B GeCKOHEIHOCTh CKOPOCTH JKUAKOCTH CTPEMUTCA K
HylI0, NaBjieAMe — K 3afJaHHOMY 3HAYCHUIO, 3JIEeKTPOMATHUTHOE
HoJie¢ MMECT 3apamnee 3aJaHHEIE CBROMCTRA; AHAJOIATHO MOKHO Ipef -
moJyaraTh, uto feopMupyeMoe Telo B GecKOHeYHOCTH HAXOMMTCA B
€CTeCTBEHHOM COCTOSHNHU, KOTOPOe OIpelesaeTcsa {ONOJHNTeIbHb -
Mz (U3MIECKUMHA YCIOBHUAMHA, B T. . B T. I

B zamage 00 o6TekaHUy HEMOABWKHKIX TeJl JIOTOKOM rasa WM
HUNKOCTY He0GXOMMO IPUAWMATE, YTO IPH YAAJIeHAN B GeCKOHed-
HOCTL BBEPX IO IOTOKY, a B HeKOTOPHX CJIYJafAxX B JIOOOM Hampa-
BICHNE Haberalomumil MOTOK mMeeT 3aJaHHBIe CBOMCTBA: 3aJaHHYIO
CKOPOCTH, 3aaHHOE MaBJieHWe W TeMOepaTtypy @ T. II.

OngHako ycinoBuA B GeCKOHETHOCTH MOTYT HOCHTH ¥ §0JIee CI0M-
HHA XapaKTep, HampEMep KOTja IpH yAaJeHNH B GeCKOHEIHOCTD
o0 PasHHM HANPABIGHMAM UMEOT MECTO HEKOTOPHN peryiApHH

qail
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H, MO3eT OHTH, NMepHOTWYECKHMI Ipomecc, mMelTCaA, Boobme ro-
BOpPA, pasiWdHbe B PA3HHX HanPaBAeHHAX BOJHH 3aJaHHOTO THIA
H T I

Hepenko mpobnema $GopMyJApOBAaHHA MOMOJHATENLHEX YCIO-
Buil B GecKOHeTAOCTH OHBaeT CBA3aHA ¢ TOHKEMHY dddertaMu, 00y-
CIOBIeHHHMM OTCYTCTBYIEM HJIM HaJAW4YMeM IPATOKA SHEPTHH U3
GeCKOHETHOCTH WU KAKUMU-IEG0 H3TyIeHUAMM.
Ycaosua B GeCKOHETHOCTH MOFKHO paccMar-
pPABATHL KaK HONOJHWTEJbHEE VCIOBUA B
ocoboii GeckoHeuHo ynmameEHO# TouKe. Jlaa
ydera pasIMUHEBX BO3NeHCTBUH Ha Cpefy WIM NoJe MOXHO BBOJUTH
ocofLle TOYKA M B KOHegHOH wacth obnactu £. Hanpmmep, MosxHO
BBOIUTH TOUEUHBIe MCTOYHHEKM MY CTOKH MACCH JKUIKOCTH, THIIONHA
I MYIbTUIONE IO MacCOBOMY PAacXoAy, 3apsfiH, JWIOIM ¥ MYJIbLTH-
TONHM B HIEKTPOMAaTHHTHOM IoJie, 0COGHE TOUKM PA3IHYIHOTO, HO
ompefieIeHHOT0 THHA IJA yueTa adderTa meHcTBUA KOHINEHTPHPO-
BAHHHX BHEIDHAX CHJ U UCTOYHWKOB BHeprmum W T. H. Tarme oco-
OeHHOCTA MOT'YT MOJelMpOBaTh AeficTBHe W IPUCYTCTBUE APYTHUX
TeJ HA JANeKHX DPACCTOAHMAX OT WHTepecyIlomeil Hac II0 CMBICIY
samagn o6JacTH MOJA WIH JIBVWKEHHA CPeHl.

Taxmm o6pasoM, MoKHO BBOZMTH B o0mact I ocobEe TogukM,
B KOTODHIX ACHMIITOTHYECKOe MOBefeHMe HEKOTOPHX (GYyHKIWH 3a-
IHaHO; IPHUCYTCTBHE 3THX OCOOHIX TOUEK MOKeT 00YCIOBIMBATECA
TaKKe HaJIMmdueM HEKOTOPHX BHEITHWX BO3MeHCTBUHA, KOTOpHe He
VUHTHIBAIOTCSI B YPABHEHMAX IBIKEHH.
B teopun pudpdepeRnuanbEHX ypaBHEHHH—
OGHIKHOBEHHHIX U B 9ACTHEIX IIPOA3BOTHEIX —
fonblmoe sHadYeHMe mMeeT 3amada Homwu, xoropas, HampmMep,
1A o6bKHOBeHHOro muddepeHNNaNHFHOr0 YpaBHERUA BTOPOTO IIO-
pAIKA

Oco0rle TOYKH  BHYTPH
cpensr

Hauaxpnnle ycaoBHA

d? d:
=1t %) (1.1)

dopmyaupyercs cirenylomuMm obpasoM. Haiitn takoe pemenme z(t)
ypasaerua (1.1), aaa rotoporo npu ¢ = !y BHNOJIHATCA YCIOBAA

dz ,
(Thet, =T9 X <—£-)t—: = Ty, (1.2)

rae ty, To B x, — sajanAse Tucaa. V3 reopun quddepenymaIbEET
ypaBHeHWII H3BECTHO, 9TO 3afada Homm BO MEOTHX BaRHHX CIy-
gagX WMeeT eWACTBERHOe pemenune. J[OTOJIHUTENbHNIE YCIOBHA
(1.2) masmBawTCA HAYAILHEIMH TAaHHHME HIH TaBHBME Homm.
AmajmorrmgEEM 00pa3oM MoHO BBecTH 3ajavy Homu mus pud-
depenmuanbHHX yPaBHEHMIA ¢ YACTHHIMU IIPOM3BOJHEIMH # B Kade-
CTBE MOHOJHUTOIBHHX [AHHEIX JJIA HECMAYUOHADPIHT IBHKeHHH,
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B 3aBHCAMOCTH OT BHMJa YPaBHCHHH, 3agaBartbh HCKOMEIE (YHKIIH
¥ HEKOTOPHI® HOPOM3BOJHHE OT HAX IO BpeMeHH npm f =1, Ha-
npuMep, UPH PeIIeHWH JAHAAMHATIOCKOR 32149 A yUPYyToOro Teja ¢
moMompio ypaBHeHmi Jlame ((2.26), ra. V) Hy:xHO 3afaTh Havadb-
HEe TepeMemeHdA M HadaJ bHbIe CKOPOCTH BCeX TOYeK TeJa.

Npr pewenun sagauu 00 ompefesendyd HeyCTAHOBUBLIETOCS
JABUKEHHA HAeANLHOH OTHOPOAHON HeC)KMMaeMOH SRUAKOCTH (CH-
crema ypasHerui (1.10), ra. IV) gocraroumo samaTth pacmpefede-
HHe CKopocTell BO Bced obnacru 9 B HavadbHHH MOMEHT BpEMeHH.

Ecan obnacts I mpenctasiaser coboi Gesrpanndaoe IIpoCTPaH-
CTBO, TO B pgje CJIyuyaeB HaYaJbHHX YCJIOBHIl [OCTATOYHO [IIIs
BBIJIEJIEHAA ONPENEJICHHOT0 pelieHuA. Ymeao ¥ BHA HAYaJIbHLIX
JIAHHHIX ~ 3aBHCAT OT HOpAAKA CHCTeMH ypaBHemuil. OpHAaKO
BOIIPOC 0 JOPMYJIMPOBKE HARHLIX HONIH M BOIPOCH O CYIIECTBOBA-
HUW ¥ €IWHCTBEHHOCTH pelleHHA HYKHO pellaTh B KaiKJIOM KOH-
KPETHOM ciydae 0c060.

Ecau o6nacts 9 rKoHedRna miau OECKOHEYHA,
HO MMeeT Ipanmmy S, T0, KPOMe Ha4aJILHEX
VCIOBRH, s mOaydeHWS OIpefeeHHHX pelleHAN HeoOX0JEMO
eqle BHCTABIATH W IONB30BATHCA CIHENUWANBHBEIMA YCIOBHAMH HA
TpaHmie S. ITH YCIOBUA HABHBAOTCA KPAeBHMH WM I'DAaHAYHEMH
yeaopusiMu. Kpaesbie ycmoBmsi MOTYT OGHTH BeckMa pasHo00pas-
HOoTo BHAa. OWE BHCTABIATCA HA OCHOBAHWH JONMOJHUTENLHHX
¢usmaecknx coobpaskenmii. BoT HeKoTOpHE TANHYHLE W BAMKHEE
IpAUMepHl KPaeBHX YCIOBHH.
Yenownn mpmmmamma  ma Hp(innonomnM,uno TOJIOKeHAE T [BIKCHHE
rpaHENax paa nepememenmii BCOH TPAHUYHOHN MOBEPXHOCTH S uau raxoii-
| AnA CrOpocTeif anbo ee wactm S; msBectHH. Ilpm moaxosme
' K TPaEmYHO¥ HOBEPXHOCTH S; CO CTOPOHHI
Cpejbl MO0 OUPEAENeHWI0 MH WMeeM KOHTAKT MEKAY Cpemoil M ee
rpaammei S, m03TOMY HepeMemenyA HHAMBAAYATHHHX TOIEK CPebl
Ha S; ¥ caMo#l MOoBepXHOCTY S, AOMKHE OHTH CBABAHH YCJIOBYEM
COXpaHeHHs] KOHTaKTa. llpWM OTCYTCTBHE MPOCKANIB3bIBAHUA TOUCK
cpefltl IO KacaTeJbHOW K TMOBEPXHOCTH S; BEKTODH IepeMemeHmit
TOYEK CPEIBl W openy M TOUEK NMOBEPXHOCTH S; — Wrpawmus OYAYT
OIMHAKOBHIMH.
Hanpumep, Tak MomeT 06CTOATH [eJI0 MDY 3aKPeINICHWE yOpy-
TOTO TeJa Ha OmMOpax 3aflaHHOTO THIA, DY BHEJIPEHWM BHENTHAX
TPEIMETOB B «TBEPAYIO» AehopMMpPYyeMyI0 CPelly WIH IpH ofTeKa-
HUY BSI3KOH JKMAKOCTBIO TBEPIOTO TeJa 3afaHHOi GOPMEL M BO MHO-
THX [PYTUX CAyIafiX.
OueBwgHO, 9TO WPHE HTOM HA MOBEPXHOCTH S; MMEIOT MeCTO Clie-
Oyomue yCJIOBHI:

Kpaeshie ycaosmsa

. ?
Wepenm = Wrpanuis Vepens: = Vrpannmni. (1.2 )

Ecnnm gswxenne rpapmnsl S, 8afaHO, TO IPA OTCYTCTBHM NPOCKAJb-
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3HIBAHHA BAOJAL S; Ha 3T0il rpammme OyAyT MMeTh MeCTO YCJIOBHSA
(1.2)", B KOTOPHX BEKTOpP IEPEMEMEOHUA Wrpamunu (5!, &2, &% )
dwrp_
BEKTOp CKOPOCTH Vrpamumm = (T i L H3BeCTHEHE (QYHK~
& =Cons
ouu JarpamxeBHx KoopauEat &1, £2, E3. Takoro popma ycaoBua gacTo
BCTPEYAIOTCA B MEXaHUKE (TBEPHIX» eQOpMUDPYEMEIX Ted. ¥ CIOBHO
(1.2") npuauMaeTca Tak:Ke B TEOPHH IBIKeHHA BA3KOH >KUMKOCTH
¥ HOCHT HasBaHHE YCJOBUA TPUIMIAHMA,

B reopunm yupyrocTn riaBHOe 3HAYEHEHE HMeET YCJIOBHUE IJIA Iie-
peMemenuii, Tak Kak OepeMeMEeHHAMHN ONpeNeldAlTcHd TeH30p e-
dopManuii m HaNpAHEHUS.

B Teopuu gBukeHUA MUAKMX M rasoo0pasHHEX TeJl IepeMerre-
HUA YacTHI He BXONAT HEMOCPEICTBEHHO B ypPABHEHMS IBUKCHUA,
B HAX BXOQAT KOMIOHECHTEI CKOPOCTH, I03TOMY B TRAPOIXHAMHEKE
OCHOBHYIO pOJIb UI'paeT TpaEMTHOE ycaosme (1.27) mias ckopocTeit.

OdeBupgmo, 9T0 NpH HENPEPHBHHX [BH/KEHUAX YCJIOBHE [IJIA
cropocreit (1.2°) BEIIONHSAETCA ABTOMATHIECKH, €CIH YOBJIETBO-
pAeTcsa ycaoBue A mepeMeImeHui.

Ecam rpammma S; cMecTmiachk W3 HEKOTODOTO HAYAJBLHOTO IIO-
JOKEHHUA B JAHHOE, TO Wrpammum (51 §2, &°)== 0; eCam mepBoOHAUAIb-
HO CMeMIeHHAS TPaHMna S; 0CTaeTCsA HEIOABIKHOH, To IIOCIe cMe-
meHusA S; CKOPOCTh Vppannnu OYAET PaBHA HYIIO.

Kaxxpmoe us sexropHHX ycaopmit (1.2°) mas mepememeHMd nmam
JJIA CKOPOCTeil PaBHOCHMIBHO TpPeM CHAJAPHHIM DPABEHCTBAM.

Upeno HadalAbHHX M TPAHMYHEIX YCJIOBHH B8aBHUCHT OT HOPAR=-

Ka ypaBHEHMA, U II0DTOMY TDAHWYIHKIC YCJIOBUA M UX YUCIO Pas-
JIUYHEI IJA PasHBEIX MofeJei.
Haopumep, AwHaMHYecKHe YPABHEHHS JBU-
JKeHMA Jirepa A HOCAIBHOH KHIKOCTH
coflepKaT TOJABKO OPOWBBOIHEE LEPBOTO
DOPAJKA OT KOMIIOHEHT CKODOCTH.

Ypasuenusa Hapse — Crokca [iA BA3ZKOM KUIKOCTH cofep:KaT
BTODPEIE 9ACTHLIC IIPOM3BOHEIE 0 KOOPAMHATAM OT KOMIIOHEHT CKO-
poctr. B 06omX caydasx ecTeCTBEHHO X YEZ0OHO paccMaTphBaTh I'pa-
HmgHOe yciosue (1.2°) maa ckopocTeil.

Opmnako tpu ycaosus mpmanmnanusa (1.27) naa upeadpHOM suI-
KOCTH depecuyp cuiabHb. llpm ycaoBmE mOJHOTO NPWIMOAHUA K
CTeHKaM He CYMECTBYeT pelleHUs ypaBHeHW# Jiijgepa, IOITOMY
A MealbHON RUAKOCTH U T'aza Heo0X0IuMO NOIyCKATH BO3MOK-
HOCTH NPOCKAJb3HBAHKA YaCTUI KUAKOCTH HA TPAHNIE ¢ BHEIIHH-
MH TBepPOHMHA WK JeQOPMHAPYEMHIMHE TellaMH.

Ilna mpeansmoli sxmpkoctu. ycaosue (1.2°) ma S, ocmabasercs
M 3aMeHAETCA TOJLKO OJHHM CKANAPHEIM yCJIOBMEM o0TeKaHMA

Ycaosae ofTexanpMA A
daeaXbHON KHAKOCTH

Unswupk = Un rpamumu = Ha S1, (13)



340 Ta. VII. O moctanoBKe Sajad B MeXaHHKe CIOmHON cpemk

T7Ie Vysspnx B Vn rpasmiga — HOPMAJBHEIE K S COCTABAAIMME CKOPOCTEN
9acTHI, KEAKOCTHE ¥ I'DaHWYHON HmOBePXHOCTH. YcxoBue (1.3) BH-
pakaeT co00if cOXpaHeHEe KOHTAKTA MEMY MUIKOCTHIO M 3afaH-
HOH IOBEPXHOCTBIO S;; OO 3TOMY YCIOBHWIO KHAKOCTh He MOMKET
IpOTeKAaTh BHYTPH TeJ, CONPHKACAIMUXCA ¢ Heil HO HOBEPXHOCTH
S;, W He MOXeT OTPHBATHCA OT HOBEPXHOCTH ;.

Ha mosepxmoctm §;, orpapmuuBalomeil HEKOTOpPHE Teda, CO-
OPHKACAKIIAEC ¢ UAealAbHOH JRUIKOCTHI, KAK NPABWIO, UMeeT
MeCTO HEepaBeHCTBO

Uz smups 5= Us remas (1.4)
Ifie WHAEKCOM T OTMEeYeHK KacaTeJbHEE COCTABJIAKIMINE CKOPOCTOH
K moBepxHocTH S;. B cuay mepasenctsa (1.4) uMeeT MecTO IpoCKaib-
3HIBAHHE MACATBHOH RUNKOCTE BOJE MOBEPXHOCTHE S, ABWKYmeli-
¢A 3alaHHLIM CIOCOOOM.

Ecay pswkenwe wmealbHOH SKUIKOCTE NOTEHUHANBHO ¥ =
= grad ¢, 10 ycaoBue (1.3) MOKHO HanWcaTh B CHeAYIOMEM BHJE:

d

Vnwulk = =, = Unrp HA Si.

CrefiopaTeNbHO, II0 YCAOBHIO 00TeKaHHA HA I'paHuUNe S; 3aJai0TCA
BHAYeHNA HOPMAJBHON HpPOM3BOJHON OT moTeEuMana §. Ecam rpa-
HEOa S, HemojBIKHA, TO ycaoBme (1.3) mpuEuUMaer BUJT

Vnwuw = 0 Ha S
HIan

99 _
-El— =0 mHa S]_.

Ha zagannmX rpagumax, kpoMe ycioBusa (1.2") mum (1.3), naa pas-
JIMYHKIX MOJeJell MOMKHO CTaBUTh PAXN Apyrux ycaosmit. Hampumep,
Ha S, MOMKHO 33/JaBaTh TeMIEDPATypy MM HOPHTOK TeIJia.

Ilpyn Hanuumu B 3aMKHYTOM cHcTeMe ypaBHeHuil, B KOTODHI®
BXO[AT BJIEKTPOMATHUTHEE XaPAKTePHCTHKM, HA S; 8a[JalOTCA yC-
I0BYA, HampuMep, AaA Bekropos K, H m j.

Ilpu ¢opmynmpoBaEHM TPAHWYHLIX YCIOBHN CleJyeT ONMpaTh-
¢ Ha o0mue yCIOBEA HA IOBEPXHOCTAX Pas3phiBa, KOTOPEIE MEL pac-
CMOTPHM B clefyiomux maparpadax.

OnmEaKo yxe alech ME OCTaHOBHMCA HOJPOGHO Ha BeckMa pac-
OPOCTpaHeHHHX TPAHMYHHIX YCJOBHAX, KOTOPHE Mo)KHO cdopmy-
JHPOBATh ¢ HOMOIMBIO YCJOBHA HA IOBEPXHOCTAX pPa3pHIBA.

YVemopas ma esoGommoi Bo mmormx sajadax rpanuma S MIH HEKO-
rpamane TOpas €e 4acTh S, 96J1acm HEOpPepHBHOI'O
ABIKEHMA CIUIOMHOR CpefLl sapaHee HEH3-

BeCTHA M [I0/KHA OHTH oOIpeJielieHa B pesylbraTe pelieHOA 3a-
pauw, Ha memspecTHO#i rpaHmme S, o0EMHO 3aJaI0TCA BHEINIHHE
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Harpysku. DB reopum yupyroctH u J{pYrHX TEOPHAX HA IVIOMA-
Kax IOBEPXHOCTH S; MOIYT GHITH H3BECTHH IJIOTHOCTH IOBEPXHO-
CTHHIX CHII

Pn = Pan + Pnc = f(/l_[, t), (1.5)

rge M — toura moBepXHocTH S,. YcaoHe (1.5) maeT Tpu cooTHO-
mewnnsa Ha S,. Takoro pofa rpaHWYHAE YCIOBUA THUOMYHE B HPaK-
THKe HHKeHEepDHHIX pacueToB pa3JIMYHLIX [eTajdeil MamuH. Ilpwm
H3YYeHUE BOIPOCOB O PACHPOCTPAHEHHH YIPYTHUX. HIH celicMudec-
KHNX BOJIH MOKHO paccMaTpuBaTh NOBEpPXHOCTH, HA3HIBAEMBEIE CBO-
00HEMM, HAa IJIOMAJKAaX KOTOPHX LOBEPXHOCTHEE HANpPSKEeHHA
MOTYT CBOJUTBCA IPOCTO K aTMOCQEPHOMY JABJIEHMIO, JeHCTBYIO-
MmeMy 00 7 KOTHM IUIOIHaAKaM. B aToM ciydae IOJydNM YCJIOBHUA

Pan = — Po» Pne == 0, (16)

Iae p, — BeIHYHHA aTMOC(epHOrO JaBJEHHA.
I'paunuusie ycaopuda Buja (1.5) mau (1.6) Berpeuarores Taksce u
B 3amadaXx O ABIJKCHMH BA3KOH MHIKOCTH, Korma ee cBoOomHas
DOBEPXHOCTH fABJAETCSH IOBEPXHOCTBI) KOHTAKTA ¢ APYroll BASKOH
HIIM HeaJbHON JKHIKOCTHI0 COOTBETCTBEHHO, B KOTOPOM BCE XapaK-
TEPUCTHUKY [BUKEHHUSA MOKHO CIHTATH W3BECTHEIMH.
. B sagagax o JBM;KeHWN HAEAJBHEX KUTKO-
Yeaopusi mHa  cBOGORHOM CTedl MW Tra30B TaKKe YacTO pacCMaTpH-
;‘mﬁ,‘:’m B HAGAIHOM  pajorcs CBOGOZHBE MOBEPXHOCTH. Y CIOBHE
MAEaNbHOCTH II0 ONmpejlelleHnI0 BCerja O3Ha-
9aeT, UTO . = (; modromMy Ha CBOGOAHOM rpaHMIE B HAEANBHOH
cpene ycaopua (1.6) cBomsTCA TONABKO K ONHOMY DPaBEeHCTBY:

p =po (1.7)

Ifie p, — 3ajlaHHAd BeJUYMHA JABJEHH] BO BHeWIHe#d cpeje, Ko-
Topad, HaOpHMep, HA HeH3BeCTHOH 3apaHee BO3MYMIeHHOH IOBEpX-
HOCTH BOJIEI MOKeT IPUHAMATHCA PABHON aTMOC(epHOMY [JaBIEHHIO.
Ha mpaxruke BeTpedaroTcA ciydau, KOTJa 3aj[aHHOe aBieHWe Ha
cB0oGOIHOIl MOBepXHOCTH OTAWIAETCS OT aTMocdepHoro, HaIpuMep,
Ha cBOGONHEIX IPaHMOAX RUJKOCTH, JaCTHIHO 3AMONHAKIMEH 3aK-
pHTHIE 0aKH, JaBJEHHUE P, MOKET OBITH JIOOBIM.

IIpm ompenenenun ABmxeHEus X GOPMEI IPAHUL S, depe3 HCKO-
Mble KOMIOHEHTH IOJs CKODOCTeHl mjM HepeMmemeHuil TpeGyercsa
TaKyKe I0Jb30BaThcd paBencramu Buma (1.2). Ilpm sToM ®Hamo
HMeTh B BULLY, 4TO JJIA ¢BOGOHKNX oBepXxHocTeil S, paseHcTBa (1.2°)
CBA3HBAIT TOJHKO HOPMAJBHEIE IO OTHOIMEAWIO K S, KOMIOHEHTH
CKOpPOCTH, TaK KaK CKOPOCTH ¢BOGONHOM rpaHUIIN 0OHMHO OIpefe-
jJsercs KaK CHKOPOCTh TepeMeleHHs 9TO0H IpaHWOH IO HOpMalx
K Heil.

B o6meM cayuae tpebyercda pemrarh 3ajladl ¢O CMeNIaHHLIMHE
IPaEMYHEIMA YCIOBHAAME, KoT/ia 00heM ABMKymeficd cpesl 9aCTHIHO
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OTpAaHMYEH BHEIIHAMH HeHOJBI)KHHMY 3aJaHHEIMH CTEHKAME WIH
CTeHKAaMHU ¢ TAHHBIMHA YCJOBHAME 3aKpeIJIcENA, a 9aCTHYHO — CBO-
GofiHEIME HOBepXHOCTAME. KpoMe Toro, MOryT GHITH 9acTH TpaHMILI
¢ MHBIMH BHIAMH yCJOBHI, KoIja IpaHMIa 3aJaeTCa TOJbKO 9acTHd-
HO, HJH 3a/IaHHBEe I'PAHUNE ¢ 60Jiee CIOKHKME KpaeBEIMHA Y CJIOBHA,
MH, OpeACTaBJANMUME c000H HeKOTOPHE JAHHEHHLe WIK HeJHHeH-
Hhle, KOHeUHHe WiIN AuddepeHnEaIbHNE COOTHONMIECHUSA MEMIY HC-
KoMeME QyHKOUAMA. C HEKOTODPRIME M3 YCJIO/KHEHHEX YCIOBHH MEI
HO3HAKOMMMCA B CJAeAyHIMUX maparpagax #u BO BTOPOM TOMe
KHUI'H,

3mech ME OrpaHHYMBAEMCA TOJHKO YKasaHmeM Ha HeoGXomu-
MOCTL (POPMYJNPOBKU I PAa3bACHEHHEM CMEICIA HEKOTOPHX BHJOB
KpaeBHX ycaoBmi. QopMyIMpOBKa KOHKDETHEX 3afady U MX pelle-
HHA GYAYT paccMOTpeHH JaJjbile B IHAPOJUHAMHKE, TEOPHH yIpY-
TOCTH U TeOPHH INIACTHYHOCTH {cM. 1. 11).

§ 2. Tunnyuble ynpouiennsa B HOCTAHOBKAX HEKOTOPHIX 3agad,
CBA3aHHbBIE C YMEHbIEHUEM YHCIA HE3aBHCHMBIX IEepeMEHHLEX

MaremaTudgeckasa sajgadga o6 ompeje/eHUN pelieHAN ypPaBHOHMIA,
OIHUCHBAIMUX JBIKEHHe M Jpyrue (U3MIeCKHe HPOMECCH ¢ TOIKA
3peHHA Jiilepa, CBOJUTCA K OTHCKAHUIO HEU3BECTHHX QYHKOUH OT
9eTHpeX mepeMeHHHX z!, x?, 2%, {, HampHuMep CKOpPOCTH, NAABJEHHUA,
TeMIIepaTy Phi, MIOTHOCTH, JAEKTPHIECKON M MArHUTHON HANpPAKeH-
HOCTell H T. ..

Jdra MaTeMaTH4ecKad 3afava BO MHOTHX CJIydasgX OYeHb TPYA-
Ha, H JUiA ee pemeHusa TpebyeTcs BBOAUTH AOMOJHUTEJLHYI0 CXe-
MaTH3AIMI0, CBA3AHHYI C MOCTAHOBKOW KOHKDETHHX (H3WIeCKUX
3a/la4, ¥ BHOCHTLH JOLYCTHMEE YHPOIMEHHA B UX MaTEeMaTHIECKYIO
IIOCTAHOBKY.

Hanmane 6onsmoro ameaa (B JaHHOM CJIydae 4eTHIPeX) He3aBH-
CHMHX II@PeMEHHHX CHIBHO OCHOKHAET 334aTy.

B psane safgau BaskHEeE yOPOMAMMMe MPeANONIOoKeHHA, obecie-
YUBAIOIMUE YCOeX pelleHWs, CBA3aHHE C yMeHbBIIeHHWeM dHCJIA
He3aBHCHMLIX HEePEeMeHHHX MM C JOOYIIeHUAMU O BIIOJHE OIpeje-
JIeHHON 3aBUCHMOCTH HCHKOMHEX (yHROHWH OT HEKOTOpPHIX H3 Hepe-
MeHHEIX, B3ATHX B COOTBETCTBYIONeil clenuaibHO BROpaHHOH CH-
cTeMe KOOPAMHAT YACTHOTO BHAA.

OgeBupHO, 4TO He BCEI[d, HO B HEKOTODPHIX
OpPAKTAYECKH NPHEMJIEMRX CJIYyd4afgX B CO-
OTBETCTBYIOIEH CHCTeMe KOODAMHAT pacCMaTpHBaeMEIe NBEKEHHA
H MHOTH® IIPOIECCH MOYKHO CYUTATH YCTAHOBHBIIHMUCHA. JTO I03-
BOJIAET HPH MCUOJIHL30BAHMH TOYKHU 3PeHuUA Jillepa COKPATHThL YH-
¢JI0 He3aBMCHMKX HePeMOHHHX HAa eJWHMIY, TAK KaK HCKJI0YaerT-
ca BpeMsa . JlnA ycraHOBHBIIUXCA [JBH/KEHHMI HadaJbHEE YCJO-
BHA 0 BpPeMeHH [ He HY»KHE, TaK KaK BO BceX ypaBHeHHAX JAA

Yceranosapmmuecs JBHGKeHHS
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YCTAHOBWMBINETOCA [BWKEHNA BHMAJAIOT YACTHEIE IMPOMSBOMHEE IO
BpeMeHH. ITO 00CTOATENLCTBO, KaK IPaBWIO, YIPOIMAET peIIeHME
MaTeMATAYECKAX 3anad.
IBmwxenre CIUIOMHON Cpefbl HA3KBACTCA
gg;g;onapammme . ABH-  II0CKOIIAPAJIITETLHLIM, 6CJIM MOMKHO BHOPATDH
OEKapPTOBY CHCTeMYy &, Y, 2 TaK, 9TOGH CKO-
POCTH BCEX YaCTHH CPeJH OKA3aJUChH [MapalieJLHBIMY IIOCKOCTH
(z, y), TpuIeM BCe XapaKTePUCTHKH [ABWKEHAA W COCTOAHHA Hpef-
cTaBasaAn 651 coGoM JyHKOMHM TOMBKO ABYX KOOPAWHAT I, Y W, MO-
ser OHITH, BpeMeHH f.

B sT0M cayuae mBuyKeHHe M COCTOAHHE YACTHUI CPEIH He 3aBH-
CAT OT KOODPAMHATHL Z, ABHKOHNE CPeJH HPOMUCXOAUT HAPAIJIENLHO
IIOCKOCTH (Z, ¥), ¥ ABMKEHHUA BO BCEX ILIOCKOCTAX, AP bHEX
naocKocTu (z, y), OMMHAKOBHL.

IIpeguomoskenne 0 IIOCKONMAPANNEALHOCTE TPHEMIEMO TOJLKO
B JACTHHIX 3aJa9aX, HalpUMep B 3aJa9e a3 POTAHAMAKE O JBIKEHHUU
TMePHeHJIKYAAPHO K cBoeil oOpasyiomeil 6eCKOHOTHOTO IMIMHADHI-
9ECKOTO KPHJIA B Ta3e MM JKUMKOCTH, B HGKOTOPHX 33/a9aX O BOJ-
HaX HA NOBEPXHOCTHA THAMKEIOH JKUIKOCTH, B pALe 3a1ad TEOPHUHA YII-
PYTOCTH, HAaDpUMep B 3ajade O DPABHOBECHN JINHHON IHIMHIPH-
9ecKOf GalKHW, molepeyHOe CeTeHMe KOTOPOil HAaXOJUTCA WO Jeil-
CTBMEM IIPOH3BOJLHO PACIOJOKEHHEX B €T0 IJIOCKOCTH BHEIIHEX
CTATHYECKW pPaBHHX HYII HATPY30K, KOIJ]a HATPY3KW HE 3aBH-
CAT OT WPOJOALHOA * KOODAMHATHI, a4 INEpPEeMemeHHs B IpPO-
DOJILHOM HANDABITEHWH  3aMpelieHkl YCIOBHAME  3aKpeIIeHWH,
7 T. [.

MaremMataueckas Teopusa 3PPeKTUBHOTO PeUIeHUA 337a9 O TIIOC-
KONApaJLIeAbHHX ABMKEHUAX CHJBLHO PAa3BUTA M IOJNOKEHA B OC-
HOBY MHOTHX NPHOIMKEHHBIX MCTONOB IS PeUleHAA MPOCTPAHCT-
BEHHEIX 3af[ad, KOT/Ia MPENONIOKeHNe 0 MIOCKONAPANIeNbHO cXe-
Me I WCKOMHIX Tolieil B TeJIoM HefefCTBHTEeNBHO.

B Boapmoil ycliex TeOPHH IIOCKONIAPalelb-
Eeﬂoc“:::ﬂ:”;i‘;mim ‘:lgj HHX [BIMCAOH HeCKAMAaeMOd SKHIKOCTH
cmﬁaemoﬁ oo CBSI3AH C TeM, 4TO JIA HOTeHNMAIBLHEIX TBU-

JKeHUH TOoTeHImax cxopoctw ¢ (r, ¥y, i)
ABJAETCSA TAPMOHMYeCKO! QyHKHUel:

i B ) @.1)

Il rapMommdeckoit QyHKIHM @ (z, ¥, ) MOKHO OIIpENIeINTH
CONPSKEAAYI0 TapMoHMIeCKYl0 ¢yHRmmI0 P "(z, Yy, ) coriacHO
ypasEeauaM Homwm — Prmana:

o e o _ o9
Oz (2.2)

Br dy ? oy
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a a
By (2, y, t)=— 5 dz+ SE dy. (2.3)

Ycnosue wunTerpupyemoctd (2.3) ofecmeduBaercs ypaBHEHHEM
(2.1). Odyarnus ¢ (z, y, t) HaseBaercsa @gynkyueldr moka. CoraacHo
(2.3) u ypaBHeHHAM JHAMI ToKa, = const BHOAb JI0GOH AUHUA
TOKA.

Har wussectmo, ma ocHoBanmu ypasHenumit Homu — Pumana
(2.2) MOmHO BBECTH AHANUTHICCKYID (QYHKOWID W KOMIIIEKCHOH

nepemMennoit z =z -+ iy, TAe i =}/ — 1:
wiE) =¢ @y t)+ iy b (2.4)

QOyarnua w (z, t) HazHIBAGTCA xAPAKMepUCmUtecKol PyHkylUeli.

3agauy 006 OTEHICKAHWE IOTEHIHANa CKOPocTed ¢ (r, ¥) MOKHO
CBECTH K 3a/[ate OIpefedeHHs XapaKTepUCTATIecKod GYHKIUT KOM-
IUIeKCHOIN IepeMeHHOM Z.

Hua pemenms »T10fl 3dKad1M OPHMBJIEKAETCS MOMIHHI ammapar
M MEeTOAH TeOpHH PyHKIOHH KOMIUIEKCHON NepeMeHHOH. IJTO MO3BO-
JfeT pemaTth MHOTO TPYAHHX 3a7ad W JAJeKO PasBMTH I'HADOIUHA-
MUKY HOTeHIUAJIHHKX IIOCKONAPAJIEIbHNX IBIKeHNH Hec:RIMae-
MBIX KUJIKOCTEH.

Jusa ycTaHoBMBIIMXCA ILIOCKOMAPAJIICILHEX JBIDKEHHA OCTa-
eTcAd TOJNBKO OfHA He3aBUCHUMas BelMYMHA — KOMIUIEKCHAsA Iepe-
MeHHafg z — & + 7y. 910 H06aBOYHOE OYEHbL CHILHOE NOITyHmIeHHe
Bceil Teopmu.

B meckonbko VCIOMKHEHHOM BHAE AaHAJIOIMYHEIE MeTOAH pe-
DICHWsI IIOCKHMX 3ajad, OCHOBAHHEE HA IPUIOKEHHAX TEOPHHU

- QYHKIuI KOMITEKCHON IepeMeHHOW, pPAa3BUTH B TeOpPUH YIpY-
roct (cM. 1. II, ra. XI).
Ba)XHEIM KIaccOM 3ajad ABJIAKTCA 3aladn
g‘é‘;";}:‘”e"'p“eme ABH- ¢ gaUUMeM 0CeBOil cummerpuu. B ocecuMm-
MeTpH4EeCKUX  3a7adaX  HpefIoJaraeTcHd,
9TO MOKHO BHOGpATh IMUIMHIPUIECKYIO CHCTEMY KOOpPAMHAT, B KO-
TOPOM CYIMECTBCHHHIMH ApryMeHTaMH MNCKoMBIX ¢(yHKOmi OyayT
TONBKO KOOPIUHATH 7, Z U ¢, a YIJI0Bag KOOpPAWHATA (¢ HEeCYmIecT-
BenHa. Bce ypasmenms u $opMyJIH, Jalomue pemieHHme, OyAyT
MHBAPHAHTHE OTHOCHTEJILHO IOBOpPOTOB Ha moGo#l yroa BOKpPYT
OCH Z.

B wactEOCTH, MHOTHE TpOoGIeMbl IPOYHOCTH W [BIKCHAA TEJI
BpAmenys, HampUMep 3a7a9u o TpyOax, Garax, coeuaabHEIX 0060-
JOYKAX W T. . WIK 3aa9M O IOCTYHATEJHHOM OBHKEHUN BHYTPH
JKUAKOCTEA M ra30B Tea BpamieHuA BJAONL OCH CAMMETDPUM HIH HX
BPAIICHNHE OTHOCUTEIHHO OCH CHMMETDPHH M MHOTO APYTHX 3aj1ad,
paccMaTpEBAIOTCA B PAMKAX TEOPWH JBUIKCHWS CINIOMIHKEIX CPeJ
€ OCeROii cmMMeTpHel. :

]
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Hnocxonapannenbﬂme " OoCeCHMMETpHYHbie [ABUKECHUA — HOpU-
MephI, KOF/la CYmMEeCTBeHHOe 3HAaYeH!We NMEIT TOJBKO [Be reoMeT-
pHYeCKHe KOOpPAMHATHI.

Ouomepute  neyeramomms- 4 L O meckan Ho
mhaeca JABHIKCHAA
OpAUHATA, 1}, HA3KBAIOTCA OTHOMEPHEIMU B~
meHuaAMu. K 3ToMy HasBaHWMIO J00aBIAETCA ele CIOBO «HEeyCTAHO-
BUBIIAECA», KOTNA BpeMs [ cymecTBenHo. MokHO mokasaTh!), 9TO
B KHIKOCTH OJHOMCDHHEE HEYCTAHOBWBIIVNECA NBIKEHNA, B KOTO-
pHX MepeMeMeHNUA HANpaBIeHH OPTOTOHAILHO K KOOPHEHHATHGHIM
OOBOPXHOCTAM 1 = CONSt, BO3MOKHEL TOJIKO B CIEfYIOUMX TpPeX
CIry9aax,
[[BHKeHE € MIOCKHME BoX- 1. IBmKeEWe ¢ MIOCKHMH BOJHAMM, T. €,
HaME IOBHJKOHME, OPH KOTOPOM MOJKHO BEIGpaTh
JEeKapTOBy CHCTEMY KOODAMHAT TaK, 4TO
CYMEeCTBeHHKMH HE3aBUCUMEIMU MEPEMEHHLIMH apryMeHraMm Oy-
OYT TOXBKO KOOPAMHEATA Z (Hanblle MOKHO HPUMEHATH 0003HaUCHHE
xz =r) m BpeMa {. B aToM caywae Ha maockocTH = const (mmoc-
KocTh ()asbi BOJNHL) BCE XaPAKTEPUCTHKM JBMKEHHA OJUHAKOBHI,
T. €. BCE IPOM3BOJAHBIE OT MCKOMBIX XaPAKTEPUCTHR ABIIKEHUA U
OpOTECCOB IO Y W Z PABHEL HYJIIO.
) A — 2. JIlpmmenne ¢ UHIMHAPHICCKUMH BOJHA-
CRUME  BOTHAMH MH, KOrfla MOKHO BHOPATh DUJIMHApPHIEC-
Kyl CHCTEMY KOOPAMHAT TaK, 4TO CYIect-
BeHHHMHE He3aBUCHMBEMHU e PeMeHHBMY apryMearaMu 0yayT TOIbKO
paccToAHME [0 OCH CUMMETpHHE I M BpeMs {. B aroM caydae Ha OH-
AMHIPHIECKEX NOBEPXHOCTAX 7 = const (moBepXHOCTH (as3sl BOJHE)
BCe XaPAKTEePUCTHRY ABM;KEHUA IMOCTOSHHEL, T. €. BCE INPOU3BOHEIE
OT NCKOMHX BeJWdHH IO Z M LOJAPHOMY YTIy ¢ PaBHE HYJIIO.
llemrenme co  cdepmue- 3. Ismxenue co chepruecKUME BOJIHAMM,
CKUME BOXHAMM KOTJla MOKHO BHIOparh cdepuueckylo cucTe-
MY KOODAMHAT TaK, 9T0 CYMECTBEHHEIMH
He3aBHCUMHIMU IepeMeHHRMY apryMeHTaMA OYAYT TOJIBKO PaccTod-
HHe ][0 HeHTpa CHMMeTpuu 7 m BpeMsa f. B sroM cayuae Ha cdepax
r = const (moBepxHOoCTE ()askl BOJHH) BCE XapPAKTEPHUCTHKU JBH-
MeHHA OJMHAKOBH, T. €. BCE NPOU3BOJHEIE OT MCKOMHX BeIWYHH
mo FoaroTe 0 m mmpoTe ¢ PaBHE HYJIIO.

MBorue BaxHBE TeOpeTHUeCKWe M IIPAKTHICCKUE 3a7adWm pac-
CMOTpeHH B paMKaX ONHOMEPHHX [BIDKeHu#, HaopmMmep 3ajadud
TEOPHH pACUPOCTPAHEHWA CBETOBHX H 3BYKOBHX BOJH, TEOPHH
B3DHIBHHX BOJH, TEOPHHU [ACTOHAIHH,

1) Cm.Lipschitz, Z.f. reine und angew. Math.,.100, 1887, ctp. 89.
Cu. raroxe I'' A. JI 06 m M 0 B, O BOSMOJKHNX BHaX OJHOMEPHHX HeyCTa-
HOBUBLOINXCA [BMKeHHH BA3Koro rasa, ¢6. N 19 «Teop. rmgpomex.», BHI. 7,
crp. 132, OGoporrms, 1956.



346 Ta. VII. O mocraHOBKe 3afad B MeXaHHKe CILIOINHOH CpeAh

Takum o6pasoM, yKasaHHbiE BLIl¢é YOPOmEHHA CBOTATCHA K
HCRJIOYeHNI0 OAHOI, ABYX MaAM JaMe TpeX (B YCTAHOBMBIIUXCA
ONHOMEPHHX JABWKEHHAX CYOmeCTBeHHA OfHa NepeMeHHas r, a
B HyJIb-MEPHOM ciydae AJsA HeyCTaHOBMBINUXCH ABMKEHMI — TOJIb-
0 OjHA MepeMeHHAaA ) He3aBHCUMEIX NIEPEMEHHEIX.

BaskHoe 3HaYeHMe WMMET pelienma, B KOTO-
PHIX yMeHBIIEHWE THWCJIa APryMEHTOB HCKO-
MBIX QYHKIUH gocTHraeTcsA 3a CYOT CYHMECTBEHHOCTH TOJILKO He-
KOTOPRX KoMOMHAIMI M3 He3aBHCUMEIX IepeMeHHLX. lIpuMepom
TAKUX pellleHWi SABIAIOTCA ABTOMOJIGIbHEE [BHKEHHA, KOTJA BMe-
CTO YeThblpexX IepeMeHHBIX Z, Y, Z, [ MOKHO BBECTH TOJHKO TPHU CYy-
MecTBeHHHX HE3aBUCHUMBIX apryMeHTa:

ABTOMOJCIAbHEIE  ABHREHHAA

x Y z
1* ? i ! 1
TAe o — HEeKOoTopas MOCTOAHHAA.

Jas ooHOMEpPHHX HEYCTAHOBHUBIIMXCH JBUKEHUN BMECTO JBYX
IepeMeHHBIX 7 M ! M aBTOMOMACJILHHX ABMKEHHI MOKHO BBECTH
TOJBKO OfHY INepeMeHHYI0 A = r/t*. Og4eBHAHO,4TO B BTOM GJIydae
YDPaBHEHHNA ¢ YaCTHEIMH ITPOM3BOJHBEIMM II0 ¥ W { TIepeHAYT B OOBIK-
HOBeHHHE ypaBHEHHUs ¢ OJHON HesaBUCHMoil mepemeHHOIA A.

Kaxk MuB yBuguM panbire, HaJdwdde aBTOMOAEIBHOCTH JIJIA HCKO-
MOTO peHIeHHA MOJKHO YCTAHOBUTD HEIIOCPEACTBEHHO, WCXOAA M3
HOCTAHOBKM 33afavud, ¢ IOMOIIBI0O COOOparkeHHil Teopuu pasMepHO-
creit. J{nsa sroro me TpebyeTcsa Aaske BHMUCHBATE YPABHEHWS JBH-
/ReHUA U TPaHUYHHE YCJOBHWA; JOCTATOYHO 3HATH TOJBKO Ilapa-
MeTpH M XapaKTepUCTHKHU, BXOAANKE B 3TH ypaBHEHHSA M YCJIOBHA.
UMen B BUAY 9TH c000pasKeHUsA, B HEKOTOPHIX CIydYafdX MOKHO 3a-
PaHee CXeMaTH3WPOBATH SIBJEHHE U IOCTABUTH 3ajady TakuM obpa-
80M, 9TOOH ONUCAHHEE YNPOMIEHHA MOYKHO OJIO IPHMEHUTH ¥,
B 9acTHOCTH, 9To0R HMCKOMOe pelieHue OBJI0 aBTOMOJEJHHEM.
ABTOMONIEIBHOCTh — BECHMA HEHHOE CBOMCTBO pelleHHsA, TaK Kak
¢ TOYKM 3PEeHMA TEOPHU CBeleHHe ypaBHeHHH ¢ YaCTHHIMH IPOM3-
BOXHBIMH K OOHIKHOBEHHBHIM ypPaBHEHHAM — 9TO y:Ke Goabpmoe Jo-
CTIJKEHHe, I03BOJIAIOmEe IOJYIATh JUCHCHHOe pelmeHme 33]add
GoJiee MPOCTHIMH METOJAMM.

§ 3. Jluneapusanun ypaBuenmii m 3aJa4 MeXaHHUKH
CILIOIIHO# cpeul

HemmneiinocTn mpoGaeM  OcHOBHHE YPABHOHWA MEXAaHUKH CINIOM-
MEXaHWKH CHOUOIMHOM CPEAB!  goji cpepnr,— BooOme, HelHMHEeHHEHE YpaB-
vennsi. HeaummefinocTs 8agad MeXaBEUKK

CILIOITHOM CpefH CBSA3aHA C TeM, 4TO MCKOMEE (YHKIHE BXOMAT

B ypaBHEHHs W IDAaHMYHHE YCJOBUA B o0meM ciaydae HexmHeliHO.
Hanpamep, B ypaBHeHmA Jitnepa (B BhIpa)keHue XJisA yCKOpPEHHA)
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BXOMAAT NPOM3BEleHuA U, (Ju,/dx'), a B cryuae NBIKEHHA CIKEMae-
MEIX CPeN IpY CHIBHHX W3MeHEHWAX ILIOTHOCTH Y JIABJICHHA B 3TH
YPaBHeHHA BXO[AT €Me HeJIWHEHAHEC TICHH —;—% .

Ypasrenua Maxcpenna nureREW ANA 0NOJA B IyCTOTE; HeJH-
HeHHOCTh BO3HUKAET 3a CYET B3AMMOEHCTBHA 3IEKTPOMATHUTHOTO
IOJIA €O Cpefoil IpH ydeTe YCIOKHEEHHOTO 3aKoHA OMa ¥ YCIOKHEH-
HEIX 3aKOHOB I DJNEKTPHYECKO!l NOoAApH3agWHd W HaMarHWIH-
BaHUA.

C HenuHe#HOCTHIO MCXOMHKX YPABHEHWH CBA3aHO HANHIME PA-
na ocobHx ¢pusmueckux 3PPeKToB, KOTOPHE B 06IMEM CIIyuae MMEoT
foxpimoe mpakTHdecKoe spadenue. CBOIMCTBO HEIMHEHHOCTH BHOCUT
foxpmue TPYAHOCTH B MaTeMATHIECKHE METONH HCCACOBAHUSA M
paspemieHus paccMaTpHBaeMHIX 3ajad.

B HexoTOpHX 3a7adax MeXaHHKHU CILIOIIHOH
CpefHl WCCae[yeMHEe JBUKEHHH W IIPOIeC -

OCHORHOTO  [(BY:KEHHA CH WMeKT XapaKTep MAalHX BO3MYH[eHUM

HEKOTOPHX COCTOAHUH pAaBHOBECHUA WU
OCHOBHOTO [BWKeHHSA.

Hanpumep, B ynpyrmx Temax (HeTadAx pa3iMdHEbX MADIMH U
COOPY:KeHuil) fePopMamum TacTO MAJK ¥ KOMIIOHEHTH TEH30pa Jie-
dopMamum, SBIAIHAECT B Je-

KapTOBOH cuCTeMe KOOPAMHAT OT-
BIedeHHHIMM YHCIAMH, HMEIOT

IOpAIOK [0JeH HOpPOIeHTa; 1103~ J

ToMy 6oJBIIOE pacmpoCTpaHeHUE

mojyumia JnHeinas TeopmA Gec- _

KOHEYHO MaJxeX pedopmanuii, B % /

KOTOPOH NIPOM3BEEHMAMHA MaJEIX /2__: 3/

BeJMIAH IpeHeGperaorT. y > —
B Teopuum BOOE B TsKenmoH / e

JKUIKOCTH JacTO pacCMaTpHBAIOT
TAKNS IBICHAA BOJEL, IPH KO- Pnc. 42. [[BmKeHHe TOHKUX
TOpHX CBOGONHAA WOBEPXHOCTH KPHUIBeB T Tel BpAIeHTA.
BOJEL MaJ0 OTINYAETCA OT TOPH!-

30HTAJBHON  ILIOCKOCTH — CIO-

KOHHOTO YPOBHA BOJL;, B 9TOM CJIYYae BeIWIMHBI abcoxOTHOM
CKOPOCTH M COOTBETCTBYIOMIMX IepeMemeHHH JacTHI BOJH MaJsl.

B aspogmHaMuKe 9acTo M3ydaeTcA [BH:KEHHE DA3MUYHEIX TOH-
KUX TeJ (KpHUIbeB, CHAPAJOB ¥ T. U.) B BO3AYXe B HAIPaBIACHUN HX
OCHOBHOTO pasMepa (puc. 42).

Korma yron makioHa cKOpOCTH IOJeTa K BJIeMEHTaM IOBEePXHO-
CTH TeJ MaJj, BTO [BHKeHMe BBLI3KBAeT B OCHOBHOH Macce BO3#yXa
MaJkle CHKOPOCTM BOSMYHmIeHHWS, OPONODPRUOHAJBHEE IPOHM3BENe-
HEIO ¢ROPOCTH TOJETA HA MaJHe YL HAKAOHA IOBEPXHOCTH Tela
K HaNpPapJeHWIO BEKTOPA CKROPOCTH IOJIeTa.
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IIpmMepoB, mOKOGHHX NEPEUMCICHEEM BHIIE, MOKHO YKAasaTh
ele 0YeHb MHOTO. Y KASAHHHE 3aKNIOYCHNS O MAJNOCTH BO3MYIMEHM
HCKOMHX (YHKOWH s mepeMemeHWH, CKOPOCTeH, BENWYHH IJIOT-
HOCTM, /aBJeHHS, TeMIEePaTyphl, XapaKTePHCTHK SJIEKTPOMATHHUT-
HOTO 1OJA X T, 1., Boo0me roBops, He CTPOTHE, & B OTHENBHEX Ma-
JHX 067acTAX MOTOKA OHH BCErHa MpocTO HeBepHH. OmHAKO BO
MHOTHX CIydafX 5HTH NIPefIOJOKEeHHA XOPOMIO OIPABJEBATCA
B TIaBHOIl, mpakTWyeckM BaykKHON o6IacTH.

Homeuno, nMeloTcs M Takue BasKHbe CIAyYad, KOTJA TOMYMEHVA
0 MANOCTH MCKOMHX (YHKOHHA COBEPMEHHO HENPHEMJIEMH H Tpe-
OyeTcs yUATHBATH CYMIeCTBeEHLE HeJluHeHHHEe 3QdeKThHL.

B rex cayuwasx, Korjga AOOyWeHWMe O Malio-
JmHeapusamus  sanay Me-  cyy poxoMHX (PYEKOME SABIAETCA IpHeMIe-
XaHARHA CIJIOMHOH  Cpeinl
MEIM, B TOCTAHOBKE 3aJlad MOKHO NPOH3-
BECTH JIWHEAPH3AWUIO, KOTOPAsl CBOAWTCA K CIERYIOIAM CymecT-
BEHHKM YIPOUIIeHHAAM: &
1. Ins nckomrix ¢yErOouil, DpHEEMaeMHX
B KavecTBe YYHMTHBAEMEX MAaJHKX HepBO-
TO IOPARKA, BCe YPaBHEHWS, MOMONHUTENLHEE COOTHONIEHHS TH-
na ypaBHeHHH COCTOSIHMS, COOTHONIEHWS, BHPayKalomue HATANb-
Hble ¥ IDAaHAYHEE VYCIOBUA, W T. I, BAMNCKHBAITCA B BHAE IH-
HeHAHIX YpaBHeHMI mocle HpeHeOpeKeHAsS MAaJRME MOPAXKA
BHIE, YeM TepBHIA.

JIlgpeapusanma  ypaBuenmii

2. Ilo mpepmomoscennmio pmedopmammsa rpa-
HWI OPAHAMAETCH MAaJoH, NMOSTOMY IpaEWd-
HEle yexosud Ha AedopMEDPOBAHHON MOBEpX-
HOCTH S, orpaEmumsatomeil oGmacTs 9, CHOCATCA IO HOPMANA K
rpaamme S, ob6nactm %), COOTBETCTBYIOMEdl OCHOBHOMY HEBO3MY-
MeHHOMY COCTOSHMWIO, HA S,.

‘ Taxum o6pasoM, mCkoMEle QYHKOHE ONPENeNAOTCA KAK pemie-
HOA JAHEHAHON CHCTeMH ypaBHeHHW# B M3BecTHOH ofmactm P, ¢
NMHeAHKNMEA TPAHAYHHIME YCAOBHAMHI HA N3BECTHON HOBEPXHOCTH
S, Io mafimernsM QyHEKOEAM OAS BOIMYIMEHHOTO JBYWKEHHS B
pesyabTaTe pemieHWS KpaeBoM 3ajaudM B NEePBOM NPHOIMKeHEH
MOKHO OIpelenuTh Maibie nedopMammm rpamunk S.

Hanpumep, niaA ynpyroro rena IepeMemeHAA ero TOUeR OIpe-
mensTca Kaxk QYHKOAW KOODAMHAT NyTeM pemreHHA JuaeHHEX
ypaBHennit B ob6macTh HemedOPMHAPOBAHHOTO COCTOSHHA ¢ JIHHea-
PU30BAFEKMHA TPAHAYHEGEIMA YCJIOBHAMHA Ha HemedopMUpPOBAHHOIN
TpaHWOe; oo HalileHHHM IepeMemeHNAM MOKHO BEIACIHATH Majihe
redopmManmd, a Takyke B MepBOM NPHGAMIKEHAW ONpeNeddTh BHJ
nedopmmpoBanmoit rpanwne. HampmMep, paceMarpuBasg, B dacT-
HOCTH, 3a1a¥y 0 Maxwx medopManmuax ynpyroro 6pyca ¢ 3ajemas-
HHM HEKHAM OCHOBAHWEM mOJ AeficTBHEM pacupe/eleBHHX CHI,
TPAaHHIHE® YCHOBHA MOKHO IHCATH HA Heneq)opunponannon o-
BepxrocTH S, Gpyca (pmc. 43).

JlmgeapusanuA  rpaEMYABIX
yeaormit
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B Teopum BONE Manoif aMININTYAH Ha HOBEPXHOCTH TAMKENOH
MENKOCTR IPaHHmYHEOe yCcIoBHe Ha cBoboxHO# moBepxmHoctH S (yc-
JIOBEe O IOCTOAHCTBE MAABJIEHAHA) CHOCHICA HA TOPH3OHTAIBHYIO
IJIOCKOCTh ), COBNAJAKNIIYI0 ¢ YPOBHEM MOKOSAMEHCA REAKOCTH
(pmc. 44).

Tlocne oTHCKaHAA JIWHEAPWSOBAHHOTO IOJNA CKopocTeil mo
OIIpeIeIeHARM CKOPOCTAM HAa TOPH30HTAABHOM YPOBHE S, MOKHO

Pme.  43. Yupyruit Puc. 44. K nmrReapmsaump mocTa-
6pyc mom peicTBueM HOBKY 3aJaY B TEOPHEM BOJH MAaJIOX
pacnpegeseHHnX CHII. AMILTATY/HL.

Hmxnee OCHOBaHNE
6pyca jKecTKO 3aje-
JIaHoO.

BHUUCIHTH IepeMemleHnA TOY4eK CBOGOMHOH HMOBEPXHOCTHA M TAKUM
oyTeM HAHTH ¢ TOYHOCTHIO O MAJHX Mepporo mopagxa gopmy cBo-
6oqHOIT B3BOJHOBAHHONW TMOBEPXHOCTH.

B inmmeapuwsoBaEHOH# asdpoguHaMmKe cJoxkHA"Z o6macTs 9,
3aHATAA BO3BMYIIEHHEM [BUJKEHMEM rasza, ¢ TpaHMNaMu, COBIA-
FAIOMUME C TOBEPXHOCTHI0 TOHKOTO KPHEIIA, 3aMEHSETCA BHEIIHO-
CTHI0 MJIOCKO# NJIACTMHKY, K KOTOPOR MO IPeNnoNo:KeHm0 GiamsKa
MOBePXHOCTh TOHKOTO Kphiia. I'pammumiie ycaosma o0TeKaHHH Ha
IOBePXHOCTH 00TEeKaeMOTo KpHJIA C yAep:KaHMeM TOJNHKO MAaJHX

TIepBOro NMopAAKa HepeHoCATCA COOTBETCTBEHHO Ha Pa3HKEEe CTOPOHH

naocKoi nnactraku. Ilocie 9T0T0 paccMaTpPABACTCA [[BAKEHES YKUJ-
KOCTH WJIN rasa B 0eCKOHEUHOM IPOCTPAHCTBE, a TPAHWYHAA IJIOC-
Kas IUIACTHHKA TPefcTaBlIAeTcA KaK MOBEPXHOCTH paspHBa JaBie-
HAA W CKOPOCTH; Pa3pHB [aBJIHHII YpaBHOBEIIHBAETCA NIPH 3TOM
BHEIIHVMMHA pPACIpefeJeHHHMH CHIaMHd, [eiCTBYIOMAMA HA KAJ-
KOCTHh HJIM T'a3 CO CTOPOHH KphuIa. B npmbamkeHHO# mOCcTaHOBKe
9TH CHJIH JeHCTBYIOT Ha KUIKOCTH MM ra3 €O CTOPOHH NIACTHHKH.
IIpm paccMorpenmnm ApmeHHA CeCKOHEUHOM RUIKOCTH ¢ PaspHI-
BOM CROpoCTefl Ha TOBEPXHOCTM PaspPHBA, COOTBETCTBYIOMEH KpH=
Jdy, HeoOX0[UMO BBOJWTH BHEIIEWE PACHpeNeeHHNe CHIHL.

3aMeHy BHYTPEHHOCTE KPEUIA 3KUTKOCTHIO IIyTeM BROJAGHEA pas-
PHIBOB H BHEIIHMX MNOBEDXHOCTHHX CHJ, PACHpeleJIeHHHX IO IOo-
BODXHOCTH KpPHJIA, MOKHO OPOW3BOIAT, M B TOYHOU HelmHeHHOM
TOCTAHOBKEe 3aNaqM.




350 Ta. VII. O nocranosxe sajaw B MeXaHHKe CIJIOUIHOM CPeAB

JImHeapu3oBaBHHE NOCTAHOBKYW COCTABJAIT OCHOBY TEOPWH
YOPYTOCTE B paMKax TeOpEE MaiHX Aedpopmanuit. ITta TeopHA
OOJIO}KEHA B OCHOBY BENHMKOTO MHOMECTBA METOJOB pacdera B TeX-
HUYECKHAX 33adax.

B aspogmmammke, HapsAy ¢ JIMHeapH30BAHHAHIMHE TeOpPHAMH,
OONYYHJIN IOAPOKOe pasBETAe HeAWHeHHB® TEOPHH, TaK KAk
BO MHOTAX CJIy4aAX BO3MYMIeHHA B IIOTOKe HEJIb3fA CIWTATH Ma-
JEIMH.

Teopuss BOJH Ha IOBEPXHOCTH THKEION JKMIKOCTH M MHOIHE

npo6JeMBl JeKTPOJUHAMUKE B APYrEX obxacteit GUSMKE pasBUTH
B paMKaX JMHeapU30OBAHHEX IIOCTAHOBOK 3ajad. B paMKax Ma-
TeMATHYECKH TPYAHOE TEOPHUH BOJH KOHEYHONW AMILIATYAH HA IO-
BEPXHOCTH TAKEJOH »XUMIKOCTH, KOIJa IpaHAYHHE YCJIOBWA HeJu- %
HeWHH ¥ J0/KHE yIOBJETBOPATHCH HA HMCKOMO# CBoGOTHOM TM0-
BEPXHOCTH, PAcCMOTpeHOo HeG0JIHIOe 4YHexo 3ajad.
Jlumeitarie nudpdepennmanbEble YPaBHEHUSA
obxamaT 3aMeUaTeNBHHM CBOICTBOM CYy-
nepuoguriuu pemeHuii, CyMMa HeCKOABKUX 9aCTHHX peIleHUH To-
JKe ABAAeTCH pemenmeM. J[iig HelMWHENHHX ypasHEeHWH 09YeBHIHO,
9T0 CYMMa YacTHHIX pemeHu# He sBiaAercs pemenueM. C moMOImbIo
00pasosaEmsd KOHEYHHX CYMM, PSAI0OB MM AHTETPAJNOB YACTHHIX pe-
MeHdH MOKHO CTPOWTH peINeHMsA AWHEeHHKX ypaBHEHUN MeXaHUKHA
CIIOITHO# CPe[H, COlep;KallEe IIPOM3BOJNBHNE (GyHKOUM W COBO-
KYIOHOCTH IIOCTOSIHHLIX, ¢ IIOMOIIBIO BHIGOpA KOTOPHIX MOIKHO YHO-
BJIETBOPATh HAYAJBHKEM, TPAHWIHEM W JAPYIAM YCIAOBHAM IIOCTA-
BJEHHOH 3ajagu. B ganpHeHImeM ME MPOMLIIOCTPHPYEM 3TO IIOJO-
;KeHHEe HAa OpEMepax.

Cynmepnosmnuda pemenmii

Cpesm 9YacTHHIX peImeHHd CHCTEM JMHEH-
HHX ypaBHEHHH, COJEpsRAIMIX YACTHHE
TIPOM3BOHKE TI0 BpeMeHX ! OT MCKOMHX QyEKUE, ¢ Koapdummen-
TaMH, He saBUCAIUME OT I, 6OJbIIOe 3HAYeHWE MMEIT pelleHUA
CIIEYIOMEro BHAA:

Crosaume BOIHLI

F = Reel [g(z, vy, z, ©)¢lot], (3.1)

rae [ = 'l/——— 1, ® = 0, ;- iwy — HOCTOAHHOE, BooOWmE, KOMILIEKC-
Hoe uncino, F — ucromiie ¢ymxmmm. Dopmyxna (3.1) ompepenser
3aBMCAMOCTH BeJWYMHH QYyHKOEA F OT BpeMeHH, KOMILIGKCHEIC
$yERDUE g (2, Y, 2, ®) XapaKTepH3YIOT PACIpPeeIeHue AMIIATYL
n $as mo TOYKaM MOpPOCTPAHCTBA.

9t  QyEKOUA 3aBHCAT OT <«94acTOTH® . IloBepxHOCTH
arg (g) =const Ha3kBaOTCA Pa30BHIMHA HOBEPXHOCTAMH; IOBEPXHOCTH,
Ha KOTOPHX |g|'= 0, HasznBaloTCA y3NaMH, IOBEPXHOCTA MaKCHEMY -
Ma Moy |g| HasmBalorca myuHocTAME. HomeGamua (3.1) MorkHO
Ha3BaTh crosumMd. IIpm crogumx KomeGaHmAX OGHYHO HORpasy-
MeBaetcd, 4ro B o6nacT® I MMEeWTCH YaNLL.
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B ppunoxeEMax o6HYHO paccMATpUBAIOT CToAYMe KojeGanud
¢ $a3oit, 0iMHAKOBOH BO BCEeX TOYKAX MPOCTPAHCTBA.

B HeKOTOpHX ciaydasX, HanpuMep HpH JKECTKMX 3aKpele-
HHAX B TOYKAX I'PAaHENK S, TPAHWYHEE YCJIOBHA CBOAATCSH K Tpe-
00BaHMIO COBHIafieHUA TDAHMI] C yajlaMu; B APYIUX CIydasaXx yciIao-
BHUA Ha ¢BOOOJHKX I'PAHMNAX MOTYT CBOJMTHCA K TPEGOBAHUIO COB-
HajieHdsd Y9YaCTKOB TPAHMI[ ¢ IYIHOCTAMM. [ paHHYHEIE YCIOBHMSA
HAKJIa[bIBAIOT, BOOOOmie rOBOPH, OrpAHWYeHHA HA JONYCTHMEIE 3HA-
d9eHHA 4acTor ®. Ecad @ = ©, [AefcTBUTEABHO, TO 3aBHCUMOCTH
(3.1) MCKOMHX BeIHMYMH OT BPEeMeHH Hpe/CTaBIACT Cc000{ rapmo-
HHYeCKHe Koxe0aHHA ¢ DPAa3IMYHHMU aMOIUTYXaM# u ¢, Boobmie
TOBOPHA, CABHHAYTHME (a3aMy B PA3IUYHHIX TOYKAX M [Js pasiud-
HHX Beywdur. Hpu magwanu pasenctsa (3.1) mpoGieMa cBOSHTCH K
oupefenaenuio GpyErnumit g (z, ¥, 2, ®) # vacror w. lpm w, <0
IPOMCXOUT HapacTaHMe aMIATYH, HpE ®, > 0 — saryxamue.

s nunedHKX ypaBHeHUH MO;KHO cTpodTh Goliee o0mue pere-
HUA ¢ moMombio MeToxa (Pyphe, COCTOAMEr0 B CYyNePIO3UNUL CTOA-
9ux KojgeOamumi Buga (3.1) ¢ pasamYERME ©, KOTOpHE B OJHHX
3a7a9aX MOTYT HPUEMMATHL HEKOTODHE AUCKPETHHe 3HAUCHHS, a B
Epyrax o6pa30BHBATL HENPEPHBHOE MHOMKECTBO.

JpyruM BasKHLIM 9YaCTHHM BHOM peIleHHi
JUHEeHHHX ypaBHEHHIl ABJAITCA peIIeHES
THIA He3aTyXalome#l mporpecCHBHOM BOJHH CIeTYIOmMEro BUAA:

F(z,y, 2k, o,t) = Reelg (y, 2, k, 0) im0, (3.2)

e k m @ — mocTosAHHEE AeHCTBATENLHBE UHCHIA, £ — HEeKOTOpas
KoMOznekcEas GyEknma. B o0mem ciyuae mMeercs HeKOTOPOe MHO-
FKECTBO JOLYCTHMBIX SHAYeHUN © M %, HpUYeM BeJHyuHA £ MOKeT
ONIpeAeNATHECA B 3AaBECHMOCTH 0T ®. Pemienme (3.2) cooTBeTCTByeT
IIePUHOAMIECKEM pAacIpefeJeHUAM IO CHHYCOUJIAM ¢ DPa3INYHEIMHU
dasaMuE MCKOMEIX (YHKIHA — 110 KOOpAMHATEe I B BPeMeHH ?.

Qurcuposannne sHaueHms O¢yEKNuiA F pacmpocTpaHsioTCA
BIOJE OCH £ CO CKOPOCTHIO ¢ = o/k. Benuwamea ¢ HaswBaercd CKo-
POCTBI0O pacmpocTpaHeHHA NPOIPECCHUBHOH BOJHH, B AAaHHOM CIYy-
Jae CHHYCOMIANLHOHW BOJHEI.

Ecam ana pasnwupgux o #WiIx £ BelWdMHA @ pasjndHa, T. 6.
a (k) == const, To MMeeT MeCTO AWCHepCHA BojaH. BoxHET pazama-
HOM JIEEE pacopoCTPAHAIOTCS ¢ Pa3IHYIHON CKOPOCTEIO.

Jasa maocKoit CHEYCOMIAABHOM IIPOTPECCABHON BOJHH, PAcIpo-
CTpaHAWmEHc B HANPABICHHA BEKTOpa % = %1 -+ %,J + %3k,
BepHA opMyaa Buaa

Hporpeccasarie BOMHLL

F = Reel Aeitx-r-ot), (3.3)

rge A — mocroAmHAax, a 7 — pajgmyc-BeKkTop. CropocTh pacmpo-
CTpaHeHHA BOJIHLL B 9TOM CiIydae onpefeinecHa opmyioii a = of[x],
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B o0meM caydae MpOrpeccHMBHON BOJNHe HE CHEYCOMAAIBHOI
GOpPME ¢ MNIOCKUMH HOBEDXHOCTAMH DABHHX (a3 COOTBETCTBYIOT
pelreHns BHUIA

F=f(x-r—ot). _ (3.4)

Ecanm % m © — mocTosiEEHe, TO IIOCKAA BONHA PACHPOCTPAHAETCS
BJOJIb HANDABICHHUA BEKTOPA ¥ KAK TBEpP/Oe TElI0; €CAU % H @ —
OYHKIEE COCTOAHEA YaCTHI, TO PA3HEIE COCTOAHHA pacHpOCTpaHA-
I0TCS ¢ PA3dIMYHOM CKOPOCTHIO, U M09TOMY (opMa BOJHE HA rpagu-
Ke 3aBHcuMocTH QYHKIUY f 0T KoopjpuHaT 6yaeT fedopMupoBarses.
B mekoToprx dgacTHHX CHyYasX MOKHO
O mgeapusamEh ¢ MO0~  (op gaxuWx-Au00 TpUOMMKeRWit mpeobpaso-
MOIMpI0 cCHeNHAJbHBIX IIe- . <
peMeHnLIX BaTh HeJWHeHHLie YPaBHEHUA K JHHEHHHM
myTeM mepeXofia K HOBBHIM CHEIMUAJLHO BHIG-
PAHHHKIM HE3aBHUCUMHIM [E€PEMeHHEIM.
JlmHeapwmsamusa TAaKOro THa BCTPEYAETCA B TEOPH YCTAHOBHUB-
muxcsa 0apoOTPONEHX ILNIOCKOIAPAIENBRHX NMOTEHNMHANbHEX IBH-
MeHHH rasatl).

§ 4. YcuoBasi HA LHOBEPXHOCTAX CHJIBHBIX Pa3pHIBOB

O nosepxmoersx paspuBa  J[o cuX IOpP IPHW BBeJeHUM OCHOBHLIX IIOHS -

B MCXAHHRE  CIIOIIAOM  |y{j y ppy yCTAHOBJAGHMH CHCTeM YpakHe-

Cpeart HU{, CBABAHHHX € MOJIeJIAME CILIONIHEIX

cpex, ipeamogarajoch, 4ro B obaactu 9,

3aHATOH Cpeaoil, B TOYKAX KOTOPOH [OJYKHE BHIOIHATHCA CO-

OTBETCTBYIOIWe YpaBHEHUA, 33/aBaeMble M HCKOMEHE (QYHKINH

HeNPEPHBHH W NMEIOT HYKHOE YHCJIO0 HEOPepHBHHX IIPOM3-

BOJHHIX.

Takoe npenmnojoskeHWe ABAAETCA OYeHB CHIBHHIM OrPAHNTE-

HHEeM, HeOPHeMJIEeMEIM B DAJe BayKHEX IPUJIOKEHMI HA IpaKTHKe.

HeficteurenbHo, HampuMep, IPH paccMOTpeHUW 3zajgad o Bubpa-

MU CHCTEME, COCTOAMEH M3 UAealbHON KUAKOCTH 1 MOTPY/REHHEX

B Hee yHIPYTHX TeJ, HEOGXOJUMO PACCMATPUBATHL B3aUMOAEHCTBYIO-

mue CIUIOMIHKIE CPeAH ¢ Pe3K0 paziImdalomEMUCA CBORCTBAMM W Xa-

pPaKTepHCTHKAME JBMkeHNs . Ha moBepXHOCTAX pasfena 3THX CpeX

TaKle XapaKTePUCTUKH COCTOAHWH ¥ JIBWKeHHH, KaK TJIOTHOCTD,

CKOPOCTH, MepeMeIennsd 1 T. il., MOryT OHTH BooOIIe PaspLIBHEIMEA
OVHKOUAMY KOOPIWHAT.

B srom npuwmepe npm usyveHHW HEUPEOPHBHHX XBW:KeHUHA

JREAKOCTH M YOPYTHMX TeJ II0BepPXHOCTH paszlelia MeKIY HAME MOXMK-

1Y P n M a B, PacnpocTpaHeHNe BOJIH KOHEYHON aMmaATyAu, CounHeHwd,
Tocrexmapgar, 1948. P. Molenbrock, Archiv Mathem. und Physik,
Grunde Hoppe, cepua 2, 1.9, 1890. C. A. Y ana e r 7 &, O ra3oBHx CTPyAX,
Cobp. cou., 1. II, Tocrexmsgar, 1948,
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HO paccMaTpHBaTh KaK IOBEPXHOCTH DPasphiBa, HA KOTOPHX Heo6-
XOJMMO BHCTABIATH AN HCKOMHX (YHKIUA clenualbHLE YCIO-
BHA, HIpalomue poib KPaeBHX YCIOBHH Ha BOOGMme IOABHMKHBIX
I HeH3BECTHHX sapaHee rpasmmax. C ogHAM mOJOGHLIM HPOCTHM
yCcIoBEEM MH HO3HAKOMUIHNCH B § 1 aToit raasm. B ofmem cayuae
TAKOTO pOfia YCIOBHA HA IIOBEDXHOCTAX DA3PEIBOB MOTYT HMETh
6OIIC2IOIKHYI0 IPAPOLY, HAIpUMep, HAa MOBEPXHOCTH B3auMOfei-
CTBHA ¢ BOROH Taromero mid, HaoGOpOT, HaMep3alomero Jabjia, IMo-
TDYKeHHOTO B BOLY, WJIM HA IOBEPXHOCTH B3aMMOJEHCTBHA BO3LY-
Xa ¢ IpoAYKTaMH TOpeHHA IIOPOXOBOIO 3apAda, ABIGKYIIETOCA H
ropamero B atMmocgepe.

HKpome noBepxHocTeil paspuBa, 11O PAasHEIM CTOPOHAM KOTOPLIX
JJA ONWCAHMA JBUKEHHA cPej HCIOMB3YIOTCA PA3HbIe MOJIeNH, IPH-
XOJATCA TAKKe pACCMATPUBATD TAKHWE MOJBYKHEE ITOBEPXHOCTH
Pa3PHBOB IIOTHOCTH, CKOPOCTH, AABJeHHA, SHTPOIMA 4 T. H., C
PA3IMYHKX CTOPOH KOTOPHX CINIOIMHAA cpefa [OJKHA paccMaTt-
PUBATHCA B PaMKaX ONHON Mofenu (HaIpmMep, MOAEIH HIeaABHOTO
COBEPIIGHHOTO Tasa).

B psape samau rasoBoii JWHAMUKHM Aid HOeaNBHOTO COBEPIIEH-
HOTO rasa W BO MHOTHX APYTHX CIy9asXx TpeGoBaHHMe HEIpPEpHIB-
HOCTH 0 KOOpPAHWHATAM HNCKOMHX pelleHuii B obmactu 9P, samaToi
cpeyof, TpUBOMUT K OTCYTCTBMIO CYIMeECTBoBaHWA pemeHmii. CHsA-
THe Tpe0oBaHMA HENPEPHIBHOCTH M [ONOYINEHHe  KYCOYHOM
TIaJKOCTH HCKOMEIX pemeHWil ofecIeYnBaeT IPH COOTBETCTBY-
omeil mMOCTaHOBKe 3afa4d CYIMECTBOBAHMEe M eIUHCTBEHHOCTH
pemenusa. Ilomyualomuecsa paspHBHEE peIIEeHHA MOTYT XOPOLIO
COOTBETCTBOBATh peadbHHEM sderraM, HabmogaeMblM Ha IIpak-
THKE.

OxasmBaeTcs, 9TO Ha IOBePXHOCTAX pPa3pHBa, COXPaHAIMMUX-
¢A B KadeCTBe H30JUPOBAHHHX IOBEPXHOCTEH, OTHEINAOMHAX 06ia-
CTH HEOPEepHBHOCTH IPONECCOB, MEKIY XapaKTepHUCTHKAMH
JBWKeBHA K COCTOAHKMA HA PA3IHYHHX CTOPOHAX MHOBEPXHO-
cTeil paspHBa MOJIKHE BHIOOIHATHCA HEKOTOPHE YHHBOPCAIBHEE
COOTHODIeHHA. 3Hech MHl yKaykeM o0mue MeTOOH [IA IOIyde-
HEA TaKHX COOTHOMEHWH M YCTAHOBHUM 3TH COOTHOIEGHWA PaKTH-
YeCKH.

Janbueiimpre BHBOJE YCIOBHH HA IOBEPXHOCTH CKaYKOB OCHO-
BaEH Ha [OIYMEHHAX, YTO IOBEPXHOCTH Da3pHBa CYMIECTBYIOT;
BOIIPOC O JEHCTBUTOJNHHOM HAJWYMH II0OBEPXHOCTeH paspHBa B
HCKOMOM KOHKPOTHOM pelleBHE — CIIeNUAJBBHIE BONPOC, CBA3AH-
HHil cO CBOHCTBAMH NIPHHATOR MOJEIH M ¢ MATEeMATHYCCKHAMM 0CO-
GeHBOCTAME paccMaTpHBaeMoil YacTHOH 3ajavum.

PasphBHEE pemeBUsA MOMKHO PacCMATPHBATE B IPHOIMKEHHEIX
MeTo/|aX pelIeHms s yIpoImeBHWA 3a/a4 W JUJIA IOXyJYeHUsa dPdek-
TUBHHX pemeHH#l X B TOM clydae, KOT[a BeNpePHBHEE pelleBuA
TAKKe CyMmecTBYIOT.

12 JI, ", Cepon
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O paspweHOM pBmienuH  XoTA Ha IIPAKTHKG JACTO PACCMATPHUBAOTCH

Kag  Tpejene = HeHMPEpRIB-  ypinyepyg CHAOMHEKRX Cpefl ¢ HOBEPXHOCTH-

:z; ;‘(ﬁf‘“‘;";imi‘?onggg ME PasphBa H UPH3HAETCA WIOJOTBOPHOCTH

TaKHX LOJXON0B H pEMIEeHHH, CYMecTBYeT

pacnpocTpaHeHEHAst TOYKA 3POHMSA, YTO IpH

ONACAHUY pPeaJIbHHX ABJIeHMI B pPaMKaX MeXAaHMKHN CILIOIIHOH cpe-

Il MOJKHO W, BooOme rosops, HYKHO pacCMAaTpMBaTh TOJBKO He-

npepHBHEHE JIBIKCGHNA. B ciyuasx, Korja HempepHBHOE pelIeHNe

He CYIIeCTBYeT MM mepecTaeT CYMECTBOBATH HAYUHASA ¢ HEKOTOPO-

T0 BPEMEHH, [IA HOJyYeHHUs HeIpepHBHHX peHNIeHHmH HeoOXO0quMo

ofpamaTtscsa K ApYyroii, Goiee CIOKHOH Mofead, He0OXOJHEMO BBO-

OUTh B YPaBHEHHUA ABHMKEHMA NOMNOJHUTEIHHEE WICHH M COOTHO-

IMeHUA [IIA y9eTa B TOHKUX CJAOAX BEYTPH WIH Ha rpamume ofaacTn

% puccHuaTHBEHX 3Q(eKTOB, BO3HMKAIOMUX 338 CYeT PE3KHX rpa-

JUEHTOB B DpaclpefielIeHUM CKOPOCTei, TeMIeparyp, IJIOTHOCTeii,
MaBJIeHUR U T. II.

Hanpumep, MosxHO yKasaTh cayuau, Korga HeT HeOpepHBHOIO
pelleHMsA IOCTABJEHHOH 3ajauw JiAA ypaBHeHWit Jilepa B paMKax
MOAENE HAeaJbHOTO COBEPIIEHHOTO Taza, HO €CTh HEIMpPepPLIBHOE
pellleHNe ¢ Pe3KMMHI HaMeHEHHSAMH HAapaAMETPOB ABUKOHHMSA M CO-
CTOAHNSA B TOHKKX CJIOMAX s ypaBHeHHIT emkennsa Hlaspe — CTok-
ca B paMKaX MOJEJIH BA3KOIO Tasa.

Hceneosanue HempepHBHHIX pelieHuil, oT-
BeUalmuX paspHBaM B YIPOmMeHHO# Mo-
Jledu, S YCJOKHEHHON MOJeNd COCTaBiser NpobieMy ycTaHOBIIe-
HESA CTPYKTYPH cKauka. CymecTBOBaHMWe pelIeHNs, €T0 eJUHCTBEH-
HOCTh U (JaKTHIECKOe paspelieHUe 3a[add O CTPYKTYpe Pa3PHIBOB
CBSIBAHH €O CIOCO0AMH BBefeHUA YCJIOKHOHHHX Mofexei. B cay-
gaAgx GoJBIIOr0 YHmCIa MCKOMHX (YHKOUil MW HEeIWHeHHHX ypas-
HeHHH mpomeccoB 3ajada O CTPYKTYpe — BooOme TpyAHAs MaTe-
MaTHIeCKas 3ajada.

IlpuMupenne TeopWE HempepHBHEIX IEePeXOJ0B C Teopueil, B
KOTOpO#l IOJNY4YaloTCA M M3ydaloOTCA PAa3pHBHEE pemenms, 060cHO-
BHBAeTCA JONYIIEHAEM O BO3MOKHOCTA NOJIYICHAA PAa3PHBHEIX
pelleHWil B paMKax JaHHON IOpPOCTOH MOfeNH Kak Ipefesia Hempe-
PHBHHX peIleHUH TOH ke 3aJjaYd A LOCHeT0BATENLHOCTH yCJI0HK-
HEHHHIX MoJeledl NIpH HENpPepPHBHOM mepexofe Koa(PHIMeHTOB
B YPaBHEHMAX [BW;KEHUSA YCIOKHOHHON Mofedd K KoddpmimeHTaM
ypaBHeHMiT ynpomeHHO#A Mopenun. HanpuMep, OpH ycTpeMIeHHH
Ko3p¢unmeAToB BASKOCTH K HyI 0 ypasHennms Hasne — Crokca
IJIA BASKOTO rasa NePeXofAT B ypaBHeHms Jinepa OiA MAealbHOTO
rasa.

IIpo6Gaema cymecTBoBaHuA W €JUHCTBEHHOCTH LPEAEABHOTO Ie-
pexofia IaA COOTBOTCTBYIOIMX pelIeHMmI — CJ0KHASI MaTeMarmiec-
kaA mpobieMa, TaK Kak (aKTHIeCcKoe OTHEKaHWE TaKOH HmOCiIeRo-
BaTEeJNBEHOCTH PelIeHUH, KaK Npapuio, 3peKTABHO HeoCyMmecTBAMO,

CrpyrTypa pasphaisos
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YcaomxaeRRRR Moneﬁn OIECHBAITCA GoJiee CIOKHHMHA ypaBHe-
HEAMH, EMEIOmMEMEA (oJlee BRHICOKHH NODAJOK, NIpHYEeM B paccMar-
pHBAGMOM TNpefeJbHOM mepexoje B AEPQepeHNHANBHEX ypaBHe-
HAAX ¢ YACTHHME NPOM3BOJHHME B mpefere o6pamanTcA B HYJIb
K03 UIHEHTH OpH CTAPIIUX NpoE3BOAHKX. Tak, RampmMep, o6¢TORT
Jeq0 TpH Oepexoie OT YPABHEHWH BABKOU KUJKOCTH K ypaBHe-
HEAM HIEaNbHON KENKOCTH.

IIpm mepexone oT JAaHHOA Mojienw ¢ Pa3PHBHEIMHA DEIIEHUAME K
VCIOMHEHEHEIM MOJEIAM ¢ HeIPEePHBHHIMHA DEIIeHAAMHA YCJIOKHEH-
HEIe MOJEJE MOKHO BBOJMTH HO-pasHOMYy, 6paTh pas3IMYHEE 3a-
KOHH JHCCHOANMHA, PA3JIudHEM 00pa3oM HEJIHHCHHYI0 BA3KOCTh U
T. 1. Bo3EMEaeT BompoC 0 HE3aBHCHEMOCTH IPEJ@ILHOTO NepeXopa
OT BBEJIEHHS BCIOMOTATEILHHX YCJOXHEHHHIX MOJeNei.

B pamMrax QuUKCEPOBAHHOH# MOJEJIX 3TH

PaspuiBmsie pemieHmA KakK  ponpochl pemAalTCA HECKOJABKO OpPOme JJiA

upefie;bi HEIPEPHIBHEIX B
paMEax (pERCAPOBAHHON MO-

nexm

TAKAX COeNUANHHHX CHCTeM YpaBHEHHIA,
KOTOpPHE [JONYCKAIT MOCJIEI0BATEIBHOCTH
HEIPEePHBHHX pemeHdli, CTPeMAMUXCA K
JAHHOMY LPEefleIBHOMY paspHBHOMY [BM:KeHHIO. TaKoe mONOKeHmE
BCTpeYaeTcA [ HEKOTOPHX CHCTEM JMHEHWHHX YpaBHEHWYU C 4acT-
HEIMHA IPOM3BOJAHEIMA. ONHAKO TaKOe IOJOKEeHWe 16l MMEeET MECTO
He BCETJIa JaKe B Clygae CHCTEM JHMHEHHEIX ypaBHEHHWA. JTO CBA-
3aHO C TeM, 9TO pa3pHBHEE ABIKEHHAA BooOmEe HeoOpATHMH M
XapaKTepU3YWTCA KOHEYHKEIMH NOTEPAME MEXaHMIeCKOH oHep-
THM JlazKe TOTNA, KOrja HeIpepHBHNE [BIMKEHEA BooOme o0pa-
THMEL.

Hanpumep, B'ciyuae BenmHei#HHX ypaBHEHWI ra3oBoil [@mHA-
MHEKZ [J0A afmafaTHgecKMX OpPOmeccoB Boolme He CYmecTBYeT
IOCJIe0BATENIBHOCTY HENPEPHBHHEX PEMeHHH, CTPeMAMMXCA B
mpefielie K paccMaTpmBaeMoMy ajuaGaTAYeCKOMY HeoGpaTAMOMY
PA3pPHIBHOMY DpeIIeHHIo.

Ilonyuenme mpefeNbHEX pPAa3pHBHEX [BH-

Pa3zpriBnnie pellieHAs Kam 3 .
npen HelpepLIB ¢ ~CHOHHE M COOTBETCTBYIOIIUX VCIOBHU HA
HOX O/ ATIMA pHemEmump PA3PHIBAX BO3MOKHO emle CJIEeAYIONUM ITy-

Bo3[IeiicTBHAMA teM. MOsKHO paccMaTpmBaTh NOCJe0Ba-

TEJIBHOCTA HENPEPHBHHX JBWXKEHHA IJd
JOQHHOH CHMCTeMbl ypaBHEHHIi, B KOTODHX B TOHKHX CJIOAX C Hempe-
PHBHEIM, HO Pe3KHEM H3MeHEHWEM XAPAKTEPHCTHK JBH:KEHHS, BBO-
JATCA TOAXOAAMYe BHEIIHHEe MACCOBHE CHJIH, BHEITHHO NPHUTOKH
TeImJa M JIPYrHX BHUAOB 9HePruu. J3aTeM IIPOBOAATCA TIpeledb-
HEI¢ NePexXo/ibl, B KOTOPHX CyMMapHHe XaPAKTePHCTAKY BHEITHHX
Bo3JleficTBHil 1mb0 cTpeMATCA K HyJ0, Au00 MMCIOT 3aJlaHHGe 3HA-
YeHWe B 3aBHCHMOCTH OT CBOHCTB pasphlBa IO CMHECAY H3y4aeMom
3ajiaud (Hecymas HOBEPXHOCTb B a3pOJMHAMEKE, MOBEPXHOCTH Tell-
JIOBHICJIGHAA IPA TOPEHHME B TOHKOM CJI06 WJIH IpPHM KaKo#-Imbo
Ipyroi XAMEYeCKOH peaxmuy ¥ T. I.).

12*
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TaxmM ofpasoM, onmpasch HA YpaBHEHuUs IPONECCOB Jid AaH-
HOI MOflelId, MJIHA HA CHCTEMH YCJIOKHEHHKX YpaBHGHHH s «bams-
KUX» Mojelleil, Miu ¢ mMOMOMbBI0 MCKYCCTBOHHHX BHENIHHX BO3JeH-
CTBEH, BCAKMIA pa3 ¢ MOMOMBI0 HEKOTODPHX JOUNOJHHTEJBHO SABHO
dopMyampYyeMHX Wid HeABHHX JOOYINeHWH, MOKHO B0OGINe BBO-
IUTh JBYMEHWS C PagpHBAME KAaK IpeJelH HOOPEDPHBHHX [[BHKE-
HOA W OONYyYaTh YCJIOBHA HAa pa3pHBAX.

JInisg H\AIIoCTpamEE  CMEICAA BOIPOCOB O
COOTHONICHUAX MY HONPePHBHEMA N
Pa3pHBHBIMA peLIeHWAMH PACCMOTPHM Cle-
OYIOIMYI0O JK30THUCCKYIO 3a7ady O ABWKEHUH B DYKAaX :KeCTHKY-
AUpPYIOMEro TOCTA MEXaHWIeCKOM CHMCTEeMH, cocTofamell m3 Gokala,
HAJIATOTO B HET'O BHHA X KYCOYKOB JbJa, miIaBalomux B BiEe. CTeH-
Kd GoKajla W IpaHUOE PAsiena MeKAy JBJOM M BHHOM, OYeBHL-
HO, Tenecoo0pasHO paccMaTpPUBATh KaK IOBePXHOCTH pa3pHBA
HJIOTHOCTH BEIecTBAa. B 2TOM ciaydae, jake IPH OYeHb ASTaIbHOM
MEXAaHHYCCKOM MCCJAGIOBAHME B PAMKAX TEOPHH CILIOIIHHX Cpef,
BPAJ 1M HYKHO BBOJUTH TOHKHE CJON ¢ HEIPEDPHBHHM H3MeHeHUEM
IJIOTHOCTH, XOTA HeJb3A COBCEM HCKIIOYATh NOM00HBE TDAKTOBKM.
HKax B pTOoM mpmMepe, TaK M BO MHOTHX /[PYIMX «IPAKTHYECKH
Gosee BaKALIXY caIydasax (3agasy o G0Kaze ¢ BHHOM MOKHO 3aMEHNATH
Gollee AKTYaJIbHOM 3amadeil 0 NBUKOHHM TOILIMBA W TA30B, B3AMOJ-
HAIOMNX OakW paKeTH, JeTAmeH B KOCMIYECKOM IPOCTPAHCTBO)
0 HeIpepHIBHHX pelIeHHAX MOKHO TOBOPUTH TOJIBKO ¢ CYTy(o Teo-
permdecKod TOYKHM 3peHHA, KaK 00 WMCTOYHWKe NONy4eHHA pas-
JINYHHX KPHTePUEB W TOHNOJHUTEJBHHX COOTHOIMEHWH HA PaspHBAX
nIu kKak o6 OCHOBaX AJIA ONMEHKY PealbHOCTH W OPHUTONHOCTH (ax-
THYeCKH OMpefeleMEX PA3pPHBEHX pemenuii. Kcam 6w Mu ocTa-
BaJIMCh TOJNBKO B paMKaX YCJIOXHEHHKIX TeOPHH ¢ TOHKMMHE CIIOSMM,
Pe3KuX, HO HeNPEPHBHHX H3MeHEHWI IapaMeTpOB ABWKEHUA U
COCTOAHMS, TO HE MOTJI0 OB OHTH W PeYd 0 MOAyIeHAN GaKTHIeCKIX
pemeEmi MHOKECTBA 3a7a1Y, Y€ PEIIeHHHX ¢ MCOOJb30BAHIEM
BHYTPH M HA IPAHMOAX CIJIONMIHON CPEJH MOBEPXHOCTEH pa3pHBOB.
Hyxpa B Taroro poma mpejeibHEX mepe-
Pour  mETErpa;bEBIX  8a-  y,nay OTHAfIaeT, KOTHAa OCHOBHHE (u3m-
KOHOB Jifl ONpENeIcHAT MO-
fierm YeCcKHe ypaBHeHmA (QOpMYyImpYyIOTCA B HH-
TerpajbHOM BUJe, B KOTOPOM HEHOPEPHBHOCTH
NCKOMHX (YHKNWi, mo cymecITBY, He HoapasyMesaeTcsa. HHTer-
panbHas (GopMyIHpPOBKA (U3WYECKHUX B3aKOHOB TOJHOCTHIO SKBH-
BaJeHTHA AuddepeEnmanbHOi HIA HeIPepHBHHX HpPONECCOoB. Jas
PAspHBHHX INPOHECCOB MHTETpadbHAA (GOPMYyIHpOBKa 06aajaer
Goapmeil OOMEOCTHIO.
OnHaxo mp¥M WCHOJB30BAHWYW JAJA BHBOJA YCIOBHA HA paspH-
BaX HHTETPANBHEHX (POPMYAMPOBOK 3AKOHOB IBIKEHHA W COCTOA-
HES CPEIH TaK:e HeBO3MOKHO 000#THCH Ge3 MOIOIHMTEIBHHX IH-
ooTes, B JACTHOCTH, Heo0XOMMMO PAaCMIMPATE DAMKH, 00paTHMEIX

O nenecoofpasnecTH H3Y-
9eHHsA Pa3phIBHBIX peleHmi
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BASX HA paspmBax

'O pemrennnm. 3ajaqd B Riac-
ce KYCOYHO-TJIafkux (yHR-
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A HeoOpAaTHMEIX Mojielell, Heo6XoMMO BEOJNTh M JONOJIHHATEIE-
HH# 3@PeKT pocTa DHTPONMYE B YACTHIAX, NPOXOMAIHAX Hepes IIo-
BePXHOCTA CHJABHEIX PaspHBOB.

K crasagsoMy Brme HeoOxoguMmMo H00aBUTH
coo0paskeEHA O CBOMCTBAX YCTOMIMBOCTH
CHIBHEIX PaspEBOB. [exo B TOM, 4TO HA
HEKOTOPHX CHJIBHHX paspHBaX MOTYT BHIOJHATHCA BCE YCTAHOB-
JgHHEE HIKE YCJOBHMA H B TOM YHCJE YCJIOBHA, CBASAHHLE C PO-
ctoM sHTponmu. TeM He MeHee CymecTBYIOT PaspHBH, KOTODHE He
MOTYT Peain30BaThCA M3-34 HX HEYCTOMIHBOCTH, 00y CAOBICHHON BH-
oM CKauKa W CBOMCTBAMH cmCTeMH AudpdepeHInanbHEX ypaBHe-
Hui#l, ONMECHBAIONINX HeNpPEePHBHOE [BIIKeHHe 10 00eMM CTOPOHAM
0T CKavKa.

Hysxuo mMmers Tarksxe B BHAY, 970 IpH WCHOAL30BAHHH (H3H-
9eCKH MOIOYCTEMBIX Pa3pHIBOB (YCTOHIMBHX W YHOBIETBOPAIOIAX
YHHBEPCAABEEM YCIOBHAM MeXAHAKH ¥ TEPMOIMHAMEUKE) OIs obe-
CIle9eHHUA eJWHCTBEHHOCTH W COOTBETCTBHA JeHCTBHTENBHOCTH
NCKOMHX pemeHWil B HEKOTOPHX 3ajladaX TpebyercA yCTaHABIH-
BaTh HA CKAaYKaX JONOJHHTeNBHFE® COOTHONMEHHA (HIAIECKOH
IIPUPOAEL.

B macrosamee BpeMsa YCHIOBHA YCTOWYABOCTH CHKAYKOB H [IO-

MONHUTENbHEE (H3MIeCKHe COOTHOMIeHWS, YIOOMAHYTHE BHIOIE,
pPaccMaTpHBAlOTCA B MATHHTHOH TIuipopwEaMmke!) m B ofmpei
MareMaTHYeCKOH TeOpUHN yCIOKHEHHKX Mofieledl CINIOIIHENX cpex 2).
B Teopum CKavKOB [IA MOBENH COBEPIMEHHOTO Ta3a TH BOIPOCH
He BO3HHKAIOT.
Ilpm orrickammu pemenmit ypapHeHWI B WH-
TerpanabHO PopMe B Kiacce KYCOUHO-TIA[-
KuX (YHKUUI® pa3pHBHEE pemeHAs ¢ yde-
TOM OHpeeaaeMoro /ONOJHATENBHOTO pO-
cTa SHTPOOMH HA DPAspHBAX W APYIHUX MOMONHHUTEALHHX YCIOBHE
MOAy4aloTes, BOOOmME roBops, aBTOMATHYECKH M3 IOCTAHOBKE 3a-
a9,

ITocTpoenme KycowHO-THAMKEX pemenmii fna cucteM muadde-
pPeHOEANLHKX YypaBHeHHH#' myTeM o000nieHWA O5THX ypaBHeHHN
¢ OOMOIMBI0 COOTBETCTBYIONUWX WHTETPAJBHHX COOTHOIMMEHMH HpH-
BOJIAT K TEOPHH 0000meEHHX pelNeHOH, Pa3BUTOH [iA AMHEeHHHX
ypaBHeHRmH B o0meit Teopum nmi)d)epenunanbﬂmx ypaBHeBHH Ma-
TeMaTHYeCKoH ¢u3mKm.

HA.T'.HKHynuaxopcknit, '"A.JTw6zMoB, O MarEATOrmApo-

. ATHAMAYeCKUX YOAPHHX BOJHAX, moHmampylomumx ras, JAH CCCP, T. 129,

Ne 1, 1958. A.T. Rynnxoncnnn A.A;.Bapuunu, 06 ynaplmx
BOJHAX, HORM3HPYIOMMHX Ia3, RAXOAMUAHACA B anempouanm-mon no.ne, JAH
CCCP, 1. 178, N\ 1, 1968.

’) A.T. K YIHXKOBCKO &, O HoBepXHOCTAX paspHba, Padgeasiomux
HfealbHEE CPefsl ¢ PAsNMIHKME CBOCTBAMA. Bosmer perOMOHHAIHNA B MAr-
HaTHOR ragpogmuammre, [IMM, N 6, 1968.




358 T'n, VII. O mocTaHOBKe 8aja4 B MexaHHKe CIIOIMHOW CpeH

Teopua KYCOYHO-TIAJKMX pEMNICHHHA MO;keT OHTH IOCTPOCHA
H eCTeCTBEHHO pasBHTa mpu POpMYIHpOBKe 3a7a9 QHSHKE M Me-
XaHAKY ¢ TOMOIMBI0 BapPMANMOHHKX HOPWHIUIOB.
CymecTByIOT HOBepXHOCTH CIab0Oro W CHIb-
HOro paspuBa. IloBepXHOCTH, Ha KOTODHX
WCKOMEe (YHKIWH HOOpEepRBHH, HO pas-
PHIBHHE TOJBKO HOKOTODHE WX IPOH3BOJHEE 0 KOODJAWHATAM M IO
BpeMeHY, Ha3HBAlOTCA caalHME pasphBaMd; IOBEPXHOCTH, IIPH
mepexofie Jepes KOTODHE TOPIAT Pa3pPHB caMdA MCKOMHe (YHKIVH,
HASKHBAIOTCA IIOBEPXHOCTAMH CHILHOTO pa3pHBA.

Hwsxe MEL paccMOTpHM YCIOBHS HA IOBEPXHOCTAX CHJIBHOTO
paspuBa. Taxme WOBOPXHOCTE MOKHO BBOJUTh KaK 3afagHHEe IO-
BEPXHOCTH ¢ 3aJaHHEHMH 3aKOHAMY HX [BW<eHHWA B BUJE BHENTHUX
cBA3eH, WM KaK HOCHTEJIW 3aJAHHHIX WM MCKOMHX CWJIOBHX H
APYTEX BHOIIHEX BO3JAEHCTBHN, MAM KaK MCKOMHEE IOBeDXHOCTH
Ges BHemHHX BosfelicTBumil, ¢$opMa W NBWKEHHE KOTODHX 3a-
PaHee HEWBBECTHH H, BooGme roBopf, MOJKHH OHTH HaiIeHH B
Opomecce pemeHus 3afadm.

PaccmoTpuM mOgBWKHYIO LOBEpPXHOCTH S,
Cropocrn. Touex mHOBEPXBO-  yyappeEme KOTOPOH IPEJCTABIEHO B BHTE

CTH paspeBa
fl, y, 2zt =0 (4.1)

Benenctsme mBmkeEmst mosepxHoCTh S B pasiMMHEbEE MOMEHTH
BpeMeRd ! W ¢ - Al 3aEumMaer pasimuEHEe HoMOKeHEA S H S’
‘ (pme. 45).

Bosbpmem Ba S B MOMeHT ! He-
KoTOpyl TOYKY M ® ODpemumoJo-
SKEM, 9TO B Touke M cymecTByeT
ompefieieEHas HOpMaab kK S 1)
Enuamannii BekTop HOpMAXm 7
B Touke M K momepxHocTH S Ha-
z OpaB¥M B CTOPOHY BekTopa MN,
Pme. 45. K ompemememmo ckopo- TAe Touka N sBasercs Tgrncoﬁ
CTH TOYEK NOBHKHOH NOBEPXHOCTH. IEpPECedeHnA NepeMemeHHOM Io-

pepxHOCTH S’ ¢ HOpPMAJbIO K S
B Touxe M.
3mark ¢ymxnuu f (z, y, z, t) oupeNesEM U3 YCIOBUA

f(M,t)=0,f(N,t)>0, = nosromy nz%%' (4.2)

Crabne H CcHIbHNe pas-
PRIBH

CKropocThI0 mepeMemeHHA B IPOCTPAHCTBE MOBEPXHOCTA, S B
Touke M HasmBaercA BeKTOp 9, HOPMANBHEHH K S M ompeenaeMiil

1) OmpepeneHEass HOPMAXL B TOYKaX HOBEPXHOCTH S CYIIeCTBYeT, Kurpa
BeKTOp grad f ompesielleH OAHO3HAYHO B KaX[A0M TOUKE S AANBII® MH HCKIIO-
YaeM CAYIaH IHOBOPXHOCTH S ¢ H3JIOMAME H APYTHMMA O HHOCTAMH.
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KaK CJOefyIONmHAN mpeie:
MN

D=mnlim——. 4.3
Al—0 A ( )
Ecan ypaBmenme (4.1) mosepxmocr: S sagaHO, TO BekTop 9P

JerK0  BhUHCANTE. B camoM  fmeme, o0osHawas gepes

=1 o 1 o 1 9 ommo-
fgradf| 0z * v~ Tgrad/| 9y’ 27 grad /[ 9z o

HERTH eJNHATHOI0 BEKTODA 22, MOMKHO HANHCATD
J(@+ MNn,, y+ MNn,, z-+ MNn,, t + At) = 0.

OTCIO,]I& ¢ TOYHOCTHIO IO MAJIHIX BLICIIEr0 HOPAAKA IOJYyYHUM

MN( ne+ 2L n,,+azn,>+"’fAt~0
win
MN]grad]‘l—]— At—O

ITonpsysch aruM, mo ompefenaenmio (4.3) Baiimem
o

at
D=— Wf_l— n. (4.4)

Ouenunro, uT0 & = 0 B Kako# Touke M Ha mNOBEPXHOCTH S,
ecau ¢yEknus f B ypaBHenum (4.1) He saBHCHT OT BpeMeHH.

Ilpu npeoGpasoBaEMAX cHCTEME KOOPAHHAT ¢ HepeXofioM K pas-
JIMYHO ABHKYIMUMCA CHCTEMaM BEKTOpP CKOpocTH &) 3aBHCHUT OT BhI-
6opa cucTeMH KOODAHHAT.

HOaa rampoit Touku M moBepxXHOCTH S MOKHO YKa3aTh CBOIO
«COGCTReHAYI0» cHMCTEMY KOOPAMHAT — chcTeMy orcdera K*, B
KOTOpO# c¢Kopocth 9 ToukA M B famHHN MOMEHT BpeMeHH obpa-
maeTcHd B HYJb. 37eCh CJI0BO «COGCTBeHHAs» B3ATO B KaBHYKH, TaK
KaK paHee MH OIpefeJmad CoOCTBEEHYIO CHCTeMY KOODAHHAT KakK
HHepOUANLHYI0 CHCTEMY, B KOTOPOHl CKOPOCTD pPaccMaTpHBaeMOM
TOYKE cpedvi paBHA HyJI0. B 3TOM CMEIC/Ie Ipu HOAXOfle K MOBepPX-
HOCTH PaspHBAa CKOpocTed S ¢ pagiMdHEHX CTOPOH HOJAydJaTcA pas-
NU4ERe COGCTBEHHE® CHCTEMEI, TAK KaK CKOPOCTH TOUeK CPeflhl C
PA3IMIHEEX CTOPOH S pasHHE.

OfpaTEMcsA Temeps K YCTAaHOBJEHHIO YCIO-
BH HA IIOBOPXHOCTH CHABHOrO paspHBa.
Ilyers mpm mepexofie 4Yepe3 FAafKyl (C ONpeNeIeHHHIME HOP-
Mammn) MOBEPXHOCTE S pA3NWIEEE XaPAKTEPHCTHKH COCTOA-
HOif W JBWKEHEA CpeAl TEepPOAT paspus. BoarMem Ha S He-
KoTopylo (moGymo) Touky M. Tak Kak Bce MeXaHMYecKWe, Tep-
MoZWHAMIYeCKHWe, 3JeKTPOSUWHAMHYECKAe W BooOme JusmIecKEe

BriGop cacTeMBI KoOpZHHAT
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YpaBHEHHA COXPAHAKT CBOM BUA B JI060# HMHePHUWAJBLHOMR cUCTeMe
KOOPAMHAT, TO JIA BEBOJA MCKOMHX YCJIOBHI B Touke /! BHOepeM
B Ka4ecTBE CUCTEMEI 0TCUeTa «CoGCTBEeHHYIO» cumcTemy K*, B KOTO-
poit ckopocTh 9 1A NaHHOH TOYKU HOBEPXHOCTH B JaHHHI MOMEHT
BpeMeHH paBHa HyIw, & =
B c¢Basu ¢ HeKOTOPOii 1acTHIO H30IXPOBAHHON
Buniexerme ofmemMa V, et popgpymocTH pasphBa S BBEIEM B pacCMOT-
TABAEMOI0 R MOBEPXHOCTH
pasphina peHHe 3aMKHYTYI0 HOBEPXHOCTH X Kak
rpasuny o6meMa, TOJYYeHHOTO CIeyIOIuM
coocoboM. IIpoBemeM B Kakgoil TOYKe BHJEIEHHOH 4acTH HOBepPX-
HOoCcTH S HOpMAaJb M OTJIOMHM IO HOPMAJH B 00e CTOPOHH oT S OT-
pesKu #amHOit h/2, TOe b — BechMa Masag mocToAHHAA gauHa. Co-
BOKYOHOCTh TAKUX OTPE3KOB, HPOBENEH-
HHX W3 BCeX TOYeK pacCMATPHBAEMOI0
yuacTKa IOBepXHOCTH S, 06pasyer B faH-
HBlf MOMEHT BPEMEHHM COOTBETCTBYHIOMM
o6weM V, orpaHENYeHHHH NOBEpPXHOCTHIO
Z (puc. 46).

Teneps B BrOpanHOi cucTeme K* pac-
cMOTpHM fiBa 00BeMa: BO-IIePBHIX, oI pefie-
JeHHHHA Bume 066eM V, Kak HeNOJBIME-
HEHi 00beM, ©u, BO-BTOpPHIX, 00beM V*,
Kak 00beM DOJBIKHBII — cyOcTaHIMO-

-

o HaJBHEIY, CBA3AHHKMN ¢ TOYKAMH MaTepu-
Pmc. 46. Cxema moBepX- aIBHOI cpefiEl, IpUYEeM B paccMaTpHBae-
HOCTH paspuiBa S M 3aMK-  Mpfif MoMeHT BpeMeHHU £ ofa 5TH 00BeMa

myroi mosepxEOCTH Z. o ppanaor., B coeAyIOMME MOMEHT Bpe-

MeHH t -+ dt o6meM V* chuBuraerca o7-
HOCHTENBHO CBOETO IMouoxenuna V B MoMeHT . [loBepxHOCTE paspH-
Ba S Toxe mepeMemaeTca BHYTpH o6beMa V, omHAKO paccMarpuBae-
Mas rouka M 3a GeckoHedHo Masoe BpeMa !) df coxpaHAeT CBOe
' mOJIOKeHNE, TAK KAK CKOPocTh Toukz [ BcmcreMe K* B MoMeHT f
pasHa myiio. Ilo onpenenennio 06sem V memopsmkeH B cucteMe K*,
o6pem V*, BooOmie, mojBumeH, 3TOT 00beM HEIMOABHAKEH TOJBKO B
TOM ciaydae, KOTAa TOYKHE Cpefkl HA MOBEPXHOCTH X B cucteMe K*
HeNOJBIKHLH WIN MMEIOT paBHLE HYJI0 HOPMAJBHLE COCTABJIAI-
mue CKOPOCTH Ha 2.
W3 dopmyasn (8. 15) ra. 11 exenyer, uTo mus moGoi MHETETpUpYe-
Moit KycouHO-TaanKo# ¢yrruun 4 (z, y, z, 1) B cucteme K* mMeer

e 1) B cnépmaJbHOH TEOPHH. OTHOCHTEIBHOCTH 3JIeMEHT BPeMeHH di ClejyeT

- B3ATH B cACTeMe K *, B HBIOTOHMAHCKOM MeXaHUKe 3JI6MeHT di He 3aBHCHT OT BHI-
Gopa MHepOHAIbLHOM CHCTEMH KOOpAEHAT. B fanbmeiimen Bce pacCyskAeHAA H,
B 9aCTHOCTH, HCIIOAB3YEMO6 MPABEIO CIOKEHIA CKOpOCTeE IIPOBOAATCA B pau—
Kax HRIOTOHWAHCKOR MeXaHWKY,



§ 4. YenoBEA Ha MOBEPXHOCTAX CHJBHEIX Pa3pHBOB 361

MeCTO CJae[ylomee PaBeHCTBO:

7 §

Ve

dav= 2 aav+ SAvndc, (4.5)

¢

=

T/ie v, — IPOGKOEA CKOPOCTH TOYEK CPeMbl OTHOocHTedApHO K* Ha
BHEIMHIOWN HOPMAJb K 2.

Ilpepen npom3BogEod  oT
HHTEeTPaJa Mo KALKOMY 00be-
My NpH CTATHBAHAH €ro K
TOYKe NOBEPXHOCTH Ppa3phiBa

Ecaum mopepxHOCTH pasphisa S pEyTpE V
HeIOoARMKHA, TO IS MPOM3BOMHON OT HMH-
Terpaja II0 HENOABHKHOMY B cucreMe K*
obsemy V MoskHO Hammcarth

r

=2 QAdr_h-_SA*dc,
i 5

rae A¥ — cpenHee sHauenmwme QyHKRIuUEM A Ha COOTBETCTBYIOMEM
OTpe3Ke [IWHOH A, MepHEHAWKYIAPHOM K HOBEPXHOCTH S.

OueBmpHO, 9TO ecyiM MOBEPXHOCTH S HEMOABM:KHA, a RelwanHa A
He 3aBMCHUT ABHO or BpeMmenu, 10 I = 0. IIpu HeycramopmBmemcs
IBHKkeHHH, Korga GyHEKmma A KOHedHAa W HENpPepHBHA BMeCTe CO
CBOMMH HPOWSBOJHHIME 110 KOODPAMHATAM H II0 BpeMenu ¢ o00edx
CTOPOH 0T HeNOJBWKHOK moBepxuocTH S (Ha S MoryT GHTH pasphl-
BHI), BeaminmHa [ ApindercA HeNpepHBHOil GYHERImeH or ¢, Hcue-
3aI0meil pK cTPeMICHUN K HYNI0 BEIWIHHS! /.

Br6op cueremn K* ompepgemen ycaosmeM 9P = 0 B Touke M.
B cocemaux Toukax mosepxmocT:m S ckopocts @ = 0, m moatomy
HOBEPXHOCTh S — BOOGmE MOABIKHASA NOBEPXHOCTh BHYTpH V.
Hna 6Geckomedno Masioro sieMeRTa MorepXHOCTH S BOIMaH Touky M
CKOpocTH %) coceHMX TOUCK GECKOHEYHO MAJH, I0ITOMY IpPH CTHA-
rupaHEum o6bema V K Touke M moayumm

. 1
lim SA dt =0, (4.8)
h—0 \4

raie Ao — pIeMeHT MOBepXHOCTH S, cTATMBAaKI@iica K Touke M.

ByneM o6osuadarh XapaKTePHCTUKM [BIKEHHS W COCTOSHHA
Ha 0JHOH CTOPOHE HOBEPXHOCTH S HBIeKcOY 1, HA NpYTO# — HHAEK-
coM 2. BufepeM 10 yCIOBHMIO HyMepamMIi0o CTOPOH S Tak, 4To0H
HalpaBJIeHWe HOPMAJM COOTBETCTBOBAJO IIEPEXONY CO CTOPOHH 2
Ha cropory 1.

IMepexopa k mpemeny npa k2 — 0, Ao — 0, ms (4.5) nmoayanm
KFHEMATHYEOCKOE PABEHCTBO

lim =5 S Adv = Ang — Agng, (4.7)
hg:(;0 v*

TAE Upy H Uyy — OPOEKOWHE CKOPOCTEA TOYeK Cpefhl € JBYX
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CTOPOH MOBEpXHOCTH S Ha OfHO H TO ke IOJOKHTEALHOE HAUPABIG-
HEe HopMaad K S.

C moMompio paBeHcTBa (4.7) B cmcTeme orcuera K* Mox-
HO BHIOHCATH BCe YHEBEPCAJNLHHE JWHAMAYECKHAE H TePMOJHHA-
MHEYeCKMe YCJIOBHA HA CHABHHX paspHBax A MaTepHaAbHEX
cpen. YcioBEA Ha CKAUKAX JIif DJIEKTPOMATHHTHOTO IOJA Pac-
CMOTPHM IIOCJIE DTOTO.

Ias ynoGerBa BHIEIeM 3[ech CHagajxa

YHHBOpCANbHLIE YPABHOHWS 1o vueHEHe paHbIle OCHOBHEE YPABHEHHA
MEeXaHAKA H TEePMOJHHAMAKH o
~ B HWHTerpaibHoil dopme.

1. Ypasmenue mepaspuBrOCcTH (cM. ypapHenwme (1.1) ra. III):
d
A S pdv =0, (4.8)

Ve
2. Yparuenme mMuyinscoB (cM. ypaeaenme (2.2) ra. III):
v Spvdr;Sder+ Spﬂdc. (4.9)
Ve v i
3. Vpasaenue MoMenToB (cM. ypaBHeHHme (3.4) ra. III):

—g—g rXov pd1:+——Spkd1:=
v

A Al

- Shpdr—;—SQﬂdc—}— S('r X F)pdt -+ S('r X pu)ds.  (4.10)
bH v bH

14

4. Ypasuerue smeprum (cM. ypasmenme (8.1) ra. V):

2 o(5-+ U)dr = (o (Fev)av +
Ve ’ A4

4 S(pﬂov)do — Sq;dd +~S qmaccpdf (4.11)
\'4

P n

3neco q,'. — NONMHHA BHEOITHAN HOPHUTOK J00aBOYHOH yHeAbHOM
9Heprum, KaK TeMJIOBOM, TAK W He TOWJIOBOi (B ToM dmcae paboTa
MOBEPXHOCTHEIX MOMEHTOB H T. II.), 96pe3 TPAaHWIHYI0 IOBePXHOCTH
2, a dgyacc/ df — NOMHHE yHeAbHHE [00aBOTHHI IPHTOK DHEP-
IOF 3a CIeT MACCOBHX MCTOYHMKOB DHEPTHH 33 @HHWIY BPEMCHH.
JoGaBouHk NPHTOK SHEPTHH 03HAYAET JONOJHUTENLHHH IPHTOK
DHOPrHE N0 CPABHEHHI) C IPHTOKOM MEXaHMYeCKOH SHOPrHM, yd-
TeHHEIM B (4.11) mepBHIME nByMA 4wieHamu, paBHHMHA pabore
MAaKpOCKOOMIECKHAX MACCOBHX M HOBEPXHOCTHHX CWJI, BXOUAIMMUX B
VDaBHEHEe HMIOYIBCOE.
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3Mech W HEKe MHE pacCMaTpHmBaeM TOJBKO OOHYHO ymoTpebasie-
MEIe MOJIeNIM, JUIA KOTOPHX BEYTpeRHAa 9Heprud U u sETponua S —
agpurTuBHEIC QYHKIAE MacCHL.

5. Ypasmenme i SHTPONHM, BHTEKAONiee M3 BTOPOTO 3aKOHA
TepMOUHAMMKHE, MOKHO HANHCATH B BHUAE

s _ d Cop (dg® | dg dg’
- = —dT‘S sp dv = S—T—<_Tit— + _dt—) dv, _d7_> 0. (4-12)
. Vv

Huaa Mopeneii ¢ o6paTEMEME IPOIECCAaME B 0GJACTE HEIPEePHIB-
HHIX ABmikenuit uMeeM dq’ = 0. Oxmaxo, Kak GbIO yrKe OTMEUEHO
BEIIE, IPH PACCMOTPEHUMM CHIBHHX CKA4KOB C PE3KHM M3MEHEHHEM
XapaKTepPUCTUR OBWKOHHA Openmoioskerue o6 o6paTHMOCTH 3TOTO
AIBJICHUA MPHEBOJUT K NPOTHBOPEIUIO €O BTOPHIM 3aKOHOM TOPMO/JH-
HAMUKH, BHPa;KeHHEEIM ypasHenmeM (4.12). B ofmem caydae Hean-
351 sapaHee CUHTATh, 910 d¢' = 0 mpm mepexojie JacTHL CpenH de-
pes IOBEPXHOCTH PaspHBa.

IIpn samamEmx dg¢'® m, B 9acTHOCTH, TpE afHadaTHYecKUX
nponeccax ypasHeRue (4.12) MokeT cayuTh COOTHOHIEEHOM JJs
BLIUUCASHUA mpaBoi dacTu (4.12), sammcaEHO# B BHJEe CYMMH
00’beMHHIX MHTEIrpajioB, MMEKMUX KOHEYHOe 3HAYEHHE IPHU CTATHU-
paauu o0sema V K #ymo.

IIpuMennM Teneps ypasHeHMs (4.8) — (4.12) x ompenesenHOMY
Bume o6semy V*, comepsamemy HoBepXHOCTH paspeBa S, W Boc-
monb3yemca B Touke M mosepxHOCcTE S dopmyaoit (4.7), pasmenun
OpegBapHTeNbHO LpPAaBHe M JeBEle JacTH paBeHCTB (4.8) — (4.12)
Ha pJIeMeHT Iulomaau Ac moBepxHOCTH S.

Hnxe BmnummeM yciaoBmsaA Ha HOBEPXHOCTH
IlonepxHOCTHEE TIOTHOCTA  paghypa  HPE  CAEAYIOMUX TPEAIOJOMN<e-
BHEHIHAX BO3XCHCTBAM Ha
OBEPXHOCTH pa3phiBa HAAX.
1. Bce noguETerpanbabie yHKOEAB IO~
BEPXHOCTHLIX HHTETPAJaX mo 2 NPH CTATMBAHMA 2 K S HMEIOT KO-
fledHEle 3HAYeHAA, HO, BOOOIEe, pa3IMYHLe HA PasHHX CTOPOHAX S.

2. IIpu h — 0 mMeloT MecTO cieAylomue Ipe/lebHEE PAaBEH-

cTBA:

thde'l: = SRdc

h—) v

}Iijg;‘Sphd‘l: = Ssmdcs,

W da,

lim S(pF' v+op 9Macc> de —

h—-’OV

S
. p_(dg® dq') _
lim (2 (422 + 4 )ax = (e,
v S
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rie B, M n W — moBepXHOCTHHE MAOTHOCTHE pacmpefeleHEnd Ha S
COOTBETCTBYINUX BHENIEUX JJIs CPeNH CHJI, MOMEHTOB, IPHUTOKA
PHEGPIHH, a BelwduHa Q JJaeT IIIOTHOCTh pACHpefielleHnsA Ha S HaMe-
HEHHsA DHTPONNH 34 ¢9eT BHENIHAX IPUTOKOB Temja ¥ Heo6paTHMOro
pocTa SHTpPOLHAH.

-
Mace

d
OueBmgBO, 49r0 ecau pF ph n pF-v—l—p-g—

KOHEGYHE
7 e

B o6meMe V, 1O
R=0, M=0, W=0. (£.13)

B gactHOCTH, Tak GyneT 06CTOATH JeJ0, KOTKA BHENIHWE MAaCCOBLIE
CHJH ABJIAITCA CHIAMI TKECTH WUIH CHAJIAMN MHePUHMM OpH pac-
CMOTDPEHHA OTHOCHTEJBHHEX NBIDKEHHH M BooGme xias aoboro me-
OpPEePHBHOIO II0JSI MACCOBHIX CHJ, B TOM 4quCjIe M HJIA JAeHCTBYIO-
IMuX Ha Cpejy HOHAepPOMOTOPHHX CHI, MOMEATOB W HPHUTOKOB BHEp-
rud, O0YCHOBJIEHHHX DIeKTDOMATHATHHLIM m1ojgeM (cM. (opMyn
(5.14), (5.15) u (5.16) ra. 1V), Korma spiaeKTPOMATHUTHOE HOJNE HE-
OpepHBHO Ha HOBEpXHOCTHA S.

Ha BakEOM cayuae, KOTa IOBEPXHOCTD S ABJAETCA MOBEPXHO-
CTHI0 paspHiBa He TOIBKO MEXAHWIECKHX XapaKTepUCTHK, HO H Xa-
PAKTEPUCTHUK 2JAEKTPOMArHUTHOTO Nold, BeauuuEn K mw W Boobme
OTIMYEH OT ByJad. B caegyromeM maparpade Mu AaguM (opMyIIh
maa B u W depes sHadeHns KOMIOHeHT Bektopos F, H, B, D Ha
PA3IWYHLX CTOPOHAX MOBEPXHOCTH S.

B paspmBax, MOAeJMpPYHIIUX HECYINUE MOBEPXHOCTH KPHUILEB,
MI4 B CIydae PaspeHBOB — AKTUBHHX JMCKOB, MOJEIUPYHOIUX BO-
JAHBe WIM BO3AYUIELIE BWHTH, CO3JAMUE TArYy, BeJuduHn IR,
W m, Moxxer 6mrb, | OTAMYHK OT HYIIA.

Ha pasprBax, BO3HEHKAIOMUX BHYTPY ra30BHX DOTOKOB, B a9p0-
JUHAMUKE, B TEOPHM B3PHBA M BO MHOTHX /Jpyrux o0JacTsax Bcer-
Ja mMeloT Mecto paBeHcTBa B =M =W =0 (mo Q== 0).
B cBssu ¢ oTHM paBeHCTBO HYJI0 BHeMIHUX BO3JeHCTBHIl Ha CKaYKax
ABNSAETCH THOWIHLIM YCJIOBUEM, HCIONB3YEMEM B HTHX MPHUIOHKE-
HYAX MEXAHUKH CINIOLITEOH CPERH.

3 saxoHa coXpaHeEHA MacC Ha OCHOBAHMR

Ycmosnst mna mOosepxmoc-  paBeHcTBA (4.7) moaydum
TAX paspeiBa B «COOCTBEH-

HOH»

cHCTEeMe 0TcUeTa P11 = P2Vns, (4.14)
U3 ypaBHEHUA HMIIYJLCOB

E + pﬂl — plvlvnl = Dpy — P2¥2?,,, (4.15)
13 ypaBHCHHA MOMEHTOB

M+ Qny — plklvnl = Qp— p2'k277n2a (416)
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B3 YpaABHEHHA DHEPIHER

v} .
W+ p, v — p1<—2l'+ Uy)vn— g, =
2

= P, Va — Pz(“?ﬂ- Uz) Ung — dp,  (417)

", HaKOHeN, H3 ypPaBHeHHA [JA 3HTPOIUN HONYyUYHM

P1Vn1S1 — PalnaSz = L. (4.18)

Ilpuw manweum ajgmabarwasoctu (dg© == 0) Bexrmyuwna Q (xorma
P1Vn1 = Pelng =+ 0), BoOOme roropsa, oramusa ot Hyad. Tax
Kak BBHEAY Heobparmmoctm dg’ > 0, TO

Q = pyny (51— 83) > 0. (4.19)

Ilpu agmabarndecknx mpomeccax paBeHCTBO (4.18) MoxxHO paccMat-
PHBATh KaK ompefiejleEne BeJHYUHEH 2, KOTOpas NIA pealbHO 0CY-
IEeCTBUMEX LPOMECCOB JOJKHA OHTH HEOTPHIATeILHOM.

Yeraropaersne cooTHomeRms (4.15), (4.16) w (4.17) mpu sa-
NAHBHX MK Halif[eARBIX M3 pelleHus 3ajad 3HAYEHHAX CKadKOB
BCeX BXOJAMMX B HAX BeJAWIUH MOTYT CIYKHUTH [JIA BHIHCICHUS
BHemMHHNX Bosfeiictemit B, M u W.
Ecam pasemctBa (4.13) BEHOMHEHH, To mo-
JyueHHbE YCHORHA MNOKABHBAKWT, UT0 CKAd-
KM pasiIMIEHX XapaKTePHCTHE IBMIKEHHA
H COCTOSHWA HE MOryT OmTh mpomsBoibHiMu. Havanpube nadHEe
MO3KHEO 33/1aTh IPOHBBOJEHO, TAK 9TO cooTHOmenus (4.14) — (4.18)
MOTYT He BHIOIHATBCA. JTO 03HAYAET, YTO B CHCAYIOMWE MOMEHTEH
BpeMeHY HAaHHHI Da3pHB HE MOMKET CYIIeCTBOBATb, IIPOM3oiieT
pacnajieEde HAYaJXBHOrO paspHBa, Boolme, Ha HECKOABKO pasph-
BOB, CPElW KOTOPHX MOIryT GHITH CHABHEE U ciabkie paspHBHL. AHa-
JOTHYHOE I0JO)KeHUe BOSHUKAET IMPH CTOJKHOBEHHN [BYX HIH He-
CHKOJBKUX DPAa3phIBOB. .

3recy Mu He OymeM paccMATPHBATD ByKHEYI JUIS HPHIOREHHN
3afady 0 pacHajeH’H IPOW3BOJBHOIO PA3PHBA.

Bup ycnosmit (4.14) — (4.19) ynoGen pua)] mpmioskeRmi, Kor-
7a Pa3PHBH HENOJBIIKHH, B YACTHOCTH MJIf YCTAHOBHBIUUXCA
JBESKEHH# Cpepl.

O pacnajeHmd TPOMSBONL~
HOTO pasphiBa

I1pm seycTaHoBEBIIIXCA NBIMKEHHAX B pas-
Yeaopma ma MOBEPXHOCTAX  puy  cpereMaX KOODJAMEAT — IOBEPXHOCTH
Pa3psiBa B POM3BOALHOH cH-
cTeMe oTcueTa paspmiBa MOTYT MMeTh DASIHYHLEIE IO BEJH-
ugHe W 10 Haupasiesmio ckopoctu 9. Ilo-
aToMy Tpebyercs AaTh BHUJ 9THX COOTHOmEHM B m06oit cmcreme
OTCYeTa, He CBA3AHHOH C JBUKEHHEM KAKHX-IH00 TOWeK HOBEpX-
HOCTH PAa3pHBa.
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i monyueHEA TakmX OOMUX YCIOBHH B PA3IMYHHX TOYKAX
moBepXHoCTH S B OFHOH M TOii e CHCTeMe KOODJMHAT J0CTATOTHO
BO BCeX YPaBHEHHMAX 3aMEHATH BEKTOD CKOPOCTH ¥* JIBIKEHHA
OTHOCHTENbHO cHCTeMH K* d9epes BexTop cKopocTm ¥ = v* +
+ D (v* = v — D) OTHOCHTENLHO (UKCHPOBAHHOM CHCTEMH KO-
opamHAT K.

CooTBeTCTByOIIAE YCIOBHA IOCHAE HCHONB30BAHHA YDPABHEHHA
COXpAaHEHAA MACCH | YPABHEHWS WMIYI/ILCOB MOJKHO HAUHCATH B
dopme
PL(D — vm) = P2 (D — Vna), (4.20)

R+ p,, + 0101(D — vn1) = P, + 0202(D — vpe),  (4.21)

. vi
W+p, 010—qy, +0(D— v,.1)<—2— + U,) =
. ve
=P V22— 4, + P2 (-@ — Uny) (2— -+ U2> , (4.22)
P1(om — D) (51— s3) = Q. (4.23)

Bemmamra W (v) B (4.22) pasra W (v*) + R-D,

BrnmrcaEEHE COOTHOMEHAMA HA CKAYKAX BEPHH B m00o#t cucre-
Me KOOp[UHAT (AHEPIHMAIBLHON WMAWM HEMHEPNEANLHON) W BO BCex
TOYKaX HOBEPXHOCTA PaspHIBA.

Ycnosua maA MOMEHTOB He BHUOMCAHH, DOTOMY 9TO0 B JajbHei-
mieM paccMaTPHBAITCA TOABKO TaKWe MOJENH, JJAA KOTOPHX M =
= ), = k& = 0 Bo Bcex Toukax 00gacTH IBHMEHHA,

Jlerko Bmpers, 9TO ckopocTu P — v, H
D — v,, MOKHO pPaAcCMATPHBATH KaK CKO-
POCTH HOBEPXHOCTH PAas3pPHBA OTHOCHTEIHHO
9JaCTHI, CPE/El HA PAa3IMYHKIX CTOPOHAX Pa3PHIBA.
T . Bemm D —vyy=0un D —v,=0, 10
aHIreHNUAJBHBIA Da3puiB - o
9acTUIH CpelH He IHePeXOfAT ¢ OffHOH CTO-

POHH paspHea HA APYTLyW, a v, == U,,. B 3ToM cayuae, B0oG-

e TOBOP#A, BO3MO}KEH PaspPHB KacaTeIbHOH COCTABAAIOMEN CKOPOC-

TH HA pAa3IHYHHX CTOPOHAX pPAaspHBa W NPOM3BOJBHEIE paspPHB

miaoTHOcTe# (p; = pp). Takod pasphB HA3LBaeTcA TaHreHIH-

aJbHHM MM KACATENbHHEIM paspeBoM. IIpu KacaTrenbHOM paspHBe
yeaoBmEa (4.21), (4.22) wm (4.23) npmHEMaOT BHR

Cropoers moBepxHOCTH pas-
poiBa  OTHOCHTEJNLHO Cpefhl

R = Y Pl
W =g, — @, — Py 01+ Dy Vs, (4.24)
Q=0,

CaemosatenbHo, npu R =— (0 HanpasxeHEA HA IUIOIMAKE WO~
BEPXHOCTH KacaTeILHOTO paspHBa HeOPEPHBHH, a paGora cui Hal-
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PAMEHUH WA PA3HOCTE KACATENBHHX (II0 OTHOIEHHIO K paamey)
cxopocreit mpm W = 0 paBHa PasHOCTH IOTOKOB BHEPIEM ¢, Ue-
pPes paspuB.

Ina mpeanvuoi munKocrn yenopus (4.24) npg R =0u W =0

CBOIATCA K YCIOBAAM HENDEPHBHOCTH [ABICHEA H HODPMAJb-
HOA KOMIIOHEHTH BEKTOPA IMOTOKA PHEPIWH HA IOBEPXHOCTH Kaca-
TeNLHOT0 PA3pPHBA.
Ecnd v,y == v,;, TO 9aCTHOH CPedH Iepe-
XOJIST ¢ O{HOM CTOPOHHI MOBEPXHOCTH S HA
IPYrylo, H3MEHASA CBOM XaPAKTEPHCTUKH CO-
CTOAHMA W JBIKEHUS CKAYKoM (yaapoMm).

Herpyaso y6Gemmrbes, 49TO PasHOCTE U,y — Uy == 0 He 3a-
BHECHT OT BHOODa CHCTEMH OTCYETa W OT cImoco0a HyMepamumm pas-
HHX cTOpPoH S. B camoM pene, mepeMeHa HyMeépamuy MeHseT Ha-
mpaBieHEWe HOPMAJW, T. €. NepecTaBiseT HOPMAIBbHEE COCTABJ M-
[Mye CKOPOCTY W MeHJeT HX BHAKH.

YcranoryM HyMepanuio CTOPOH MOBEPXHOCTHE S TakaM o6pasoM,
uTo6H cpepma mepexopmiaa depes S co cTopoBE 1 Ha cropoRy 2.
Ecnm Mu BocmoabsyeMcsi CHCTEMO# OTCu€Ta, B KOTOpOoH #; = 0,
TO O4YEeBMAHO, 9YTO B HTOM CJHY9Yae B TAKO# cHCTeMe KOOPZHHAT
D, > 0. Ilpu sroM cmocole pPAcCMOTPEHHA NOIYIAM, YTO IIOBEDX-
HOCTH S pacmpocTpaEsercd B TOKOsIEHcs cpene, OTMEUEHHOI MH-
mexcom 1.

OueBHIHO, YTO €CHH U, — Uy > 0, TO IpPH HameM paccMoT-
penun v,, >0 um cpema 8a cKagxkoM S Haberaer HA MOKOAMYIOCA
cpeny mepen ckaukoM. Ecam HAa cKauke BHIONHAETCSA 3aKOH COX-
pameHnA MaccH (4.20), To qusA TAKMX CKAUKOB Py > Py, T. €. IIOT-
HOCTH Cpefisl 33 CKA4KOM BospacraeT. CKaukW, XA KOTOPHX
Vpo — Upy > 0, HABHKBAIOTCH CKAYKAMHA YIUIOTHEHUA.

Eenw v,y — v,; < 0, To HOpDManbHAA OO OTHOMEHHAK K S
COCTABIAIOMASA CKOPOCTA Cpeill 3a CKAYKOM HANDaBJieHA B CTO-
pPOHY, OGDAaTHYK CKODOCTH pACIHPOCTDAHEHHWS CKA4YKa B HEHOJ-
BIDKHOH Cpefie; MOITOMY B CDENe 332 CKAYKOM BOBHWKAET paspesxe-
HHE, T. . pp < p;. T4KHe CKAYKH HASHBAWTCA CKAaYKaMU paspe-
JREHHA,

YeranosneHuse B 9ToM naparpade ycaoBMA Ha CKAYKAX MOTYT
CUYRUTh UCTOYHMKOM IIONY4YeHWsi M'PAHMYHHX YCIOBHME AIA pemre-
HuAa muddepeHnuansEAX YPABHEHUA B 06J1aCTH HEIPEPHBHHX JABU-
JKEHWH CPeJIbl.

B pajme cnydaeB MOKHO 3ajaTh CBOMCTBA, JABIJKEHEmE H CO-
CTOSAIHWE YaCTAL, CPeJH ¢ ORHOH CTODOHH IOBEPXHOCTH pa3phi~
Ba, TOIJla COOTBETCTBYION(AE XAPAKTEDHUCTHKE C APYroi CTOPOHH
HOMKHE YAOBNAETBOPATh HANNEHHHEM COOTHONICHUAM.

B uwactHOCTH, TaKEM IYyTEM MOKHO HOJXYYATEH PPAHHTHHE YCIHO-
BHA Ha CBOGOJHHIX TPAaHANAX KHAKOCTH, HA I'DAHHMNAX TBEPIAHX
TeJ W T. I

Craykm  ynaoTmemmsi ®
paspesxeHun
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§ 5. CnabHble paspvIBHI B DI1CKTPOMATHATHOM IOXE

PaccMoTpmM 316KTPOMATHATHOE 1T0JIe, B3aEMOMEHCTBYIOMEE ¢ Ma-
TePHalbHOH cpenoil, ¥ MpPeqmoNoKMM, 9TO B IOJIE MMEETCH MOBEepX-
HOCTH Da3peiBa §. YCTAHOBEM COOTHOMEHHS, KOTOPHIM [OJKHEI
YAOBJIETBOPATh 3HAYEHUsS BIEKTPOMATHATHLIX XAPAKTEPHCTHR C
Pa3HEIX CTOPOH moBepXroctH S. I[ng moaydenma 3THX COOTHOMIE-
HUil GyneM HCXOXUTH U3 ypaBHeHmH MakcBenna, 3aIMCAHBELIX B HH-
TerpanbHoil dopMe W PACHPOCTPAHEHHHX HA CAydYail BMEKTpPOMAT-
HATHHX DOJeH ¢ HaJu4meM IOBEPXHOCTH PaspHIBA.

Has ymoberBa BummmeM 3tn ypasHeH#EA (eM. ra. VI, (5.5)).
B n06oii nHEpIHANbHONR CHCTEMe MMeeM

QB,;dc_: 0, S[)ndc:4n Spedr, (5.1)
by b v
: 1 d
o . (5.2)
SH-dr—_— A S . ds _{__1_.01_ SD ds
¢ ]71 ¢ dt n
&£ PN b1
M, KaK CJECTBME DTHUX yPABHEHWH, 3aKOH COXPAHEHWs 3aDPAIOB
d .- .
— = Spedr == S]” ds. (5.3)
Vv pH

3nech £ — 3aMKHYTas MOBEPXHOCTH, OTPAEMIMBAIOTIAS HEMOABUIK-
HHilT o6peM V, Z; — HEMOABWKHASA HE3aMKHYTAsA MOBEPXHOCTE,
orpaHEWdYeHHas KOHTYpoM Z.
IIycts M —- HeKoTOpas TOYKA HA MOBEPXHOCTH paspuBa S
- u K* — uHepIuanbHAs cHCTEMa KOOPAWHAT, B KOTOPO# CKOPOCTH
% vouxkm M momepxmoctm S papHa Hymw. Cmcrema K* — «cob-
CTBEHHAS» CHCTEMA HOOPAMHAT Mg ToYKE M; cocepHme TOYKA HA
MOBEPXHOCTH S MOTYT MMeTh B cucreMe K* cropocTH, OTIMYHEIE OT
gyas. Ilpmmem, uro ypasmerma (5.1) m (5.2) HamucaHH B cmcTeMe
K*. B ypasperuax (5.1) u (5.3) ucnonsayem oGvem V, orpaEmdeH-
HEI IOBEPXHOCTHIO 2 M ONpeIeNeHHAH TaK ke, Kak 1 B § 4. B ypas-
geHAAX (5.2) B KauecTBe NOBEPXHOCTH X, M KOHTYpa £ BO3BMeEM
cegeHrEe 00beMa V ¥ LOBEPXHOCTH 2 INIOCKOCTHIO, IPOXOqanie de-
Pe3 BeKTOPH HOPMAJIHA 7 U KAcATeabHoi T K S B Touxe M. Hanmpasie-
HAE BEKTOPA %, KACATEABHOIO B MOBEPXHOCTH S, MOKeT GHTH IIPO-
u3BOALEEIM. ITo ycioBUIO HANIPABIEHAS 72, T M BEKTOPA HOPMANHK 1 *
K Z, o0pasyoT IpaByw CHCTEMY, T. . R* = n X <.
PacecMoTpuM mOBEpXHOCTH paspeBa S, IO
ofenM cTOpoHAM KoTopoit BekTopu H, B,
E, D roneuns w HeNPepHBHL, HO OPH Iepe-
xoge gepes S MOryT mperepuesarh paspus. OTHOCHATEIHHO pacupe-

YenoBasg Ha MOBEPXHOCTAX
pasphiBa

AAED
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FeseHus 8aPAMOB p, W TOKOB j JIOIYCTHM, 9T0O HA HOBEPXHOCTH S
MOryT OHTH HOBeDXHOCTHEIE B3APANH Y H IOBEDXHOCTHHE TOKH %

Jipem V' A lveeparocmy Xy
oeeppnacme X Hokmyy 2
Hegimw €

Pme. 47. Cxemnt ofmacreit HHTEerpHpPOBAHHA A
TMOJyJeHNs YCJIOBHA HA IMOBEPXHOCTH PasphiBa.

(BeKTODH, JexamEe B KACATENBHOM IJIOCKOCTH K IOBEPXHOCTH S),
ompefenseMite B Touke M ¢ mOMOIBI0 IPeleNbHRX IIePexOoB;

. 1

lim S podv =1 (M), (5.4)
VM Vehda

lim S S jods = (M), (5.5)
A;jl:(l)w Zi=AG

roe Ag — 0 — smemeHT HOBEpXHOCTH S WM X%y, CTATABAIONUHUCA
B TOYKy M, j. — BEKTOpDHaA cocraBiAmiomasg O00BeMHOH mIOT-
HOCTH TOKAa, IAapajiaenbHAd KacaTelbHOH NIOCKOCTHE K S B
Toure M.

W3 ypasreruit (5.1) m (5.3) ¢ ygerom (5.4) TaxkmM ke myTeM,
Kak B § 4, moryaum

Bny— Bpy = 0, Dpy — Dpy = 4y (56)

n
.. . , 0
dive 4 jug — jpo = — TI‘: (5-7)
rae

divi= lim 5 Si,, dl = yuit + Vaid,
c-M B9 P
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C — BaMKHYTHI KOHTYD, CTATEBAOMMHICA K TOUKe M Ha HOBepX-
HOCTH DPaspuBa §; i, — HODMAJAbHASA COCTABASAIMAA HA KOHTYP®
C Bextopa i; Ag — miromanp dIeMeHTa HOBePXHOCTH S, Orpamm-
gegHOro KomTYpoM C; div © — nByMepHAs AHBEPTeHIHA BEKTOpa
4, ompepeneHHass Ha mNoBepXHOCTH S} i! M {2 — KOMIOHEHTH BEKTO-
pa i, a V, — KoBapMaHTHHE TPOU3BOJHEKE B CHCTEME KOOPIHHAT
Ha NOBEPXHOCTH S.

ABanormuHEM myteM H3 ypasHeHuil (5.2) mocxe mepexoia K
upegeny upu h — (0 u 3aTeM UpH CTATHBAHUHA AYIHM KOHTYpa £
R Touke J momygaem

E,—FE,=0, (5.8)

Hoy—Hy= 2 4.(n x v),

O‘IeBl/IﬂHO, 9TO HOCJeHe® PABCHCTBO B BEKTOPHOM BHJE MOHO Ha-
nucaTh TaK:

Htlf'Hr2:é?—(iX n)a (59)

roe H ., u H ., BeKTOpHHE cocTaBaarmue Bekropa H , mapannens-
HEIe KacarelbHOM! MIocKoCTH K S B Touke M.

Cucrema ycaoswmit (5.6) — (5.9) oGpasyer momHy cmcreMy co-
OTHOMEHRNil Ha NOBEPXHOCTH PaspHBA ANAA AEKTPOMATHHTHHIX Xa-
PAKTEPHCTHK C Y9€TOM HOJISPHU3aNuM, HAMATHHINBAHWA H TOKOB.
ITH COOTHOMECHHS HANMCAHEL B «co0CTBEHHOM» muf rtouxkd M wmHep-
nuasnsEoil cmereMe K*, B KOTOPOH CROpPOCTH TOUYKH M HOBEPXHOCTH
paspuiBa & = 0.

Ha ocHoBamum o0mux ¢GopMyd, BHIOJIAAOIUXCA OpA Ipeos-
pasosaHmaAX JlopeHN@a OT cHCTeMH K*, ABIKYLIEHCA CO CKOPOCTRI0 &)
OTHOCHTENBHO (PMKCHPOBAHHON «HENOABHAKHOMY WHEPIWANBHOA CH-
creMH oTcuera K, k cucreMe K (cM. dopmynm (3.22), (3.23) ra. VI),
MOKHO Hepenucars ycaosma (5.6), (5.8) m (5.9) B cmcreme K:

Bp— Bup =0, Dy — Dpy = 4ay", (5.10)
. 1
E‘:l_ETZ:T[(Bl_BZ)X@]Tv (5'1‘1)
.4 D2
Ho— Hoyt - [(D— D) x 81 =2 )/ 1— Z (& x n).
(5.12)

3geck n B T — HOPDMAJIBHHE ¥ KacaTeJlbHHe HAaNpaBleHAT K Ho-
BepxHOCTH paspuBa S. CkopocTs & BHUHCIeHA B cacreMe K n Ha-
mpaBiesa no HopMaad x S. Beamumnma y* m Bexrop ¢* ompesenenn
B cobcreennoii cmcreme koopammar. Mopmyna (5.7), mpu npeme-
GpeseHHE uieHaMH mopapka P?/c? mpm y = y* m ¢ = ¢* coxpa-
HAGT CBOHA BHJ.
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IloBepXHOCTHRE ILIOTHOCTH
MOHACPOMOTOPHHIX cHA H
OPATOKOB SHEPran or
moas E cpefe HA HOBEpPX-
HOCTH Pa3phIBA

PaccmorpmM Temeph QOpMYJH [AAA KOMIO-
HEHT BEKTOPAa MOBEPXHOCTHON ILIOTHOCTA
moBfepoMoTopHOl cmin J m moBepxHOCT-
HOH IToTHOCTH HpHTOKA pHeprmm W K cpe-

e Ha IOBepXHOCTH S paspriBa 3JIEKTPO-
MarHuTHHX BeJWYdmH. B fekapToBoif cmcreMe KOOPAMHAT JJIA KOM-
mOHEHT 00GheMHO# CHIH 1) mO OHmpefeIcHUI0 mMeeM

1 a i e as*? 8s* gt
- pF = kAS k o= 61‘1 —|— axz —|— azs + at y o == 1., 2, 3,
" (9.13)
as,1  as,2  as,3 884
~Fe=ViSi= gt b g b, 649

rae S — KOMIOHEHTH TEH30PA SHEPrAH — HMOYJAbCA. Y MHO-
wEM ol0e vactE paseHcTB (5.13) m (0.14) ma smeMenT oOmeMa
dt = daz'dz?dz®* W upoumHTerpmpyeM @O0 HENOABIKHOMY 0OneMYy
V B cmcreme K* pua papsoit touka M ga S (cMm. pumc. 47). 1locae mpn-
MeHeHuA PopMyan I'aycca — Ocrporpajckoro moaysmM

QpF"dr S SSaBngdc— . SS‘“dT, a—=12,3, (515)
v s v

d
SF4 dt = — szns do— 2 S S, dv, (5.16)
v 3 \2

rje ng — KOMIOHEHTH €IMHMYHOrO BEKTOpPAa 7 HODMajim K X B
TpPeXMepHOH JeKapTOBOM cHCTeME KOODAHMHAT.

BocuonpsyeMess s KOMIoOHeHRT S'* Temsopa »HEPrAH — HM-
oyasca gopMmynoir MueroBckoro ((9.10°) ra. VI):

§% = — [Pl H™ — R, ™). (5.17)

1) B mcoonbayeMoil cHCTeMe KOODAMHAT C METPHKOI
ds? == —da?® — dz?® —de®® P d =g ;da’ da’, dut=dt

KOBTPABapHUAHTHHE KOMOOHEHTH YeTH pexMepHO# cmas F* paBHH B HpPOCTpaH-
CTBeHHO}i eKAPTOBOH CHCTeMe KOODAMHAT KOMIOHEHTaM OOKYHOM TpexMmepHOi
CHLJIHL:

X _ oL —_— —_—
F* = F-rpexm— Fa.'rpexm' a==1, 2, 3.
JliA KOBADHAHTHHX YeTHPEXMEPHHX KOMIOHEHT HMeeM

F,=—F*=—_F} a=1, 2, 3.

TPEXM ?

3nech F* — MaccoBne cmil, B gopmyne (5.10”7) ra. VI gaEM KOMOOHEHTH
00'5eMHOH CHIHL,
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Marpeny faa S mommo manmmcath B BHEpe
SII Slz Sl3 Sl4
. SZI S22 823 S24
187 = .
S31 S32 S33 834

S4l S42 S48 S44

Ecnm BocnonssoBaTheA MAaTpHYBEIME oupepenesuaMu (5.6) m (5.7)
ra. VI gua [ Fy;|»n |HY| = yaecrs, gro

1
0 —B* B —F,]

4

1
4 " 3 —m L
|Fi)=1Fue =) B 0 —B B
B B 0 g,

c

¢Ey ¢cEy c¢Es O

TO HOJYYEM B [IGKAPTOBHIX KOOPAEHATAX CHENYIOMUe BHIPAKEHMS
I KOMIOHeHT TeH3opa S wepes KoMmoHeHTH Bexropos K, H,
B, D:

S = — Z;—[E“DB—I— H*B® 4+ 4 ¢*(B-H —|—E.D)], (5.18)

rie a, p =1, 2, 3 m ydIreHo, 4r0 B TPEXMEPHOi lEKAPTOBOi cucre-
Me E, = E* m Dg= D¥
@ 1 -
89, = (DX B), Sfo.=—(DxB), (5.19)
X 1. 4
Sy = (E X H), Sisa—=g-(BxH), (520)
Si= - (E.D+ H.B); (5.21)

37iechb 9, — BEKTOPH (asmca B TPeXMEPHOR CHCTEMEe KOOD[AWHAT.

Togaepkaem eme pas, aro B opmynax (5.18), (5.19) m (5.20)
KOMIIOHEHTH TeH3opa S ompejieleHH B YeTHPOXMOPHO# CHCTEME
KOOPJWHAT, JJifA KOTOpOi

dst = g, dz'dz’ = — do'® — da® — dz®® + c?dt,

9To 3aMeyaHMe HY)KHO HMETh B BH/Y LY CPAaBHEHHE HAIWCAHHEIX
smech opMyn ¢ dopMynaMu B HEKOTOPHX APYIAX KHHrax, B KOTO-
PHX HCHOOJB3YIOTCA JPyrue OUpPEReNeHEA A gyj.

TaxuM o6pasoM, DOAKHETErpadbaHe BenmanHH B (5.15) = (5.16)
pupaskajorca gepes ¥, H, B u D, xoropHe 110 IPEANONOKEHHIO HA
S n B oGpeMe V KOHEUHH.



§ 6. HopepxHOCTH PAa3PHBA B MIEAJBHHX CpPeNax 373

Cosepmas B papencrBax (5.15) m (5.46) yxasammme B § 4 mpe-
AeNTbHEe IePeXOofH K Touke Jf HA MOBEpPXHOCTH pPaspuBa S, HOIY-
aIM

R® ___(Saﬂ)2 Iig —(Saﬂ)lnﬂ (5.22)

= (8f)sna— (SP)ng. (5.23)

Qopmyast (5.22) u (5.23) Ba ocHoBammum $opmyxn (5.18) m (5.20)
OPHUBOJAT K CAEIYIOINEM BHpaskeHnsM qiug R* u W qepes E, H, B,
u D B cucreme K* nmua touxu M:

R = —%[E“Dn—}—H“B,;—}——"-zi(E.D—}—H-B)] +
t o |Ep v B+ @D H B, 520

W =;=(Ey,X Hy— E, X Hy)-n. (5.25)

OTH BHIPA;KEHHA MOKHO IOJCTABIATH B COOTHOIIEHMS HA CKAUKAX
(4.14) — (4.17) mns marepmanbEOM cpefil. Tak Kark ¢opMyas
(5.15) ra. VI noxasniBaioTt, 9r0 IIOTHOCTA OOBEMHEHIX HOHIEPOMO-
TOPHKIX MOMEHTOB KOHEWHH JayKe NPH Haawymm ckaukos E,D, B,
H, To 09eBH[IHO, YTO B YCIOBHSX HA PaspHBaxX IJA MOMEHTOB IIO-
BEePXHOCTHHE INIOTHOCTH NOHIEPOMOTODHHX MOMEHTOB OyAayT pas-
HH HYJIO.

§6 . IToep xHOCTH pa3phiBa BHYTPH HAEAIBHBIX CKHMAEMBIX CPejR

PaccMorpuM Temeph Gonee feTanxbHO YCIOBHA (M BHTEKAIOIIAe
U8 HEUX CIEJICTBHA) Ha MOBEPXHOCTAX CHJIBHLIX PA3PHEBOB B HEATb-
HHIX C)KAMAaeMHX cpefax, BBefieEHHX B § 1 ra. IV. B srux cay-
qagX MO OIpeJieNeHNc BHYTPeHHNE HAUPHKOHUA MOTYT OHTH TOJb~
Ko napueEmsamum: P, = —pn.HpoMe Toro, B aToM maparpade Mui
paccMoTpUM TaKHe IIOBEPXHOCTH DPAa3pHIBA, HA KOTOPHX HE IIPOHC~
XOQUT HEKAKMX NOBEPXHOCTHHX BHENIHWX BO3[eHCTBHIA HA HAHHYIO
cpeqy, T. e. MpEMeM R =0, W=0; 6yaeM rTawxe camraTh, 9TO

gn =0 ma IOBEPXHOCTH DAasPHBA, B YACTHOCTH, He OyfeM ydImTH-
BaTh Ha CKAYKe CBOMCTBA TEIJIOHPOBOJHOCTH CpPOJHL.

‘ Ilpm paccMOTpeHHH [BH;KEHHA CPENH OTHO-
CHTENBHO «COGCTBEHHON» |CHCTEMEl KOOPJH-
HaT K* nns [AaHHOTO 5JeMeHTa II0OBEPXHO-
CTH PaspwBa S MOMHO HANACATH yciaoBume (4.14):

YenoBdi HA HENOIBYKHOM
pasprige

P1Vn1 = Po¥na. B (6.1)
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Hanpme mpmmeM, uro HopMaidbHAg COCTABAAKIMAA K S CKopocTH
Un; 5+ 0, I09TOMY DPOMCXOAHT IEPEeX0j] JACTHL ¢ OXHOH CTOPOHL
IOBepXHOCTH paspuiBa Ha Apyrywo. Torga us (4.15) pua mpeanbHOK
CPefEl IOJydYaeM

Uzp = Una, (62)

Il ¥;; — BeKTOPHH® COCTABJAOIEE ¢, NIapajjlelbHEHE Kaca-
TEeNBHOR milocKocTH K S B Touke M.

C yuerom (6.1) u (6.2) u3 ypaBHeHAA WMOyAbCcoB (4.15) B mpoex-
IUH BEA HOPMaJL K S IOJydImM

9103;1 + n= 920312 + Da. (6.3)
Ypaprenue sHeprum ¢ yaeroM (6.1) = (6.2) npusogurcs K BUAY

v

2 22
Ut —5 + 2o =Us+ >+ 4

2
pa

(6.4)

U, maxomen, paBercTso (4.18) ana ckauxa sErponmu ¢ yieroMm (6.1)
maer
P1Vn1 (81 — S2) = Q. (6.5)

HanommuaeM, aro B coorHOomeEmAX (6.1) ~ (6.5) cropocTd B3ATH
OTHOCHTEJNHHO CHCTeMH K*, B KoTopoii Todka M moBepXHOCTH pas-
PHBA EMeeT CKOPOCTh, PABHYI HYIIO.

Ilpm ycraHOBMBmIEMCH [BH)KEHHH ¢ HEOOABW/KHEIMH CKA9K4-

MH MOKHO OpPEWHATH, 9T0 K* coBHAjaer ¢ OCHOBHOM, «HENOJBUIK-
HO» cHmcTeMo#i orcyueTa.
N3 (6.1) BmgHO, 49T0 ¥py H Ugy UMe-
0T OfWHAKOBHE 3HaK. Ecim BBecTE CH-
cremy orcaera K, B KoTopoill ckopocrs
mepe CKa4KoM pasHA Hymo, a £ > 0, To MOKHO BOCHOJB30BATH-
ca B cucteme K coorHomemmamMu Ha ckaake (6.1) — (6.5), B
KOTOPHX HAM0 NOJOKATH

Upg = —@, Ung == VUn — D

Pacnpocrpanenre paspriBa -
IO JacTHIAM cpefnl

i
Vg == Vg = 0,
Ie Vp== Upy — Up; — HOPMAJBHAA COCTABIAAOMAA K S CKO-
PocTH cCpean OTHOCHTeNBHO CHCTeME K Ha CTOpOHe, OTBe-
gaomeid mAgekcy 2. B srom caysae seamumHy & MOKHO
paccMaTpuBaTh KaK CKOPOCTh pacHpOCTPaBEHWs IIOBePXHOCTH
PA43pHEBA N0 FacTHENAM cpefdn co cropoHH 1. [lanbme OypeM moiab-
BOBATbCA TAK OIpeeleHHol BenwamHOA &), & A yNPOIEHAA
dopmya BMecro mmoTHOCTH p BBeAeM yHexbHHNE oOmeM V = 1/p.
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Jlerko Bmpers, uro coorHomemma (6.1) m (6.3) paBEOCHIBLEER
CIeAYOIMUM DaBeHCTBAM:

— Upa= V3 11;21—:%, —om=D=V II;ZT___-%, (6-6)

Ups— U= Vp= D (1 — —%) =4V (p2—p) (V1— V3). (6.7)

Tax xak & > 0, 1o 3EaK mmoc B (6.7) coorsercTByer p; < pa,
a 3HaK MMHYC p; > pp. CoorHomenwe (6.4), ecim m3 HEro mcKiio-

9ATH CKOPOCTH, OPHBOJUTCA K BHAY
1
Us— U= —5(p2+ p1) Vi —Va). (6.8)

Us (6.6) pupmo, uro ecim V; > V,, T. €. p3 > p;, TO o6aA3a-

TeJIBHO P > p;, W, HA060POT, €Cid pp < pj, TO Py < P 3.
PaspHBH, I KOTOPHX HMEWT MECTO HEpa-

BEHCTBA

v, >0, Pa>p1, P2>pa, (6.9)
HA3HBAIOTCA CHKAYKAMH ynnomennﬂ.
CKa‘IKE paapememm oupenenenm HepaBeHCTBaMI/I

vn<01 P2<pl, P2<p1- (610)

Opmo m3 Tpex HepasencTs B (6.9) mum (6.10) Bieuer sa cofoit BL-
OOJIHEHWe IBYX JPYTHX.

CaoiicrBa (6.9) n (6.10) mMeroT BecrMa o6muii xapaxkTep mu

ABNAIOTCA CHEJCTBHUAMM TOJIBKO B3aKOHA COXDAHEHHA MACCH X
YPABHEHHAA KOIUIECTB [BVKEHHs, KOT[A HA HOBEDPXHOCTH CKadKa
HeT [lefiCTBYOmMUX HA CpPefly BHEIIHAX IMOBEPXHOCTHHX CHI M
BHEMHNX HIDPHTOKOB Macc.
Coorromenue (6.8) He cofiepsmT CcKopocTeii,
BHIIOJHAETCA B JNI0G0i cHCTEMe OTcYeTa M
yHOoOHO 1A WBYyIeHHA HW3MEHEHMA MJIOTHO-
CTH U JABIeHHA 9ACTHUI, IPOXOJAMUX I6Pe3 CKATOK.

Ecau ckagok IIOTHOCTHE 8ajiaH, TO B HEKOTOPHX BAYKHHX CIy-
gaax w3 (6.8) MOKHO ompemeNIWTh CKAYOK MABJICHHS; IOCIAE ITOTO
COOTBETCTBYIOIIAE CKOPOCTH ONPENeNATcaA u3 paBeHcTB (6.6)
u (6.7).

B o6mem caygae BEYTPEHHA 9HEPTHA A ONHOPOAHOMA H/ieans-
HOM MaTepHAJBLHOH CpefH ABIgeTcA GYyHKOHed yneabHOro 0GBEMA
V (mnorHOCTH p), fABNeRNs p W HEKOTOPHX [PYTWX IapaMerpos,
safjalomuXx (UBMIECKHE W XWMHUIECKWe CBOWCTBA cpenn; ¢uamdge-
CKUMH IapaMeTpaMd B 0oGLIEM Ciydae MOTYT OHTH TAK/KE BEKTODH
DONAPH3ANMY ¥ HAMAIHNIMBAHKA; 9TH NAPAMETPH MOT'YyT U3MEHATH-
CA CKAYKOM HOPH Hepexofe gepe3 MOBEPXHOCTH Pa3pHBa.

Crauxm ynaorHemma # pas-
pe;ReHAA

O crauke BHYTpeHHeii aHep-
THH



376 Ta. VII. O mocraHOBKe 3a7adY B MeXaHUKe CIVIOIIHOH Cpemkr

C TaxmM HONO'KeHWEM MH BCTpedaeMcd, HAOpHEMep, OPm He-
CIE/IOBAHAN SBIEHHH pacmpocTpaHeH:ma $poHTA ropeHHs, GpoHTA
HAEeTOHANAHA, DPA3IMIHKX $POHTOB BMEKTPOMATHUTAHX BOJAH H T. 1.

Hanpmmep, [asa coBePMEHHOTO Ta3a mMeeM

C
U=CVT+U0 = c—__p—r‘p——l—Uo,
P v P
IRe Cp B Cy — YMelbHHE TemIoeMKocTH, 8 U, — mocTOAHHAA Ans
ZAaHHOTO Trasa BenrwdwHA. 1Ipm mepexofie 9epes CKAYOK COCTAB rasa
MOKET MEHAThCA, W IO0ITOMY Cp, v ¥ Uy MOryT IIpeTepueBaTh CKa-
qor. Ecau ras mpepcrasaser co6oit cMeCh COBEPIMEHHKX Ta30B, TO

T
U= ;__"p_ (UOi +TS° ¢y (T) dT) ,

rae p; /p — MaccoBasg RolA i-# KOMIOHEHTH rasa B cMecm. Ilpm
Iepexofie 4epes IOBEPXHOCTh PA3PHBA OTHOMEHHA p;/p MOTYT W3-
MEHATHCA CKAYKOM, [JIA OHpeJeleHNA 3THX CKAIKOB HEoGXOmEMO
IPABJIEKATH JOUONHBATENbHEE (UBHKO-XAMHIECKNE 3AKOHH H I0-
nymerna. [Ipn DOBHIIEHWHM TeMIepaTypsl CMeCH MOKHO paccMar-
PHBATH CTopapue (IOMHOE WM HEHOJHOE), YYUTHIBATH SIBIEHWUSA TUC-
COOWANUA WX WOHWBANWA ® T. T.

Ecan ¢usmko-xuMuueckme CBOWCTBA CpOAEH IpPH Hepexofie
9acTHI] Yepes CKAUYOK He MEHAITCHA, a W3MEHAIOTCH TONBKO IIOT-
HOCTL p W paBieHme p, To cooTHomenme (6.8) mpm ¢ukcmposan-
HHX p, W p; ONPElelNdeT CBA3h MEKNy O3HAYCHMAME [aBJIGHOS D
I IUIOTHOCTH pp 32 CKAYKOM.

Ecnu o603Ha"aTh rpadumuecKnm COCTOAHHA
p» V = 1/p toukamm ma mmaockoct: (p, V),
TO /i 3aJAHHHX p;, V, paBeHcTBo (6.8) ompemeawT KPUBYIO B 3TOH
OAOCKOCTH. IT4 KPEBAg HasnBaerca agmabaroit [orormo (pme. 48).

Touxa p,, V,, oTBeualOmasa COCTOAHWIO mepef CKauKoM, Oymer

npuHagnekarh agmadare ['roroHmO, ecim

Uz (p1, Vl)—Ul(pl;Vl):O, (6-“)

1. €. ecnm dpyurmus Us(p, V) coemapjaer ¢ Qymrmmeir U, (p, V).
PaserctBo (6.11) Mo:xeT BHIIONHATHCSA, 6CIH BCE APyrue HapaMeTpH,
xpoMe p @ V, W mocTOAHHEE, OT KOTOPHX MOKET 3aBUCETh BHYT-
PeHHAA 9HEPrus, OCTAIOTCA HEH3MEHHEIMHE DY IIEPeXofie Iepe3 CKa-
goK. [Ipn Hannaum HeoGPATHMEIX XAMIIECKUX DEAKOMi WIH APYTHX
Kakmx-1m0o mpomeccos paseHCTBO (6.11) MoeT He BHIIONHATHCA,
H B 9THX CIyJadx TOUKA p,, V; MOKeT He mpuHANNe;KaTh agmabare
Torommo 1),

Amunabara Troronmo

1) Bosee monHo Teopusa agmabarer [oronmo waigokena, Hanpmdep, B nA-
TapoRaHHO# Kamre JI. U. Cepona «Ilmockme 3agadd rafpofEHaMUKA X a9pO-
TUHAMBKEY: - :
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PaccMorpuM caywail paspeBoB, Korja pasencTBo (6.11) mmeer
mecro. O4eBmARO, 9TO NPHU 3aJAHHKX p;, V, A ONpENENeHAs TOT-
KH Dy, Vo Ha agmabare I'oro-

HHO AOCTATOYHO 3aJIaTh TOJLKO 7 Aduabama Iweomug
OfHY H3 BeJWIHH:

1
P2, WL P = 3=, WM

tgo— 22— L2 (642

—_— 2
V1 Vo Vl
Yroan o ompegenser yrio-
o . , Y Y v
Boii koaddmmumeHT mpAMOE —
cexymei ammabGaru [orommo, Puc. 48. ApuaGara Tioromno.

COOTBETCTBYIOIIEH COCTOAHUAM

nepen ckaukoM I u 3a ckaykoM 2. OueBmAHO, YTO yToJ O XapaK-
TepmsyeT CKOpPOCTh ) pACHpOCTpaHEHWsT CKAYKA 0O YaCTUIAM
cpensl B cocroxHEm I.

BiiyucnmM Temeps uWsMeHeHHE SHTDPONHH §
Baoab agmabatH I'ioroEwo. Jlns sroro Mesk-
Iy HEKOTOPHM QUKCAPOBAHHKIM COCTOSTHHEM
P1» Vi ¥ IPOEBBOJLHEKM COCTOSSHMEM p, V, HPHHAJIKAINAMA a1a-
oaTe I'rorommo, paccMOTPAM HEKOTODHH oOpaTEMENT MpPONECC ¢ mMpPH-
TOKOM TeIa, S KOTOPOr0 BEPHO PaBEHCTBO

Tds = dU + pdV. (6.13)

IlopcrasuM B (6.13) dU us (6.8) n mpu durcmposasHux py, Vy moc-
Jie IMPOCTHX Ipeo0pasoBaHMil mOXYIEM

Tds= (V= V)d(p—p) — 5 (p— p)d (Vi —V).

W3sMenenme BSHTPOOMHE BAOJXb
apmagartnl T'oronmo

C momMomgio (6.12) GyneM mMers

1 — 1
Tds = o (Vi — V2 d F=E = — (V1 - V)*dtga=

1 1
=-—5(P—p)d gy (6.1%)

MaMeperne SHTPODMB BAOAL  Bronp, agpabarsl 1JOroHHO HA OCHOBAHMH
aguagara I'roronHo ppm Ma-

20M cRauke JaBICHUA paBeHCTBA
1 ;V—V1 dv
o)
' tga P—P a5 Jo=p. T
LBV ]2:__3_ mV) J
T (dp? )p=p, (P=pP)+...[=— (\_dp—"’_ pmp P T

+ O(p — p) dp,
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rge O (p — p)) — Manaa BejIWYMHA, WCIEBAWINAA BMecTe ¢
D — D1, 13 (6.14) monyanm

1 axv
Tds=—(p—p)*—zdp +(p— P)*O(p— pr)dp. (6.14)

Orcioga ciegyer, 9To OPHM MAJXKX p — p, BEPHO PaBEHCTBO

e 1 i
188 = 35 (p = 1" ()
+ Mamast mopsinka Beme, YeM (p — p;)%, (6.15)

rae 7% — HeKoTOpOe cpefiHee 3HAUCHHE TEMIEPATYPH B WHTEPBAJE
WHTETPHPOBAHNA.

N3 dopmynm (6.15) BEAHO, 9TO0 IpPH MaNHX CKAYKAX J[ABICHHA
P — p; U3MeHeHHe OJHTPOINE IPH IepeXofie yepes CKauoK Oymer

MaJioli BeImYMHOHR mopAmka (p — p,) 3.
B menpepuBHEHX agumaGaTHYeCKHX [BHKe-

a o
Anmmabara  Iyaccon HEAX IPH W3SMEHEHWH COCTOSHHWEA YACTHITE
9HTPONHUA COXPAHAETCA, T. €.
$(@ V) — s (pry Vi) =As=0. (6.16)

Vpasrenne (6.16) mpu 3ajaHBHX p;, V) ompejenser cBA3b MEXTY
p u V. CoorsercTBylomas KpEBasg B INIOCKOCTH (p, V), npoxoas-
mas uepe3 TOUKY p;, Vi, HasHBaeTcd, KaKk W3BECTHO, anuabaroil

Ilyaccona.
Ha ocmoBammm (6.15) m (6.16) npm wMmamnoi

AnaaGarer Iyaecoda a I'roro-
mf,‘o,,, .,o.mey p1, Vi Bueor Pa@SHOCTH p — py ypasHerua amuabar Ilyac-
KacaHde B'rdporo nopsgKa cona u I''oroERO MOKHO npeacTaBUTh B BHUIE

V—Vi=f(p — p1, s=const) (6.17)
nasa agmabater Ilyaccora m
V—Vy=f(p—pr s=const) L k(p—p)° +... (6.48)

s agmabare [OroEMo COOTBETCTBEHHO; KO3()(HIUEHT K 3aBUCHT
ToNbKO OoT V; B p,. CuefoBarensHo, B6NESHM TOIRE py, V; 2TH ajgma-

6arn — Gauskme Kpmehe (puc. 49).
Us (6.17) = (6.18) BmgHO, uTO B TOuKE Py, V; 0obe apmabarm
EMEeOT OJEHAKOBHE KacaTeJbHHE U OfMHAKOBHE KDHBHSHH, T. €.

(&)= (T = (55

Fe-EEh-F o
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OueBngHO, 9T0 IONHHE NPOM3BOAHEIE OT YAENbHOro obmema V
Boap apmabarm Ilyaccoma mpefcTaBIAIOT coGoH mpocTo wacr-
HHE IIPOM3BONHHE or yAeabHOro obmeMa V (p, s), BHpameHHOro

¥/
(5)>7

2)
Prc. 49. Bsaumuoe pacmonoskenme apmabar Ilyaccoma (IT)

o
u T'ororuo (Iopn (a—pz)s ~0

¢ IOMOMBI0 YpPaBHEHAA COCTOAHHMA B QYHKOUM MABYX HE3ABUCH-
MHX IepPeMeHHHX p H S. “
Ns (6.6) m (6.19) nerxo momyumm, dro

Caafnle  cra9YKHE acmpo-
CTPAEAITCA IO -la[:rml:xpau faa  cunalRX CKAauKoB INPA p; —> Py H
€O CKOPOCTHIO B3BYKa V., — V, BepHH paBeHCTBA
dp ( dp ) dp op
92 —= — 2 = | — = ——— = { ——
= — v gh = (). = (5 )H, (2 ) (6.20)
Beawnunna

o= ]/ @_g (6.21)

HA3HBAETCA CKOPOCTBI0 3BYKAa, W BHNHO, 9TO GECKOHETHO MAJHeE
BOSMYMEHHs — caalie CKAYKM PACHPOCTPAHAITCA IO YACTHOAM
€O CKOPOCTBLIO 3BYKA, T. €.

D =a.
B3ammuoe pacnonoskenme J[ns OOHYHEX CPEf BHIONHAIOTCA HEPABEH-

agmabar Torommo m Ilyac- ¢rpa
coHa BOIM3H TOURH pi, Vi (an

5,7)8>0 H (%)p>0. (6.22)

Hanpmmep, paa coBepmeHHoro rasa (cM. (7.4') m (4.3) ra. V)

\
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mMeeM
\ 5—84 3
Y- o
U=c,T, (-g(—)—) e "V + const = ¢, T + const =
1
=i pV + const
8—5
P v < P )Y
Po po/ !
T, €.
V s_so .
—pp(l == p (P—O)UY ; - (6.23)
OTCIONA
FV\ _ (A4+mp e P
<6p2 )s - 7?00 pzﬂ/v >O
7
ov |4
(3o 7 >0
J

2
s mepasencTBa (g—;>s>,0, caemyer, uro ammabara Ilyacco-
Ha HampaBieBa BOHYTOCTHIO BBepX. Ecam (9V/ds), >0, to s> s ]
poime, a s < s, Hmxe amuabarsl Ilyaccoma; ecim (9V/0s), <0, 10
mao6opor, s < s, Bmme @ § > § Bmwke ammabartu ITyaccoma (cM.
puc. 49, a u 6). Tax kax Ha agmabare I''OTOHWmO BHIOJHSAETCA pa-
eacrBo (6.15), 1o oueBmpHO, Hro BOIW3M TOUKM p,, V, agmaba-
ta Torosmo, wracasch amgmabarst Ilyaccoma, mpm BospacraBEmn
V mepexonuT cBepXy BHU3, KaK yKasaHo Ha pmc. 49, a, korga
(8V/85),>>0. Ecam (8V/ds)p < 0, To pacmonioskeEme amwmabar Io-

nydaercsa 0OpATHEIM.
Cornacno (6.23) ypasEerua amgmaGarts Ilyac-

Vpaseemms ammabar Ilyac- COHAa m apmabarsl 'orommo (6.8) mnsa cosep-
coma u I'lroEmo IS co- MEHHOTO Ia3a COOTBETCTBEHHO HMMEIOT BHT

Bepmelmoro rasa
PV = iV (6.24)

n

W P ==V (629)

Anma6ara Ilyaccoma mmeer acaMuToTH V — 0 m p = 0. Apgmabara

o
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Tioronmo mpepcrasiager cofoit rumepOoOIy ¢ ACAMITOTAMH.

T—1 T—1
V=Vigr ® P Pug

O6muii BEA 9TEX KpEBHX yKasam Ha pmc. 50. flcEo, 9ro agmabara

-7
V=V,}T7
¥4 r
§>8
& = M’Z&‘,
7 4 e
p:_/D/W

Pamc. 50. Agmabars TTyaccoEa B I'OrOHHO JJIA COBEpIIEHHOIO rasa.

Tioroamo IS COBEPIIEHHOTO Tra3a Ha BCeM IIPoTs:KeHHME ofGpamie-
Ha BOTHYTOCTBIO BBEPX.

Ina cosepmenmoro rasa Jlas coBepmenHoro rasa ms (6.25) m (6.13)

OHTPOHHA BO3pAacTaeT MO-  proyp  anmaGaTil [orommo caemyer ¢op-
HOTOHHO BMecTe € HaBle- T-—|—1

mgeM BHoXe agmadaTsl Iio- Myia Tds = -
1

TOHHO 5
6—;—> 0. (6.26)

(V,—V)? dp, orciona

Jlna CcOBepIIeHHOTO TIasa IPHW [BWKEHWH BBEPX BROJIb afmabarh
Tioromo, T. €. OPH yBeJWYeHWN p, BHTPOUHA § BO3PACTAET MOHO-
TOHHO.

MoKHO IOKasaTh, 9TO W B 00ImeM ciaydae s MOOHX cpef, s
KOTOPHX BHIIONHAETCS HepaBeHCTBO (92V/dp?), > 0, Ha anmabare
ToroERO[AA p > p; EMeeM § > §,a AAA P < p; § < §. B da-
CTHOCTH, I MAJHX CKAaYKOB p — p, 3T OHEIOCPEICTBEHHO BH/HO
mas (6.14") = (6.19).

CrauKH YILIOTHeHHA PeajbHEI; W3 Broporo 3aKOHA TEePMOJMHAMHKHN Cle-

CKAUKH Pa3PeKEHHA HeoCYMe- JyeT, 9TO (PUMBHUECKH [OIYCTAMH ' TOIBKO

CTBEMBI TAKMe CKAYKH, A4 KoTopux Q> 0, rT.e.
PETPOIEsA JACTHIE IHOCe IPOXOMIEHNS JEPEe3 CKATOK S, Goabme, uem
ee epBOHAYANBHAS] PHTPONHAA S, mepen cKaukoM. M3 mpesmmymiero
amajmsa caemyer, uro mpu (92V/dp?), >0 = U.(p, p)=U, (p» p)
TaKoe MONOKEHNE HMeeT MECTO TONBKO JIA CKAYKOB YILNIOTHEHHA,
KOrya :

Pa>py, P2 >P1 1 Vp = Upg — Vn >0,
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Taxmm o0pasoM, nprxofuM K PYEAAMEHTAIBHOMY BHBOXY B TEOPHH
CHJBHHX paspHBOB: IPH HajawImu HepaseHcTBa (42V/dp2), > 0
B JeHCTBUTEABHOCTH MOTYT OCYIIECTBIAATHCA TONBKO CKAYIKH
YILIOTHEHHS.
Crauk® paspe)KeHHs He MOTYT PeajmsoBaThCA B NEACTBHTENB-
HOCTH.
9TOT BHIBOJ CBA3AH CYMECTBEHHO ¢ NPAHATHMHA NONYIMIEHHSIMH:
BO-IIEPBHX, ¢ HepaBeHCTBOM (02V/dp?), > 0 m, BO-BTOpHX, ¢ yc-
aoseeM U, (p, p) = U1 (ps p)-
Korga  exauxa Ecam mocie mepexofja dYacTHI rasa depes
pmA ocymeo i o CKAYOK XIMITIECKHe MK HBHIECKE® CBOACTBA
rasoBO# CMecM HBMEHAIOTCS TaK, 9TO

BTOpOE M3 9THX YCAOBW He YHAOBIETBOPAETCA, TO MOABJIACTCA BO3-
MOKHOCTh peanmsagnyd B [EeACTBETENBHHX [BWKEHMAX CKAYKOB
paspe;xeEnsa. B arom caygae (6.8) ompememser reoMerpmueckoe
MEeCTO TO4EK p,, Vs — KPHBYIO, TAK:Ke HaswBaeMylo aguabaroir I'ro-
TOHNO; 9TA KPWBAs, KAK YKASHBAJOCH BHIME, HE IPOXOIHT Tepes
TOYKY Dy, Vi-
IlpuMepaMa TakWMX OCYIMECTBAAKINUXCA B AEHCTBHTEABHOCTH
CKA9KOB Pa3pe;KeHHs MOTYT CIY:KATH (PPOHTH TOPEHHS.
CropocTs pacupoerpane- OTMeTHM eme oYeHb BakKHOE CBOMCTBO OT-
HAA CKAYKa YmiaoTHemAst no HOCHTEJIBHHEIX HODPMAJBHKX COCTaBAAIIIUX
MACTHNAM  CPe[IN  Hepep  CKOPOCTeHl HA DAasHEIX CTOPOHAX — CKAUKA.
CKATKOM — CEEPX3BYROBAA OGosEaumM uepes f§, OCTPHIE yroa, KOTOPHLH
cocTaBiAeT KacarenbHas K agmabare Ilyaccoma ¢ ocvio V (pme. 51).
Us cBoiictsa BorEyTocTE agmabaTsi I'lorommo Ajisi mPOM3BONBHEIX
cpen (upm ycnosum (92V/8p%), > 0) B oKpecTHOCTH TOUKE p,Vj,
a [Js COBEPIMEHHOTO ra3a Ha BCEM ee
OPOTSKEHRA CIAeNYeT, ITO AJaA CKad-
KOB YIUIOTHEHWS IPY MalHX p — p;
B MIOGHIX paccMATPHBAEMEX Cpefax
¥ [aA J00HX CKAYKOB YINOTHEHHS
B COBEPIIEHHOM TIa3e NMeeT MecTo
HEPABEHCTBO

Zn tgp, <tga.
@ Tak xaxk ‘
/ —V

. dp 2 (dp
Pmc. 51. B; — ocTpHi yrox ka- a} = (75)1,' =—V (W o T V‘ftg By
carenvBOl K agmabate Ilyacco-
Ha ¢ OChI0 V, o — OCTpHI yron H

cexymeit apmabara I''orosmo c

oc0 V. D2 = V%;zl P —vitga,

7 22, V2

TO OTCIOiA CNe[yeT, YTo AJA CKAYKOB YILIOTHERMS (P, > p;) mMeeM

D2 = v3 >Sal. (6.27)
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Momxno Takme moxasarh !), uro misr oOKX Cpef, B KOTOPHIX
(0*V/3p*)s > 0, cropocrhb pacmpoCTPAHEHHsA CKA4KA YIUIOTHe-
HHUA ¢ KOHEYHHM DEePemajioM JaBIeHHA py — p; II0YACTHIAM Tasa
Imepes, CKaUKOM GONBITe CKOPOCTH 3BYKA.
JnAa HemojBWMKHOTO CKAaYKa HOPMAJbHAA
Hemonpmxmsie cxauku mo- COCTABIAIMAA ¥py CKOPOCTH 9YACTHI, IOK-
TyT CYmEcTBOBATh TOdbKO XOJAMUX H OPOXOAAMMUX Hepe3 Hemom-
B CBePX3BYKOBRIX IOTOKaX BIJKAKI CKA490K, 0OJbImE CKOPOCTH 3BYKA.
Taxum 06pasoM, HEMONBUKHEE CKATKA MOTYT
BOSHHMKATH TOJNBKO B CBEPXBYBKOBHX moTokax. IlogBmxHEIe CKAUKE
MOTYT, O9eBHJHO, CYMECTBOBATEL B IMOTOKAX C JIOOEIMH CKOPOCTAMH
M, B 9aCTHOCTH, PACHPOCTPAHATHCA IO MOKOAIMeHACA Cpefie.
Passme aymaGatm Ioro- DBINe MH paccmarpmanm apmaGary I'io
HEO, cOOTBeTcTRylomme Toy- TOHHO I'j, COOTBETCTByIOmYIO TOUKe Py, Vip:
RaMm p, Vl H Do, Vg

U (V)= Ulps V) = (040 Vi—V) (6.29')

paccMoTpmM Temeph axwabary I'orommo I';, COOTBETCTBYIOMYIO TO=
9Ke py, V,. YpaBHeHHe 3TOH ajuabaTH HMeeT BHJ

Up, V)= U (o, Vo) = 5 (p+p) (Va— V). (6.28)

Jlerxo ycmorpers, 9To aguaGatu (6.28") u (6.28)—pasaudaEme KpH-
BHE, HO Hpu ycaosud (6.11) oGe a1m
KPUBEE TIPOXOHAT 9epe3 TOUKH Py,
Vi mps, Vs

Ecam pnsa apuabatu (6.28’) mepe-
Xof H®3 p;, V; B ps, Va CoOTBeETCT-
BYeT CKA4Ky YIUIOTHEHHSA, TO NI
agmabarer (6,28) mepexon ms py, Vs
B p;, Vi COOTBETCTByeT CKaUKy pas-
pesxeHms (puc. 52).

Hanbme mjia OPOCTOTH pPacCMOT-
pEM caydaii CcoBepmEHHOro Trasa.
O6masn cexkymaa Iy uw I'y — opsa-
Mas, NpPOXORAIMag 4depes Toukm PHc. 52. Agmabara I'y coorserer-
P1» Vi ® ps, V,, H3-8a CBOMCTBA BO- Byé’;’;"ﬁf’*f’;&‘,‘;’,,‘,fgﬁﬁ%’ (6%238};1:[3.
THYTOCTH  aamabaT COBEPMIEHHOTO
rasa B OIPDOMEKYTKE Dy, Pz PAacmoJio-
sKeHA BHIme oGemx agmaGaT; mosTOMY OCTpHI yronl f, HaKAOHA K
ocm V kacarenpmoit kK ajgmabare I'; B Toure py, V, Goapme, weM
yron o, HakaoHa K ock V cexymeii I, m I'y (cM. pme. 52):

tgp. > tgo. (6.29*)

1) CM. cHOCKY Ha cTp. 376.
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Cropocrs wactan — CpefB,  (ycpona HENOCPE[CTBEHHO BEITEKAET BAKHOE

npomenmux dYepe3 CKAYOK
ynaoruenmsa, OTHOCHTEIb-

3apaga o nopmnie ¢ IIJIOCKH-
MHA BOJHAMH

HEPaABEHCTBO Jjd CKA4YKOB YIOJIOTHEHHUHA

CKa4YKa -— [03BYKOBaA ( 1< pz), a MMEHHO COrJIaCHO (66) %1 (6.29')
yaeM HMeTh

P2 — 2
Uy = Vg{;j—__'%: V3 tg o< Vitg By,

HO, TaK Kak
2 dp 2
Vitg Bz:<glg> = a3,
b2}
MO IyauM
2
”nz

via = (D — va)> < aj ( : <1), (6.29)

CrremoBarenbHO, HOPMAJXBHAA COCTABIAIOMAA CHOPOCTH CPEAH OT-

HOCHTEIHHO CKA9KA, PABHAS CKOPOCTH pAcIpPOCTPAHEHHA CKadKa

o zacrunaM (9 — v,), 38 CKAUKOM YIIOTHEHHs MeEHbIIEe CKOPOC-
TH 3BYKA.

Ilpu Goxee mompo0HOM WCCAETOBAHME MOKHO IIOKasaTh, 4UTO
HalileHHbE BHOIE CBOMCTBA CKAYKOB YIJOTHEHHS, YCTAaHOBIEHHEIE
opu  (92V/6p%)s >0  pgma  mwo6umx  cpes  OPH  MAaJHX
p2 — D1, @ [MIA  COBEPmEHHOIO rasa mpu JIOOHX py — p;
(mms coBepmEHHOTO Ta3a WMCOOAB30BAHO CBOMWCTBO BOTHYTOCTH
agmabate I'OroHMO HA BCEM ee MPOTHKEHNMH), BEPHH B o0meM cIy-
gae maA A0OHX py — p; U NOOHX cpefl, AJAA KOTOPHX BHIIOJHAET-
cs HepapeHCTBO (92V/dp?), > O.

PaccMorpaM HeKOTOPHe 3afagm 00 agmabaTHIeCcKOM OB KEHHH
COBEPIIEHHOTO Ia3a CO CKAYKaMu YIUIOTHEHWA.

. Haumem ¢ samaun o mopmme. Ilyctes B
DUIKHAPUYECKod TpyGe, 3aKPHTOH c IeBoil
CTOPOHH mOpwHeM (pmc. 53), HAXOJUTCA

COBepPIeHHNH ras. B maganbmmii MoMenT BpemeHu upu ¢ = O mop-

OIeHb W HEBECOMBLl a3 HaXo#ATcA B cocTogAma HoKosa. OGozHaumM

a

P

D
Pnfr

7

&y

Puc. 53. 3ajaua 0 ABH/KEHENH Tasa, BHTCCHAECMOI'0 HOPINHEM.

'gepes p; U P; MOCTOAHHEE 3HAYCHHS INIOTHOCTH W NABJIEHHA IOKO-
Amerocd rasa. PaceMoTpuM 3ajaqy 0 BO3MYIIEHHEOM afinabaTudeckoM
IBUKCHAW ras3a, BEITeCHAEMOro mopmaeM mpai > 0.

QueBUgHO, 4TO BOSMYIIEHHOE ABM;KGHHE ra3a CYIEeCTBEHHO 3a-
BHCHT OT 3aKOHA (BM/KEHHA IOPIIHA, KOTOPHH MOKHO 3a/laBaTh €
moMompbio ¢pyHEKUMHA vy (£), Ioe vp—cKopocTh mopmHA. B caxy rpa-
H H9HOT'O yCJAOBHsA HA IOPINHE CKOPOCTH YACTHI Iasa, HAXOLAMMUXCS
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B KOHTaKTe C IOPUIHEM, [OJKHA PAaBHATBCA Ug(t). B obmeMm cayuae
OpA HEOPePHBHHX YCKODEHHHX [BMKEHAAX MOPIOTHA 3ajada o
JBIKeHAY rasa TPYAHA M MOKeT GHTb PEIIeHa TOABKO ¢ MOMOUIBIO
9YUCACHHHX pacderos Ha MammHAX. ONHAKO 3amaYa JIErKO permaer-
¢4 B 9acTHOM CJIydYae, KOr[a NMEPBOHAYAJIBHO MOKOWBITUACA MOP-
MeEb MTHOBEHHO HAYHWHAET JABUTATHCH CO CKOPOCTHIO Uy B CTOPOHY
rasa @ 3aTeM DPOZOIIKAET CBOE ABIKEHHUe C Uy == const.
OueBHuHO, 9TO BCEM YCIOBHAM 33Ul JIETKO YHOBIETBODHTH,
€CJIE HPUHATH, 9TO B HAYANBHEH MOMEHT BPEMEHHM OT HOPIIHA OT-
jendercs yIApHAS BOJNHA, KOTOPAaA [BIDKETCH MO IOKOAIIEMYCH
rasy ¢ IOCTOAHHOH CBEPX3BYKOBOIl OTHOCHTEILHO HAYAIBHOI'O CO-
CTOAHUA rasa ckopoctbio ). Mexkny yjapHOH BONHOH W IOPIMHEM
BO3HHKAeT HOCTyHaTelbHOE [BIMKEHHE ¢ WBBECTHOH IOCTOSHHON
CKOPOCTBIO Uy, C HOCTOAHHBIMHE NABJCHHEM p, W IJIOTHOCTBIO p.
CropocTs &, IIOTHOCTD p p ¥ TABAEHHE Dy JIETKO BEIYHCIHTD Yepe3
Un == Ung, py M p; W3 TPeX ycjaoBuit Ha craukax (6.6) um (6.25).
YroenbHas SHTPOIMA 33 CKAYKOM BO BCeX YACTUIAX IIOJYd4aeTCH
OJMHAKOBOM M IOCTOAHHOM, IIPWYeM CKAYOK SHTPONUU PaBHAETCH

Po [ P1L\Y
S3— § = cvln;;(—p-2> >0,

Ecan ckopocrs mopirasa mocToOAHHA, HO HAIPABIEHA B CTOPOHY,
IPOTHBOIMOJOKEYI0 Tasy, TO AHAJOTMYHAA KOHCTPYKIOMA [iA I0-
CTPOEHHNSA DPeHIeHNs MPHBEIeT K CKAYKY paspe:KeHHs, KOTOPHI He-
momycruM. B meficTBUTENBHOCTH B 9TOM CJIy4ae CKAYOK HE BO3HU-
KaeT, 3aJa9a MMeeT HOIPEPLIBHOE PeIneHue.

Ecnu crKopocTh mOPIIHA mepeMeHHA M HANOPABJIEHA B CTOPOHY
rasa, TO CKOpPoCcTh 9 Iodyuaercs nepeMeHHoit. Mankie usMeHeHHA
CHKODOCTH IOPWIIHA IEPEIAIOTCA BIEPel CO CKOPOCTBIO ¥ + @
(v — cropocrh Tasa B 0o0jacTH 33 yHAPHO# BOJNHON), M TAK KaK
CKOpoCTh ¥ -+ ¢ 3a (POHTOM yHADPHON BOJHH (0JbIIE CKOPOCTH
¢porra &, To obsa3areNbHO Yepes3 HEKOTOPOe BPEMS STH BO3MYMIe-
HEA JOTOHAT yAAPHYIO BOJHY M M3MEHAT CKOPOCTh Tasa 3a YPOHTOM
ynapHo# Boamu. M3-8a TOT0 yuapHas BOJHA 3aMefNAECTCH WIA yC-
KODAETCA, a4 5TO B CBOIO OYePedb BAMAET HA BEIMYUHY CKAYKa JaB-
neHEA | pATpommE. TakmM o6pasoM, siCHO, 9TO 32 POHTOM BOJIHH
MOJIyYAeTCA JIBIKEHNne YaCTHI Ia3a ¢ IepeMeHHHMH XapaKTepPHCTH-
KaMy 10 KOopamHATe (PAacCTOAHME 10 HOPIDHA) ¥ IO BPEMEHH. JHT-
ponms B wacTEmax Ogsaromapsa ammabaTHIHOCTH IIONYdIaeTcsa IIo-
CTOSHHOH, HO M3-3a IEPEMEHHON CKOPOCTM YHApHOH BOJHH P
SHTPONNA y pasHHX uactdn Gyzer pasamunoit. IloaTomy B obaactm
HENPEepPHIBHOrO ABWKEHUA Iasa MEIy MOPHIHEM H YIAPHOH BOJI-
HOli He 6ymer Gaporpommum, 9TO BUAHO, HAmpEMep, W3 (OPMYIH

8—3p

PV (_F>_>*_
f41 P1

13 JL M. Cenos
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ITpn ompepeneHHOH IIOTHOCTH p JABJIEHHE Y PABHEIX YacTHI, MO-
’eT ORITH PasIMYHHM W3-3a PA3sHOH SHTPONHWH.
3ajauy o mOpImHE B IMIHHIPHIECKOH TPy-
0e MOJKHO YCIOKHWTH M PAcCMOTPETH 3aja-
9y o pacmmpeHdn cepsl X ¢ HENOABHKHEIM IleHTpoM O B OecKo-
HETHOI, TepBOHAUANBHO NOKOMBIIEHics Macce rasa ¢ HaTalbHOI
WIOTHOCTEI py U JaBIeHHeM p; (puc. 54). CkopocTs pacurmpenus
cepnr = pasaa dry/dt. B obmem caryuae B rase BosHHKaeT cepuyec-
KaA yAapHAR BOJHA S, PACHTHDAIMIAACT €O CKOPOCTEI0 I = dro/d!,
THe r, — paguyc ymapHoi BomHs S. Ecnum
2 pacmupsercs M3 TOYKH (OT IEHTPA CHM-
MeTpmu, Tak u9ro npm {=0r, =0), a
CKOPOCTH dry/df == const, TO MOKHO TO-
KasaTh, 9TO B 3TOM CJIy4ae CKOPOCTH yAAp-
HOH BOMHEl &) TOKE IONYIAETCSA HMOCTOSAH-
HOii.
s peruenus sroit 3amadm mesnecoob-
Pa3HO HaOHWCATh BCE YPAaBHEHHS B cQepn-
Pac. 54. Ilpu pacmupe-  geowoii cpereMe KOODAMHAT B BOCLONB30-
HAu cdepst X B rase B
posuukaer  cpepiueckan BATBCA  YIPOIEHMAMY, CBABAHHEIME
yoapuas momHa S, HatmuueM cQepHIecKoil cuMMerpuu (Xa-
: PaKTeDHCTHKHY [BIWKeANA OynyT 3aBHCETH
OT JBYX HE3aBHCUMHX IEePEMEHHEIX — PajHyca r M BPeMeHH f).
3aprauy o chepuIecKOM IOPIMHE MOKHO PACCMATPHBATH KaK MO-
HEeNBHYIO 337]7a9y 0 B3PHBE B BO3AYNIHON arMocdepe, eClIH NPHHATS,
YTO BHYTPH 2 HMEITCA NPOAYKTH XUMHUIECKOH pearuupm — CHIb-
HO CJKATHI ra3, KOTOPHH BHITECHAET BO3AYX, HEHCTBYA, KaK IOP-
meHb. B aTOM ciydae B Bo3myxe ofpasyercda BO3[ymHAA yAapHAH
BOJIHA, KOTOPAas HABHBAeTcs B3PHBHOM BoaHoi. [aa ounpemenenns
OBUKEHHAA BO3yXAa MeN{Ty B3PLHIBHON BONHON S U MOBEPXHOCTHIO X,
33 KOTOpOW HAXOAATCA NIPORAYKTH B3PHBA, HE0OXOTMMO pemaThb
3amauy rasopoit puAaMwrm. J{nsa pemeHMsa 5TOH 3ajauywm BHIIE
IOATOTOBJIEHE BCe YDAaBHEHUA W [JONOJHATENLHEE HAYAIbHEE
¥ T'PAaHWYHHE YCJIOBHA.
B samaze o cdepuuecxoM mopmHe HPeHIO-
JIaTaeTcsa, 9T0 BaKOH pacmmpeHnsa chepH 2
3aflaf, 4 B 337la9e O B3PHIBE CKOPOCTH dry/df pacmupenns cdeps X,
OTHENAIOMER pPacApAITAECA IPOXYKTH B3PHBA 0T BO3yXa, 3apa-
Hee Hem3BECTHA.
3aaay o B3pHBe B arMocepe MOKHO CXEMATHBHPOBATH TaK,
9T00K yuecTh rAaBHHN 9dderT, saxmouaomuiica B TOM, 9470 B Ma-
10M ofmeMe BHeIsAeTCA BHAUWTEIbHAS DHEPTUs, KOTOpas 3aTeM
nepenaerca BO3JyXy, ¥ B pe3yabTaTe 9TOr0 B aTMoc(epe BO3HUKAET
OucTpo pacmupsanmasncd chepudaeckan 06IaCTh ABWKYMErocsa BO3-
AyXa ¢ Pe3KIMH BO3MYNIeHMAMHU HoJeil HAaBIAeHWS W OJOTHOCTH.
3azady 0 TOYETHOM B3DPHBE MOKHO CHOPMYAMPOBATEL CAEXYIO-

Cdepuuecknii mopmeHb

damata 0 TOUEYHOM B3PLIBE
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umM o6pasoM. B HaUaabHEN MOMEHT BPeMeHH B IOKOSAMENCs Macce
HEBECOMOTO COBEPIIEHHOTO Tra3a C IIOCTOAHHLIME JaBJCHHEM p, H
OJIOTHOCTBIO p; B HEKOTOPOH TOUKe (LeHTpe CHMMETPHH BO3HHKAIO-
mero JABMKEHNsd) MTHOBEHHO BHENAETCH 3ajaHHag sHepras E;
TpebyeTca onpefeldTh BOSMYmMEHHOE [BWKeHNME B IPOCTEHIIEM Ba-
puUaHTe, KOTMAa IBI;KEHHE YACTHI[ rasa '
IO HPEANoJOKeHnI0 amuabaTuyecroe.
B sToMm cayuae, Tak ke Kak # B 3a-

Yoapras

BOMHE
nade o chpepuUIecKoM mopimeEe, o6pasyer-
cA pacHINPAIOIMASCA OT TOYKH B3PHIBA ToiKa 830652
cepuueckass ymapHas BOJHA, OTHENsI-
I0IIasl MOKOAIMWICA Ta3 OT IBHIKYINE- Jsumenue Jonvii

rocs rasa B obmacTu BHYTPH yAapHOI
BoaHH (puc. 55). Bece xapakTepHcTHRU
NBWKEHVS ¥ COCTOAHUSA MOKHO CIUTATD
¢yHEKROUAMY Tonbko r ® I. Ilma ompe-
NeIeHHsA PACHPEENCHAA 10 pPATAUYCY
BCeX XaPAKTEPUCTHK COCTOSAHNA W CKO-
pocTd ABEJKEHHsI YACTUI rasa HeoOXoguMo PeINATH 3afady of mH-
TerPHPOBAHUE CJIEAYIOMAX HeJIHHEHHHX ypPAaBHEHWH C YaCTHHMHE
OPOMBBOJHHIME, BaNNCAHHHX B CHEPUUECKON CHCTEME KOODHMHAT
(em. § 3 ra. IV):

ypaBHeHWe HepaspLHBHOCTH

Pnc. 55, Cxema K 3agaue o
TOYEIHOM B3PHBeE.

op dpv 200
W+ ar + r =0,

ypaBHBHHe MM yJILCOB
dv Jdv 1 0p
TV T =0 ) (6.30)
yciaosne aﬂHaGaTH‘IHOCTH

0 (P Ny d (2 _
777<.0Y>+UW<9*> 0

/

IIpz umTerpmposanuu cucreMi (6.30) HeoGxogmMo ymoOBIETBO-
PUTH YRKA3aHHLIM BHINE€ HATAJBHHM YCIOBHAM, WBYIEHHKIM BEHIIIE
KPAaeBHM YCIOBHIM Ha CKayKe (B3PHIBHOM BOJIHE) H YCIOBHIO O TOM,
4TO B KAKIHI MOMEHT BPeMEHM IOJHAS SHEPIWA rasa BHYTPH cde-
puUecKoil yAapHOU BONHH DPAaBHMETCS CyMMe DHEPruH B3DHBA £
¥ IepBOHAYAIBbHONE PHEPIHY HOKOAIMETOCA ra3a BEyTpu cepH S.

B § 8 mMu mpoaranmsapyem Gomee mogpobHO o6mue cBoiicTBa pe-
meHnA 9TOH Bajaqm !).

1) HogpoGHoe IMOJHOE pemeHre STOH. 3aadd B KOHETHOM BHje JAHO B KHH-
re JI. U. Ce f o B a «Merogsl moyo0us n pasmepHOCTH B MexaHAKe», - 6-oe m3p.,
mag-Bo «Hayka», Mocksa, 1967,

13+
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O Boamax feroHanEE E Fcjanm OpH mepexoje 4epes paspHB IpPOHCXO-

ropenan ouT W3MeHeHWe (BHeNeHHE HAH IOTJOe-

HNE) JHEePrAN A JHTPONHE 334 CYET KaKHX-

au60 (EH3MKO-XMMHMIECKHX IIpomeccoB (TrOpeHHWs, KOHAeHcANAH,

HMCIAPEHHs, XUMAYECKUX PEAKIAR M T. II.), TO OCHOBHOE ypaBHEHHE

(6.8) maMenser cBoo ¢opmy. Bmecro paBercrBa (6.11) mpm srom
[OIYYAETCA PABEHCTBO BHJA

UZ (pl’ Vl) - Ul (Pn Vl) = q*’ (6'31)

rge ¢* — XmMHUecKaA WM Apyrasd sHePrHA, ocBobo)kpaeMas HpH
mepexojie YACTHI] Yepe3 IOBePXHOCTH pasprBa, g* > 0 mpm rope-
Hud anyd koHjeHcanmuw M ¢* < 0 mpw mcmapeEmu. B sroMm cayuae
YPaBHEHHWE COOTBETCTBYIomei afmabari I''OTOHMO MOMHO HANINCATH
B cnefgywomeit gopme 1):

Us(Pe, Vo) — Ua(Py, Vi) = 5 (py + o) (Vs — Vo) + 4. (6.32)

Craukn paspeskerna upm ¢* > 0 xapakrepHH gma ¢porTa
ropeans. Craukm ymiaorEenms npum ¢* > 0 coorBercrByIOT
BOJIHAM JIETOHAIINH,
Npeasinynme safaun 0 NOpIiHe € IJIOCKAMH
A cpepuuecKUME BOJHAMH MOKHO YCIIOK-
HATH, €CAW OPHHATH, 910 OGpasywmumiicd
CRAY0K YINIOTHEHWA HpeAcraBiaser co0oii NeTOHANMOHHYK BOJHY.
B sroM ciyuae nepBOHAYANBHO HOKOANTUACSH I8 ABIAETCA B3PHBYIA-
TO} cMeChI0, 4 32 JPOHTOM BONHH IONYTAETCA [PYyroi ras (Ipogyk-
TH IIpopearmpoBaBmeil cMecu). B 3amgage o meroHamum cMecu meper
IBIDKYIMUMCA IUIOCKEM HOpmHEeM (Me:KIy HOPITHEM @ JeTOHAIWOH-
HOH BoJHON) TOMKE HOJyJaeTcA IOCTYHATENbHOE JBUKEHWE Iasa,
€CIIM IOPIeHb ABMWKETCA ¢ AOCTATOYHO GONBMION MOCTOAHHON CKO-
POCTBIO B CTOPORY raza. Eciam mocie BOSHAKHOBEHHS JETOHAHOH-
HOf BONHHI CKOPOCTh MOPImEA Maja, WIH NOPIEHL OCTAHAB-
NABAeTCA, WM HAYAHAET [BHUTAaThCSI B CTOPOHY, MIPOTHBO-
HONOKAYI0 rasy, To GymeT pemeHdme ¢ HANAYAEM JIeTOHANMOHHOMR
BOJIHHI, PACIHPOCTPRHAIOMIEHCA MO Tazy, HpUIeM MEKIAY HOPHIHEM
7 yHapHO# NEeTOHALMOHHOH BONHOH BO3HMKAaeT HeNpepHBHOE [BH-
JHeHMe ra3a ¢ NePeMEeHHEIMEA I3 PaMeTPaMH.
Bo MHOrumx npuioeHHMAX W, B 9aCTHOCTH, B
Coornontenust na HEMONBEX-  GopopppX 3ajagaX AJPONEHAMEKE 00 mC-
HBIX YIAPHHIX BOJXHAX [JAA
coBepllenEOro  rasa CIEeIOBAHAY IBIWKEHHA TN € HOCTOSHHEIMHA
CBEDX3BYKOBHIMH CKODOCTAMH MCIONb3YeT-
€ MOJIeJIb COBEPIMIEHHOTO ras3a W B CHCTeMe KOODAWHAT, CBF3aHHOI

3ajaun o0 mnopImHE ¢ JeTOo-
HAI(MOHHOI  BOJHOM

1) C moppoGHKM aHAMA30M COOTBETCTBYIOIIAX afmMabaTr T'oroHNO MOMKHO
nosEakoMaTbeA B kEurax: JI. . T ampga yn E. M. JI n ¢ m u i, Mexanuxa
coyomBkix cpex, ocrexmangar, 1954 u JI. 1. C e g o B, Ilmockme 3agagd rujg-
pogmHaMHKA @ aspopgmHEamurd, [ocrexmagar, 1950.
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¢ JIeTAILIHM TelIOM, PACCMATPHBAETCA YCTAHOBHBIICECH [BHKEHHE
rasa ¢ HEeIOABM;KHHMF CKAYKAMH YOJAOTHEHAS — YIAPHEME BOI-
HaMu. B 5THX OpPHIOKEHAAX BMECTO TEOPHH, OCHOBAHHON HAa aHA-
ause agmabatn ['OTOHHWO, WCHOMB3YeTCHA TeOpHA, OCHOBAHHAA HA
paccMaTpUBaeMBIX HUKE COOTHOIMEHWAX.
Ilna coBepmeHHOr0 Tasa mMeeM
:——1——}7——[—const a2=<a—p>:ﬂ.
T—10p ’ /s p

Ha ocmosammm (6.1), (6.2), (6.3) u (6.4) nerxo Bmpasuts BenwuH-
HEL V<p, Unp, Pz ¥ Pp HOCIE CKAYKA UEPE3 V:y, Uny,P1, P1 AO CKAT-
ka. MmeeM:

Vo = VUny,y Uns = Vn1 (’T — 1 + : il ) ’ (633)

141 T+1vfu
_r+1 p
pz—T_1 21 2
142 L
Tt (6.34)

BexTopu v, # v; OHPEJeNA0T INIOCKOCTh 1T, COBIAJAIONIYIO ¢ IIOC-
KOCTBIO, HNPOXONAINEH 9epe3 HOPMAlb K MOBEPXHOCTH CKAYKA W de-
pes HAIpaBleHUe COCTABAALLIEH ¥.,. BospMeM B miockoct:m m
IeKaproBH ocu 1 0603HATMM Jepe3 § yron HAKIOHA dIEMEHTAa yaap-
HOM BOJIHH B IIJIOCKOCTH 1t X OCH Z, 4 9epe3 O — yron HAKJIOHA CKO-
poctr k ocu z. O9eBUHE PaBEeHCTBA

v. = |v|cos (B —0) =ucosfB + vsinB, }
v, = |v|sin (B —0) = usinB —wvcosf.
BribepeM crcTeMy KOODAHHAT TaK, 4To0H ANA paccMaTpPHBaeMOi
TOYKH HA yAAPHOH BOJNHEe HalpaBIeHHe OCH Z COBIANIO ¢ HampaBie-
HEeM ckropoctH ¥y (1] =, v, = 0). 3amemmM B (6.33) v. =
v, 9epes u, v ¥ f§; HCKIInB f ¢ nomMomsbo (6.35), moxyuM

2 a?
ur— - — (u1— us)

(6.35)

T+1
V= (U — Us)® 2 (6.36)
P
Uy — ug —1-—2'
iH— h
Ymapnast noaspa — rano- B nnocroctu rogorpada CKopocTa Vg (Uz, V2),
OECCOH/A B KOTOPO# M0 OCAM KOODAMHAT OTKJIAAEIBAIOT-

CA COOTBETCTBEHHO Uy W U, (9TA INIOCKOCTB
COOTBETCTBYET INIOCKOCTH ), ypasHeHme (6.30) ompemenser kpm-
Byl0, HA3HBAEMYI0 YNADHOH HmOAAPOH. ITa KpHBaA ABAAETCA TH-
nonEccongoi (puc. 56).
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KamoMy 8Ha9eHMIO yIiaa HAKJIOHA CKOPocTH 3a poHTOM CKad-
Ka 0, Ha ynapHOH mOJADPe COOTBETCTBYIT TPH 3HAYEHHA BETHIAHEL
cropoctn: Toaku 4, B, C. U3
YCIOBWS HEODPEPHBHOCTH Ka-
caTeJIbHOH K CKAYKY COCTABJA-
OmEeH CKOPOCTH CcJeayer, 4To
HANpaBJeHWe CKATIKA, OIpeje-
aAeMoe yriaoM f, moxydaerca
KaK HalpapieHWEe HePHEHIAKY-
ngpa W3 Hauajda KooppuHAT O
maz K IPSAMOH, IPOXOIAIeH depes
X, TOURY (O; ¥ TOUKY HA T'HIO-
MHECCONE, COOTBETCTBYIOMYIO
CKOPOCTH 33 CKAaYKOM; Ha dep-
TejKe B KAUECTBE TAKOM TOYKH
B3gra Touka B. OueBugHO, uTO
I CKAaYKa, OTBEYAIOMEro TOY-

Ke C, BepHO HEPaBEHCTBO

Puc. 56. VmapHasg momxApa — TANO- Vp == Vpo — Uy < 0.
nucconna. OD — HanpaBlleHMe YAAD-
Hoit BonEE, OB — Bexrop cropoctn Ilostomy cormacmo (6.10) aTo

Iocie ckayka, Bekrop OO; paBeH CKO-  gpagempme CKOPOCTH COOTBETCT-
pocTH raza o CKadKa. BYeT CKAUKy pasperKeHUA.
Craukun, COOTBETCTBYIOTITE
TOYKAM BeTBeH rEIonUCCONNEl, YXOAANMX B 66CKOHETHOCTD, PHamuec-
KHII HEOCYINEeCTBUMBI; 9TH BeTBH KPHBO# caenyeT OTOpPOCHTSH.
HanmpaBnenre cKaikoB GeCKOHEWHO MANOH MHTEHCHMBHOCTH IIO-
TydaeTcsA B Ipefieie, KOTAA Todka B crpeMurca K Touke (), a mps-
masi O; B mepexofiuT B KacaTelbHYK I'MOOIMCCOMAH B Touke O.
CKragukH, ¥ KOTOPHX CKOPOCTH ¥; HepHeH/n-

Nlpample H KOChle CKAYKA  RyjgapHa K CKAYKY, HA3BIBAIOTCA IIPSAMEIMY;

YIUIOTHEHUA B HOPOTHBHOM CIYyY4€ CKAUKM YIIOTHOHHA
HA3HBAOTCA KOCHIMH.

O nosopore CKOpOCTH B Ecnu cragoxk He npAMoi, To Hpu mepeXo-

KOCBIX  CKATKAX  YILIOTHE- ;o qacTHIH 9epes CKAYOK BEKTOP CKOPOCTH

HAA

9ACTHI(El [MOBOPAUYMBAETCA W ero HalpaBie-

Hyue OPHOIMAKAETCA K HANPABIEHMI0 KACATENBHOM K CKAUKY.
IloBopor ckopocTu pocruraer MakcmMyma, 0, = Oymax, B TOU-
Ke KacaHusa E Tmmoiuccompsl ¢ MpaMoi, HpoBefileHHON u3 TourE O
(cM. pmc. 56). Toure E coOTBETCTBYET [I03BYKOBAs CKOPOCTH, Oin3-
Kasg K cKopocTu 3ByKa. Ha pmc. 56 yxazaEa DyEKTHPOM OKDYIK-
HOCTh, COOTBEICTBYIOIAA CKOPOCTH, DAaBHON CKOPOCTH 3BYKa 1),

1) MoskEO MOKa3aTh, YTO JNA 3afaHHHX HAPaMeTPOB Hepes CKATKOM KpH-
TU9eCKasA CKOPOCTEL (CKOPOCTh, PaBHAA MECTHOU CKOPOCTH 3BYKa) HONYJaeTcs
He 3aBHCANNENl OT yIia HaKJIOHA CKAUKa,
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| 2] = vkp = @2. OT& OKPYKHOCTb LEpeCceKaer TI'HIOLUCCOMAY B
Touke F. Benuunia CKOPOCTH |vp| MOCHE CKAYKA MOINYIaeTcs CBEPX
3BYKOBOIl, KOrjia TouKa B pacnosnoskeHa IpaBee TOYKH F, W 08BYKO-
BOil s Touku A, a Tawme mid 709Kk B B He0OoabIIOM HHTEDBaje
EF. U3z ¢opmyn (6.33) cueayer:

t'/r'-‘eo =t T—i !
g (B 2) gB<T+1+(T+1)M?(1'—COSnB)

> . (6.37)

rge wepes M ofosHaueHa OTBICYEHHAS BEIMUAHA /@ = M, a
My = vy/ay (vy == |vy)).

Beanyuna M masmsaercsa umcaom Maxa, i CBepPX3BYKOBLIX
nBmwKenuii M > 1, mas jo3BykoBnx gasmmennit M < 1. Us dop-
myaer  (6.37) cuemyer, 9TO BeAHYWHA YIJd ITOBOPOT2 CKOPOCTH

" o™
0

? . g7k
20%

77

L1 !

M5 2 4

05077 1

Wy

Puc. 57. BaBucHMOCTH OT umcia Maxa MaKkcHMalb-

HO BO3MOMKHOTG YIVIA IIOBOPOTA CKOPOCTH JIPIH TiC-

pexoae Uepes CKavOK. Tpagux iocrpoenm AJs
v = 1,4.

8 = (0, — 0,) (ma pmc. 56 s10 mpocTo O,) 3asucuT OT UHCHA M,
m yraa f. MakcuManbHO BO3MOIKHHIN yroji IOBOPOTA 8max BaBm-
CAT TOIBKO OT ymcna Maxa M, B HaleramomeM HA CKa90K MOTOKE.
Ha puc. 57 mpuBefied rpaguk B3aBUCHMOCTH Omax oOT umcna
Maxa M,.
VenoBusg Ha KOCHX CKAadKaX YIIOTHEHUSA
CrepxapykoBoe OOTEKaHme  po3poIAI0T BEMOCPEICTBEHHO CKOHCTPYH-

yriia 1 KJIAEH4 -
poBaTh pemeHHs 8agad o0 oOTexaHHH
. HOCTYyNATeXbHKM  CBEPX3BYKOBHIM ~ IOTOKOM yIWa 1 KINMHA
(puc. 58)

HenocpepcTBeHHO O4EBHIHO, ITO CXEMBI TegeHNIt, H300parKeH-
Hie Ha puc. 58, yHOBIETBOPAIOT BCEM YCIOBUAM 3a/ad -00 obrexa-
HUK yria I KiInHa.

OpxBaKko w3 OpeibAyAX pesyiabraToB ClefyeT, €ro pemeHue
DTHEX 33749 MOJYYAeTCH TOABKO B TOM CiIydae, eciau yIJIbl 8,6, u
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8, mna sagamHoro umcaa Maxa HaGeramomero MOTOKA MEHbme MR
PaBHH yray 6max (Ml)‘

Ecam aT0 ycimoBue ymoBIEeTBOPEHO, TO YKABAHHEE CXeMH o0Te-
KAHAA JOIYCTHMEL,

Opmaxo ana mwo6oit ms Takmx 8amad mpu & < Opax CyMECTBY-
I0T [Ba peINEHHA ¢ pPAsHHIMH HANPABACHUAMH yAAPHOH BOJIHH,
OpH Hepexofie wuepes KaKAylo M3 KOTODHX OCYINeCTBAAETCH IOBO-
POT CKOpPOCTH, HEOOXORMMHIA [dsA ofecmeueHHA yciaoBusa 00Te-
KaHOA, HO JOCTHTAIOTCA Pa3Hbe BSHAYEHHA CKOPOCTH 34 BOJHOM.
Ha puc. 56 oTu gBa peimeHmsA COOTBETCTBYIOT, HampuMmep, TOY-
KaM B m A.

Ha mpaxtuke s TOHKHX TeJl OCYMECTBIsAETCA ABIKEHEE, CO-
OTBETCTBYIOIee IOJNOroll yMapHOU BONHE ¢ GolbImeii CKOPOCTHIO 34
cKagKoM, orBewapomeii Touke B. Taxoe Teopermueckoe pemeHHe

YinpHes somia

/ v Yiapras soma
- 4

Yogpras sorwa

L4 -
Ppc. 58. OGrexamwe yria m Kjuma, Hakio- PHc. 59. OCrexanye Kiu-
HeHHOIo HeCHMMETPHYHO K CKOpPOCTH Halera-  Ha ¢ GOXLIINM YrioM pac-
0Iero OOTOKA. TBOpa. Y RapHad BoIHA 00-

pasyerca Ha HEKOTOPOM
* PacCTOAHHHE BIIepen KO-
HEYOHI'0 KAWHA.

IJIsT yria W KIWHA XOPOIIO COIJIACYeTcd ¢ JAHHKME ONHTOB IO
CBEPX3BYKOBOMY OOTEKAHWIO TOHKHMX 3a0CTPEHHBIX Tel.
O6rexamme ¢ ovomenmeii Ecam yroxn § "> O max, TO o0TeKaHme o Cxe-
yhapmofi  Bonmoii Me, yKasaHHOI Ha puc. 58, HeBoaMosxHO. B
9TOM cJay4dae BIepexd Texa ofpasyercsa HCK-
puBIeEHaA yhapHasa BoaHa (puc. 59). Paccrosame AO or yrioeoi
TOYKH TeJa 70 mepefHeil TOYKH y[AapHOH BOJHH IPONOPHUOHAILHO
JMHEHHHM pPa3MepaM TeJa M 3aBECHT OT yIVIa PacTBOpPa KIAMHA H
gucaa My,
Ilpm [ — oo ypmapHEas BoOJHA YXORMT Bmeped B GeCKOHEYHOCTD,
mepefl KIWHOM IOJYYaeTcsA JO3BYKOBOE IBIIiKeHHe rasa.
B samkmouenme storo maparpada oTMeTHM,
9TO0 HAaIWYIHEe CKAYKOB B agmabaTHJecKux
MOTOKAX CBA3AHO C NOABIEHEmEM HeobGparTm-
MHIX IOTEpPh PacHmoiaraeMoil MexaHWYecKOd sHepram, oGycCIOBIEH-
HHX POCTOM SHTDOIHH.

IMorepn MexaHmyecKoii oHep-
rag B CKagKax
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JUiss BHYTpeHHe# 9HEPTHA COBEPIIEHHOr0 T'a3a MOKHO HANHUCATH

8—8g

_ _ p Ch
U =c,T -+ const = ¢, T, (E> e ‘» L const,

PaccMoTpUM BHYTPEHHIOK SHEDPIUI0 A HEKOTOPHX XapPaKTePHHX
COCTOSTHAHN HOKOSI Hepef W 33 CKaYKOM (COCTOAHMUM, KOTOPHE MOIy-
9a0TCs, ecau ras agmabarmueckn saropmosuth n0 v == 0)1). IlaB-
JIeHAA W TEMIEDATYPH B BTUX COCTOAHHAX HEPEJl M 34 CKAYKOM (f1aB-
JeHHS W TeMIepPATYDPH TODMOKeHmWs) 0GO3HAYMM COOTBETCTBEHHO
qepes p‘, p;, Tvu T,

Ecnm mepexop wacTan wepes CKaI0K He CONPOBOKIAETCA XMMH-
9eCKVIMM peaKknusaMy min $asoBHMHU mepexofaMu (T. €. B PABEHCTBE

(6.31) ¢* = 0), To us (6.4) AnA coBepmeEHHOro rasa ciegyer, 4To
T* = T,*. Ilosromy

8—S8¢ Y—1 8,—8g ¥v—1 - S8y

UT) * Y — G * Y pl Y - o
e?p =e'Pp p, ', WH ~ =
2

Ecanm ecrs HeoOpaTuMble motepu, 10 S, — §; > 0. Orcoma caenyer,
aro p.* < p,*. CnegoBarensHO, ras, mpomeqmuil 4epes CKAYOK,
mMeeT MeHbIIee NaBJIeHAE B COCTOAHMM IIOKOA, M HOITOMY ero pabo-
TOCIOCOOHOCTD (TEXHMYECKAA MONE3HOCTD) MAfIaerT.

3 paccMorpermsa apmabatel 'OTOHMO BWIHO, 4TO POCT 3HTPO-
oMM, & CJIEel0OBaTelbHO, M MOTEDPH YBEJIMYMBAIOTCA C yBeJauTIeHHeM
WHTEHCUBHOCTA CKATKA VYIJIOTHEHHH, XapaKTepm3yeMoil mepemna-
JIOM [aBIeHUA p; — Pj-

s sagannoro gucia Maxa M; B maGeraiomeM mOTOKe MHTEH-
CHBHOCTh IPSAMOr0 CKauKa moJydaerca MaxcumanbHoii. Ilorepu B
KOCOM CKadUKe BCerja MeHbime, 3eM B HPAMOM 2),

§ 7. Pazmepnocru ¢usmvecknx Beanwnn u Il-Teopema

dmanueckEe  COOTHOINEHH IIpu ¢arrudeckoM HamucaHUM ypaBHE-
WMHBAPHAHTHBEI OTHOCHTEIBHO

HU# M B KOHKPETHHX UHCJIOBHIX pacuerax

BeI0OpPa cHCTEM KOOpAHAHAT
He00X0lUMO BBOMUTH M MCIOIB30BATH Das-
AUYHEE CHCTEMH KOODAHMHAT. JTH CHCTEMH KOODJAWHAT B 0GMIEM CIY-
4ae MOTYT GHTh IPOM3BOIbHEIMA, OHAKO BO MHOTEX CIAYJasX CHCTEME
KOOPAHHAT BHOHPATCA 13 CO00PAyKEeHMIt TPOCTOTH M YRX0GCTBA BH-

1 Cm. ra. VIII, § 5, 1. II.

2)C 6ostee MOMHOI TeOpHEil MOTEPH B CHCTEMAX CKAYKOB YOJIOTHEHHA MOK-
HO 03HAKOMUThLCA B muTHpoBaEHOH kanre JI, M. C e g o0 Ba «Ilmockue 3agaam
TH[POJHHAMAKI N aspPOJHHAMHKHY.
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IuCIeHHN MM AHAJTM3a YUCIEHHHX pacueToB. BosMo)xHREE mpoms-
BOJ B BHOOpE CHCTEM KOODJAWHAT, NPHBHOCHMHIH OPUHATHIMH CIO-
cofaMH ONMCAHWSA WM3YIAEMHX ABJIEHN, He CBH3AH C CYMECTBOM
caMUX ABJICHWI, ¥ IODTOMY pPas3iwWdHEE YPaBHEHUA, BHIPAIKAOIIUG
co00i1 HeKoTOpHIe puswgecKre CBOMCTBA M PAKTH, JOMKHK 0061a5aTh
CBOIICTBOM MHEBAPUAHTH( CTH OTHOCUTENLHO BEIGOPA CHCTEM KOOPAHHAT.
ItuM 00BsICHSETCsT, UTO BCe BBEIEHHHIE BH-
Tensoprasd MmpUPONA M- 16 ypapHeHWs U JONOJHATENBHEE COOT-
3AYCCKHX YpaBHCHHH
HOIIEHUA MMEIOT BHJ CKAXADHBIX, BEKTOP-
HbIX WIX BooOme TEHSOPHHIX ypaBHeHmii. VIMEHHO B 9TOM COCTOMT
HpUINHA TOrO, 4TO MHOMKECTBO XAPAKTEPUCTHK [IBUWKEHHA M CO-
CTOSHHUA HMMeeT MHBADHWAHTHYO TeH30pHYyIO mpupony. B stoM mpm-
yuHA HeoOXOJUMOCTH PA3BUTHA M HCIOJIb3OBAHMA TEH30PHOIO MC-
quciaeEnA 1 GOPMYIMPOBAHUA BceX (U3NIECKUX COOTHOMEHWH B

MHBAPHAHTHON TEH30pHOH dopMe.
C mpyroil cTopoHH, OIPEJieIeHAe U 3aJlaHme

MCPHBIC BEeJIUYAHBL
Pazmep PasIMYHEHX  BEIHIMH — XaPAKTePUCTHK
Cpejisl, TONA M MPOIeccOB, HAIPAMe]D IIIOTHOCTH, SHEPIHH, CKOPO-
CTH, 3aPANA U T. l. — C IOMOIILI0 YICEN CBA3AHO C MCIIONb30BAHMEM

ONpeJeJleHHEIX eJIMHNI N3MEPEHNnsA, BEOOD KOTOPHX TAaKMKe 3aBHCHUT
0T HCCJIe0BATEINA.

BeanunHL, YACAE€HHOE 3HAYEHIE KOTOPHIX B PaccMAaTpPHBAEMHIX
BOIIPOCAX BABHCHT OT BHOOpA eWHNN, W3MEPEHUsd, HABKIBAIOTCSA
pasMepubiMu BenuunHaMu. Hanpumep, sHepImio MoKHO H3MEPATH
B KHMJIOTPAMMOMETDAaX, B [UKOYIAX, B KATODPKAX, B TOHHAX YIVIA WIA
KIJIOrpaMMax ypaHa, B py0IAx W emme BO MHOTHX APYTUX eMHH-
nax maMepenus. COOTBETCTBYIONIME YMCIA, OIpPeeNAIouine Beju-
YgHY SHEpPIWH, CYIIeCTBEHHO B3aBHCAT OT BHOOpA eIMHUIH H3Me-
penus. '

JeicTBUA ¢ GONBIIMM YHCIOM Pa3HOOODA3HHX XaPAKTEPHCTHUK,
CBABAHHKX MEKITY C000H Pa3nWUYHHME ONpENeleHUAMA U Pas3iwud-
HHMHM yPABHEHWSIMH, TTOKA3HBAIOT, UTO eJMHMILI M3MEDPeHnd I
PasHBIX XapPaKTEePHUCTHK, BooOIe I10BOPSA, CBA3AHBl MeKIy coOoOil.
HaHpHMep, eIUHUAIIA H3MePeHMdA [JId CKOPOCTH U = ds/dt cBszzaHA
¢ eJMHMI[AMHA M3MEPERMSA IS JTMHK dS m BpeMeHH di.

Teppmmme (ocnoBHBe) Hapsany ¢ saBucuMBIME eUHWIIAMEA W3Mepe-

e/MHANB] H3MepeHH HUA HYXHO paccMaTpmBaTh NePBHIHEE, He-

3aBHCHMEE eJMHULNL W3MEePeHns, BBOIUMEIE

OIILITHKIM ITyTeM, BOOOMme I0BOPA, ¢ HOMOMBI0 CIEUANBHEX Teope-

THYECKHN IPOU3BONLERX yciaoBmit. Tak, HampuMep, H3BECTHHMH CIIO-

cobaMu BBOJATCA PAa3JIUTHHIE IEPBUYHEE, WIK OCHOBHHE, €IHHHULILI
M3MepeHuA [JiA [JIUHE, BpEMEHN X MAcCHL.

Beawauns, 0is KOTOPHX eHHAIH N3MePEeHNA BBOJATCA U3 OIE-
Ta ¢ MOMOINBIO HTAJIOHOB, 10 YCIOBHIO HA3KBAKTCA NePBAYHENMHA HIIH
OCHOBHEIME. IIpH 5TOM caMu elmHNMNL A3MEpPEeHNs TAKKe HABHBAIOT-
A NepPBHYBLIMH HJAH OCHOBHEIMH.
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Bropuumsle, mnpomsBoAHNe FIuHWIE W3MEDPEHAS A [PYrdx BEIWYHH,
CANIMNGL  HIMEpeHnA KOTODEe NONYJATCA A3 OOPeJIeseHus JTHX
BeNMYKH 4Ueped NePBUIHEE, HA3KBAKTCA NPOU3BOSHHIMA WIH
BTOPUYHBIMY EMHUIIAMA HM3MEPEHUA.
B xagecTBe BenwumH, NS KOTOPHX BHOH-
Pagmmunbie cHeTeMbl e~ paoTchy mepBWYHBE EMMHAIN H3MEDERHAd,
HALl N3Mepenusa
MO;KHO OpaTh pasjuyHLe BenuduBH. B pas-
JUYHBIX 00JACTAX NMPUMeHEHWA BHITOAHO M yOo0HO BHOUPATH B Ka-
qecThE MePBAYHKIX 6MUHMAI] WUBMEPEHHWS CBOW MECTHRE IePBHYHEE
eMHNUIE W3MEePeHus, HprYeM pPas3HLle B PA3NINIHHX cIyIaax. Bos-
HOKJIA PAa3iAYHHE CHCTEMH eJWHHI[ MSMepPeHHsI, BOSHUKIA 3a7a4a
o mepexojie (mepecdetax) OT OJ[HOH CHCTEMH ENMHHI H3MEDEHHA K
T pyToii.
PacupocTpaseHs cieqyiom@e CHUCTEMBl €IWHUI] W3MePeHHnA:
CGS, B KoTOpOif B KadecTBe IEPBUYHHX E€IWHHI, W3MeDeHNs HpH-
HATH CAHTHMETD, IpaMM, cexyBna; MKS, B KoTopo# B KagecTBe oc-
HOBHHX eIWHNI, M3MEPeHWs NPUHATH MeTp, KWIOTPAMM-CAIA |
cexyaga 1); cmcreMa CU, B KoTOpoil OCHOBHEME eJHHMIAMHA
W3MEepeHns ABNAKTCA MeTp, KWjIorpaMM-Macca, CEKYHMA, amiep,
rpagyc HensBmaa, cBeua, a TakKe [Pyrue CHCTEMH eHHNI
M3MEPEeHBA.
B mexanmugke (u, Boo6Gme roBops, HA HPAKTHUKe) 9acTO IOJB3Y-
0TCA TOJBKO TPEMS NEPBUYHHIMM eJWHHNAMHA H3MEDeHusda, (Hampu-
Mep, Tak OOCTOMT [eN0 HPHW WNMCUOJIH30BAHUM CHCTEM EUHKI]
uameperna CGS u MKS); equanns #3MepeHHs JJIs BCEX OCTAJb-
HBIX BJIVYWH, B TOM 9UCI€ W JJA XaPAKTEPUCTHK DIEKTDOMArHHAT-
HOIO TONA, pPAaCCMATPUBAIOTCH KAK NPOMSBOJHEIC SMHAIH WM3Me-
peHus,
ITocie ycraHOBIERWA OCHOBHHX E€AWHUIT W3MEDEHHS eJHHIN-
IOH W3MEPEHHA A APYIMX pasMepHHX BEJIMUMH, ¢ IPOM3BOLHE-
My eIWHUNAME WSMEDEHHS, NOJIYYRTCA AaBTOMATHYECKH H3 ON-
pejieeBNA 9TUX BEJIWUWH.
Dopwyna pasmeprocts Bupaskenwe DpowsBojREOl eQUHEUNLI W3Mepe-
HAS 9epPe3 OCHOBHBIC CIMBANE H3MEPERUud
HABLIBAETCA PAa3MEPHOCTHIO. P’azMepHOCTh 3ANMCHBAETCS B BUfE
dopmyan. B cmereme CGS ¢opMynn pasMepHOCTH CONEP;KaT TPH
apryMeHTa: CHMBOJH eguEuOH aiauex L, egmammm Bpemerm T
u egmEuns Maccwi M. Hanpmmep, cMMBon efMHRIE H3MepeHHA
JJA CHJIN 3amuceiBaeTcst B (opme

ML -
K = - = MLT"2,

1) 3pecs Mu mpuHEAMaeM, YTO PaKTHIECKHE YCJIOBHA, ONpefeAd0mye nep-
BRYHEE eJUHALK H3MEpPeHHS, M3BECTHH M3 O0IUX KypcoB (M3MKH — H3BE-
CTHO, 9TO TAKO¢ CEKyHAa B T. A.
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B cucreme CGS ¢opmynsr pasmepHOCTH Ans BceX (HBHUECKHX Be-
JH9UH IPefCTaBAsAT co00il CTemeHHHE OQHOWIOHH BHAA 1)

N = L'T'M™, (7.1)

rfie IOKasarelH CreneHeit /, ¢, m — HEKOTODHE Iejbe HIHX ApPO0-
HhI¢ BEHIECTBEHHEIE 9HCJIA.

B cucreme MKS dopmMysas pasMepHOCTH MMEOT BHT
N = LsT"K™, (7.2)

Tae Iy, ¢ ¥k — COOTBETCTBYMOIHE TMOKA3ATENH pasMepHOCTeil.

Ilepexon or dopmyn (7.1) K coorBercTByomuM popmyiaam (7.2)
MOKHO HOJYYHTh mocle 3aMeHH cuMBona M B dopmymax (7.1) we-
pes cumBon K mo dopmyne M = KT2L-1,

@opMyJIH pPasMEPHOCTH NO3BOJNAWT ONPEENUTh UHUCICHHKE
MacmTa0HEEe MHOKATENIU [JIA IePecyera COOTBETCTBYWHIEX Xapak-
TEPUCTUK IPH NSMEHEHWY BEINIHUH MEPBUYHBIX eIWHUI] U3MEDPEHNUS.

Ecnm BMecTo 3afaRHBX eRHANY, UBMEPERUA [IMHE L, BPeMEHH
T u maccst M mepeliTd K HOBHIM eIHHUIAM H3MEPEHHH, MEHbBIIAM
IIf JIUEH B o0 Pas, A BPeMeHH B § pas W AJsA Macch B Y pas,
TO HOBafA E[WHEWIA K3MEDEHWs [ BEIWYHHE N ¢ Pa3MepPHOCTHIO
(7.1) O6ymer MeHbINE MEPBOHAYAILHOMN B

alB{,rm ( 7. 3)

pas. 3TO IO3BOJIAET JIETKO YCTAHABJIWBATH NEPEXOpaHLie MacimTal-
HEIe MHOJKMTENIW s BTOPUYHHX eJWHHI[ M3MEPEHUA IPH H3MEHEe-
HUY BEIMYAH HEPBUYHKX €IUHUI, H3MEDPEHHA.
Uwncno mepBHMHBIX eUHAI] M3MEDEHHUA MO-
Ygenao NepBUYHBIX  eWHMI
S — skeT OhTh u OHBaer Oonbme Tpex. uHanpn—
Mep, BO MHOTHX BONPOCaX [rasoBO#l AwmHa-
MHKHK 1 TePMOZMHAMYKZ, KPOME MEeTPa, KHJIOrpaMMa K CEKYHIH B
KadyecTBe NEPBUYHHX €IWHWI A3MEPEHUA, ONpefeleRHNX OIKTHHM
myTeM, OOHYHO UCIOJNB3YIOTCA eUHAIE M3MEPEeHAA A TeMIepaTy-
pu: rpagyc Ileapcms mau rpagyc Qapemredita m T. m., a #IAg
KOJIMUECTBA TENNOBOHW SHEPrum — OfHA Manasg wim Goabimas Ka-
nopusa. TakmM o6pasoM, MOKHO PacCMaTpPHBaTh W HOIb30BATHCA
CHCTEeMaMU eJWHUI] M3MEDEHUA C OATHI0 NEePBHUAHMN eJUHNTAMHA
usMepeHnsa. PaccMaTpHBAOTCA W NPUMEHAIOTCA CHCTEMH ¢ IEPBHY-
HEIMA €[WHUIIAME WU3MEDPEHHs JJIA HJIeKTPOMATHUTHHX BEIWYNH U
1. 1. B oTuX caywaax ¢opMmyian pasmepHOCTEH OyqyT IPEACTABAATH

¢000il cTemeHHNEe OfEOWIeHH BHAA (7.1) ¢ GoapmuM umciioM apry-
MEHTOB.

1) C 6ostee monpo6HOIl Teopueid pasmMepHOCTeI, a TaKie ¢ o6ocHOBaHUEM GOp-
MYJH pasMepHOCTH (7.1) MOKHO 03HAKOMUTLCA B muTApoBanHoi kaure JI.JI. C e-

noB a «MeTofs mopo0UA U Pa3MEPHOCTH B MEXaHHKe», 6-e nag., usg-po «Hayxa»,
Mockra, 1967.
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O moamexmocrn yeewmum- Mok O BB JUTH CHCTEMHEl EWHUIY usMepe-

BATH

eAHAN  W3MepeHus

GACAO  HePBAMMMX  gyg pooGme roBOpA, ¢ MOOHM TECIOM Iep-

BHYHLIX e{wHUI. B TacrHOCTH, OAA NARHH,
BpeMeHH W CKOPOCTH MOKHO BHIOHpArh He3aBUCHMEE €IHHUIE
W3MepeH’d W3 OIKTA, HO B 8TO0 ciaydae QOpMyny /s CKOPOCTH
HaJl0 IUCATH B BHIE

ds
v=k—, (7.4)

rie & — pasMepHas IIOCTOAHHAH, 3aBUCAIAS OT BHOOpAa €JUEBMI
usMepeHus niA v, ds u dt. Ecan npurate, uTo k& ABasgerca abcomoT-
Hofl 4MCIEHHOW moCTONHHOHM (T. €. OfMHAKOBOW BO BCeX ymOTpeo-
NAEeMHX CACTOMAX eUHHI U3MepeHrs), PABHOM WiIN He PAaBHOH efu-
HEIE, TO HOJYYHUTCHA, 4TO B jaI060H cucTeMe eUHUI M3MEePeHH ey~
BWOB U3MepeHus A v, ds u di 3aBUCHMEL

Ha mpaxruxe Takoe ycnopye OOHYHO BCErfa W OPHAUMACTCH.

Ecnu paceMoTperh cOOTHOUICHHE:

TEeIJIOBaA SHepPrusa — 1. Mexanugeckas SHeprug,

TO MOMHO BHIODATE OT/EJNbHKIE He3aBUCUMEIE eWHHUNLI H3MEDEHHHA
JULA TeNNOBOH DHEPTHN, HAIPUMep KAJTOPHIO, U JIA MEeXaHHIECKOR
DHEPrmy, HAIIPUMep KuiorpaMmomerp. B oprom cayuae B dopmymnax
H YPaBHEHMAX HOSBIAETCA pasMepHAs mocTogmHAsA [-Mexamumdec-
RUH BKBUBAJEHT Telia ¢ PA3MEPHOCTHIO

(1] = mmfi"anopﬂﬂ e (7.5)
1IOTPAMMOMET]

«puangecKany IOCTOAHHAA [ AaHANOrMYHA DOOCTOAHHON & B
dopmyne (7.4).
ITocrosanyio I MOKHO paccMaTpPUBATH KAK

0
BOIMOKHOCTH YMEHLIIATh  nha3yenHy0 HOCTOAHHYIO IPH HE3ABHCHMEIX

YHCAO

HEePBUMYBBIX  EIHHHILY

A3MepeHnst eJMHUNax HN3IMepeHuAa [JjAa TeIIOBOA W Me-

XaHWTecKoj pHepruii mim Kak Macmral-

Hy10, (Ge3pasMepHY IOCTOSHHYIO, ecly eJMHHNL M3MEDPEeHHs Tell-

I0BOH ¥ MeXaHMYECKON SHEePTHil PA3AUYAOTCA TOJIBKO KAK TUHAILI

HBMEDEHHA A OFHOH H TOH ;Xe BeNUYMHGEI, HaOpuMep Kax QyT
B METpH.

AHagornuHKM 06pasoM MOMKEO paccMarpuBaTh (yHHAMEHTAdb-

HO€ ypaBHEHVE QU3UKH
E = mc?, (7.6)

rie E — sneprua, m — Macca B ¢ — CKODOCTEL CBETd B HyCTOTe.
Ecan B ypasmenum (7.6) mpwWHATH, 4ro ¢ — yHHBEpCalIbHAA MO-
CTOSTHHAA, KOTOPYI0 MOKHO IPWPABHATH €IUHENE B Kiacce HoWy-
CTUMHX CHCTeM eJEHHI] WaMeDeHHs AaHAJOTHIHO IOCTOAHHOMR K
B dpopmyne (7.4), To B aTOM CAyTae BOBMOKELE PA3IHIENE eNHHAIL
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H3MEPEHUA [JiA BHePIUM H MAacChl NOJIYYAIOTCSA 3aBHCHMHME (Tak
7Ke KaK eJTMHUNE H3MepeHus A v, dsu dt B (7.4) opunk =1).

Taxoro poga coo0pasKeAnsa MOTYT HOCIYKHTH OCHOBOR JJIS COK-
pamieHWs 9HCJIA DEePBUYHHIX eNWHUE H3MepeHud. Ecam sadurcn-
POBaTh Pa3MepHYI0 YHHBEPCAIBHYIO IOCTOAHHYIO B 8aKOHE BCOMHUP-
HOTO TATOTEHWS

F o=y 2 (7.7)

TO IOMYyYIUTCA A00ABOYHAA CBA3D MEIKAY ICPBUYHKMH €TWHUIAMU
H3MEPEHHA /I MACCH, BPEMEHH U PACCTOAHUA.

TaxkuM LyTeM MOMKHO IOJAYYATH CHCTEMBI QUUHUI] M3MepeHMUs
¢ DABNMTIHEIM UHCIOM IEPBHUYHHX eUHUL MsMepenusa. B gacrHo-
CTH, MOJKHO BBECTM CHCTEMY C YHHBEDCAJIbHBIMIE €[UHMIIAMH H3-
MEpeHUs, B KOTOPOH eNMHHILI H3MEePeHHMA BceX BeJIHYUH HABCer-
74 (GUKCHPOBAHEl M IIO3TOMY BCE BEIWIHHHEI MOMKHO PpacCMAaTpH-
BaTh Kak 0eapasMepHEIE.

llomarusn pasMepEHX u 0e3pasMepHBIX {OT-
Ornocureabnocts ~MOMATAA  pyogeynpx) BEJWYHH —OTHOCHTENBHEL. OTO
paswepubrx W Gespasmep- HAM0 TMOHWMATH caexyiomuM obGpasom. Ilpm
HbIX BEJIHYHH
PACCMOTPEHNUY JAHHOTO ARNEHAS WA HOKO-
TOPOH COBOKYHHOCTH ABIEHWHA BBOMATCSA PAa3JWdHLIE HepeMeHHEIS
WK IOCTOSEHBIE XAPAKTEPHCTHKE HpomeccoB u o0bextoB. [laA
MONY9eHMA TUCICHHALX 3HAYEHUH SABHO WJIM HEABHO WCHOJIB3YETCH
B IeHCTBATEIBHOCTH MM JOMYCKAETCS HOTeHOUAIHHO HEKOTOPHII 32~
UaC — COBOKYIIHOCTH CIICTEM eUHUI] U3MePeHusI.

Bejauunsanl, gucieHHoe 3HAYEHNE KOTOPHX 3aBHCHT 0T BHIGOpA
KOHKDETHOW CHCTEMLl eIMHWI] M3MePeHHHd u3 NONyCKaeMoOH .COBO-
KYHHOCTH CHCTEM €IHHHI, W3MeDPeHWS, HABHIBAIOTCA DPAa3MePHHIMU.
Beawuunn, uncienHoe 3madeHmne KOTOPHX OMHO M TO Ké BO BCeX
CHCTEMAX EJWHHI] WBMEPEHMA TOH COBOKYNHOCTH CHCTEM, HABHIBA-
10TCA 0e3PasMEepHLIME MK OTBICYSHHEHIMH.

Haunpumep, reoMerpumueckoMy OOBEKTY ~— YTy MOMKHO HOCTa-
BHTb B COOTBETCTBHE PA3MMIHEIE YUCIA: YUCIO PajdaH, IPajfycoB,
Toned MPsIMOro yria W T. H.; OITOMY IIPM BKIOYEHHW BO MHOKE-
CTBO JOIYCKAEMEIX CHCTEM eIHHHI] H3MEDEHUA CHCTEM C Pa3INYHH-
MH eIVHAIIAMA W3MEePeHWsA ANA yIia BEIMIMHY yIJa Hajo paccMar-
pUBATH KAK PasdMepHyIo Beqnauay. Eciu, ofHaKO, MBI OTPAaHHIMMCH
PAcCMOTPEHMEM TOJBKO TAKMX CHCTEM e[HHMI[ MBMEPEHHHA, B KOTO-
PHIX YIJIH H3MEPAIOTCA TOJBKO B PafiEaHaX, TO YLoJl MOMKHO pac-
CMaTPHEBAaTh KAK OTBJEYeHHYW, GespasMepHyo BeamuuHy. Taxoe
YCIAOBYUE IO OTHOMIEHAIO K H3MEPEHHMIO YIJIOB YACTO INPWHUMAETCH
H3 TIPaKTAKe.

TaxuM ke myreM mio6yo0 APYTY0 Bennuuay (EAUPEMED, BpeMs
WIM JIEHEY) MOMKHO HOCYMTATEH 0e3pasMepHO BeIMIWHOH IPHU CO-
OTBETCTBYIOIEM BHE/NIGHNHM 3a1aca CHCTeM eJgWHHUI H3MePeHHd, B
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KOTODHX EJWHENA M3MEPeHMA /A OToH BEIMYMHE OfHA H Ta e
BO BCEX WCHOJNb3YeMHX B JAHHOM BOIPOCE CHCTEMAaX efMHNI H3Me-
penuda. B mpmioKeHHAX yciaoBme 0 (Ge3apasmMepHOCTH yria ymoGHo,
yclioBme 0 (e3pa3MepHOCTH JJAMHH HeyroGHO. JTO CBA3AHO C TeM,
qTO NI TEOMETPHUYECKH HOJOOHHX CHCTEM COOTBETCTBEHHEIE YIVLI
ONMHAKOBEI, 2 COOTBETCTBEHHEE JUIMHH Pa3INdHbi.

W3 panpHeHnIeTo BHITEKAET, YT0 B HEKOTO-
gg:‘;‘l‘ggg& D v qax  DHX CIyuasx, BooOme rOBOPs, BEITOJHO
KAK  ApryMenToB  Wecde-  YBEJIWUHBATH YHCIO NEPBATHHIX eJMHUL W3-
myeMuix dymrnmit MepeHns.

Onnaxo T2 BHTOIHOCTH OOGLIYHO AHHYIH-
pyercsa TeM, 9TO IPH YBeJMUYCHWH YMCJIA IIEPBUYHBIX eJlWHUI M3Me-
PEHHA MOABIAMICA CYMECTBEHHBIE M PACCMATPHBAEMHEIX 3a/iad
JOOIIONHUTEIbHEE (H3UYCCKHE IOCTOANHLE THUIIA MEXAHMIeCKOIo
DKBHBAJEHTA Temna ], MAM CKOPOCTH CBETA, IMJIH T'PABUTANWOHHOHA
nocrostanoit f. Ilogo6ame nocroAannme G6yayT BXOOUTH B YPABHOHUA
IPOLECCOB M APYIWE YCIOBMA 337124, M X Heo0X0uM0 IPHIHCIATE
K OIPEJeNA0IIHM IIapaMeTpaM I BKJIYATL B APTYMeHTH paccMar-
puBaeMHX (GYHKIHOHANBHEIX chzdeil. Himxe Ma moxaskeM, dro
NOJTOMY B 0O0mIEM ciayuae HE I0JYYaeICs NOMOJHHUTENBEBX YIIPO-
meHn# 0T yBeAHMTCHHA IMC]IA NEePBHYHLIX efuHHUI maMepenms. Op-
HAKO CYIHECTBEHHAA WOJb33a OT DTOTO MOJYIAETCS TOTHA, KOTHA W3
JONMOJHATEABHEX (U3EIECKMX COOODAyKEHUH CTAHOBUTCS W3BECT-
HLIM, YTO TAKOTO poja ¢wamueckue mocrosanHEHe (tuma I wnm f)
HECYIIEeCTBEHHK B [JAHHHX (YHKIUOHAJNLHHX COOTHOINEHMAX.

B srom u 3akmiogaercs npuunna TOTO0, YT0 CTAHNAPTHAS CHCTEMA
eIMHUL, H3MEePEHWsI ¢ (UKCHPOBAHHHIMU IOCTOSHHLIMY 3HAUYCHU AMME
BennumH I, ¢ u f HeBHIOJHA M He NpPUVEH16TCA HA IPAKTUKE BO
MHOTHX TeXHWYeCKUX W (u3MYecKux 3amagax.

o . B HekOoTOpEIX BOIpOCaX B HAYKe ACHO IpPO-
BO3MOKHOM NOJIb3€ TIPH -

MeHeHNA  pasmBIx  cdcren  SIBJSCICS TEH[CHINS K CTAHAAPTHSANEM M K

eJUHNI u3IMepeHnd AIMUHUCTPDATUBHOMY BBEICHNIO YHUBED-

‘ CaNbHOM CHCTEMEl eAWHNI W3MepeHHsa. B
pAfe caydaes, 0YCBEHO, 9TO OUEHD YI06HO 1 MOJAE3HO, OHAKO IPH-
BABKIBAHNE YHUBEPCAJILHOH CHCTEME eAWHUI H3MEPEeHUA K OoIpe-
[eNeHEbM PH3NTCCKNUM IOCTOSHHEIM WIN YCIOBUAM BO MHOTHX CIIy-
yagx ABjiAeTCA HCKyccTBeEHBIM. HaobGopor, caMas BO3MOKHOCTE HC-
WOJIL30BAHNS NMPOU3BONLHKX EUHAL H3MEPEeHHd U HE3aBUCHMOCTH
W3y4YaeMHX 33KOHOB 0T BHIOOpA CHCTEMHI eIMHMI[ UBMEDEHHS MO-
JHET CJIYIKHTH HCTOYHAKOM IONe3HHX BeBOMOB. IlosroMy, Hapamy
¢ BHeIpeHWeM eJWHEEIX eN@HALN WsMepeHWs, Tpe0yercs pASBHBATE
TEOPHI0 NPON3BOJNIBHHX ¥ PasHOOGPA3ZHEX KIACCOB eIUANI H3Mepe-~
HES KAK OCHOBY IUIOMOTBOPHKIX METO0B HKCIECPUMEHTA W TEOPHU.

B sTEx BOmpocax uwMeercA IOJHAS AHAJOTHA MEEIY BHGOPOM
CHCTeM e[HHWI, N3MePeHHusi H BHIOOPOM CHCTEM KOODAMHAT M CHCTEM
orcgera poobme. MoskHO, KOoHeuHO, (EKCHpOBATH BIONHE OIpE-
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TeleHHYI0 OJHY H TY Ke YHHBEPCAJIbHYIO CHCTEMY OTCUETA M HCCIe-
JOBaTh BCe ABJEHUSA TONBKO B 3TOM cucreMe. OTHAKO caMad BOSMOK-
HOCTb NpUMEHEHWs PAa3NWIHHX CHCTEM OTCYETA W BOSMOMKHOCTL B
KOHKDETHHIX 33/la9aX IPHMEHATH CIEMAANLHHE XaPAKTEDHHEE CH-
CTEMEl OTCHETa SIBAAETCH OCHOBOHW IUIONOTBOPHOTO METO[A Mecie-
noBaHu# B (usuke. Dosbiure TOro, OCHOBHOE TMOJIOMKeHAe (H3UKH
00 mHBADHAHTHOCTH PM3NIECKHX 3aKOHOB OTHOCHTEIIHEO BHIOODA CH-
CTeM KOODZHHAT M CHCTEM OTcYeTa (HAIPUMepP, WHEePIHANBHHX CH-
CTeM O0TCuera) ABAAETCA B M3BECTHOM CMBIC/e WHHM HPENCTABIE-
BHeM TaKMX YHEBEPCAJILHEIX 3aKOHOB (u3HKM, KaK BaKOH COX-
PaHEHHmS KOAMYeCTBA [BIDKEHUs, B3aKOH COXDAHEHWA SHEPTAX U
3aKOH COXPAaHEHWA MOMEHTA KOJMYECTBA NBIDKEHOA.

YHEBepcanbEAs WHBAPUAHTHOCTh (UBMIECKUX BAKOHOB OTHOCH-
TeJbHO Ipynn npeoGpasoBanua 'anunes wuam Jloperma B HeKoTO-
PHIX 3afagax (0JHAKO CYMIeCTBEHHO HOAIePKHEYTH, YTO HE BO BCEX
33J]a4aX) MOMOJHAETCH CBOIICTBOM HHBAPHAHTHOCTH HCCIETYEMEIX
(OYHKIMOBANBLHKX 3aBUCHMOCTEl OTHOCHTENHLHO TPYIHH mpeobpa-
30BaHEA 1OA00MA, ONpENeNeHHOl BO3MOKHOCTHI) COXPAHEHHA
BCeX ypaBHeHWH W Mo0GaBOTHBIX YCIOBHHE ©IpH IPeo6pasOBaAHHE
ToRo0Hs, COBHATIAIMEM C IepexofioM OT ORHOH CHCTEMH efu-
HAN, H3MepeHuss K NpYTroi.
PaccMorpeM rTemeps cTpYyKTYypy GyERIHmO-
HaJlBHEIX 3aBACHMOCTEll Me;Ay BOoOIme pas-
MEePHHIMY BeNIMYAHAMH, BHPAKAOMAX co0oii dmamuecKme BaKOHO-
MEepHOCTH, MHBADHAHTHEE OTHOCHTENLHO BEIOODA CHCTEM ENWHMIL
W3MepeHus.

IIycrs MB MMeEEM HEKOTOPYIO Pa3MepHYIo uiu 0e3pasMepEYIO Be-
AUIMHY @, KoTopag ABigerca QYHKIMed He3aBHCHMEX MERAY CO-

foii, BooOme, pa3MepHKIX BEIWIUH @y, A3, ..., Ant
a = f(alv Aoy o ovy Apy Afpigy o v oy aﬂ)' (7'8)
Hexoropsie 18 BenIw9uE a4, ds,..., &n B PACCMATPEBAEMOM IPOHECCe

MOTYyT OHTh HOCTOSHHRIMM, NPYTHe mepeMeHHHMH. OTHOCHTENBHO
NEePEMEHHELIX BEJIMYAH HPEIIoNOMKuM, 970 JAu0G0 WX 3IHAYEHUA OT-
JAMYHE OT HYIA ANH OeCKOHEYHOCTH, Ju6o dyrrnusa (7.8) Heupepun-
Ha Npn 06GPANIeHAN COOTBETCTBYIOIMUX apryMesTos B HyAb WiE Gec-
KOHEYHOCTD.

Ilpamem, uro B apryMmedrax dymxumoHanbuHo#t ceasm (7.8)
OTMeueHEH 6¢¢ pasMepHEe B (e3pasMepHEIE HOCTOfHHEE HJIH Iepe-
MEHHHE BEeIM4YMHE, 0T KOTOPHIX 3aBUCAT paccMaTpHBaeMHe 3Hade-
HUA BEJIHYHHEH 4.

_Haitnem temeps crpykrypy ¢ymxmmz f B (7.8) B TPefToNno-
JKEHWH, 9TO 9Ta (YHKOEA BHpa)kaer co6oil HeKoTOpHH ¢(uam-
9eCKUA 3aK0H, HE 3aBHCAMMII 0T BHOOpa CHCTeM eJHHUI, H3Me-
peHHs.

[glelg]
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ITycre cpegm pasMepHHX BenwunH a,, a,,..., a, NepBhe k Be-
auund (k < n) AMEIOT He3aBUCHMEE PAa3MEPHOCTH ('mc.no OCHOBHHIX
e/[HHAT, H3MePeHUA JOMKHEO OKTEL 60abINe HIH PABHO k).

HesasmcmMocTh pasmepHocTeil o3Hadaer, 9to QopMmysa, BHpa-
YKaMasd PasMEePHOCTh OfHON W3 BEJWIWH, He MOKeT OKTH Hpef-
CTaBleHA Kak KOMOMHANUA B BHAE CTENEHHOTO ofHOWieHa ¢op-
MyJ pasMepHOCTH [iA APYTHX BeamdnH. Hanpummep, pasMepHOCTH
naueR L, ckopoctu L/T m smeprum ML?/T? mesaBHcEMH; pasmep-
HocTH AAUWHH L, ckopoctm L/T m yexoperus L/T? saBmcuMer.

Cpenu MexaHWYecKHX BeIM4IWH 0OKYHAO HMeeTcA He Gomee Tpex
C HEe3aBECUMHMH  pasMepHocTsamu., lIpemmomokmm, dro &
paBHAeTCA HaM(OMBIIEMY YUCHY HAPaMeTPOB ¢ HE3aBMCHMEIMH pas-

MEepPHOCTSIMH, 09TOMY Da3MEPHOCTH BEIHYHAH @, Qy,p,..., G, MOMK-
HO BHPA3HTh T€Pe3 PasMEPHOCTH HAaPAaMETPOB &;, Ga..., .
IIpumewm / Bennums a,, a,,..., @; ¢ HE3ABHCHEMEIME PasMepPHOCTHA-

MH 34 OCHOBHLIE BEJWYHHLI U BBeJeM [JA UX paaMepHOCTeﬁ 0603-
HaYeHUA

la;] = A,  [ay] = 4,, ..., [a] = A,
PaamepHocTu ocTanbHLX BeMHINH OYIYT MMETH BHT
la) = AT AT ... ARk,
(@) = APT AP ... ApF,

L T T T

[an] = AT AL ... A%

UaMennM reneps eWHUIE U3MePEeHHSA BEIHIHH a4, Gyy..., @) CO-
OTBETCTBCHHO B O, Oly,..., Oy Pad; YACICHHHE 3HAYEHWs ITHX Be-
INWYMH ¥ BEJIUYME @, dj,g,..., G, B HOBOH cucreMe egwHEL OyayT
COOTBETCTBEHHO PABHH
’ m m
oy =oyay, @ =altayt.. . axka,
’ P D
az == Oaly, akﬂ = 0‘1 Uy LRk,
’ ’ ' qﬁ
ay = @i, ap = alad ... ofka,.

B HOBoO#i cHcTeMe efUHHI[ W3MeDeHHA cooTHOmeHme (7.8) mpumer
BH] ’

’

m m m m
@ = aiag”...dkka =ay Ay ... Ak (ar, gy . . ., Gn) =

P P 1,9z a5
= f (Mg, Falay « v s Wi, AL 05" . o . OhGieyyy oo oy O o o UEF@R)
(7.9)

JTo paBeHCTBO IOKasHBaeT, 4To QyHKNUA f 06mazaeT CBOMCTBOM,
OAHOPOJ[HOCTH OTHOCHTEIHHO e[[MHIAT] H3Me DOHMST BOIHINH Gy, Ag,evey @y
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‘Bocnoasayemcs BHIGODOM Qy, Og,..., G VIS CORPANIEHAA YHCAA
HE3ABUCHMHX nepeMeHHENX y ¢yurumn f. ITomommm
1 1 1

dlz_dl—, a2:E7""ah‘~——'

Ilpu raroM BriGope MacmiraGoB oy, %s,..., O BHAYEHANA TEPBHX Kk
apryMenToB B mpaBo#t gsactm coorHomeHwms (7.9) 6ymyr pasmm 1
HEBABHCHMO OT YHCICHHOTO B3HAYCHHA BEIWIHH dp, Ggy..., Gp ).
TaruM 06pasoM, HCIONB3YA TO 0GCTOATENHCTBO, YTO COOTHONIEHTE
(7.8), cormacHo npeAnomoKeHNI0, He 3aBACUT 0T BHIOOPA CHCTEME B/IH -
HUAD U3MEPEHH, MBI (Y;16M BBIOMPATH CHCTEMY e{MHAT] N3MePeHH TaK,
11005l £ apryMeHToB (QYHKUUKA f HMean QUKCHPOBAHHEE UOCTOAR-
HHE SHAYEHWS, DPABHHEE eTAHUIE.

B 3Toit 0THOCHTENBHOM CHUCTEME eMWHAT] USMePEHUA YACICHHEIE

BHAUEHMA 1IapaMETPOB @, Gy,q,..., G, OUpefexsTca dopMyraMu
. a
II= my ,m my !
1 2 T
dl dg o0 ak
a
1
=
‘1 2
dl d2 PR dk
a
ook = e
1 2 4
al 0,2 .o dk
TAe a, @y, dg,..., @, — IUCIEHHHE 3HAYEHASI PACCMATDPUBAEMHX Be-
JINYNH B TMEPBOHAYAJLHON CHCTEME HHNAL W3MEPEHMUS.
Herpynuo smaers, g9rto sHawemmda 11, II;,..., 0I,_, He sammcar

oT BHOOpa TMEePBOHAYAJNHHON CHCTEMH OIMHWAN W3MEPEHNd, TaKk KaK
OHE HMEIOT HYJIEBYI0O DPa3MEDPHOCTH OTHOCHTENHHO EAMHWI[ W3Mepe-
HEA A4, A,,..., Ay. OueBngHO Taxoke, 9ro 3Hagvennd I, Hy,..., 1T,
BoobIme He 3aBHCAT OT BHI6ODPA CHCTEM TeX eLMHANI[ N3MEDPEHHUA, Te-
pe3 KoToprle BRIPAMKAIOTCA & eTUHAI, U3MEpPeHns AJaA Pa3MepHO-HE-
3aBHCHMHX BeIHIUH &y, dg,..., ay. CJEIOBATEIBHO, BEJIHTIH-
g I1, I0,,..., [I, ;, MoxHO paccmMaTpuBaTh KaK GeapasMepHELE.
IosTomy B ni000% cHCTEME eNWHHI] H3MepeHHA cooTHomeHre (7.8)
MOJKHO IPEACTAaBATL B BHJIE

M=f1,1,...,14, Uy, ..., Upg), (7.10)
k
rre 1T u Bce apryMeETH QyHKnuH f Ge3pasMepHHE.

1) Mus mpocTOTH ML NPUHEMAaeM, IT0 HADAMOTPH ai, do,..., dx KOHEUHEI
I OTAMYAN 0T Hynd. O4eBHAHO, UTO TOCHEAYIOHNIHE BEIBOJE PACIPOCTPAHAIOTCS
HA CAy9ad, KOTAA 4y, d,..., G MOTYT 00palaThcd B Hyab HIA B 08CKOHEIHOCT,
ecun GYHKIHUA [ OpH ITAX 3HAYSHAAX APTYMEHTOB HENPEepHIBHA,
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TaxuMm o6pasoM, cBA3H, HE 3ABUCAMAA 0T BHOOpA CHCTEMH eM-
HEL A3MepeHnsd, MexAy n -+ 1 pasMepHHMH BeTHYNHAMA a, dq,...
.vy@y, U3 KOTOPHIX k& AMEIOT He3aBUCUMBIE PABMEPHOCTH, MOJKET OHITH
IpefcTaBieHA B BHUJE COOTHOINEHUA Meskpy n -+ 1 — & Benmdn-
mamu 11, ,,..., II,,_;, npepcrasasiomume coboii 6e3pasMepHEIE KOM-
Gunanum m3 n -+ 1 pasMepELX BeamuyumH. ITOT OOIMUH BEIBOJ TEO-
pHEM pa3MEpPHOCTH W3BecTeH mofi HaspagmeM ll-reopemsr.

. Ecnm meroropas GespasMepHas BelnmduHa ABIAeTCA QYHKOUMEH
PAfA pasMepHKX BEIMYUH, TO 5Ta QYHKIMA MOKET 3aBHCETh TOILKO
oT Ge3pasMepHEX KoMOHHAI[MA, COCTABICHHKX M3 BCeX ONpeleaAl0-
mMUX e¢ Pa3MEPHHX BEJWUHH,

OueBnpuo, uro B coorpomennu (7.10) cucremy GespasMepHHX
uapamerpos [[;, ,,..., T, Momxmuo, maMeHAA Bup QyHKIUH f,
3AMOHATH APYroll cucTeMoil OesapasMepHHIX apaMeTpOB, ABIAOMMUX-
ca pymmuamu n — k Gespasmeprurx mapamerpos II, I,,..., II, ;.

Herpynso Bumetn, 910 B3 7 mapaMeTpoB 4y, 4y, ..., &, CPefnA Ko-
TOPHX MMeercsa He Gosee k mapaMeTpoB ¢ He3aBHCAMEIME PasMepHO-
CTAMH, MeIb3A COCTABHTEH GoNbIe 1— | He3aBUCHMEIX Oe3pasMepHHX
KoMOuHAmMiT. ITO HEIOCPeJCTBEHHO BEITEKAaeT H3 BEIBOJA CO-
orHOmenuA (7.10), eciy 3a BenwduHY @ MBI HpuMeM 1100yi0 BEIGpaH-
Hylo GeapasMepHyI KOMOMHALWIO, OUPEAeNsAeMyl0 BeIHINHAMHA a,
Ggyenry Ap.

Beaxoe ¢usmueckoe cooTHOMERWE MeAY PasMePHHIMH BelH-
YAHAMHE MOMKHO COPMYNUPORATL KAaK COOTHOIMeHHe Merxny Oeapaa-
MeDHEIME BenwuuHamu. B aToM, cO6CTBEHHO, U 3aKI09aeTCA HCTOI-
HHUK IONe3HBX MPHIOKEHHI METOJA TeOpHU Pa3MepHOCTH K Hcclie-
noBaHW0 (U3UUECKUX 3ajgad.

YeM MeHbIIE YHCI0 HAPAMETPOB, OIPeNesAoInX H3yIaeMylo
BenwuuHy, TeM Ooxpime orpammueHa opMma PyHKOUOHANLHOH 3a-
BUCHMOCTH WM TEeM IPONIe BeCTH mcclefoBadue. B dacTmocTH, ecaun
9HCJI0 MCHOAb3YEMBIX OCHOBHHX EIWHHAI] W3MEPeHUA DABHO QHCIHY
ONpPeJenAIAX HaPAMEeTPOB, KOTOPHE B TOM cIyuae HMelT He3a-
BHCHMEIE Pa3MEDPHOCTH, TO ¢ HOMOMbI0O TEOPHU pasMEPHOCTH 3Ta
3aBHCHMOCTDH IIOJIHOCTHIO OIPEfelseTcss ¢ TOYHOCTHIO [0 IOCTOAH-
HOTO MHOMUTENA,

B camoM jexae, ecau n = k, TO M3 HapaMETPOB G, Ggy..., Gn
Heab3A o0pasoBaTh GespasMepHOH KOMOWHAIUHW, ¥ M0ITOMY QyHK-
nmoHanpHad 3aBucuMocth (7.10) Momker OHTP IpefcTaBIeHA
B BHJE

my _m. m
a:Caliagz...ann,

rge C — GespasMepHas IOCTOAHHASA, a MOKA3ATENH My, My,...; My
JerKo0 ONPEHeNAnTCA ¢ HOMOMBI0 (OPMYNH DPasMepHOCTH A d.
DBeapasMepayo MOCTOAHHEYI C HPH 9TOM MOKHO OmpefeauTh aubo
DKRCIePEMEATANLHO, AU00 TeOpeTHUecKd, pemas COOTBETCTBYILYIO
MaTeMATHIECKYI0 33fady.
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QueBHHO, YTO TEOPHUA PASMEPHOCTA [OJ/KHA NPUHOCHTH TeM
60JabIIYI0 O0JAb3Y, 9eM H0bIIe MK MOKEM BHOHPATH OCHOBHHIX 7(U-
HUI[ u3MepeHusd.

Brinre Mu Buienu, 9T0 9HCI0 OCHOBHEIX €HHUN, H3MEPEHAS MOK-
HO BHOHDaTh HPOW3BONBHO; OJHAKO YBEJHYEHHE YHCJIA OCHOBHBIX
e/[HHUI] W3MePEeHuA CBSA3aHO C BBEJEHHEM JOUOJHUTEIbHHX (uU3U-
4ECKUX IIOCTOARHHX, KOTOPHE TaKKe JONKHH GUTYyDPHEPOBATH Cpennt
OIpefeqsIOMUX HAPaMeTPOB, ¥ BeIMYUMBAS YUCIO OCHOBHHX eXM-
HHL] H3MepeHnsa, ME YBEIMYWBAEM YUCIO OUPERENAIOMHUX IapPaMeT-
PoB; B o0meM ciaydae pasHocts B 4+ 1 — k, pasmas gucny Gespas-
MEpHHX I1apaMeTpOB, B KOTODHX ¢opMyampyerca (uUamyecKoe Co-
OTHOIIEeHWE, OCTAETCA IIOCTOAHHOI.

YBenuueHue 4MCAA OCHOBHHX EJUHBUI] USMEPEHUA MOKET IpH-
HOCHTH TONH3Y TONHKO B TOM Cly9ae, KOLJid M3 JOIOJHUTEIBHHIX
¢usnueckuXx cooOpasKeEUH fACHO, YTO (PU3MUECKHE NOCTOAHHHE,
BOBHUMKAIONIWE TIPU BBeJeHHH HOBHIX OCHOBHHX eIVHWKI[ H3MepeHH,
HecymecrBenHsl. Hampumep, ecau M paccMarpuBaeM fBJEHHE, B
KOTOPOM HMMEIOT MeCTO MeXaHWYeCKHe U TeIIOBHE NPONEcCH, TO
LA UBMEpPeHKA KOJUTEeCTBA TEIa U MEXaHWIECKOH 3HePTUH ME MO-
7KeM BBECTH JBE€ DA3IWYHHE eJWHUIL M3MEPEHHA ~— KAJTOPHI0 M
IKOYIb, HO DU 3TOM HeoOXO[UMO BBECTH B PaccMOTpeHme pasMep-
HYI0 TOCTOAHHEYIW [/ — MeXaHm4YecRH# SKBHBaJeHT Temaa. omy-
CTAM Telepb, HUTO MH pPacCMaTPHBAeM SBIEHHE TEINIoNepefadd B
IBIOKYIIEHCHA HecKUMaeMOU HealbHOW yRUIKoCTH, B 2TOM caydae
He NPOMCXOAMUT NIpPeBpPAIleHus TEIIOBOH SHEPTrUH B MeXaHHIECKYIO
¥ 00paTHO, M MO3TOMY TEIIOBHE M MeXaHHYECKHWe OPOMECCH OyayT
IpoTeKaTh HE3ARHCHMO OT 3HAUEHHA MEXaHMIECKOT0 SKBHBAleHTA
rensia. Ecam 650 MBL pPacmosiarailyd BO3MOMKHOCTHL IO H3MEHATH Be-
IRIUAY MEXaHWIECKOTO SKBUBANEHTA TEILIA, TO 9TO HHKAK He CKa-
3ajmoch OW Ha 3HAYEHHAX xapaxTepHux seauumd. CiaegoparenbHo,
B paccMaTpHBaeMOM ciaydae mocTossHas ] me poliner B dusmueckme
COOTHOIICHNUA, W yBEJUYEHWE UMCJIA OCHOBHHX €AWHHUI, M3MeDeHnd
HO3BOJUT TOJYYUTH C MOMOIMbI0 TEOPHU PasSMEPHOCTH [ONOJHH-
TelhbHHE BAayKHHE CBeIeHHUS.

§ 8. Ilapamerpsi, onpejgerniompe KiIace ABIEHNI,
M TUOUYHBIE YPUMEPH. NPHAOMKEHNsT METONOB
TEopAN Pa3MEPHOCTA

Boisienerme  caereMbl on-  JlpwioskeHEmA TeopHW PasMEPHOCTH OCHOBa-
g‘;"e’;;";];;‘;m ";g‘;}g;’;g‘: HH Ha IPHMEHEHAAX B M3YUIaeMHX mnpobae-
uweckoli mocramopkm sagaum MaX lI-Teopemu. B cBssm ¢ sTHM BO3HHKaeT
3afiada O MepedncieHuyE APLYMEHTOB —

oupefeAsAOmAX mapaMerpos B ¢Qyaxnmax supa (7.8).
B TepMopmuammke, B ra. VI, M [D03HAKOMHJIECH € HOHATHEM
CHCTEMH OUPENENAIONMX Iapa METPOB, XapAKTePH3YIOMMX COCTOS-
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HVWE W [{BU;ieHHE Maoii yacTumsl cpefrl. Temeps HeoGXxommmo BBe-
CTH CHCTEMY OIpefeANIX OTapaMeTPoB, BHTEKAIMYI0 H3 IMOCTa-
HOBKH BHIZIGIAEMOr0 KJacca 3aJa4 H XapaKTepH3YIONYI0 IOJ-
HOCTBIO AJMA AAHHOH CPeJhl KAMAYI0 OTHEIBHO B3SATYI0 IN06aJbLHYIO
3aj7a9y.

_OCHOBHHIM ¥ NEPBOHAYANLHKIM BTAlOM B IIOCTAHOBKE 3a1ad
ABAseTcA BHOOD MOJENM WIN CHCTEME MOJesieil CINIOMHEX Cpej u
cXeMaTH3aLHA CBOMCTB MCKOMHKX pemenuii. Ciofla BXOMUT ydYeTr yc-
JIOBHH CHMMeTDHM ¥ BHOOp HOAXOZAMUX CHCTeM KoopamHAT. [lpm
3TOM (HKCHDYeTCA CHCTEMAa YpaBHEHHI, CHCTeMa M KJIacC HCKO-
MHX (YHKOUH U He3aBUCHMEIE 1iépEeMeHHHE,

HezaBucuMEle mepeMeEEERe (HATPUMED, Z, Y, %, 1) B QUSHUECKHE
NOCTOSAHHEE THOA KOI(PPUOUEHTOB TEIAOUPOBOTHOCTH, BABKOCTH,
Mopxyneil yOPYrocTH ¥ T. I. He06X0[UMO BRJIOYATH B IepedeHb CH-
CTeMEI ONpelesiAIOITAX IapaMeTpoB, Kpome Toro, A7s AQHHOTO KJiIac-
ca 3a7a9 HEOOXOAMMO BKJIIOYATH B YMCJIO ONPEAENAIMUX TapaMer-
POB 3aJlaBaeMble pasMepHHe M Oe3pasMepHEHE XaPaKTEePHCTHKH
obnactm &, 3aHATON ABWRYMelca cpefoii. 3aTeM HeOOXOAUMO 0Xa-
PaKTepHU30BaTh W BKIIOYATH B THCIO OlPEEAIAX OapaMeTpOB
BEJIUUNHE, ONpeJeNsIomue 3ajaBaeMbie (YHKIANX TpH GOpPMYaH-
POBAHMY TDAHWYHHX U HAYAILHEX YCJIOBHA.

Ecnm paccMarpmBaeMas 3ajjada copMYJAHPOBaHA KaK MaTeMa-
THYeCKAA 3a7a4a, TO BCEIV[A JIETKO BHIWCATL NOJNHYI Tabmuity
aprymeHTOB B (yHKUEAX BUAA (7.8) AN HCKOMHIX (UBHYECKHX
sagonoMepHocTell. Takon o0muil MyTh MOJNYYEHHA CHCTEMEL OLIpe-
JeJIIONMX  [TapaMeTpoB, KOTAA 3ajaya MOCTABJIeHA MAaTCMAaTH-
“eCKH.,

Oupefenaomue napaMeTpH — 5TO BCe JAAHHBIC, KOTOPHE HaJo
3amaBarh JJd BBHUHCICHAA HCKOMHX (OYHKIHHA PA3IMIHBIMU IYTH-
MH, B TOM uWcJjie ¥ OpH pPacuerax Ha MAallWHAX.

[Ipu noxydaeHAM HYKHEIX OTBETOB C IOMOINBI YKCLCPHMEH-
TOB TaKyke HEOOXONHMMO sBHO YKA3BIBATH M IEPEUMCIATL BCe OI-
pefeistiomde  mapaMeTrpil, ToJEKO TpPH  9TOM  YCJIOBHH  OIEIT
MoxkeT OHITH NIOBTODEH M MOKHO HPOM3BECTH CPABHEHHE PAasiiay-
HEIX DKCIEPHUMEHTOB.

YKasaHHAg BEINE MeTOIUKA COCTABIICHUS

HOaa seifereHna  TadaunB
onpefesIIOIEX IaPaMeTPOB
MaTeMATHYECKAsA IOCTAHOB-
Ka 3a1ayH He00A3aTeNbHA

TaGIUNBl  ONpejesIAIMINX IAPAMETPOB  HA
OCHOBAHUN MAaTeMAaTHYeCKOi HDOCTAHOBKU 3a-
daun BooOuIe HeoOA3aTebHA.

Mo®HO BHOHMCATH CHCTEMY OIpe/ellAo-
IIEX IapaMeTpoB M B TeX CJydYasX, KOINA [eTajbHbE CBOHCTBA
MojleJM H CHCTEMa YpaBHGHHH, Booflle TroBops, Hem3BecTHH. /[lo-
CTATO4YHO OUePEeTHCS HAa OpefBAPUTE bHbIE JAHHHE WM THIOTe3H
0 Buie (YHKOAHA W 0 HOCTOSHHHX, KOTODHE BXOAAT IJIH MOIYT
BXO[HTH B OIpE/ieJIeHAe MOJeJH, B HadajbHHE, IPAHEYHEE H [pY-
rue yCIOBHA, BHASJAIONUE KOEKPeTHRE 3aJauHd.
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IZ?I‘:;::HM cacreMa ompe-  PaccMaTpEBas COBOKYIHOCTH pPa3MHYHEIX
e e MeXaHHYECKAX CHCTEM, COBEPMAIMHX He-

KOTOpHE MBHEHHA, BCETHAa MOKHO OTDaHMUMISH KJace ZONYCTH-
MEIX CHCTeM H [BIJKeHHmil TaK, YTo0H KOHKDeTHas CHCTeMa H ee
OLIpeNeIeHAOe HHTepecyiollee HAac BHKeHHE ONpefelAlnch Ok
KOHEUHHIM YMCJIOM pasMEDHHX ¥ Ge3pasMepHHX IIapaMeTpoB. OTH
OrpaHmdYeHHA MOKHO HAJOMHTL HyTeM (PUKCHDOBAHHA DPAAA OTBIE-
YeHHHX (QYHKIMI uji¥ KOHCTAHT, 3aJlaBaeMHIX YCIOBUAMH 3ajad.

Teopusi pa3MepHOCTH, OCHOBAHHAs Ha IPH-

CacreMa ompefle/sUOINX MA-  yopenyy 1]-TeOpeMsl, TOBBOJAET I 0J1YYaTh
paMeTpOB  [I0J3KHA  OBITH i
BEIBOTHI, BHITEKAIINE U3 BO3MOMKHOCTH IIPH-

NOJHOH

MEeHATH [Jsi ONHCAHUS (U3HYeCKHX 3aKOHO-
MepHOCTe#l HpPOW3BOJbHHE CHeNUaNbHEE eNMHUOE HN3MepeHH:.
B cBaAsu ¢ atuM npu DepeducieHMM IIapaMeTPOB, OHPeAelLIIOmUuX
Kjacc SBJIGHMI, Heo0XOIMMO YKA3HBATL BCe pasMepHEeE Hapa-
METPHI, CBA3AHHEE ¢ CYMEeCTBOM ABJIEHHA, HE3aBUCHMO OT TOTO, IIO-
CTOSIHHH OHHI WJH TepeMeRHH. DajkHo, ITO HapaMeTpHl MOTYT UDH-
HUMATh PA3IMYHEE YHCICHHbHE 3HAYEHHSA B PASHHX CHCTeMAaX efid-
HUIl W3MEPEeHHs.

'Hampumep, ycKopemme CHIHl TsKECTH g HeoOXOmuMo Beerpa
BKI0OYATH B CHCTeMY OIpeledARIIAX HapaMeTPoB, KOINA TAKECTH
CyIecTBeHAA, HECMOTPA Ha OJUWHAKOBOCTH BeIWYHHH g [Isi MEOTHX
pealbHBIX JBuikenmit, [locyie TOr0 KaX BelMuMHA g BBe[eHA B Ka-

-geCTBe O peaeAIero napaMerps, fe3 BCAKHAX YCIOKHEeHH T MOKHO

HegocraTrounocts  TeopHm

yYeCTh MCKYCCTBEHEOE pacilupeHHe KiIacca ABIMKEHHI DyTeM W3-
MEeHEHHMA BEJIMUMHH YCKODEHWA CHJIH TmEecTH g. Taxoit mpumem
HHOTZA MO3BOJAET OMYTHTL ¥ NOJYYHTH IleHHEE KadeCTBEHHEE BEI-
BOIH O BIHAHWE TeX HJW APYTHX HapaMeTpPOB, KOTODHE, COIJIACHO
[I-reopeme, MOryT BXOOUTL TOJLKO B KOMOHHAUEAX ¢ YCKODEHHEM
CHJIEI TAMKECTH g.

CucreMa ompelenAnUX IapaMeTPoB ROMKHA 061afaTe CBOI-
creoM monHoTte., Cpegm oOpefeiAIMHEX HapaMeTpOB, HEKOTODH®
M3 KOTOPHX MOTYT OHTh ({MBMYECKAME PA3MEPHEIMHA LOCTOAHHLIMH,
JOIMKHR OHTH 00s3aTenbHO BEJIMIMHEH € Da3MepPHOCTSAMH, depes
KOTOPHIe MOTYT BHPA3UTHCSA PAa3MEPHOCTH BCeX MHTEPeCYmHAX HAc
WCKOMEIX BOJIHYHH.

Ecnm cuerema onmpeneiAmiinX napaMeTpoB ¢ TOYKH 3DEBMA HX
pasMepHOCTH HEMOJHA W e PacliMpeHHe HCKIIOY8eTCA IO CYIe-
CIBY IIOCTAHOBKE 33JQ9H, TO ©TO O03HAYaeT, 4YTO OmpefesiseMas
BeJMuMHA paBHa Jmbo BYIG, mmbo Geckomeymoctm. C Tar®M  CJIy-
9aeM MBI BCTPEYAEMCHA HACTO UPH 3aJaHMH HAYAJIBHHEX YCJIOBHA
THIA HCTOYHHKA ¢ moMombo O-Qysxnumm Jlmphxa.

B o6meM ciayuaé MeTojW maydeHWs (QyHK-

pasMepHoCTH ANA pemeHAR  THAOHAJILHBIX 3aBHECUMOCTEH [¢) IIOMOIIBI)

3ajaq

II-TeopeMH, 0O CyuleCTBY, OTPAaHHYEHH H
HeJOCTATOUHE, TAK KaK ¢ HOMOINLI HHX HeBO3MOKHO YCTAHOBHTH
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cBAsell mMexay 0espasMepEHIMA BenmumuaMu, Bcee BEIBOABI Teopuu
Pa3MEepHOCTH COXPAHFIT CBOK CHIY IPH JIHOOBIX H3MEHEHHAX B
YPaBHeHHAX [BH/KEHWA, €CJIM TOJILKO IIPH 3TOM He BBOJHATCA Ka-
KAx-7n00 HOBEIX 3a/laBaeMBIX pasMepPHEIX BeqdumH. Hanpmmep, B
YPaBHEHMAX JBIMKEHHA MOKHO YMHOMKUTH DasiHYHBIE YIEHS
Ha HEKOTOPHIE MOJMOKHTEJNLHEIE UJM OTPUIATelhbHble Oe3pasMepHbIe
umena  Hod GYHKOMA, 3aBOCANWME OT NPUHATOH CHCTEMHL OIpee-
IAIAX TapaMeTpoB,

[Tofo6Hsle BAXOM3MEHEHW, He BAUAIONME HA BHIBOALL TEOPHH
PAa3MEPHOCTH, MOTYT CYIIeCTBeHHO BJAATH  HA  XapakKTep
PU3MYECKUX 3aKOHOMEPHOITEil,

OcHoBHAA TOIbL3a TEOPHH DPA3MEPHOCTH JIA TEOPETAYECKHX U
DKCICDHMEHTAIBHKX HCCIAEIOBAHMAIA CBA3aHA ¢ BO3MOYKHOCTHIO
3allmcd W nN3yIeHEA (PUBMYECKHX 3aKOHOMepHocTeH B 0Oeapas-
MEepHOM BHJE, HWHBADHAHTHOM OTHOCHTeNbHO Belbopa cucTeM
eUHNI, U3MEDEHN, :
PaccmorpuM 3agauy o cdepmueckoM Iopim-
gﬁgﬁ;‘;e B"Paag‘bel’“"em‘m He, KOTOPH B MoMeHT ¢ = ( HaymHAeT pac-

HIEPATHCA BHYTPH IOKOAMETOCH rasa ¢ Ha-
YaNBHOH ILUIOTHOCTHIO P, 1 JABJEHHEM D, OT HEKOTOPOTO HAYaJbHOTO
pagmyca r, IO 3aJaHHOMY 3aKOHY v, {t) = dri/dt.

Inas onmpemeneENs BO3MYINEHHOTO cepHIECKH CHAMMETPHYIHOTO
aauabaTudecKOro OBHKEHHA HeaJbHOTO COBEPIIEHHOrO rasa He-
00X0IAMO MATErPAPOBATH cUcTeMy Tpex ypasHenmit (6.30) ¢ Tpems
HENM3BECTHHMA QYHKOAAMA O, p @ v. O4eBUFHO, YTO B KAaUeCTBE 3a-
IABAaeM5IX HEe3aBHCAMHEX TIePeMeHHHIX apryMeHTOB HCKOMHX QYHK-
M MOYKHO IPHHATH CIAEAYOMNEe BeIUIHHEL:

Ys 01y P15 Tos Ty L,

7 3aKOH pacmupeHHsA HOOPUIHS
vy (1), (8.1)

rue y = cp/cV — GespasMepustii MOCTOAHHBIE KOdQPUITHEeHT — IO~

Kasarens aguabarel. Hoadduument y BXojuT B ypaBHeHHe agmaba-
TWYHOCTH W B YCJIOBUA HA ynapHoil Boaue. Ilaa monydennsa tabau-
MH ¢ KOHeYHHIM YHCIOM OLpEeTeNAMEuX NapaMeTPOB MOKHO BEIJe-
JUTH ONpe/eJeHHbe BUAL 3aKOHOB DAaCIIEpeHHA HODPmEA v, (f),
3aBHCANEE 0T KOHEYHOro Yncjia napaMerpos. Hanpumep, ecam mop-
OIeHb PACIIMPAETCA PABHOMEPHO YCKOpPeHHO mim, B Gomee oOmeM
cayuae, ecam v, (f) ABAsAeTcH MOJHHOMOM, TO B KauecTBe olpefe-
JNAOMEX DapaMeTpoB CIefyeT B3ATh KOI(PHIINEHTH COOTBETCTBYIO-
mero MOIEHOMA.

PaccmorpuM NpocTedmuil Ba)KHHE caydail, Korja IOPHICHL B
MoMmeHT { = {) HAUMHAeT BHE3ANHO PACHIAPATHCA C LOCTOAHHOR
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CKOPOCTBIO
v, = const = v,.
B sToM caywae cmcTemMy olpefienAOMAX HapaMeTpPOB MOKHO Halm-

caTh B BHJe

P1r P1>» To» Vs Vo, Ty
HIn

To

- Yo r . _ TP
P01, P1y 7o, It 'E y T —J » rne a; = l/—Pl (82)

r

(@, — CKOpOCTH 3BYKa, OTBEYAIOMAs HEBO3MYIMEHHOMY COCTOAHMIO).
Ha ocEoBamum II-TeopeMH I HCKOMOILO peIleHHAS MOMKHO Ha-
mucath QOPMYIH BHAA

P:Pﬁ(1<?’q —Z—:—,D—, L‘)»

r al .
- B To T 8.3
p b plfz (T? a1 v T ait )7 ( )
Vo o r
UZUOfa(']” I a_lt'> .

B ¢opmynax (8.3) Gespasmepurne QYERUMA f;, fa, fa Bmpamenm

yepes dveTmpe Ge3pasMepHHX HapaMeTpa, ABa W3 HHX, = na——t,
1

IlepeMeHHHE.,

VYpasuernsa (6.30) remepp MoHO Hepemmcath B (Ge3pasMepHOM
BYfie miust QyERuAil fi, fo, f3. OTH YPABHEHUSA OCTAHYTCA YPABHEHHS-
MM ¢ YACTHHIME NDOM3BOJHHME IO JBYM He3aBYCAMEIM IePEMEHHEIM:

T r
E=— =u TI:E

Ha ocroBamum dopmya (8.3) paccMaTpuBaeMyo 8agaly MOMKHO
CYINECTBEHHO YIPOCTHTbH, €CAH BBECTH R00ABOYHYIO CXeMATH3ALNHKIO,
OpHHAB, 9TO B HAYANHHEIT MOMEHT BPDEMEHM DACHIHDEHUE HIODPINHSI
HAYNHAETCA U3 TOYKH, T. €, Iy = 0.

B s10oM caygae B TaGamme (8.2) BMIajgaeT XapaKTepPHH JMHe-
HHIT pasmep (r, = 0), mosromy B (8.3) BHIafaeT OfMH W3 IIepEMEH-

To
EHX aprymerToB (§ = - = 0). CunemoBaTennmo, B 9TOM ciydae
TI-reopeMa HPHEBOMMT K BHBOLY, YTO MCKOMOE PEIIGHHe WMEET BUH

p=p/1 <T, ) n)
p=pifa(r, 2, n), (8.4)
v = Uofs <']’, , 7])
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T. ©. OT HePeMeHHKX r B { HCKOMEEe QYHKIAU MOTYT 3aBHECETD TOJIbKO
gepes KoMOHMHAOHIO

__7'
n- alt'

Taxkum o6pasoM, paccMaTpumBas HIOCTAHOBKY 3ajiladW, HA OCHO-
BAHAM TEOPHY DAa3MEPHOCTH ME YCTaHOBHWJH, 9YTO pellleHMe pac-
cMaTpHBaeMO# 3aJladd 0 pacmmpeHUR cdepmuecKoro MOPIIHA U3
TOYKH ABTOMOJEIbHO.

IMocne mopcramosku (8.4) B ypaBEenns (6.30) moxyumm oOHIK-
HOBeHHble pmudeperRnumanbHse ypPaBHeHUA JAA QYHKUEE fi, f,
U f;. IlepBoravanbHas CHCTEMA HEINHEHHKX YPaBHEHAH ¢ YACTHRIMHA
IIPOWSBOMHKEIMYM CHJIBHO YIPOCTHJIACh, TAK KAaK Telepb TpedyercA
HaXO[HTh pelieHAe OORKHOBEHHHIX, XOTH TOK€ HeJMHENHHX ypasB-
HeHWi.

OuesBmpHEO, 9YTO BCe IpEJHAYINAE BRBOJH COXPAHAT CBOK CHIY
M [aA ApYyrux 3a7ad o6 OffHOMEDHHX HEYCTAHOBHBIIMXCS JIBHKE-
HHAX rasa, B KOTODHX CHCTeMa OIPefleAIMMAX MapaMeTpoB Mpep-
crasasercs tabnanmei (8.2) mam pacumperHoi rabaunei ¢ Jobasie-
HHEEM, HaOpHMEp, PasMepHOTO IOCTOAHHOTO IapaMeTpa g*, COOTBET-
CTBYIOIET0 YAEAbHOA DHEPIuH, BHEAAEMOd HA (POHTe BOJHE
meroHammK witd BoaHE roperus. Tak kakg* mMeeT pasMepHOCTD KBaJ-
para CKopocTHd, TO B 3ajjade 0 HOPINHE, PACOIADAIIIEMCS A3 TOUKH,
T. e. Opu r, = 0, ¢ JeTOHANMOHHOH BONHOH MM C BOJHOH ropeHUs
B 00IacTH BOSMYIIEHHOTO [BHKeHUA (QODPMYJIH A aBTOMOJENIb-
HOTO PemIeHMs 3aJja9¥ EMEIOT BHA

{ vo q* r '\
flk"]’» o o v )’
o vo g r =
p - p1f2 <T7 ?7 af , a1t> ] (80)
— ofyly, 2 LT
U—Ulfa\Ta al’a%, a1>.J

B aroM cnyuae uncio DOCTOAHHHX DapaMeTPOB YBEIMYHBAETCA,
OJHAKO NBHKCHHE aBTOMOACIHHO, TAK KaK, OO CYmMeECTBY, HMEETCH
TOJIBbKO OAWH IIePEMEHHHH IapaMeTp.

IIpu Gonmee meTanbHOM M3yYeHHHA aBTOMOENILHOM 3a0a9d 0 HOPII-
He BHACHAETCA, 9T0 HepeA MOPIIHEM BO3HMKAET cepHIecKas ynap-
HasA BOJIHA, PAcOPOCTPAHAMAACH HO HEBOSMYNIeHHOMY rasy. Ec-
JIA pacCcMOTpeTh XapaKTePHCTHKHU [BH;KEHHSA HAa yHAapHO#l BoJ-
He, TO paguyc ry cepHIecKOil YAAPHOR BOJNHH s ABTOMOJEILHOM
3a7iaud Gy/ieT BeaWUMHOM, OOpe/ieasieMoil HapaMeTpaMl

Vs Ve @, %, L.
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Tar Kark U3 3THX BeJIWYMH HENb3s1 00pa3oBaTh Ge3pasMepHoi
KOMOWHALIAN, Ccofepskamieil lepeMeHHYI0 BeIWMYUHY — BpeMsA I,
TO Jisl Iy, HOTyuaeTcsa gopmyna

. v o9
re=atf(1 4 O ). (8.6)

251 al

Otcioga caexmyer, 4T0o (POHT CKAYKA B PACCMATPMBAEMHX 3a-
Jladax KaK OPHM OTCYTCTBWH, TAK W DU HAJWYWHA BHJICJEHHS DHEP-
THN Ha CKadKe pacHiupsaeTcs paBHOMEPHO ¢ IOCTOTHHON CKOPOCTHIO,
ITO 0YeHb BAIKHLIIL BEIBOJ, KOTODPHI Toinywsen 6e3 (arTHiecKoro
MOJHOTO pelleHus 3ajlaym.

Ilpepmgymue cooGpaskeHHS MOKHO PACHIEPATH W PaccMaTpH-
BAaTh BCEBO3MO)KHBIE TIOCTAHOBKH 33a7a4, NPHBOAAMME K aBTOMO-
nensHHM pemenmsM. OOpaTHM BHHMAaHme, YTO aBTOMOMEIBHOCTH
perneHua 00eCHEeUMBAJIACH OTCYTCTBHEM XapaKTepPHOTO IJIHHEIHOTO
pasMepa r, M OTCYTCTBMEM HOCTOAHHKEIX, M3 KOTODHX MOKHO OBLIO
OH 00pa30BaTh MOCTOAHHYIO ¢ PA3MEDHOCTHIO BPEMEHH,

Ecau BMecTo 3amaud 0 pacHIEPEeHHME MOPINHA ¢ MOCTOAHHON CKO-

POCTBIO pPaccMOTPETh 3a1ayy O pPaBHOMEPHO YCKOPEHHOM pacmmupe-
HUH OOPIIHS, TO aBTOMOJENBHOCTh PelleHNs OpollafaeT M COOTBET-
CTBYIOIASA Ta3ofMHAMHYECKAs 3amada OyneT MPUHAMIEKATH K 3a-
JagaM 0ojiee BHICOKOTO KJacca TPYAHOCTH.
ITpumernuM Telepb co0OpasKeHAS TEOPHH Pas-
MEPHOCTH K 3ajgade O TOUeTHOM B3DHBeE,
moctapienuoil 8 § 6. Jlerko BUAETH, 9TO CHCTEMA OLPEAEIAIIAX
IIapaMeTpoOB B BTOi 3afade HpejcTABUTCA Taliaumeit

IV’ p17 pl’ E7 r7 t’ (8‘7)
Jlerxo mposepuTh HeMOCPENCTBEHHO, YTO COOTBETCTBYIOIYE TPH

fe3pasMepHEX He3aBUCHMMHX Mapamerpa (n = 6, & = 3) MomkHO
B3ATH B BHJE

3amaua 0 TOYEUHOM BIPHIBE

/s
plﬁr p{ i
’r’ k—“'E—/S‘tQ_/E‘, T——W. (8.8)
Hus pacopepmeneRusa gapieEmMsa 3a POHTOM B3DHBHOH YAapHOH
BOJHH HMeeT MecTo (opMyaa cIeAyOmero BHJA:

p=%fn ). (8.9)

B aroit fopmyne mMmeloTes fBa IepeMeHHHLIX IapaMmeTpa A # T,
¥ TWO3TOMY 33j[ada 0 TOYEYHOM B3PHIBE M €€ PelicHNe He ABILITCH
aBpromMofensusiMu. Bup dyarnmm f B popmyne (8.9) MomEO HCKATH,
B 9ACTHOCTH, IyTeM YHCIEHHHX PACUETOB, ¢ IOMOIMBIO YpPaBHEHMIA
(6.30) 1 momonEMTENHHHIX HAaYAABHHX H KPaeBHX ycaosmit. MosxHO
CTABHATH TAKIKE 3a7[aYy U 00 9KCIePHMEHTAIBHOM OLpe/eleHrna dTOM
¢yrkuun. B oGoux cayzasx BHBOJ O CTPYKTYpe QYHKIIMOHAILHOMR
cBasu (8.9) uMeer GoabIIOE MPAKTUIECKOE B TEOPETUYECKOE 3HAUYCHHE.
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Homeuno, moayueHREe OpH DTOM pe3YABTATH OYAYT COOTBET-
CTBOBATH JIGHCTBATEIHHOCTH TOJNBKO B TeX CIYJasx, KOTHA BHIOJ-
HAOTCH IPeNmoJIOKeHds1, MOJIOKeHHNe B OCHOBY CXEMATH3ALHMHA M
DOCTAHOBKHU 3afaud (UpeHe0pe;KeHHAe H3IYICHWEM, OTHOPONHOCTH
¥ HAYaibHAA HeNOABUKHOCTH atMocdepw ® T. I.). OtMeruM, uro,
K C9aCThi0, BO MHOTHX BaKHHX CAyIaax (0HAKO He BCErga) MaHHASA
DOCTAHOBKA B3aJa4¥ NPAKTAYECKH OTBEYAET NEHCTBUTENHHOCTH W,
CJIel0BATENbHO, MOJIe3HA,

s yeraropnenus suna fyaxmun (8.9) (Ipu purcEpoBaHEOM ¥)
MOCTATOYHO OJHOTO-eMHCTBEHHOTO pacdeTa IPH HEKOTODHX KOH-
KPEeTHHX JaEHHX. Hampmmep, ecanm Mel OpOBeReM pacueT [JUIA CIY-
9asg MCKPOBOTO DIEKTPHYECKOTO paspsfa B BO3AYXe, TO 5TO II03BO-
JANT OUpPefeIATh PasMePHEE BeJIHIMHH A B3PHBA ATOMHON GOMOEHL.
JocTaToOIHO NpOH3BECTH OJWH-€AWHCTBEHHHA HKCIIe DEMEHTANb-
HHi# B3DHB C 3aJJaHHO dHeprueil Ha OIpeeleHHOH BmCOTE, T. e.
OPH W3BECTHHX O, B p;. JlaHHEKE OPOM3BEeJeHHHX IIPH 9TOM H3Me-
peHmit TO3BOJIAT PACCIATATL W IPEACKA3ATh [aHHEE IS BCeX APY-
TUX 9KCHEPUMEHTOB ¢ APYTAMHA DHEPruAaMA K W ¢ ADYTHMH W3BECT-
HHME JaHHHMA 06 OMHOPOAHO# rasoBoir atMocdepe.

Hamauit Takoif pacaer WM ONHT IO3BOJHT IONYIATH NAHHEE

o ¢yuarnua f (y, A, T), KOTOPHX, OYEBHRHO, JOCTATOTHO MJIS OUHCH-
HAs TOYeYHOTO B3PHBA B NIOOKX APYTHX YCIOBUAX.
Jlna KOHOEHTPEPOBAHHLIX B3apPsAf0B, ecln
u3yyaTh jelicTBHe B3pHIBA HA PACCTOAHMAX,
GONLIMAX IO CPABHEHUIO ¢ pasMepaMm 3aps-
7a, HO Bte jKe JI0CTATOYHO OAMBKEX K TEHTPY B3pHIBA, I'fle JaB-
JIGHHE OT B3pEBA eIe OvYeHh BEJWKO, B IOCTAHOBKY 3aadm
z B ¢opMyny (8.9) MOMHO BHECTH [a/bHEHINIAE CYIECTBEHHEE
YUpOINEHAS.

ONHT 7 TeOpHA MOKA3KBAKT, 9T0 IPH B3PHBE HAa Ipanuue 06aa-
CTH BO3MYINEHHOTO IBHKCHHA rasa BOSHHAKaeT cepmiecKkas yaap-
HafA BOJIHA, OHICTPO pacmmpAIomMascA Io HorosmeMycsd rasy. Jlas-
nNeHne B IOKOAMEMCS rade p, BKIKIEHO B CHCTEMY ONPeNeIAMAX
napamerpoB (8.7). Bamanne gaBieHAs p; HA BO3MYINEHHOE JIBHMKe-
HEE rasa MOKeT IPOABHUTHCA TOABKO 9epes KpaeBHe YCIOBHA HA
yAapHOI BoJHE., ITH yeaosuA coraacHo (6.33) m (6.34) B Bume, pas-
PeIIeHHOM OTHOCHTEIbHO XapPaKTePUCTHK JBUKEHHA rasa 3a poH-
TOM BOJHH, MOMHO HepelHcaTh CAeIYIMUM 00pa3oM:

IToeranoBKka 3amauyd O cHIh-
HOM B3pHIBE

_ 2 2y p
U2—£D<T+1 T+ 1 91@2>’
_ o+t P1
T DN (8.10)
Tr—hna
2 —=1)m
R e s~

i
|
|
!
g
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Cornacuo yCaoBHAM 3ajadd 371eCh HDPUHATO

Vo = V=0, Vng=—0y Vu=—29>

Tp1
P VT
1 p1

B dopmynax (8.10) B mHauanpHOU cragud Aad CHALHOH YAapHO
BOJNHH OespasMepHAA BeawdIMHA yp,/p;P? odeHDp Masa IO CpaBHe-
HHIO C BeIMYWHON YD,/p;%)?, TaR KaR faBleHHe 3a (POHTOM BOJHEH
P SHAYMTENLHO GOJbINE, 96M HATAIbHOE [JABICHHUE D;.

HepasencTBo p, => p; XapaKTepU3yeT Pe3KAN CKAYOK JABIECHHASN
Ha (POHTE BOIHH — CHJIBLHYI0 B3phBHYI Boamy. IlpemeGperas
Manoii BermamHON mopAxaka q,*/%P?, ycnosmsa (8.10) ana cmabHOH
YAapHOiIl BOJNHH MOKHO YHDOCTHTH H 3aMEHUTH CIEYIOMEMHO NpH-
ONMKeHHEKMA YCIOBHAMA:

2

Vg = —m gD,
1
o IElo, (8.11)

2
Pe= ;T 0. D>

Ycnosua (8.11) mpepcraBasior cofoit ycnoBHA HA CHIBHOR
YAapHO# BomHE. ITH YCIOBHA COBHAJAIOT ¢ TOTHHIMM, KOT/A JaBie-
HAe IepeJ] ckaikoM paBHO HYI (p; = (); 3T0 COOTBETCTBYET Ipe-
ae0pesKend0 BHYTPH o6nacTd, OTpAaHHYEHHOH B3PHBHOH BOJHOM,
HaYanbHOH 9Heprwmeil IO CPABHEHWIO C dHeprmeil, BHeIHBHIeiica
MTHOBEHHO IpDW B3DHBe B OEHTPE CHMMETDHH.

Ecnam npm amanmse pemieEMA B OpPE (AKTHIECKOM DOIICHUH 3a-
7Ja9¥ O TOUYETHOM CHIBHOM B3pHBe IOJB30BAThCSA BMECTO YCIOBHI
(8.10) ycnopmamu (8.41), To maBnenme p, (a ciegoBaTeJbHO, M T)
ACKI9aeTcA W3 Oepednsa ompepensnmux DapamerpoB (8.7). Or-
CI0/Ia CIEAYeT, UYTO PaccCMATPUBAEMOE JBIKEHNE ra3a IPH CHIBHOM
TOYeYHOM B3DHIBE aBTOMOJEJBHO.

Pacopesencame XxapaKTepHCTHK BO3MYIMEHHOTO JIBMKEHHAA rasa
3a (POHTOM B3PHBHON BOJHH IDH CHIBHOM B3DHBE MOKHO HpefcTa-
BUTL B BHE ’

v =0,2%(7, \),
0 = P27 (7, M),

rge Uy, Py B py olpegenenn popmynamm (8.11).
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OdgeBnaHO, 9TO PagUyC Iy B CKOPOCTh PPOHTA B3PHBHOR BOJHH
9D = dry/dt onpenensaoTca BeIUIHHAMEA

01 v, B, 8,

M3 KOTODPHX HNocTosiEHAA y GespasMepHa, a mapaMeTpH 0,, £ m ¢
EMEIOT HesaBHCHMEE DasMEDHOCTH, B W3 HHX Heab3sg o0pasoBaTh
OespasMmepHoit RoMbOumamum. Ha ocHoBammm ll-reopemer mma ry, u
% BepHE GOPMYIH

re =1k (é—)% £
u (8.13)

T
p1 1/,:25

rae k — HeKOTOpaa oTBIedeHHAA IOCTOSHHAMA, BABUCAIEAA TOABKO
ot y. [lorkasatenm y pasMepHHX BeJWIMH ONpE/IENC€HK A3 YCIOBHSA
OONY9CHHA IS 7'y BeJIAYAHH C PABMEPHOCTHIO [JIMHEIL,

Dopmynu (8.13), DoayueHARe ¢ IOMOMBIO TEOPHH PaZMePHOCTH
u3 TOCTAHOBKE 3ajaum Oes (PaKTHIECKOro pelmeHHUs Beell sagaum,
onpegensoT coGod 3aKOH ABHKEHHA YHapHOH BoJHH. Ilpm ¢ = 0
noayqaercs, uro r, = 0, a CKOpocTh yHapHOH BOoAHH &P GecKoHed-
ga. C BoapacTaEEeM BpeMeHH 7', PAcTeT, a ckopocTh{d mapmaer. Oge-
BUIHO, YTO IIpeAlloNOKeHNA O CAJBHOM YaPHOK BOJNHe HIDUMEHEME
TOJBLKO B HMHTEePBaje BpeMeBHW, JidA KoToporo 2D >-a,. 13
ofmell TeopmE ciegyer, 9TO CKODOCTh pacHOpoCTPAHEHHMA (POHTA
ynapHOil BonHH &) mo wactTAnaM Bcerga 0ojiblle CKOPOCTH 3BYKA
nepep GPOHTOM BOJHH.

N3 popmyan (8.8) miua A = ms (8.13) cnenyer, uro B KawecTse A
MOKHO B3ATH BeNUIHHY

A= | (8.14)

H3MEHAIYIOCA B 00IaCTA BOSMYINEHHOTO [BHKEHHA B WHTEpBaje
0, 1.

IIpoGmema onpegeneHnss BOBMYMIEHHOTO [BHKEHHA CBOJHUTCHA
K onrpefenenno ¢pysxumit 7 (y, L), P (y, A), Z (y, A) u DocroganOH
k (y). YcanoBma ma ymapHOil BojHE HpHoGpeTaloT NPOCTON BHI:

) =PrD=Z(r1)="1 (8.15)

B nenTpe cuMMerpma yeaoBHe 06 OTCYTCTBHE MCTOYHHKA MACCH
CBOJHTCA K YC:I0BHIO 00 00pameHnA CKOPOCTA JACTHI{ 1a3a B HYJIb,
T. ©.

7(r,0)=0. (8.16)
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Ycnosue 0 HOCTOAHECTBE WOMHOW SHEPTHH B BO3MYIMEHEHOM JBH-
CHUM Tasa HMeeT BHJ

~

0

T—1

%) pdnr?dr.

Ha ocuoBapnn (8.12) i (8.14) aro ycmosme crogurcs k cienymomemy.

1
A2mks
1= g\ @2+ P)r2a. (8.17)

0

9T0 YCI0BHE MOKHO HCIOJIL30BATh A BHYACIEHAA TOCTOAHHOM k.
i OueBuIHO, 9T0 OyEKIEE 7, &P
P 7 =14 ¥ . YHOBIETBOPAIT OOGHKHOBEH-
HEM TuddepeRTEANBEENM YpaBHE-
HEUAM, JTH ypaBHeHHs Heo0Xo-
KUMO PpEmATh B  HHTEpPBAJeE
0<CA<{1,mpuuem ycaoBus(8.15) u
(8.16) mpencraBasior coboit Kpae-
BHE YCJIOBHA HA IBYX KOHIAX WH-
TepBaia.
3nece MM He OymeM pemarhb
aTy samauy ). 3aMeTHM TOJBKO,
qT0 ANA (QaKTAYeCKOro NOJIyue-
HHOA DPeIIeHHMS DTOM 347Ul MOMK-
HO, He OIHMpPasAch HA (QAKTHYECKE
HAIIMCAHHENE OOHKHOBEHEHE /A]-
depeHnmaJbHKE YpABHEHHS, C
5}?3&% Pnﬂcﬂpeneﬂeﬁne RaBJeHNsA, IIOMOMbI0 COOOpayKeHHH Teopnm
IITOTHOCT:
y;xaII))Hoﬁ BOJIHH TTpH cpyIu?I?Hoq;ap;)g{rgx Pa3MEpPHOCTH HAIMCATL JBA KO-
HOM B3pHBe, HEYHHX MHTETPajia CHCTEMH TPex
oOmKHOBeHENX AudpdepeENHaATL-
HHX YPaBHEeHWII M TaKUM IyTeM
TOJIYYNTH B KOHEYHOM IIPOCTOM BHfI€ TOYHOE pelmeHHe 3afadd o
cUIBHOM 104YedEoM B3puBe. Ha pme. 60 gamu rpadmxm pesyabrara
pemeHnd 3afiay¥ 0 TOYEYHOM CHJIHLHOM BBDH €.
Jlsaxenme  Tmepmoro Teaa OpEuMu W3 caMuIx TI4BHKX, NEHTPAIBHEIX
B Gecxomeunofi macce Bsiagoi 33749 MEXAHWKH CILIONIHOH CpeJsl ABIAIOT-
HeC:KAMaeMoif  KAKeCTH ¢ 3a/]a90 O JBEKEHUH T€JI BHYTPH JKHJKO-
cTeil W rasoB, 3alaYW O BHIBBAHHOM TeJIOM
BO3MYIIEHHOM [BMKCHHH KUAKOCTeH WMIm ra3oB W O CHJAAX HX
BBAMMOJEHCTBHA C TeaaMu.

g 45

1) TlonHoe HCCIENOBAHUE W pelieHde STOX 3ajiaqn lAHO B UUTHPyeMO#d KHA-
re JI. . Ce 5o B a «Merog:l mogo6uA M pasMepPHOCTH B MOXAHHKE» .
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"Ha rpammmax Tes, HAXOJAMMUXCA B KOHTAKTE C BHEIIHEH NOJ-
BIDKHOUW CHONOMHOA Cpefol, BOSHWMKAET CHCTEeMAa CHJ B3aMMOJEH-
cTBuA. Boapimoe npaKkTEIeCKoe 3HAYECHHAE HMEIOT CBOMCTBA 9TAX CHJI
B3aHMOJICHCTBAA, WX 3aBACAMOCTh OT 3aKOHOB JBHKEHHA TeJ, OT
reoMeTpudecKoi $opMH H APYrmx ocobeHHOCTell ABMKymeHca cH-
CTeMHl Tea. B TeXHHTeCKHX 3afadax, CBA3AHHEX C PacyeToM [BU-
JKEHHA BCEBO3MOMKHHX O0BEKTOB M AImIapaToB B BOe H BO3AyXe,
PABHOBECHA BCEBOBMOMKHHEIX TEXHWIGCKHX COODPYIREHHI, Hampumep
7I0MOB 1 GalleH, INIOTHH U TPYGOIPOBOIOB M T. ., Goibmmoe 3Hade-
HUE UMeIT JaHHEE O CHIAaX B3auMOIeHCTBHA 9THX O0BEKTOB W CO-
ODY;KeHHH ¢ OKpy:rawomeid cpepoid. M3 obmieii mocTaHOBKM 3agadm
U TeOpHH PAa3MEPHOCTH MOKHO BRIBeCTH HEKOTOpEIe 00Imte CleiICTBHAA,
MMeIOIFe BaXHO0e 3HAYCHNE [[JIA MeTOJ[0B paCUeTa PA3IHIHKIX 00BEK-
TOB U JJIA HPOBEJEHHS HKCIIEPAMEHTOB.

WsyunM OCHOBHYIO CXeMaTA3WPOBAHHYIO 337]a9y O IOCTYHATEN b~
HOM [IBIDKEHHH ¢ HOCTOSHHOH CKOPOCTHIO a0COMIOTHO TBEPAOIO TEIa
BHYTpH HEBeCOMOH HeC)KHMAaeMoil ;KHIKOCTH, HAXOAAMeHicA B KOH-
TaKTe ¢ TEJIOM M 3AMOJHAIEH BCe BHEIDHEE 1O OTHOINGHHWIO K II0-
BEepXHOCTH Tena X mpocrpanctso. llpu aroM mpumeMm, gto dopma
TMOBEPXHOCTH X NPOW3BOJBHA, HO HKCHPOBaHA M BCe TeoMeTpUIeC-
KHe pasMepH 2 OLDPENeNAIoTCA IOJHOCTBIO BaTAHHWEM TOIBKO
O[IHOTO Karoro-nmGo xapaxkreproro pasMmepa d. [ljaA TDPAKTAKE 3TO.
BAKHAIH THOWTHHEA CIydail IBEKEHASA TBEPAOrO TeJa, BMECTe C TeM
TpebyeTca TaKKe PacCMaTpUBATh 3a[aYd O JBIMKEHHM CHCTEM [ie-
$OpPMEPYEMBIX ¢TBEPAKIX» ¥ JPYTHX Tel, ABMKCHUSA He HOCTYNATENb-
HEI@, YCKOPEHHKE H T. [

B pamMrax Teopum IOCTYUATEABHOTO NBM}KEHHS BHYTDH CPEJH
KOHEUHHIX Tej, OIPAHHYCHHHX IIOBEPXHOCTHIO 2, IpeCcTaBIAIONIeH
cofofi TpaHHIY Cpefbl, MOXKXHO pPaccMaTpHBAThH [iBe PYHIAMEHTAIb-
HHE 9KBUBAJEHTHRE HOCTAHOBKH 3aadud.

IlepBas mocTtamoBKa OTHOCHTCA K 3amade 00
«a0CONMIOTHOMY JIBIDKEHHH, KOI[A ITPHHA-
Maercd, 9TO MKHTKOCTH WU T'a3 mepej TeaoM B 0eCKOHEYHOCTH HO-
’ KOATCH, HAXOJATCA B HEBO3MYIEHHOM COCTOAHHH, & Teaa JBHMKYT-
€A ¢ NOCTOAHHOHN MOCTYNATENALHOH CKOPOCTHIO V.
Bropasa nocraroBka orsedaeT 3amaue o6 00-
I?fg:m‘f)%ﬂgx ;1];'1‘:‘9““"' 33-  TogaHEE HENOABIKHKX Tel NOCTYHATEIb-
; HHM IOTOKOM }KEJKOCTH WA ra3a, MMEIOImHuM
| B 0eCKOHEYHOCTH Tepej] TEJIOM LOCTOAHHYI0 CKODPOCTH — .
l CoranacHo npmanuny lamunes — Hpioroma npmbaBieEme Ko
BCeil cucTeMe (BHEINHAA CPENA W TEJIO0) IOCTYNATEIABHOH CKOPOCTH
~—9 PABHOCHJADBHO TIEPEXOY OT ONHON HHE PHAAIBHOI CHCTEMH K DY~
roit. CiemoBaTeabHo, B 9TAX [BYX IOCTAHOBKAX BCE CHIOBHE B3au-
MOJeHCTBHA ONMHAKOBHE, OTHOCHTEILHOE II0Je CKOpPOCTell B 3ajade
06 o6TeKanmm nonyuaercAa mpubaBlieHHEM BO BCBX TOUKAX K BEKTO-
Py alCcoATHOH CKOPOCTH BEKTOpa — .

L

AGcoaoTHOE BHKEHHAE
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Taras sKBUBAJIEHTHOCTH IOJOKEHA B OCHOBY MHOIHMX 3KCIEpH-
MEHTANLHEX METONOB MCCAENOBAHHWA 3TOH 3amaum. BMECTO oOHTOB
¢ DOJeTOM MM IIABAHMEM Tel CTABATCA ONKITH ¢ HEMOJBHMKHEIMHE
TeJlaMd B adpPOAMHAMEYECKHX TPYOax, B THAPONMHAMHYECKUX IOT-
KaXxX ¥ Apyrzmx ycrpoiicrBax. OueBuaHO, 910 TpeGoBaHME MOJHOHN K-
BUBAJEHTHOCTH 3afay4 0 mojeTe W o6 ofTekammm HA NpPAKTHKE CBs-
3aHO ¢ OpeHeOpeKeHEMEM BJIXMAHAEM APYTHX Tel, B 4aCTHOCTH CTe-
HOK adpopmHAMAYecKunX Tpy0 ¥ KamanoB u T. O. B caydasax, Korja
3TO BIHSIHHE HE MAJIO, OHO JOJKHO COEHUAILHHEM 0Gpa3soM YUYHTHI-
BaThCA.,

B o0meit mocTaHOBKe 3aa9H YCIOBHA B OECKOHETHOCTH HOPMY-
JEPYIOTCH A COCTOAHHMI M CKOpOCTeil me p e & TeaoM, JTO CBA-
3aHO C TEM, 4TO IIPA PACCMOTPEHAM YCTAHOBHBINUXCH [BIKCHHIl
Kak npefesna 0eCKOHETRO OJITO IPOJOIKABIIMXCA HEYCTAHOBUBIIU X~
¢ IBWKEHHH NyTh, NPOHJEHHHI TeaoM, B Ipejeie IIQIYYaer-
csi OecrkoHeuno Ooapmum. llosToMy 3a TeioM B 0eCKOHEIHOCTH
IBIKEHAe >KHNKOCTH HIM Tasza HoJAydJaeTca BooOlme BO3MYIIEH-
prM, C TakmM DOJOKeHHEM IPHXOMUTCA BCTPEUIATHCH B TEODHH
KPHJA KOHEYHOro pasMaxa, B TeODHH [BWKeHUs Kopabma H
BO MHOIHX JPYyrax cCiydasx.

Coerema mapamerpos, on- Hau\meM ¢ M3YIeHHS NBUWKEHHA Tea B BA3-
pefeamiomEx. moze | cko- KO HECKEMAEMOii ONHOPOJHOH IKHIKOCTH.
pocreii m uanpamemmii npn M3 o6mux ypaBHeHuUil Iil. IV caegyer, 1o
EBH:KEHHH Tela B BA3KOH MeXaHgWIeCKHWe CBOHCTBA BA3KOHM HECIHKHMAae-
KHAKOCTH MOl  JKUIKOCTH BIIOJIHE oOIpefeisiorca
OBYMS HOCTOSHHHME: ILIOTHOCTBIO P O KO3-

¢unuenToM BasKocTH W. J[[Be XHMAYeCKM pasHHE BA3KHe HECKEMAae-

MEE KHIKOCTH C OJUHAKOBHME ¢ = const m p = const mepasau-
9EME ¢ TOYKH 3PEHHA MeXanuKH. 3afada o0 YCTaHOBHBINEMCH
00TeKaHNT HEITOBUMKHKIX TeJI HECHKH-

Z MaeMoH BASKOH KHAKOCTHIO Ipejd-
craBiaser coboil 3amauy of wuHTe-
rpupoBaHmd ypapHemEmi Hasne —

CroKca ¢ YCIOBHAMM NPHIMIAHEA

KEJKOCTH HA IOBEPXHOCTH TeI H C

YyCIOB®EM, 9TO CKOPOCTH — ¥ M JaB-

leHEE P, B OeckoHeurOCTH B Hale-
Puc. 61. CxeMa k sajaue o apin- T2IOIIEM IIOTOKe 3aJaHKI, Hnsa menn-

JHEHNM TeJda B IKTIKOCTH. meiianx ypapEennit Hapse — Croxca

9Ta MaTeMaTHdecKadg 3agada oueHb
TPYAHA, HEeT Aa)ke YACTHHWX TOYHHX pelienuil 3TOR Bamaum jus
kKaxoro-nubo Texa caModl mpocToil QOpPMHL.

TeMm Be MeHee MMeeTCA MHOMKECTBO pasEoOOpa3HHX TEopeTHuec-
KMX BHIBOIOB W ONKTHHX JAHHHX, I03BOJAIIEX ONEHHBATL Xa-
paKTep CHIOBHX B3aMMOJCHCTBEH M CBOMCTB TEYGHWA KHIKOCTH,
IOJNYy4aTh HEKOTODOe NfeACTaBJIeHHe O BIHAHEWE (OPMH Teja
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Ha BEIHYNHY CHJIOBHX B3aMMOMEHCTBHN MEKNY IKHIKOCTBIO H
TEIIOM.

B cumcTeMe KOOpDAHHAT, CBA3AHHOH C TeJOM, YCTAHOBHBIIEECS
mojie CKOpPOCTed OTHOCHTENIBLHOTO HAH abCOMI0THOrO IBHMKEHHA
BASKON HEC;KUMAaeMO# KUMIKOCTH, a TAK)Ke paclpefielieHHWe JaBie-
HOl M BHYTPEHHHX BASKHX HANDM/KeHHA ONpelesiAoTc KAK QYHK-
oMU Cleqyomel CECTeME IHapaMeTpoB:

o d, 0,0, 8, po,2, ¥, 2, (8.18)

rfie o, § — yraH, oupeflelAl0MHUe OPHEHTANUI0 BEKTOpA HOCTyHAa-
TeNbHOH MOCTOSHHON CKOPOCTH TeJa OTHOCHTEIBHO CHCTEMH KOOp-
IVHAT, CBA3AHHOU C TeJOM.
Ha ra)kgoiil smeMeHT HOBEPXHOCTH Teda 3
IDopbeMnaa cmiaa m compo- .
THBICHHe CO CTOPOHH JKUAKOCTH HA TEJIO JIEMCTBYeT MO-
BEPXHOCTHAA cHNA P,ds (0 YCIOBUIO 3a4a4d
MacCOBLIE CHJILI YIATHIBATEL He OyaeM).
C Tourm spemmsa pesyabTHpyiomero 3¢dexTa meiicTBHA ITHX
SJIeMEHTAPHEIX CWJI HA TeJ0, paccMaTpuBaeMoT0 Kak TBepioe, Bajk-
HOe 3HAYEHHME MMEIOT TOJIbKO CYyMMapHas cmia P (IJIaBHHR BEKTOD)
U CyMMapHHI MoMeHT I, oupeeNeHHEe HHTErpaJaMa

P = {puds, o= {(rxp.)ds. (8.19)
)] pH]

I'nasEHil BekTOp cuia P MOKHO OPEJCTABATH B BHE CYMMEL:
P=W 1+ A,

Bexrop cunn W, mapajdienbHHN BEKTOPY CKOPOCTH ¥, eC/H
OH HaOpaBieH NPOTHB o, HABHBAETCA CHJIOH CONDOTHBIe-
HuA, a cuna A, NepueENHKyJAApHAS K BEKTOPY CKODOCTH v, Ha3H-
Baercda nogbpeMBoit cmioi, Conm W m A # MOMeHT IR MOKHO oI~
peneNATh Ha OCHOBAHHA TEOPETHYECKAX PACYETOB ¢ IOMOIIBI0 He-
HOCPeJICTBeHHOr0 WM KOCBEHHOTO BHYHCIeHUA MHETETpanos (8.19),
W ¢ TIOMOIIbIO ONEITOB ¢ UBMEPeHMsIMHE CHJI Ha Becax, HaIpUMep B
appOJMHAMHMYECKUX TPyGax WIM B clienMaJbHHX BOASHHX Tpy6ax,
AI¥M W3 ONHTOB APYTHX BUJOB,

B onmmTax mB Teopan cuiAH W um A MOKHO pacCMaTPHBaTh Kak
BeAMYHHH, OIpefielsdeMsle IapaMeTpaMm

o, 1, d, v, 0, B, Poc. (8.20)

Usmenenme pasaeEEn p,, Jlerko YCMOTDPeTH, Wr0 HPH OIpefie]eHUH
He BIHAeT Ha CyMMapuhe CyMMapRLEX CHJ BenWudHa japjieEus B Oec-
CaRl KOHEUHOCTH P, HecymecTBeHEA. B caMoM ge-
ne, B ypasHenua Hapre — Crorca pas He-

CAHEMaeMOii JRAUTKOCTH TaBieHAe BXOMAT TOMbKO OCPEACTBOM CBOUX

14 JI. !, Cegmos
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IPOH3BONHHX II0 KOODAWHATAM, I03TOMY IpH HoOaBieHHME K Ja-
BIEHMIO NOCTOAHBON NPA HeM3MEHHOM IIojle CKOPOCTeH ONHO peiie-
HEEe IepexopdTr B apyroe pemenwe. Orciopa BUIHO, YTO AaBIEHWE
B IIOTOKe ABJIAETCA aJiUTHBHOH (yHKNMel fapienus B OecKoHeu-
HOCTH Poo. OTMETHEM, 9T0 HTOT BBIBOL BEPEH TOJNBKO I HECKAMae-
Mol xupkoct. C apyroit cropomsi, s TeopeMu I'aycca — Ocrpo-
TPaficKOTO ClexyeT, 910 s BCAKOU 8aMKHYTON HOBEPXHOCTH X,
orpaEmyuBawmei o6bseM V, BepHE DaBeHCTBA

- Spocn ds =

P
== = Py S[z’ cos(nm, ) 4 jcos(n, y) + kcos(n, z)]ds =
=

ot oj ok
[ —_ L =
pw‘g.(ax i 6y i aZ)dT O’

— er (Poott) do =
b3
= — Do S[rxicos(n,x) +rXjeos(n, y)+ rxkcos(n,z)]ds=
b

. d(rxt) a(rx) d(rxk)’ -
__‘p”‘S[ I M s Jdr*o'

Orciona ciemyer, 9TO TpefION0MKeHNe O HECIKMMAEMOCTH Io-
3BOJIfieT B HepedHe oUpefenAmux Hapamerpos (8.20) HCKIAOYIATE
BEJHIARY Do, VI3 ocTaBmuxca mectn napamerpos (n = 6, k = 3)
Mo:xHO 00pasoBaTh TOXBKO TpH (e3pasMepHHX IapaMerpa:

a, B, R = pvd/u. (8.21)

Yram o n } xapakTepusywT HaUPaBIEHWe CKOPOCTA ¢ Teja OTHO-
curenbHo 2. Keam teno — map, To yram o #  HecyImecTBeH-
HH, B IPYTEX CAYYaAX OPHEHTANMWA BEKTOPA CKOPOCTH WO OTHOUIE-
HUIO K TeJy CYIMECTBeHHA O MOJTOMY YIJIH ¢, }— CYIMIeCTBEHHHE Na-
pamerpsl. BespasMmepHoe amcro R masmBaerca dmcioM PeifHoanp-
ca. UYncao Peitronmpaca mrpaer ¢yHmaMeHTANBHYI0 PONbL BO BCeX
AABJIEHNAX, CBA3AHHKX ¢ BA3BKOCTLIO FKHKOCTEH I Tras3oB.

Jlerko uposepurs, uro womOumHammm pd?? m pdv= pd*v?R
EMeIoT pasMmepHoctd cuasl. Temeps Ha ocHoBaHHH [[-TeopeMH MOXK-
HO HAIHUCATh

W =cw (a, B, R) pd®?,

A =cas (2, B,R) pd??, ' (8.22)
M = ey (2, B, R) pd®v2.
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OrsnedenEsle KosdduumenTH 1) cyw, c4, Cg BABHCAT TOJBKO OT

o, p m amcna Peitmoapnca R. Onpenenenme 3THX Ko3PPUITEHTOB

IJA Tel pasiamdHod ¢$opMH Kaxk QYHKOWEA YKA3aHHEKX apryMeH-

TOB HpeficTaBager cof0ll OgHY W3 IJABHHX 33744 TeOPeTHSeCKOH H
9KCIEPHMEHTAJIbHOH a3PONMHAMAKY M I'MAPONHHAMHKH.

B nacrosmee BpeMs mMeer-

_W’T“ CA OYEHb MHOTO [AHHHX 00

Y  yrux kosdduinmenTax aia 60ab-

moro 4HCIA Pa3HOOOPAa3HHX

Z, TN, ¢ KOTOPHMHA BCTPEYaTCA

1 T G Ha IDpaKTUKe B TeXHHUKeE.
I6, p/ ¢ Banmaane BA3KOCTH KHEIKO-
ﬂ’ﬂ__%@: CTH Ha [BH;KeHHe H, B 9aCTHO-
CTH, HAa COOPOTHBJIEHAEC M Ha
g6 /{55;4/ MOABEMOYI0 CHJY CKa3hBaeTCA
g4 TONBKO YePe3 IOCPENCTBO THC-
42 na Petinoasnca. s dopmynn
Nolbet”1 57 12° 16° 20° mas gncaa Pe#ponnpca (8.21)
—7€”—ﬂ”-J"HZ B [ﬂ cIemyeT, 4TO BIHNAHNE BABKO-

4 CTH, NDPOABAANINEECA depes
g= __I/}’?_; /;W:;g;— K02pPHOmeAT BABKOCTH U, TeC-
%% =5 HO CBABAHO ¢ IJIOTHOCTHIO 0,
- i CKOPOCTBI0 ¥ U AWHEHHBIM Mac-

Punc. 64. Tuonuene KpUBRlE B3aBHUCH-
Moctn KodpmmmenTos mognemmofi cn-  WraboM d. Jlus PasIAIHbIX
Jbl c4 W CONPOTHBIEHUS cypy JUIS KpL-  OTBJIEYEHHHIX GyHRUMEA 3pdert
Ja oT yrma aTtakd o (S — miomans YBEIHYEHHA BA3KOCTH pPaBHO-
KpHJa B ILIaHe). cHjleH YMeHbIIeHHm: ambo Im-
HeHHHIX pasMepoB, aaGo CKO-
poctn, amGo mIoTHOCTH KUAKocTH. OUeBWiHO, UTO yBeJHUEeHDe
MacmrTaba Tela WM CKOPOCTH [BWKEHUA NPA QUKCADPOBAHHOH BA3-
KOCTH DPaBHOCHIBHO YMEHBIIEHUIO BA3KOCTH HPH (PHKCHDPOBAHHKIX

pasMepax ® CKOPOCTH.

Ha pmc. 62 npefcraBienn 3KCUePHMEATAIbEbE JAHHLE O BJIHA-
Hum ancia PefiHonbaca Ha KospUOUEHT CONPOTHBIEHUA Cw A
mapa B DasIWYHHEIX [JWaUas3oHAX BHAYeHHMA 9dcia PelHonbmca.
IxcuepEMeHTANTLENE NAHHEE, TONYYeHHHE B PAa3THYHEX JKHIKO-
CTAX W B BO3/(yXe, XOPOMO JOKATCA HA eJuHY0 KpEBY0. IIpm mMa-
JHX 3HaUeHHWAX udciaa PefiHonblca ypaBHeHHWe 370 KPHBOH mMeer
BEI cw = ¢/R, Ha pmc. 63 — mpaMad, Tak Kak 1o ocH abcmmcc
upmHEAT JorapmpMmueckmit Macmrab. Ha pmc. 64 upusemenm
A TpHMepa TAOWYHHE KDHUBHE, [AIOMAE 3aBHCHMOCTH KO-
aPAOMIEnTOB cw M Ca AIA KPHUIA B QYHKOWHE OT yria aTakd —
yIia HAKIOHA CKOPOCTH IBWKEHHS KDHUJIA K OPOPHAI0 KpHJAa.

1) 3pech ANA OPOCTOTH MH OTMeYIaeM TOABKO KosdQdmumenTt faa MOpyms
caa 4 ® MomeATa IR, Ha NpaKTHKe HeOOXOXHMO pPacCMaTPHBATH AHAJIOTHI-
HHe RoofijaqmeRTH NIA KOMDOHEHT 9THX BEKTOPOB.



§ 8. IMapamerphl, OHpEIENAIOIMUE KAacC ABISHAH 421

C momompio (8.22) n GespasMepHHX KoapPHOUEHTOB ¢4 ¥ Cw,
ompefieIeHHHX B OfHEX ONHTAaX, HANPAMED, NIPH JBMKOHUMgIAH-~
HOro TeJa B BONE, MOKHO B NPYIHX CJIYy9YasX, B KOTOPDHX OHHT He
NPON3BOIUICH, PACCYNTATH COONPOTHBJICHNE H IHOLBEMHAYIO CHIY A
APYroro Teila ¢ TOd e reoMerpmueckoil dopmoit, HO ¢ IpyraMu
i pasMepaMHd, IBHKYIIErOCH B APYIAX KANKOCTAX HIA e B BO3IY-

Xe, ecllH CHHMAaeMOCTHI0 BO3MyXa MosxHO mpeHeGpeus. OueBHHO,

9T0 IPH TAKOTO Poja pacuerax HeoOXOOHMO PACIOIATATh H HOIb30-

BATHCH JAHHKIME IS KOdPPUIHEHTOB Cy B ¢4 OPH OTHAX U TEX e

3HAUEHHAAX YIIOB ¢, } H OMAHAKOBHX 3HaYeHHAX udcia PefiHonbn-

ca R = puvd/p. B upegsapureasHHX omHTAX HeoOXOAMMO HOIYIATH

TaHHBE MIA KO3QPHIAEHTOB Cw B ¢, B HYKHHX AWamasoHax 0es-

j pPasMepHHX apTYMEHTOB &, ¥ R, KOTOpHE oIpefesd0Tca yCa0BUA-
i MA OPHIOKEHUH B OPAKTUIECKUX 3a7adax.

| T Bmskerms B BABKOM KETROCTH PaCCMOTPHM CIy9a¥ MeJIeHHHX [BUKEHHH

i OpA Malelx gacaax Pefinorsx- B BA3SKOH JKUZKOCTH, COOTBETCTBYIOIHE Ma-

ca ALIM 3HATeHHAM 9dCaa PefHOAbACA. Y MEHL-

(f TmeHue 9uciaa PefiHoAbIca COOTBETCTBYET YBeAMIeHUI0 KoadPruImen-

|

Ta BASKOCTH i U YBEIHTCHHWIO CHJ BHYTPEHHAX HANpSKeHHil, 00y-

CIOBIEHHHX BfA3KOCThI0. Ecam mpeHeOpeus CHIaM¥ WHEDPHUHA 0O

‘ CPaBHEHHIO C CHIaMH BASKOCTH, TO 3T0 PABHOCHJABHO JONYMEHHIO

! 0 HECYMECTBEHHOCTH IJIOTHOCTH ( KaK OIpEelelAINIero mapamer-

: pa. Ilpene6pemenne mrotHOCTHI0 B ypaBHeHHmsax Haebe — Croxca

COOTBETCTBYET BHUEPKABAHMIO WIeHA ¢ ycKopeHmeM. CoorBeTCTBYIO-

oIge MaTeMAaTHUeCKHe 3aJadd W WX peireHusl COCTABISIOT HpHOIH-
sxeaHy0 Teopmio Croxca.

B arom cayuae compormBierme W npm mocTymaTeabHOM JBHKE-

i HHA TeJa JAEHOH opMH ¢ HOCTOAHHOH CKOPOCTBIO ¥ OOPENeisaeTcH

HapaMeTpaMu
u,d, v, o, B. (8.23)

Tak KaK U3 BeIWIHH [, d B ¥ Hellb3g 06pasoBaTs Oe3pasMepHBIX KOM-
OmHAanmil, To OTCIOAA CIAEAYeT, 4TO

r’
,J W=c(a, Bpdy = —;— pd%?, oy = c—%’—ﬂ. (8.24)
i

CrnefoBaTenpbHo, OPH MAJIKIX 3HAYeHWAX THcaa PefiHompica cmia
| COIOPOTHBIEHAA (AHAJOTAIHO STOMY I IONbeMHEAA CHJIA) IPOIOPIHO-
HaJbHA 11€PBOMl CTeNeHH CKODOCTH [BYJKEHHA Tela, JHHEHHOMY
i pasMepy d m KosddunEmeHTy BA3KOCTH W. DespasMepHHit Koapdm-
OEEHT ¢ 3aBHCAT TOJABKO. OT HANPABJIEHAA CKODOCTH TeJa OTHOCH-
TeIbHO ero moBepxHOCcTH. Jlisi mapa ¢ — DOCTOSAHHAA, KOTOPYIO
MOJKHO HAlTH #3 OHOr0-e[MHCTBEHHOTO OUKTA. TeopeTudecKnil pa-
cYeTr AJiA mapa maer ¢ = 3w, ecam d — pmamerp mapa. [ Ten
opor3BoItLHORK dopMul w8 mepeoii gopMyan (8.24) caegyer Gopmyia
ew = ¢ (@, B)/R, oupegeaswmas saBmCEMOCTh Ko3pdmmmenrta cW
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or gnciaa PefiHoxbzca mpm ManHXx 3HadeHmaAX dmciaa Peiimomspca.
OnnTH X0pomo MOATEEPAAIT 8Ty (OPMyAy M TO3BOXAIOTyKa-
3aTh Hambosbmme BHAYEHHA Unciaa PeiiHoabmca, 3aBECAmMEE OT
$OpMH Tella, IPH KOTOPHX ¢opMmyna (8.24) mpaKTHYECKE BIOJHe
mpEMeHAMA.
3axoH compormpieHna (8.24) IpEMeHAM, HANPUMED, [JIA OIMHCA-
Had Opomecca OCefaHHS MeNKHX 4YacTuhm B KAgKoctTH., OngHako
Opu [BWKEHHE WTONBORHHX JOJOK B BOjEe, JETATEILHHX AaIma-
pPaTtoB B BO3gyxe ¥ Hayke aBToMoOwmieit 3a cder Gombmmx pasme-
POB @ GONBION CKOPOCTH COOTBETCTBYIOIMEHE 4mcia PelHoxb-
ca moaydarTca GOIbIEME, ¥ m0dTOMY dopMyia (8.24) craHOBHT-
cAd HelelCTBATEILHOH.
. B mpeanpHO# xumgrocTH p = 0, moaToMy
E:c“r"!;eg‘; olfle‘;’:‘““é'om”t‘u“g; naealbHAA JRATKOCTH COOTBeTCTByeTuﬁeCKO-
apenax Pefimoabica HeYHO GOAbIMHM3HAYEeHHAM YUCIa PeHHOIBI-
ca. bonsmme smauenma umciaa Peitroabpca
MO;KHO paccMarpmBaTh mpu p == 0, Ho mpm vd — oo, T. €. IIA Tel
Gonbmux pasmMepoB u, BoOGIe roBops, A OONBIIHX CKOPOCTEH
OBEKEHWA. B mmeaqbHON KHIKOCTH CONPOTHBJIEHME W IOJNHEMHAS
cHja OUPEeNENATCH MapaMeTpaMu

p7 d’ v’ a? B u R == 00, (8'25)

CaepmoBaTebHO, B BAEAJbHON KHAKOCTH IPH YCTAHOBHBIIEMCA 06-
TEKAHNH JOJKHK BHIOIHATHCA HOPMYIIH

W =cw (o, BYpd®v?, A =c4(a,B)pdw? (8.26)

Qopmyan (8.26) IOKAa3KBAIKT, YTO B HAEAJIbHOI }KUTKOCTH HId, OpH™
Gam;KeHHO, B BABKOHA KHAKocTE Ipm R — oo compormsieHme u
mogseMHAA CHJIA HOPONOPOMOHAJBHH KBAafpaTy CKOPOCTH [BHIKE-
HEA v?, XapaKkrepHOA miomany d° ¥ WIOTHOCTH KALKOCTH. Bo MHO-
rAX BOKHHX CIyYagX 3TH 3aKOHOMEDHOCTH, IOJYUeHHHE H3 MIO-
CTAHOBKHE 33J1a9¥ TOJbKO ¢ HoMompblo II-TeopeMH, Xopomo cooTBeT-
CTBYKT ONHTY W BCErJa TOYHO OTBEYAIOT TEOPETHIECKUM pacderaM
B paMKaX THAPOXWHAMWKHU HIEaJbHOH HECKEMAeMOH IKUAKOCTH,
IIpm pgBmmeEmE Kopabisi @m0 IOBEPXHOCTH
BONH YacCTh IPAHWOH JKHAJKOCTH SBJIAETCA
cBoGonHOl MOBePXHOCTHI0. BoaMyleHHOE JBUKEHHE BOJIH B DTOM
clydae 3aBHCAT OT CBOHCTBA ee BECOMOCTH, 0iarofaps KOTODOMY
MOBEPXHOCTh BOJH NOKPHBaercsd cmcreMoit BoaH. [lognemmasn
CHJa W CONPOTHBIEHHWE MPH ABH:KEHAM Kopalbieil 3aBHCAT OT CBO-
cTBa BecoMocTu BORH. [loaToMy Ipm mocrymaTedbHOM [BHKEHEN
Kopalas ¢ MOCTOSHHON TOPH30HTAIbHOH CKOPOCTBI0 C (PHKCHPO-
BAHHON OpHeHTamEeil OTHOCHTENHHO CBOGOTHOHR MOBEPXHOCTH JKHJ-
KOCTH, BSANOJHAKMEH Bce HIVKHEEE IOIYIPOCTPAHCTBO, CHCTOMA

Coupormenenme KopaGuei
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ONpeAeNAIGUX IAPAMETPOB IPENCTaBHTCA Talamnei
Py By & 4, 0. (8.27)

U3 srux mapamerpoB (n = 5, k = 3) MOKHO cocrTaBuTh [BE He3a-
BucHMEEe CeapasMepHsle KOMOHHATUH:
prd

v
W " Ve
Bespasmepruit mapamerp F HasmBaerca guciom @pyna.

Yucao Ppyma sApiasercsa CYmMecTBeHHHM 0Oe3pasMepHEIM mnapa-
MeTpOM BO BCEX 3a/ja9aX, B KOTODHX B KadecTBe OIDPENeISIONuX
BEJIMYMH NPHCYTCTBYIOT v, d n g. BiansAHme CUIH THAHKECTH YIWTH-
BaeTcA M MPOABIAETCH i 6e3PasMePHHX ONPENEAANMUX BeJIHINH
yepes wmcio Ppyga.

QopMyny sl COUPOTHBIGHUS KOPIYca Kopadius MOKHO HATH-
caTh B BUJE

~F. (8.28)

W = cw (R, F) pSv?, (8.29)

rge S — xapakrepHasd IUIOMAAb, OOHYHO HpHEAMAeMas DPAaBHOMN
CMOYEHHON ILIOMANY BHemmHEH MOBEPXHOCTH KOPOYCA HPH PaBHO-
Becuu Kopalisa Ha moBepxHoctnm Bopk. QupefeneHne 3aBHCHMOCTH
cw or R, F u reomerpugeckux $opM KOpIyca — OCHOBHAs mpobiie-
Ma B ruIpoJuHAMHKE CY7OB.

Bespasmeprtie mapaMerpn R m F Rak xapakTepHHE apryMeHTH
BCTpEUaOTCA HE TOJNBKO B DPAcCMOTPeHHHIX BHIIE BOIPOCAaxX; 3TH
mapaMeTpsl HMCHOIB3YIOTCA M HUIPaloT BAKHAYI POIb BO MHOTHX
opyrax upobieMax, B KOTODHX Cpequ ONpeAelAMAX NapaMeTpoB
HaXOMATCA BEJUWIHWHH P, W, £, v 1 d, T. €., BOOGIe roBops, BCeTfa,
Korga CcBOMCTBA BABKOCTH K BECOMOCTH CPEeSH CYIECTBEHHE.
B wacraocrH, vnciao Peiinonpaca uMeer yHIaMeHTATEHOE 3HATCHUE
B mpofieMax ABIKEHHS BABKON ;RMKOCTH IO TpyOaM.

JlaEAy0 BHIE HOCTAHOBKY OCHOBHOH 3a-

3ajaua ©0 JBHKEHAA TeEJIa
B HICANLHOM Taze Jagqu 00 YCTAaHOBHBIIEMCS IBM;KEHHU Texa

B OeCKOHETHO# Macce >KMJKOCTH BHIOMBMe-
HEM cienyomuM oGpasoM: OymeM cumMrarh, 9YTO BHEIHAA Cpeja
npefcraBasger coboil naeadbHHI coBepinenHwii ras. CpoiicTBa cxu-
MaeMOCTH YIHTHBAE6M M HDPHHEMAEM, UTO IPOIECCH B KA;KNOH Ha-
crune aguabarmdeckue, o0paTUMee B 00/acTH HENPEPHBHHX IBU-
JReHOH W HeoOpATHMHEE NPH IePeXofe TAaCTHI rasa depes CKayKu
YIUIOTHEHHA, MPUCYTCTBHE KOTOPHX B LOTOKE [ONYCKAETCA.

B 3agmage 06 ofTexaHWEM HEOOOBIKHOrO Tela B OeCKOHETHOCTH
yMeeM 3aJagHHe JaBACHAS Dooy, IIOTHOCTD Poo M CKOPOCTH HOTOKA Uso.
B sToM cayuae pacupepiesieHme XapaKTePUCTHK COCTOARUA M JIBH-
EeHNsA rasa OIpeAensercA CHCTeMON mapaMerpoB

Ts p001 Poo, voo, a’ Bs d1 .’L’, y1 2. (8'30)
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KoopawBEATH To9eK mpOCTPAaHCTBA Z, Y, z 0€peM B CHCTEMe, CBA3aH-
"ol ¢ reqxom., Umeem n = 10 m & = 3. OueBupuo, uro Bce Geapaa-
MeDHEE MCKOMHE BeIHIMHH OHPEelHTCA CeMbl0 (eapasMepHEIMA
[apaMeTpamu:

Ta_()g:MOOvo‘vB,%’%v%’ (831)

00
HpEIeM T
Q= ’
Pos

rme, KaK M paHbIIEe, o, P — YIJIH, 3ajaionime opueRTanuwio Hale-
ralomero I0ToKa OTHOCHTENLHO Teld; 4., — CKOPOCTh 3BYKA B Gec-
KoHeUHOCTH B HaberamomeM moToxe, M., — umcio Maxa. Yucao
Maxa M, B paccMOoTpeHHOH 3ajaue MIpaeT pPOIb, AHATOTHIHYIO
qucry Pefinoapmca mim umcay Dpyna B 3amagax, pacCMOTPEHHHX
paHBITE.

Cpegn pmapamerpos (8.30), B gacTHOCTH, MOKET OTCYTCTBOBATH
nTuHEeAnH pasMep d, HaOpHUMEp, IPHU U3yIeHWM 3amaun 00 obTexra-
Hur GecKOHEYHHX KJINHA W KOHyca, KOTJa HATalo CUCTEMbl KOOpad-
HaT B3ATO B OCTPHWE KOHYCa WJIHM KIWHA. B 3TOoM ciydae BosHUKaeT
CBOMCTBO aBTOMOJENBHOCTH; BMecTO Tpex O0e3pasMepHHX apry-
merToB z/d, y/d, z/d noxydaerca TOnNbKo ABa 0e3pasMepHEIX apry-
MeBTa Yy/z, z/T.

B paccmarpmBaemoit 3ajade misi CONPOTHBICGHHMA M LOIBHEMHOIM
CILTH BepEH (GOPMYJIH Clefylomero BHJA:

W - CW (d’7 [37 T’ MOG) pdzvgco A = CA (a’7 B’ 77 M)J)pd2vgo‘ (832)

QueBMIHO, YTO B HMAEANLHOM CIKHMAaeMOM Trase KBaJpaTHIHAS 3a-
BICHMOCTD cuil W m A OT cKOPOCTH v W3-3a BIHAHUA duciaa Maxa
mapymaerca. @opmyan (8.32) BepHEHW Kak [UiAd JO3BYKOBHIX
(Moo<_1), TaK w puA CcBePX3BYKOBHX (My > 1) cropocrei
HaGeralomero moroka., Ilpm ofTexkaHWH CcO CBEPX3BYKOBHIMH CKO-
poCTAMH B IOTOKE MOryT ORTH CRadku ymroTHenwa. OyHKOnH
cw (@, By, ¥y Me) 1 ca (2,B, v, M) MOKHO ONpENerATh HyTeM
pacueTa Ha OCHOBAHHWHM peNIeHwWs TUAPOAMHAMHYECKON B3aqadd WiIn
¢ MOMOIIBIO ONKHTOB B Aa3POAMHAMHYECKHX TPyOax, HA CHEIHATD-
HHX rasofuHaMATeCKEX YCTAHOBKAX WM B CBOOOIHOM HOJeTe.
PaccmoTpuM RiIaccmueckyio sagady ByccH-
HeCKa W3 Teopwm ynpyroctu. Ilycth mMeer-
cA OfHOpPOMHAA yOpyras cpefa, HomIMHAIOMAasAcsa 3akoHy ['yka m
BAMOJHANIIAA MOJIympocTpaHcTBO. Ila miocKocTH, TpeAcTaBIAIO-
mieft co00it cBOGOIHYI0O HOBEPXHOCTHh yOPYTOTO MOJYIPOCTPAHCTBA,
OO0 YCIOBHK OTCYTCTBYIOT BHEIIHNE IIOBEPXHOCTHHE CHJIH.
HauanpHoe, HemxedODMEPOBAHHOE COCTOSIEWME IOJIYOPOCTPaH-
CTBA COOTBETCTBYET COCTOAHUIO, B KOTOPOM OTCYTCTBYIOT BCAKHE
BHeNIHAe HArpysKW W BHYTpeHHue HanpsskeHus. JedopMmpomam-

3agaua Byccmmecka
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HOe COCTOAHWE BHIBKIBAETCS TeM, UYTO B HEKOTODPOH Touke cBOGomHOM
OOBEPXBOCTH YOPYTOTO0 HOAYOPOCTPAHCTBA MPHIOKEHA KOHIECHT-
pupoBanHad cmia JP. Jlua mpocrorsr upmMmeM, uro cuna P mepmen-
IMKYAAPHA K TPAHUIHON MIOCKOCTH B HeleOPMUPOBAHEOM COCTOA-
HOW. 3ajjada COCTOHRT B ONpe/eleHNH HATPIKEHHOro i 160 PMHIPO-
BAHHOTO COCTOSIHUA B YIPYIOM IOJ yIIPOCTPAHCTBE IPH PABHOBECHI B
OPeAnoI0KeHIH, YTO IPH yAAJIeHEAN B 6ecko-
HEYHOCTD OT TOUKH ) IePEeMEIIeHN A CTPEMATCS 2
K Bya10. OgeBujHO, ITO PEINEHNE ITOI 3a7a70
obmazaer oceBOH cHMMeTpHeii, IpUIEM OCH
CHMMETPHUA TPOXOUT Te€PE3 BEKTOD CHJIH.

PaccmorpmM a1y sajadyy B pamMirax nam-

HeHOil TeOpUHU YODPYTOCTH ¢ JIWHeapU3oBaH- _ 4 f”

HHM TPaHAYHHM YCIOBHEM Ha cBOGOgHOMN g

DOBEPXHOCTH, TEPEHECEHHKIM HA HATANbHYIO

FPAHAYHY0 HEBOSMYMEHHYK ILIOCKOCTD. d

JTo TpaHUIHOE YCIOBHE HMeeT BHJ Puc. 65. CxeMa K 3a-
p,=0 naze bLyccmrecka.

BO BCEX TOIKAX CBOOOLHON MOBEPXHOCTH, 32 UCKIKUEHAEM TOYKH (0,
B KOTOPOH p,, o0pamaercsi B 06CKOHEUHOCTL, HO TaK, UTO

pnn:gb(“)(r), (833)

rae O (r) — penbra-pyarnms Ilupaxna.

W3 ypasuennii guskenans, gobasognnx ycaosuit (8.33) u yeao-
BAil B 0ECKOHEYHOCTH OTEBUAHO, 4TO BEKTODP NEpeMeImeHus M KoM-
HOHEHTH TEH30Pa BHYTPEHHUX HAUDPSKEHHH OUPENeafAloTCA Cle-
OYOIMMIMA [TapaMeTpaMu:

G! E’ ga? r’ e? (8"34)

rue r u 0 — moJApHHE KOOPIUHATH ¢ MEHTPOM B Touke O B IIOCKO-
CTAX, IPOXONAMUX I€pes BEKTOP cuuu P; ¢ — roapduumenT [Iyac-
cona u £ — mopyxas IOura. YpaBHeHUs paBHOBECHs IpefCTaBIAIOT
c00ofl ypaBHEHHA B TaCTHHX NPOUSBOJHHX C /IBYMsI He3aBHCHMEIMI
nepeMeruanivE ru 0. Vs usarn napamerpos (8.34) MoskHO 06pasoBarsh
TOJIbKO TPH He3apucUMEHE Ge3pasMepHbie KOMOUHATHM:

770}
5,0, 2o, (8.35)
Tak Kak Mmonyinr [Omra mmeer pasmepHocTh pasiaeHmsa. Orcioma
clefiyeT, 9To BCe MCKOMHE Oe3pasMepHEE BeJIMIUHE 3aBHCAT OT
tpex mapamerpos (8.35).

BaxHOe 3BaueHme mMeeT nmHeapwsamma 3afavd. Tak Kak Bemam-
g@HA cHAK PP BXOAHUT B TPAHAIHOE YCIOBHE JHHEHHO, TO OYOBHIHO,
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q9TO MOJ€ NepeMemeHd ¥ BHYTPeHHWX HANODSKeHAU BaBUCHT OT
chaIN P n@He#EHo, T. €. BCe MCKOMHEE KOMIOHEHTH BEKTOpa IepeMe-
MeHAsA M KOMIOHEHTH TeH30Da BHYTPEHHAX HANDMKEHHH IIPOCTO
nponopruoBanbHN mapaMmerpy P/Er?. lloatomy, smas pasmep-
HOCTA HCKOMHX BEJAYWH, MH IOJXHOCTHI0 ONpPENEINM HX 3aBHCH-
MOCTBb OT pajgmyca-BekTopa r, Hampmmep, Jiid BeKTOopa mepeMeme-
mma w (P, E, o, r, 6), pasMepHOCTL KOTOPOTO €cTh PasMepPHOCTH
JUIMHE, MOKHO HAIKCATH

P .
w=—=rf(s,9), (8.36)

rae f (0, 0) — HeKoOTOPHIT BEKTOD, 3aBUCAIMH TOJIBKO OT OJHON me-
PeMeHHOIl KOOpDAWHATH,

Ilopcramoska ¢gopmyasr (8.36) B ypasHeHH! PABHOBECHA TPHBO-
IOUT K OOHKHOBEHHHM auddepeHuHaIbENM YDABHEHHAM IJIA HCKO-
MHX 0Oe3pasMepHHX (QyHKmui. ITH cOOOpa;KEHMA CHIBHO YIOPO-
maroT 3asauy. HymHoe penenue Jerko MoJIydaeTcsa ¢ MOMOMbIO WH-
TeTPUPOBAHNWA COOTBETCTBYIOMMX OOHKHOBEHHHIX AudepeHu-
aILHHX ypaBHEHWH.

§ 9. TTomo6uwe 1 mMoAenNpOBaHUE ABIEHHI

Mopemmposanme u ¢usn- Teopus pasmepHoctH u momobug uMeer

uecroe mopoGue Goibmioe 3HAYCHWE TPH MOMCINPOBAHUM

pasamuHEIX spjaenuit. Momeump o B a-

H M € ecTh 3aMeHAa W3YYeHHA MHTEPECYOMEro HAC ABJIEHUA

B HaType H3yUeHHEeM AHAJIOTHYHOTO SBICHHUS HA MOJICIHM MEHbLINETO

man Goabmero MacmrTaba, oOHYHO B CIENUHANBLHHX Ja00paTOpPHHX

yeaosuax. OCHOBHOI CMHICJH MOJIEJIUPOBABKSA BaAKIYAETCH B TOM,

uT00H D0 Pe3yabTAaTaM OIKTOB ¢ MOJEIAMH MOKHO OHIIO [aBaTh

Heo0XoauMEre OTBETH 0 Xapakrepe 3¢QeKToB U 0 PABIAYHHX BEJIH-
9WAAX, CBA3AHEHX ¢ ABJICHHEM, B HATYPHHX YCIOBHAX.

B GonpmuncTBe cIyvaeB MOLEeNHPOBAHNE OCHOBAHO HA PAacCMOT-
peHHE ¢uaudecKn NOMO0HKX sApjieHmiA. V3ydenme mHTepecymomero
HAac HATYPHOIO ABACHHS MK 3aMeHseM HM3ydeHHeM (U3HIecKU Imo-
J00HOTO ABJEHUA, KOTOpPOoe yhaoOHee U BHTOMHee ocymecTBATH, Me-
XaH@uecKoe miu BooOme ¢usmueckoe momobme MOMKEHO paccMaTpu-
BAaTh KaK 06o0menne reoMerpuyeckoro monobusa. [Ise reomerpuaec-
K#e $uryps nogo6HH, ecad OTHOMEHN I BCEX COOTBETCTBEHHHX ANAH
onmHaKoBH. Ecam wmsBecteH KoadduuueHT momobma — macmrad,
TO IPOCTHIM YMHO;KEHHEM PasMepoB OofHOI reoMerpmueckoil Pury-
PH Ha BeqmuuHy Macmraba IOJy9aloTcs pasMepH APYro#, e mo-
moGHoil TeoMeTpHmuecKOdl QUTyDHL.

Hpa saBneans ¢usEIecKE NOmOGHH, €CHE IO 3aJaHHHM XapaK-
TEPECTHKAM OFHOTO MOKHO HOMYUNTh XapaKTEPHCTHKHE IPYroro
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HPOCTHM NEPecYeTOM, KOTODHHM AHAJOTHYeH NEPeXOAy OT OLHOMH
CHCTeMH €AMHHI[ W3MepeHHA K pjpyroi. AuA ocymecTsieHHA
mepeceeTa HeoOXOAMMO 3HATH «IEPEXOjHbHe MacmTaGH».

YpciaeHHEE XaPaKTePUCTHKA JJIA ABYX PA3JIAYHHX, HO IOm00-
HHIX, ABJCHWIA MOKHO PACCMATPHBATh KAK YHCIEHHEE XapaKrepwu-
CTHKHN ORHOTO M TOI'0 Keé ABJEHWS, BHPAayKEHHHE B JBYX pPa3amy-
HBIX CHCTeMaX enuauy, m3Mmepenus. J{us BCAKOH coBOXymHOCTH
HOMOOHHX ABIEHHUHA BCE COOTBETCTBYyIONMIMe Oe3pasMepHEE Xapan-
TepucTuKN (Ge3pasMepHbie KOMOMHAUWEM 13 pPasMEPHEIX BeJHIHH)
VMEIOT OfMHAKOBOE YHACIEHHOe 3Hauenme. [lerpymHO BHAETH, 4TO
ofpaTHoe 3arIIOYCHHE TAK:KE COPABEIIHBO, T. €. 6CJIU BCE COOTBETCT -
Byloinue GespasMepHEle XaPAKTEPUCTHKM [ ABYX IBIKEHNH OAWHA~
KOBHI, TO ABI/KeHUS Nomo0HE. COBOKYIHOCTh MEXaHUYCCKH MON06-
HHX JBHAKEBHH ompesiensieT co00H peKUM JBHIKEHUS,

ITogobue AByx ABIEHEIl WHOTAA MOJKHO MOHMMAaTh B Oosee mm-
POKOM CMEICJe, IPHHHEMAMA, U4TO YKA3aHHOE BHIIE OIDENeJeHAe OT-
HOCHMTCA TOJIBKO K HEKOTOPOIl cOenuaIbuoi CHCTEME XaPaKTePUCTHE,
HOJHOCTBIO ONPENEIAIOmEe sBIEHMe H TO3BOJAINEH HaXOTATh
n100KHe pyrme XapaiTePUCTHKH, KOTOPHE, OFHAKO, HEIb3A IOIY-
YUTH MPOCTHM YMHOMEHHEM Ha COOTBETCTBYIOmHE MacmTadH IpH
mepexofie 0T OFHOIO K AAPYroMy «iomoGHoMy» Apinennio. Hampumep,
B HTOM CMEHICIe JBa JIOOKHX 5JJIM0Ca MOAKIO CIATATh NOTOOHKMHA DA
HCIIOJIb30BAHNE JeKaPTOBHX KOODAHHAT, HANDABIEHHHX MO IJAaB-
HHM O0CAM BIJIMICOB. ¥ KA3aHHEM IIePECYeTOM MOKHO NOJNYYHTD Jie-
KAapPTOBH KOODAHHATH TOYEK JI000r0 »INmICA depe3 KOOPAUHATH
To9eK Kakoro-nmbo opmmoro amamuca (addumHHOE MOTO0HE).

Iyist coxpadenns ogo0HA NIPH MOJENZDPOBAHAE HEOOXOLEMO c00-
nomaTh HeKoropee ycinoBaa. OgHAKO HA UPAKTHKE CIUIOWE W Psi-
OM 3TH ycJIoBMA, of0eceymBaoomue mopodue SIBJICHUSI B IIEJIOM, He
BHIIOJIHAITCA, W TOrJ[a BCTAeT BOUPOC O BeJWYWEE NOTPEITHOCTEH
(MacmrabEOM 3¢dexTe), KOTODPHE BO3BHHKAIOT OIPH HepeHOCEe HA Ha-
TYpPY Pe3yibTATOB, HONYYEHHHX HA MOJEIH.

Ilocne ycTaHoBieHAA CHCTEMH LIapaMeTpPOB,
ONIPEACNAINIX BHIEACHHKHH KJIacC sBIe-
HEll, HETPYAHO YCTAHOBUTE YCIOBHUA HMOA00HMA ABYX ABIEHUI.

B camoM ferae, IycTh ABJIEHHE OMPEIEAAETCA 7 MapaMeTpaMm,
HeKOTODHEe W3 HAX MOTyT OHTh GespasMmepnmnMu. [omyctuM, namee,
9T0 PA3MEDPHOCTH ONPEfeNANNIAX TePeMeHHHX W (H3HICCKAX IO-
CTOAHHMX BHPAKEHH Yepe3 pasMepPHOCTH & W3 BTHX IapaMerpoB
¢ He3aBUCUMEMu pasMmepHOcTAMA (k < n). OdeBmmHO, 9TO TOTHA W3
n BeJIHYWH MOKHO COCTABHTH 7 — K HE3ABHCHUMHX 0e3pasMepHBIX
KoMOmHannii. Bece OeapasMepHEE XapaKTeDUCTHKE ABICHHUA MOXKHO
paccMaTpuBaTh Kak QYHKIUHA OT BTHX n — & He3aBHCUMHX Oe3pas-
MEPHHX KOMOMHAIIHA, COCTABJEHHKX W3 ONIPEeeJsIOMAX IapaMeT-
poe. CmenoBaTesbHO, cpefu BceX 0e3pasMepDHHX BEJIHIHH, COCTA-
BICHHHX X3 XapPAKTePHCTHK HABIEHHSA, BCEIa MOMKHO YKasaTh



428 T'a. VII. O mocranosre samiu B MeXaHURe CIVIOIIHOM Cperitl

HeKoTopylo 6asy, T. e. cmcTeMy GespasMepHHX BeJWUHH, KOTODLE
onpeeasoT co6oil Bce OCTaIbHHE.

OmnpeneneEENA COOTBETCTBYIOMEN [OCTAHOBKON 3aJa4d KIace
ABIEHAH CONEPIKUT ABIEHUA, BooOme HO mOomo0HEEe MExAY coGoil.
Bripesienne ws Hero mopwiacca mnogo0HNX ABIEHIH OCYIECTBIACT-
Cf ¢ TOMOIHIO CIEAYIOMEr0 YCIOBHA.

Hara nodobus dsyx fssenuil Heobxodumo u docmamouro, umobu
YucAeHHYe 3HAYeHUA Oespasmepruir kKombunayull, o06pasyowur
6asy, e smux Osyx sereRu AL 6blay 0duHarogs. Y CIOBAA O MOCTOAH-
cTBe 0askl OTBIEUEHHHX [aPAMETPOB, COCTABIEHHHX M3 3aJaHHEIX
BEJIMYAH, ONPENEeNMIOMHAX SBICHNWE, HABHBAITCA KPHUTEDPHAMH Iio-
nobus. .

Ecau ycnoBua mogo6usa BHIOMHEHH!, TO sl (aKTAIECKOTO pac-
9eTa BCeX XAPAKTEPACTHK B HATYDPE 10 NAHHHM O pasMepHHX Xa-
PaKTepUCTHKAX HA MOJIeIU He0OXOMIMO 3HATE IePeX OfHEIe MaciTa G5l
IVIA BCeX COOTBETCTBYIOIMUX BenWuumH. Kcjim ABIeHHE ompefe-
asgeTcsa n HapaMeTpaMd, M3 KOTOPHX k& MMEIT He3aBHCHMEE pasMep-
HOCTH, TO [JISl BeIMYWH ¢ HE3aBUCHMHMH Pa3sMEPHOCTAME IepPeXxof-
HHE MacmTabl MOTYT GHTH IPOM3BONLHEME U WX HYKHO 3aJaTh C
Y4eTOM YCJIOBHHA 3ajjaud, & IPH HKCIEPUMEHTAX M C YIETOM YCIO-
BUi1 onuToB. Ilepexopabie MacmTaOH AJA BCeX OCTAJLHEIX PasMep-
HHX BeJIHIHH JETKO HOJYYaloTcAd m3 (OPMyI, BHPAKAIOMUX Pas-
MEDHOCTH KakI0H pasMepHOH BeJIHYMHE Yepe3 pasMepHOCTH k&
BEJIVIYGH ¢ HE3aBHCHMEIMY PA3MEPHOCTAMM, s KOTOPHX MacmTaln
MOJCKA3aHE YCIOBHAMHE OILITA ¥ MOCTAHOBKH 3aa9M.

B 3agmaue 06 ycraHoBuBIIEMCA OOTEKAHUH
T[{a?ln’ﬁ:;smgpﬂuec‘;f;;‘;::ﬂg Te;7a HECKEMAeMOl BA3SKOHM KUAKOCTLIO BCE
EIROCTEIO Ge3pasMepHBIe BIHIMHHE ONPEHeasA0TCA Tpe-

MA TapaMeTpaMd: YriaMu o, [ H IuCioM

Peitroanszca R. Ycaosumsa ¢usudaeckoro momodbus — KpaTepHEA MOML0-
6HA TpeACTABIAIOTCA COOTHOIMEHUAMU

o = const,

B = const,
R = pd _ const,
n

3mech moApasyMeBaercs, 49TO TOCTOAHHHE sHadYeHmsa ¢, P m R
03HAYAIOT OJMHAKOBOCTH DTHX BeJAYHH B DASIHIHWX HNOXOGHHX
(COOTBeTCTBEHHHIX) ABJEHHUAX.

Ilpm MonmeaMpoBaHAU ABIEHUS Pe3yIBTATH ONBITOB ¢ MOAEIBIO
MOKHO MEPEeHOCHTH HAa HATYPY TOJLKO IpH OJUHAKOBHX a, P u R
Ilepsrie mBa ycmoBmA BCETma JeTKO OCYMECTBHTH Ha HPaKTHKE.
TpynHee ymOBAETBOPHTH TPeTheMy ycaoBmio (R = const), ocoberno
B TeX CIydaAXx, Korja ofTexaemoe Teq0 umMeeT OOJBIINE pasMe-
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PH, Kak, HaOpmMep, KpHEJIO caMojera. Eciam Mojens MeHbIle
HaTypH, TO AJs COXpaBeHWs BeamdmBrl Jucia Peiitmonpica mHeob-
XoaumMo aubo yBeaUIHBATH CKOPOCTH OBTEKAKMEro IOTOKAa, dTO
IpaKTHIecKH 00bYHO HEOCYHIeCTBHMO, JHG0 CYIECTBEHHO H3Me-
HATH IJIOTHOCTE M BA3KOCTH skHAKocTH. Ha mparrtmie arm obcros-
TeJbCTBR HPHUBOAAT K OONBIINM 3aTPYAHEHHAM OPH HU3YYCHHH
22pOJMHAMHYECKOT0 CONpoTHBIEeHNsA. HeolxoguMocTs MOCTOAH-
c¢rBa umciaa Peffmonpgca mpusena K IOCTPOMKE THTAHTCKHX a)po-
IUHaMpdecKnX TPyO, B KOTOPHX MOMHO MPOM3BOMUTEH MPOTYBKH
CAMOJIETOB B HATYPaJbHYI BeANYIMHY, & TaKKe Tpyl 3aKpHITOIO
THNA, B KOTODHIX OUPKYJUDPYeT ¢ HoAbIMOH CKOPOCTLIO CrKAaTHIH,
T. e. Goxee mHOTHHIL, BO3AYX.

Crmenmanpupie TeopeTHHeCKHe M JKCHePUMeHTAJBHEE HCCIe-
JOBaHMA NOKA3LBAIOT, 9TO B pAJe CAYUaeR AJS Teld Xopomo obre-
Kaemoil gopmu umcso Peiinonnpaca saMeTHO BAMAET TOJBKO HA Ges-
pasMepHnil KoadduuumeRT I060BOTO CODDOTMBIECHHUA W WHOTAA
o4YeHb ciaabo Biamser Ha GespasMepHHN KOaQOUIMEHT TOAHEMHOI
CHJIH W Ha HEKOTOpHE ApPyrUe BeJWYHHH, WTpalomie BeckMa Bask-
HYI0 PoJb B pasivdYHHX IPaKTHIecKUX BompocaX. Cremosaresan-
HO, pasnniue B 3HaYeRNHd 9ucia PeflHombica Ha MofelHm M HAType
B HEKOTOPHX BOIOPOCAX He fABJAETCA CYIMECTBEHHEM.

Mmp yrasanm yciaoBmA Nogo0usa IJaA [BH-
! Honobme npu  obrexapmm sxemmsa Tedl 0e3  yJera CBOACTBA CoKH-
;%‘T;::a‘m C YUeTOM CMHMAae-  yapyMocTH BOBLYXA, KOTOPOE HECYMEeCTBeHHO
OpH CKOPOCTAX, MaJHX OG CPaBHEHHIO CO
CKOPOCTBIO 3BYKA.
B aspopmmramuke moneros ¢ GoaBMNUMEA T03BYKOBHMHE H CBEpX-
3BYKOBHIMU CKOPOCTSIMHI BJUWAHUE CAMMAEMOCTH NUDPOABJIAETCH B
mepByw odepenb 3a cder umcaa Maxa. B pasoGpamEOi BHINEe mMo-
CTAHOBKE 3aJla9Yd 0 JBIVKOHHK B 0e3TPaHMYHON Macce rasa KpHLIa
niam Boobme Tema aw0Goil GopMu Hpum aguabaTHYeCKBX IpoIeccax
CHCTEMa OTBJIGYEHHLIX OIpefesAIIAX DapaMeTpoB IPefCcTaB-
: agerca tabamume#t (8.31). Ilapamerpamm, ompemelAMUMHA TIJO-
fanpHHe XapaKTepHCTHKM YOTOKA Tasa WK XapPaKTePHCTHKM JBH-
JKEHNA W COCTOARUA B XapaKTepHHX TOYKAX, ABJIAKITCHA BeJHYUHEL

a, B, 7, M= -
X2
Ilpu mopmenmposaruu Heo6X0AuMO o0ecIeYHTh OIMHAKOBEE B3HA-
9eHNA OHTHEX IIapaMerpoB B HAType ¥ B MOJeIbHOM JKCIEPHMEHTE.
QueBMuHO, 9TO HOCTOAHRCTBO y M ducaa Maxa M, — mauboiee
CyImecTBeHHELe KPHTEPUH Nofo0uA. SHAUeHHA Y CBA3AHHL C BHGO-
poM cBolicTs razoB. laA ONHOTO M TOTO ke rasa YCIOBHE Yy = const
BHIOOJNHSOTCA ABTOMATHYECKHU. IIOCTOAHCTBO My HolkHO o6ecie-
YMBATHECH GCHOBHHIME VCJIOBHAMMU NOCTAHOBKHU ONBITOB.

L
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O Tpymmocrsix wmomevmpo- VsMeHAA OpE MOJEIHPOBAHEMA OCHOBHEI®
BaHuA napaMeTpH, MH BCTpedaeMCA € IpOosSBJIe-
HHEM B MOREJIBHHX ONKTAX Pa3IWIHEIX
apPeKToB, KOTOpPHE B MPUHATOH MOCTAHOBKE 3aJauM HJIA WHTe-
pecyIomero Hac HATypDEOTO fABJEHHS HECYNECTBeHHH. Hampu-
Mep, IpH YCTAHOBUBMIMXCA OOTEKAHMAX KPLUIbEB IOTOKOM BO3-
IyXa ¢ MaibMH CKOpOCTAME wmciao Maxa Majgo, # TO3TOMY
CBOMCTBO C/RMMAaeMOCTM BO3AYXa HecymectBeHHO. OCHOBHEM
KpuTepHeM Hogo0HsA B 3TOM CiIydae fBJIsercA 4dciao PeliHoabjca.
Ilpr mogmenupoBaHMU OO6TeKAHUs B BOBOYMIHHX Aa’poJuHAMU-
4ecKUX TpyGaX cTpeMileHHe COXpaHUTh umcio PeliHoxbaca
= pvd/p UpM YMeHBUICHWU pasMepa d OpPHBOJHT, Boobme ro-
. BOpg, K Heo0XOZMMOCTH Ha MAaloll MOJEIH TOBHIIATH CKOPOCTH
v. YBeauueHHe CKOPOCTH Ha(eTamm[ero mOTOKA OPHBONHT K yBe-
amaenuto uynciaa Maxa M... Uneno Maxa ma mamoidl mojenm Gygmer
00npmuM, ueM Ha HaType, U, XOTA HA HAType BIMAHUE C3KUMAa-
eMOCTH MOskeT OHTh HECYM[eCTBEHHHM, Ha Mofend 3ddexT Bau-
AHUA CKUIMAaeMOCTH MOKeT Pe3Ko HOpPOABUTLCA, M IMofo0me MOMKeT
HapymuTrbes. Takoro poma 00CTOATENBCTBA BHOCHAT CYINECTBEHHEIES
3aTPYAHEHNs B IOCTAHOBKY adpPOAMHAMWYECKUX ONHTOB M BHIIBH-
raoT pAg TpebOBAHUIl, KOTOPHE CAEKYeT YIUTHEBATH XpPH KOH-
CTPYUPOBAHME adPONMHAMUYECKHAX TPYO.

Jpyrumu mpHMepaM# CYMEecTBEHHHX 30QeKTOB, KOTODHE MO-
TYT OPOABIATHCS B MOJGIBHHIX ONHTAX ¥ OTCYTCTBOBATHL B IOM-
IeKAMUX HBYYCHWI HATYPHHX SBJICHUAX, MOTYT CHYMHTE 3¢-
(eKTH KaBUTALWM, BO3HUKAWIEE IPH IBWKEHMM Teld B Bode, W
2ppeKTH KOHZEHCATUYM Ta30B B MHCHEITATEJBHHIX YCTAHOBKAX.
BosauraoBesne »THX 3¢PeKTOB CBA3AHO ¢ NOHIKEHMEM pasMmep-
HEIX 3HAYCHMN HABJICHHA M TeMIEPATYPH B HEKOTOPHIX 00JacTAX
oBmxymeiics cpeper. (HaBuTtamuma — 510 WemapeHdme BOAH B 00-
JACTH HU3KMX JaBieHUH, a KOHIEHCAUMA BO3AYXA B a3poIUHAMUA-
YeCKHX TPY6aX MOKET MPOMCXOJUTH 3a CYET OYeHb PEe3KOTro maje-
HUA TeMIOepaTypul IpH afuabaTHIeCKoM pacIlHpeHNM YacTHI Tasa _
B HEKOTOPHX YacTAX rasoBoro motoka.) [ua ycrpameHus KaBm-
ranmg B Bope TpebyeTca (cM. ra. VIII) moBnmarth «HeCymiecTBeH-

HOe» BHeHIHEee JaBieHWE B OeCKOHEUHOCTH Po. [JA ycrpaHeHusA
KOHIeHCAHuH Taza Tpe0yeTcs YBeJIAYUBATh B HAGETaIIeM MOTOKEe
TeMuepatrypy T, HECYNECTBEHHYH ¢ TOUKM 3pPEHASA KpPUTEPHeB
nofo6usa B MEepBOHAYANBHOM IOCTAHOBKE 3alaul. D cBA3m ¢ oTEM
B appoAMHAMHYECKHX Tpy0ax ¢ OOMBIIMME CBePX3BYKOBHIMH CKO-
POCTAMM OCYIECTBIISAETCSA, BO0OmE IroBOpsA, SHAYMUTEIBHHH IO-
JaorpeB pabodero rasa.
IIpm Mopmeamposamum IIaBaEmsa KopalOieit
g‘;ﬁﬁ%""aﬂ"e IABAHAA ;1 w3yyeHMA HMX CONPOTHBICHUA ¥ BHIAC-
HeHHS MHOTHX ApPYTHX TAApoJdHAM H9eCKHX
Bolpocos (OpmHaroo0pasoBaEMe, Kadka Ha XOAy, 3ajJIBEBAaeMOCTh
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OPH ABH)KEHHE II0 B3BOJHOBAHHOMY MODIO H T. J.) IPOBOJATCA
OYKCHPOBOYHKE THADOAMHAMAYECKEE HCIOHTAHMA MAaJHX MOJie-
nmell KopaOJaeldl B cuemuaJbHHX KaHanax.

Uz pammoit Bome mocrasoBky 3ajaum u (8.28) cue-
Jyer, 9To jjiA Mofo0ust B HATYpe M HA MOfejd HeoGXOAMMO BHeD-
HUBaTh HOOCTOAHHKMHA 3HA4YeHmsn umcna Pedimoapnca R u gmexaa
®pyna F. Opparo nerko Bmpeth, YTO IJIA BOJH Hpm g == const of-
HOBPEMEHHO Y/OBJIETBOPHTH PaBeHCTBAM

R = f—z’i:consb m F=—2— =const
W Ved
UpH YCIOBME yMeHbIIEHHs pasmepa d HeposMokpo. 113 TpeSoBa-
HHA TOCTOAHCTBA Ymcia PeliHombica ciegyer, 910 CKOPOCTb MO-
eI’ M0JKHA OHTH 0OJblIe, 9eM CKOPOCTh HATYPHOTO HBJAENNd, a
u3 TpeGoBamma mocroaucTBa dmcia Ppyma crexyer, 9T0 CKOPOCTH
MOJeNH fOMKHA OHTh MEHbUIE CKODPOCTH HATYPHOTO MBHENHA.
TaxkuM o6pasoMm, CTPoOro ropops, IOJIHOE
MexaEmYecKoe momobme TpE MoJelnpoBa-
HAN TJaBaHdA Kopaliell mpm ycioBmm coXpaHeHHA £ m V == w/p
BooGme Heocymecrsumo. OpHaKo [eTainbHOe NPOHMKHOBEHH® B
CYNHOCTH THAPOAWHAMUIECKHX ABJIEHHHA TOKa3HBaeT, 4TO0 BO
MHOTHX BOUpOCaX BIHAHWE 9uCaa PPeiiHONBICA MOKHO YI€CTh
¢ TOMONIBIO AOTOJHITENBHRX PACUTOR MM NPOCTHX OMBITOB, B rua-
poAMHAMUKe OORYHEX CYZ0B OCHOBHOE B3HaueHwWe uWMeeT YHCJIO
Opyna, T HOITOMY MOJEJHPOBaHHE WPOBONHTCA C COBIIOEHEEM
mocrosircTBa umeaa Opyma — wo Opyny.
Monemposamme  pasHoBecms PaccmoTpum Teueph eme 3amady O MofeH-
YOpYTEX KomCTpyRImit poBaHEM pPaBHOBECHA YHPYTuX KOHCTPYK-
mmit, IlycTs MH mMeeM KaKoe-HEOYmB COO-
py)KeHHe U3 OJHOPOAHOTO MaTepMaja, HaOpuMep QepMy MOCTa.
Yupyrne cpoiicTBa H30TPOIHOLO MaTepHAla OLPEReNAIOTCA JBY-
Ma mocrosmBEEMEN: Moxyidem IOmra E, x[/m?, w GespasMepHEM
roagppummentom Ilyaccoma ¢. PaccMoTpmM reoMeTpHYeCKH TIO-
700HbIe KOHCTPYKIOZM ¥ COCTABAM Tabimmy oupepeAlINX Oapa-
METPOB.

Ilas oupenesnenms BCeX PasMePOB MOJeJIH OCTATOYHO 3a/1aTh He-
KOTODHIA XapaKrepHHHi pasmep d. Ecam B paccMaTpuBaeMoM
COCTOSHHHN PaBHOBeCHA BeC KOHCTPYKIWM CYIECTBeHEH, TO YAeJb-
HHIT Bec Martepmana y = pg, k['/m3, jommen ¢urypmposats B Ka-
decTBe OUpefesAINEro mapamerpa. HpoMe cmam Beca dacrTeil
COOpYy:KeHN A, Ha Hero o6KHYHO jeiiCTBYIOT elle PHENIHHE HATDY3KW,
pacipesieJieEHENe HEKOTODHM OLpefleJleHHNM 00pasoM IO dJIeMeH-
raM KOHCTPYKnu®. IlycTh BeamYwWHA 9THX HArpy3oK ONpefesifercs
cunoit P, kI'. Nrak, cmereMa omnpexensomunx mapamerpos Oyne
caepylomeii: ~

o, E,d, pg, P,

Mopeanposarme mo dpyny
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B arom ciyuae Mu umeem n = 5, k = 2, ciegoBatennRo, Gasoil mus
MeXaHHIECKH IOJO0HEIX COCTOSHME YIPYrOro PaBHOBECHA GYIyT
Tpu Ge3pa3MepHEIX HapaMeTpa:

s E P
" Togd 0 Ed®

Kpurepnu nogobusa 3aKI09a0TCA B HOCTOAHCTBE STHX IIapaMer-
POB Ha Mofeinn W B Harype. IIpw BHIOJIHeHWH 3THX YyCIOBHE BCe
npedopManuu 6yayT momo6HEME. Ecam Momenb B n pa3 MeHBIIE Ha-
TYpH, TO Ha MOfIeJH BCe IepeMemmeHnda OYAYT B . pa3 MeHbIIe, IeM
B HaType.

Ecan Mofenb ® cOOpyeHWe B HAType BHIIOJHeHH W3 ONHOTO
W TOTO e MaTepHaja, TO 3HAYEHUA O, 0 U F oquHaKOBH Ha MOJelIn
H B HaType, W LO3TOMY AJA MeXaHmmIeCKOro MOogo0mA HeoOXOMHMO

YHAOBIETBOPUTH YCIOBHIO
gd = const.

B ofmammix ycaopmsax g = const; caeqoBaTeNbHO, AA cobiioge-
HUA MeXaHHIeCKoro Iomobma goamkmo OHTH d == const, T. e. Mo-
JeJb J0JKHa COBOAjaTh ¢ HaTypoil. MlAade rosopsd, Opm HOCTOAH~
HOM g MOJeIMpOBAHHe HeBO3MOIKHO.

O vmp——— V3MeHeHWEe g MOKHO OCYINECTBHTH HCKYC-

BOBAHHEM IEHTPOGEIKHBIX CTBEHHHM IIyTeM, €CJH B3aCTaBUTh MO[edb

MamAH BpamaThCA C IOCTOAHHON YII0BOH CKO-
pPOCThIO, IOMECTAB €€ Ha TAK Ha3HBaeMyI0 HEeHTPOOeKHYI0 MallmHY,
IIpu gocraToyHO MadBIX pasMepax MOAeIH W GOJBITOM pajgmyce
BpalieHdsa LeHTpO0e/KHEE CHJIKI WHEPIHN 3JIeMEHTOB MOJEIH MOMi-
HO cumMTaTh mapaiiaedbHEMH. OcymecTBiAA BpameHHe OKOJIO0 Bep-
THKAaABHOM OCH, MBI IOJYYHM, YTO B COCTOAHUH OTHOCHTEJILHOTO
paBHOBecHA Mojend (IO OTHONMIEHMIO K IEeHTPOOGKHON MalllnHE)
Ha Mopetb OyqyT meHcTBOBAaTh HOCTOSAHHBIE MAaCCOBEIe CHJH, aHA-
JIOTHYHEE CHIE TSMECTH, HO TOJBKO ¢ APYTHM yCcKopeHmeMm. Bribo-
POM YIIIOBOH CKODOCTH BpaIleHHUA MOMKHO IOAydaTh nioGnte 601b-
mde 3HAYeHHA YCKOPEeHHUA.

B nacroamee BpeMa wuMeOTCA IOCTPOCHHEIG IIeHTPOOEKHEIS
MallEHH, KOTOPHE OPHAMEHAIOTCA JJiA HCCJCHOBAHHA HA MOILIIX
Pa3IAYHLX OPOIeccos!), mpomcxomAmux B IPYHTAX.

PacemoTpmM HaOpsskeHue T, xI['/m?, BosHHmKalomee mpu gedop-
Mal{if YUPYroii KOHCTPYKIWHU ILOf [eHCTBAEM Beca W 3aJaHHOIC
pacupenenenns Harpysok. Ilog T MBI MokeM HOHEMATh MaKCHMAaJb-
HOe 3HadeHNe KAKOM-HHOYZb KOMNOHEHTH HANDAKEHHA HMIE BOOO-

1) chonuefid = const JOJKHO BHIOJIHATHCA IPE MOAEInPOBAHWM TPO-

L[eCCOB, B KOTOPHX HAPARY ¢ APYTHMH CYIIeCTBEeHHRIMH IlapaMeTpaMu BCTpe-
9AI0TCA MAPAMETDH p, &, d U E. I10aTOMy BO BCeX TAKAX CIYy4agX BO3MOIKHO

MOJeNUpOBAHAe ¢ NOMOIBI INEeHTPoOed HOH MamHHH,
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mie HEKOTOPYIO KOMIOHEHTY HAUDKEHHA A ONDeNeleHHOTO Bje-
MeHTa KOHCTDPYKIOHH.
Rom6unanns v/E aBaserca GesapasMepHO#, T0ITOMY MOKHO Ha-

opcaTh
T E P
T f(°’ mw)

Ecnu Momens @ coopy:KeHAmMe B HAType CHCJaHH M3 ONAHAKOBOTO
Marepmana, To E = const; mostoMy mis MexXaHHYECKH MOFOOHEIX
COCTOAHWU BaOps:KeHWA B COOTBETCTBYIIIAX To4YKax OynyT onm-
HAKOBLIMH.

Ecau Mb mpuMeM, 94T0 HampsisKeHHEIE COCTOSHHA MeXaHWIOCKH
momo6HE M 9TO paspymieHde oIpefeldaeTcsd 3HAYCHWAME MAaKCH-
MaJbHHX HANPAMKeHMH, TO 0YeBHAHO, 9TO HA MOJENH W B HAType
paspylmeErsa BACTYOAT B COOTBETCTBeHHEIX TOUKAX.

Ecau BenmuwHLI BHENIHWX HATPY30K BeIUKH, a COOCTBEHHEHIM
BeC KOHCTPYKOME MaJ, TaK 9T0 MM MOjKHO Ipenefpeun, To mapa-
MeTp 7= pg (ciefoBaTeqbHO, n mapamerp E/pgd) HecymecrseHen,

3TOM ClIydae NpPefHIYyIiee COOTHOIeHMe NpuoGperaeT BHJ

T P
F=f<°’f[ﬁ>’

a ycaoBusa 1ofo0uA TPEeNCTABATCA TOJBKO ABYMS pPaBEHCTBAMHU:

c=const m 522 = const,
Orcrofia clegyeT Takske, 9TO OPUA MOJEIMPOBAHUA C COXPaHEHWEM
CBOJCTB MaTepHajioB BHEMHWE HATPY3KH He00XO0AMMO W3MEHSATHh
OPOTOPIHOHAIBLHO KBAJApaTy JAWHEHHHX pasMepoB.
O6osHagnM uepes ! msMeHeRWe HJIWHE OpH
I[;zg%m;[;yningongmﬁxm;ﬁ; fedopMANAE HEKOTOPOTO DJIeMeHTa yIpY-
rod cueremsl. ua xomeTpykmuii ompefie-

JAeEHOTO BHIIe KIacCa MMeeT MeCTO COOTHOIIEHWE BHJA
l d P
= =gfs, 22 .
d ' E 0 Ed
B papme ciydaeB m3 usmuecKmX coofpaskeHWd ¢pasy BHAHO, 9UTO
BeJIMYHHEA [/d YMEHBUIAGTCA TPH YMEHBIIEHWX y[eJBHOTO Beca Je-
MeHTOB KOHCTDYKINH, T. . IPH yMeHBIIeHHH mapaMerpa pgd/E.
BosbMeM Temephb [Bé TeOMeTPWYeCKH HOA0OHHE KOHCTPYKIHA
pasHHX pasMepoB, M3TOTOBJEHHEIe M3 OJIHOTO ¥ TOTO e MarepHaa

(E m o onmHakosHe). [lomycTmM, 9TO BelWYWHH BHEIIHEX HArpy-
30K M3MEHAMTCA NPONOPNMOHANBEO KBajlpaTaM pa3MepoB, T. e.

—i—const
Eq2 T YOO




434 Tx. VII. O mocraHoBKe 3aja4 B MexaHWKe CIJIOIMHOHW cpexhl

OueBmpiHO, B 9TOM caydae mapaMeTp pgd/E yMeRBIAaeTCA C yMeHb-
LIEHH6M pasMepoB KOHCTPYKIHH, CIEIOBATENHHO, MEeXaHHYECKoe
unonobue Gymer BapymeHo. Ha KOHCTpyKOHE MeHBIIHX pasMepoB
OTHOCHTeJIbHEIe HeopManuut GyayT MeHbIIe, HO3TOMY KOHCTPYK-
ouA MaJEX pasMepoB Oymer uMerh Goapmryio mpowHOocTh. OnHAKO
3TOT BHBOJ CHPABENJHB TOJLKO B TOM clydae, KOTTHA y/AeJBLHEIN
BeC MaTepuaia y = pg HI'paeT CYMECTBeHHYI0 poixb. Eciu cober-
BeHHHI Bec (y) HecymecTseH, a P/Ed® = const, To oTHOCHTEILHEE
nepopManuy MMEIOT ONMHAKOBEE BHAYCHUA [JIA TeJd pPasiIMIHBIX
Macmrabos.

Paccmorpmm emie caydail, KoTha Y HeCYmECTBEHHO ¥ M3BECTHO,
9TO [JIA JAHHON KOHCTPYKOMH OTHomieHHe l/d yMeHbImaeTcd npu
YMeHbIeEVA BHelmHe#l Harpyskm P. Ecim pmembue marpyskm Gy-
IyT OPONOPOMOHAABHK KyOy JHHENHBLIX pasMepoB, TO OYEBHIHO,
qTO NI KOHCTPYKIMHM MaJKX pasMepoB oTHolneHue [/d 6ygeT Menb-
Ire, 9eM JIJad KOHCTPpYROMu Goxbmux pasmepos. CienoBaresibHO,
B 3TOM Clyyae yMeHBIIeHHE pasMepoB yBeJIMYWBAET YPOYHOCTD.

B meroroprix cayuagx MojeampoBaHHme MOKHO IPOHM3BOIUTH,
WCIOJB3YS ONKTH ¢ 3aBej[OMO HeNONOOHHMH MABJIEHMSAMH, KOTJa
HeKoTopHe GeapasMepHHe napaMerpsl 11;, II,, ... mMeloT pasnuyane
3HAYEHMA Ha MOJEJIH W HA HaType, HO BMecTe ¢ TEM U3 JiONOIHU~
TeXBHHX coo0paenunil 3apaHee M3BECTCH BHUJ[ 3aBUCHMOCTYM VICKO-
MEX Ge3pasMepPHNX BEJIWYUH OT 3TUX OUPeReISomMuX GeapasMepHHX
mapamerpos 1l;, I1,... B Takmx cnywasx Dpm MojleIupOBaBHuM
HYMHO BHJIED}KUBATH HOCTOSHCTBO TOJABKO TeX GespasMepHHX Ia-
paMerpoB, 3aBUCUMOCTH OT KOTOPHX HEHM3BECTHA.

MNuoria yxa3aHHEEH 0y Th MOAEIWPOBAHUA MOKET IPUMEHATHCH,
KOrfla BHJ 3aBUCAMOCTM WCKOMHX BeJwduH ot napamerpos I,
I1,, ... BumBuraerca B KavecTBe pabouell THMOTE3H, KOTOpas Mo-
skeT OLITH MOATBEP;KIAeHA WJIM ONpPOBEPTHYTA YiKe IOCJe IpoBefe-
HYA MOJEeNbHHX mcciegoBanmii. ax Ghji0 yKasaHO BHINe, IpHUMe-
POM TaKoro MOZEINPOBAHUA B PAAe CIY4aeB CIYKUT MOZENWpPOBa-
HYe OpPH pa3iIMYHHX 3HAYeHWAX uucyia PeifHoapAca, KoTHa ero
BJIASIHVEe HA WCKOMEE XapaKTePUCTHKW HeCYINecTBeHHO, ONHAKO
3TOT e IPHEM MOKHO IPUMEHATH ¥ B TEX CIyYaAX, KOTJAA YHCI0
PeftHonbpaca cymmecTBeHHO, HO 3aBHCHMOCTH OT wmciaa PeftHoabA-
ca 3apaHee M3BECTHA:

Ncenenosannde ¢ moMOmMbI0 Mojiesiel 4acTo ABIACTCH eNHHCTBEH-
HO BO3MOKHEIM CIIOCOOOM 3KCIEPHMCHTAJIBHOTO M3YJeHHS W pedie-
HHA Ba;KHeHINOX mpaKTWIecKHX sajad. Tak ofcTomT mejio mpu usy-
YeHHN HATYPHHX ABJEHWIl, DPOTEKAIOMUX B TeYeHHE ECATKOB, CO-
TeH WIH f{aske THCAT JIeT, B YCHOBUAX MOHEJHHEX ONHTOB II0706-
HOe ABJCHHE MOKeT HPOJIOJKATHCA HECKOJBKO 4acoB WM JHel.
C TakHM DOJIOREHMEM MBI BCTPeYaeMCsi IDH MOMNEJIMPOBAHHM HAB-
aenmit npocaumparumsa Hedtm. Moryr GeiTs ®m ofpaTHHE ciydawd,
KOTZla BMECTO MCCIEJOBAHUA YPEsBEYANHO OHCTPO MpoTeKaomerg
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B IIPHpPOAe ABJCHWA MOKHO HM3ydaTh Hm0o/00HOe eMy fBJIEHHE, LPO-
HCXOfAMee HA MOJEIM TOpasfo Me[JIeHHee.

MonaeaupoBanEre — OTBOTCTBeHHAd HayTIHAs 3aJada, HAMEIONAR
o01mee TPUENANNAIBPHOS M IO3HABATCILHOE 3HAUCHEE, HO €ro HyM-
HO pacCcMaTPHBATH TOJBKO KaK MCXONHYI0 6asy AJas riasHOH 3aja-
49, KOTOPAaA COCTOMT B (AaKTHIECKOM OINPE/elNeHNN 3aKOHOB IIPH-
POXH, B OTHICKAHHM OOMHX CBOMCTE WM XapaKTEepPUCTHK Pa3IXIHKX
KIaccoB ABJICHMH, B PaspaboTHe oKCIEePEMEHTAJBHEX W TEOPETH-
4eCKHX METOHO0B MCCIEMOBAHMA M paspelieHWs pA3JAYHHX IIPO-
0i1eM, HaKOHEI[, B MOJYYCHHE CUCTEMATHIECKHX MAaTePUAJIOB, IpUe-
MOB, HPABWJ M PeKOMeHHAIIMil s pelreENA KOHKPETHHX IPAKTH-
4eCKHX 3aJjad.



JOBABIEHMUE 1

HEJJMHENHLBIE TEH30PHBIE ®OYHKIIMN
OT HECROJBKNX TEH30PHDLIX API'YMEHTOBV

B. B. Joxun, JI. H. Cedos

Mruorze ocHOBHEIE TeoMeTpUIECKNEe H Pusnmdeckue MOHATHSA IPECTAB-
aq10T co6oil cRalfgpHEE WIH TEH30pHHE Beamdmab. Martemarmueckas
dopMyIBpoBKa pasHOOOpPAsHBIX 3aKOHOMEPHOCTEH Ie€OMEeTPUYECKON WMIH
{U3IMIECKO HPUPOABI OCYIIECTRIAETCA ¢ HOMOIIBI0 CKANAPHBIX MM TEH-
30PHEIX COOTH OIICHWII.

TengopEas sauuck ypaBHeHui H03BOJseT (OPMYIMPOBATH MHBApPH-
AHTHHE 3aKOHOMEDHOCTH, HE3aBUCHMbIe OT BHOODA CHCTEMH KOODIMHAT.
TeH30pAbIE XapakTePUCTHKA M TEH30DHHE ypaBHeHuWH o0majaloT go0-
DOJHATEALHEMA MHBAPUMAHTHHMYE CBOHCTBAMU 1 YaCTHHIMH 0COGCHHOC-
TAMH, KOIJ]a W3ydaeMble TeoMeTpUuYecKHMe Uiy (QUaWuecKHe SBICHUI,
00'BEKTHI, 3AKOHKL U CBOICTBA OUYCKAIOT CHMMETPHIO.

Hmme pasBuBaroTcs MeTOAH! [JIf ABTOMATUYECKOTO YUeTa CBOHCTB
CHMMeTpHY KaK B JUHEHHKX, TAK W B HeJWHEHHEX 337a9aX IPH TOMOIIH
BHIEJEHHEA COOTBETCTBYIOIMUX ONDEAeAA0MUX TapaMeTpoB, 9TO CBA3AHO
¢ TJaBHHIMM TOCHIKAME B TIOCTAHOBKAX HccienyeMbix sagad. Coorser-
CTBYIOI@E BBHIBOAK O [JEHCTBUA CHMMETPHU LOJY4YalOTCHd € HOMOINbIO
MeTO/0B, AHAJOTHYHKX PA3BHTHIM B GIM3KOU MO CBOEMY CYINECTBY TEO-
punm nmomobusa u pasmeprocTH [1].

Ilpepnaraemass paora TOCBAIMEHA paspemieHHI0 ABYX OCHOBHEX
3ajad.

a) Iloxasano, 9TO CBOMCTEA TEKCTYD M KPHCTAJJIOB MOKHO 33]]aBATh
IPE IOMOImY TEH30POB, W (AaKTHYECKM YCTAHOBJEHH IPOCTHIE CHCTEMEI
TEH30POB KAK COBOKYNHOCTH HapPAMETPHYECKHX TeOMETPUYECKHX Beju-
9UH, ONPEACHAOMUX U 3aTaI0IMUX CBOHCTBA CHMMETPUH AJA BCeX 7 TH-
OB TEKCTYD M i BCeX 32 KIaCCOB KPUCTAIIIOB.

6) Ycranopier o6muit B popMya AJi8 TEH30POB NPOUBBOJIBHOTO PAH-
ra, KOT/la BTH TeHSOPH MOKHO pPacCMaTpmBaTh Kak QYHROUN CHCTeME
APTYMEHTOB, COCTOSNIEH M3 PAJA CKAJAPOB M HECKONBKAX He3aBHCHAMAIX
TEHE30POB PAa3JIMIBHX DPAHTOB.

O6e 3amagw TeCHO CBSA3AHH ¢ PacCMOTpeHHeM CHCTeMH IpeobpasoBa-
BRI KoOpAMAEaT, 00pasyomux HeKOTOPYIO PPYNNY CAMMeTpPHI.

Croficrea cuMMeTpHH WrpalT (yHRAMEHTAJBHYI0 pOJb B ¢u3uKe.
Cnenumanwzanms Buja QYHKOUA W BHAA TEH30DPOB DA3JWYHHEX DPAHTOB,
WHBADHMAHTHHIX OTHOCUTEJBHO COOTBETCTBYIOIAX TPYNIl CHMMETDHH,
mccienoBaHa Bo MHOrEX paGorax. CooTBercTRyMOIMUE BHIBOAR HCIIOJIb-

1) CraTbf, onyGImKOBaEEasA B >KypHaje «[IpUKIafHas MaTeMaTHKa W MeXaHEH-
xa», 1963, r. 27, BED. 3.
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30BAHH ¥ HOCIYKHAIA MCTOTHAKOM OTKPHLITHA HOBHX 3PHEKTOR B MHOMKECT-
Be PA3IMYHHX NPHIOKEHHH.

CBomKa OCHOBHBIX JAHHHX ANA DPA3INYHHX KOHKDETHHX IPHMEPOB
cofepsxurcsa B Kaure Jxx. Has [2], Tam e umetorca monpoGHiie aurepa-
TYPHBIE CCELIKY Ha OpeAmiecTByOmue paboTs.

B aare6pe passura ofmas TeOpHA MOJYUEHHUSA M CBOWCTE IOJWHO-
MUAIBHKX OTHOCHTEJNBHO KOMIOHEHT TEH30POB M BEKTOPOB CHAJAPHEIX
WHBAPHAHTOB OTHOCHTOIBLHO KOHEUHHIX Tpynnm mpeobpaszosammit. Jlus
BCAKOW OpPTOTOHANBHON KoHeWHOW rpymnsl G moxaszamo [3], 4ro Bcerma
CYIECTBYeT UEJHH paqmoHaJbHE (azuc MOJTMHOMHAILHHIX HHBAPHAH-
TOB, IPEACTABIAIOMUI c000ii KOHETHOE THCIO0 CKAJIsAPHHX MHBAPUAHTHEIX
MHOTOYJIEHOB, COCTABJIEHHbIX M3 KOMIIOHEHT JAHHHIX TEH30POB U BEKTO-
POB, TAKOM, 9TO Yepe3 HOeTO MOKHO BHPA3KTD M0G0 MHBAPHAHTHKN MHO-
TOYJIeH, COCTABIEHHEIN M3 DTHX ke KOMIIOHEHT.

Lenwiit pammonansuEmil 6asuc obpasyeT CHCTeMY MHBAapPHAHTOB OTHO-
CHUTEeJBHO KOHETHOro 9Yhcia npeobpasopapuil rpymust &, HO 09eBHIHO,
9T0 eT0 BJIEMEHTH — IIOJIMHOMHK W3 KOMIOOHEHT MAaHHHX TEH30POB —
BooOmMe He MHBAPUAHTHH OTHOCUTEJLHO JIOOEIX Ipeo0pasoBaHUil KOOP-
OMHAT, XOTA M CONep)KaT B CBOeM dHUCJe TAaKWe HMHBAapUAHTH. Jucio axe-
MeHTOB IeJOT0 PAlUOHAJBHOTO 0asuca, 3aBHCAMEe TOJIBKO OT I'PyHOH H
0T 3aaHHOrO Hafopa TeH30POB U BEKTOPOB, BOOOMmMe 0OJbIIe TUCiIa He3a-
BYCUMHX NEPEMEHHHX KOMIIOHEHT JAHHOH CHCTEMH TeH30POB H BEKTOPOB
M, CIeI0BATeAbHO, DJEMEHTH Ielloro panuoHaJbHOro 0Oasmca, BooOme
ToBOPs, QYHROUOHAILHO 3aBUCHMEL.

(Qaxrudeckoe NOCTpOEHHe MNeJ0T0 paluoHAJAbHOTO 0(asuca g
TeKCTYP ¥ [Jf KPUCTAJIMIeCKWX TPYII NPOM3BONWIOCH B paborax
Hépurra [4], Cmura 1 Pusaura [?], Tlunkuna u Pusauna [¢] u 10. U. Cu-
poruma [?» #]. Humxe mokasaHo, 4TO IJs MOCTPOEHHS TEH30PHHX (QyHEK-
nuit HeoO0XOAMMO W JOCTATOYHO MOJBL3OBATLCA IOJHOIH cucTeMol GyHEK-
OUOHAJBHO HE3aBUCHMMEX COBMeCTHBIX mHBapmamTtos (% 1°], oGpasoBan-
HHX U3 KOMIOHEHT TE€H30POB, 3aJAaI0IMWX TPYNNH CHMMETPUH, U APYTHX
TEH30PHHX aPTryMEHTOB.

IlocTpoenue mprMepoB CKAMSAPOB M TEH30POB € 3aJaHHOI cuMMeTpHeit
mano B ctaThax Cmmra, Pmenuma nm Ilunmkwmma [5:11:12], B kmure C. Ba-
rasadtramMa m T. Bemrarapaityny [1°], B paGorax flma [14], A. B. Ily6-
HuKOBa [19:18,17] g [Q0. WM. Cumporuma [7%1'%'?] B pabore B. A. Hom-
nuka [?°] pacecMaTpmBammch pasiMYHEE TeH30PH (U3WIeCKOH TPUPOTH,
CHMMETPHI0 KPHUCTAJLJIa OH OINpefesisieT KaK «Tpynmy HepecedeHusa ChM-
MeTpuil CYMEeCTBYIIMUX y KPHCTAkia CBOMCTB, HAGJIOaeMHX B JaHHKIA
Momernt (cTp. 935). .

Tenszopw, apaaomMuecs QYHKRIUAMEM TeH30PHEIX apryMeHTOB, pac-
CMaTpUBANIUCh B CJydae TEH30POB BTOPOTO paHTra. B sroM ciydae GyaK-
OUOHAJbHHE CBABM MEMXIY TEeH30paMH CBOJATCH K (YHKIHOHAILHEM
COOTHOMIGHHAM MKy KBAJDATHHRMHE Marpunamu. B oroii ofxactm oc-
HOBHEe pe3yabraTH cBomaTrcst k dopmyrne amunbroma — Hanm 1 & ee
0606mennIo Ha cayYail HOCKONIBKAX MATPHIHEX apryMeHTOB [2424, 25-28]
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(rer3opoB BToporo paHra). OgHako B 8TMX 0GOGIEHMAX paccMaTpHBa-
JWCHh B OCHOBHOM TOJBKO HOJHHOMHAJHHEE (YHKIMM MATPHI] © KOMIIO-
HEeHT TeH30POB.

1°. OcmopEble moHaTusa. Hak M3BeCTHO, TEH30DH MOKHO PacCMATpH-
BaTh KAK WHBApMAHTHHE O0BEKTH, HE3ABMCHMEIE OT BHGOpPAa CHCTEMM
KOODAWHAT, KOTOPHIE ONPENeNsIOTCA CKAIAPHHME KOMIIOHEHTAMHA B COOT-
BercTByomeM Gasmce. TeH30pHBIE 0asWC MOKHO BBOAMTH Da3iUIAHIMU
cnocofaMy, B YaCTHOCTH, BCETJa MOKHO B3ATHb B KadecTse 0asmca Hoan-
ajHEl¢ TPOU3BEIEHWS M3 BEKTOPOB 0(asmca KOODAMHATHONH CHCTEMEl B
HEKOTOPOM MHOT000pa3uu-IIPOCTPAHCTBE.

Hust npoctoTh B ganpHeilmeM 6yneM pacCMATPHBATH TOIBKO TEH30PLI
B TpexMmepHoM mpocrpamctBe. IlycTts z!, z?, 2® — KoopAMHATH TOYeK
IIPOCTPAHCTBA H 3,, 9y, 33 — BEKTOPH KoBapuamtHoro Gasmca 1). 06o3-

BaunM depes H Temsop panra ruuepes H™ " ®r ero KOMIOHEHTH B KOOp-
nuHAaTHOM basuce 9, 9,, 9;. B manbpHelimem 0yaeM IONB30BATHCH Mpei-
craBiaenEueM tensopa H B BHZe CYMME

H=H""",...0,, (1.1)

e CyMMHpOBaHME HOJPa3yMeBAaeTC IO BCEM MHIEKCAM iy, «-., Qry
npoberaromum sHadenna 1, 2, 3. B o6mem caydae dopmyxna (1.1) comep-
JKET 3" JIEHEHHO He3aBMCHMEIX CJIATaeMBIX, KajKJoe U3 KOTOPLIX MOFKHO
paccMaTpUBATh KaK CHEMUAIBHEIA TEH30p.

3aMeTmM, 4TO AJisi OMHOHM W TOM 3Ke CHCTEMH KOOPAMHAT MOJKHO BBO-
JIUTH pasaMdgHble KOHTUHYAJIbHEIE MHOr000pasuA WM COOTBETCTBEHHO pas-
amgERe BeKTOpH Gasmcos. IIpu ommmakoBmX KoopamHarax z! M opmHa-

KOBHIX KoMmoHeHTax H™ ~*r MOHO pacCcMaTpMBaTh pasimdHble TEH30pHI,
COOTBeTCTBYIOIMHME pasHHM GasmcaM. B dacrHocTH, Takoro popa pas-
JIMYHEe MHOTOOGPAa3HA MOMKHO PACCMATPHMBATH KAK PAa3IMdIHEE MOIOKe-
HUA JAaHHON cpefhl IPH MCIOJL30BAHWM BMOPO;KEHHOH JarpaHKeBoHl
CHCTEMEI KOOPAMHAT, JABIKYmeiica B JedopMupylomeiica ¢ TedeHNEM Bpe-
Menn [2%]. BosMoxHL Tarme ciydanm, Korga A 3aJaHHOM JarpaH:;Kesoil
CHMCTeMBI KOODIAMHAT COOTBETCTBYIOI[ME pasidgHble MHOrooOpasma mMe-
10T pasHylo Merpmky. Takmm o6pasoM, MOKHO PaccMaTpHBaTh OJHOBpE-
MeHHO pasHEe TEH30DH ¢ JaHHEIMH OJWHAKOBHIMYM KOMIOHEHTaMH, HO B
pasIMdHbX §asmcax ¥ B PasIWIHKX HPOCTPAHCTBAX, HEKOTODHE M3 KO-
TOPHIX MOTYT OHTh €BKIUIOBHIMHU, a Apyrue HeesKamumosuMu (Kondo,
Kroner, Bilby = gp.).

HanpHeliman teopusi Oymer pasBHTA NJIA TEH30POB B METPHUECKHUX
opocrpaHcTBax. O6GosHaumM uepes ds pacCTOAHHE MeJKIy TOYKAMH C
rooppmHaTaMu =’ . z' + da'. Ilyers Bemmumua ds® ompenenera $opmy-
noit ds? = ggpdr*dzP. Marpuma |g;j] ofpasyer KoBapmaETHEE KOMIO-
HeHTH (yHIaMeHTaJAbHOTO MeTPHIECKOTO TeH30pa ¢, ofpaTHaA MaTpHOa
| g7 | — xourpaBapmaBTHRE KOMOOHeHTH. HOHTpaBapHaHTHEHE BeK-

1) CucTema KOOPAMHAT IPOMSBOJLHASL,
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TopH Gasmca ' ompefensioTca opMydaMm 9' — gi*g,. Maa dympamen-
TAJBHOI'0 METPHYECKOr0 TeH30Pa § BepHE (POPMYJIH

g = gap3°0° = g%Pa,95 = 839,9° (8} — oumBon Kpomexepa). (1.2)

sHomrampopanme MHEEeKCAMHM KOMIOHEHT DPA3IHYHKHX TEH30POB OCY-
IMeCTBIAETCsI Npu noMomu g;; 1 g . @opmyay (1.1) MoxHO mpegcranurs
B BHJE

Y
H =D\ kH,, (1.3)
=] B
rme £, — cranapw, a H , — HexoTophe TEH30PDI PaHTa I. Janbime Gynem
BCBI‘I[a openmoJiararh, tITO TEH30PHI .H JIUHEHIO He3aBUCUMEL. O‘IGBI/I,IL-
HO, 4T0 p < 3.
Ilycrs KommoBeHTH TeH3opa H HezaBHCHMO oT BHIGOpA GHCTEMEL KOOp-
JUHAT ABIAKTCA OJHHNMH N TeMH jKe (byHI(I_[I/IHMI/I KOMOOHEHT 71 TeH-

30pOB

T, =T, "a,...0, ®=1,..., m). (1.4)

Py
Ilensie amcaa Qy, ..., Py OOPEAENAOT paHru TeH30poB T',. B obmem
caydae 4UCAA Oy, ..., Py PASAHUHE Me;EAY coboii w me papHu . llo on-
peneaenuio HazoseM Tensop H Pyaruuei renzopos Ty, ..., T,,. Tensopu
T, cpemum KorophiX MOryT OHTh KaK IepeMeHHbe, TaK U IOCTOSHHEE,
ABJIAIOTCA TeH30PHLIMU apryMeHTaMu TeH30pHoi# ¢ymrnmu H .

Ecau u3 renszopo ', MOKHO COCTABMTH 3’ JIHHEHNHO HE3aBMCHMbIX
Tenzopos H_ panra r, To B aToM caydae ausA renzopa H Gyjer sepHa ¢op-
myaa (1.3), B KOTOPO# CKaJiApH % 3aBHCAT TOABKO OT COBMECTHHIX MH-
BApHAHTOB CHCTeMHK TeH30poB T, W, BOBMOKHO, OT JPYTHUX 3aJaHHEX
JIOMOJHETEIPHO CKAJAPHHX apTyMeHTOB.

Humxe paccMoTpeHH TOJNBKO TaKue TeH30pHLE QYHKHUH, KOITa Cpein
TeH30pHHX aprymeHToB 7', cofmep:xuTcA TeH3Op .

Ternzoprr H , Mo3KHO CTPOUTH U3 TeR30poB 7', NP NOMOMMU BYX TeH~
30PHEIX onepalmu' YMHOMEHHA K CBepTHBaHK}I. Omepanusa cBepTHIBA-
HUA 00 J00KM ABYM WHAEGKCAM BCETZa BO3MOKHA B CHIYy HaJwimA cpead
TeH30pHRIX apryMeHTOB TeH30pa ¢. HeompemedeHHOe YMHO;KEHHME He-~
CKOJNBKHMX TeH30DPOB IPHUBOAWT K TE€H30py, PAHI KOTOPOTO paBeH CyMMe
pamrop coMuokmrTeseil. CpepraBanme mo 2! MHJeKcaM HOHIIKAET pPaHT
TeH30pa Ha 2/ eflMHHN. YMHOKCHMe ¥ OYEeBH[HAs CBePTKA JAHHOTO TeH-
aopa T ¢ KommonerTamm 7% ma Temsop § ¢ KoMmmomeHTamm 078, Upu-
BoguT K TeHaopy I'* Toro ;e paHra ¢ KOMIOHEHTAMH

kil _ pikil...

Tensop T'* masmBaerca maoMepoMm terszopa T'. TakmMm o6pazoM, olie-
panuio IepecTaHOBKE WH/IOKCOR MOKHO CBECTH K yMHOKeHmIO Ha (yHMa-
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MeHTAJNBHEI TeH30p M K cBepTKaM. Ilo ompedeneHdIo TeH30pP, HONydeH-
HEIl KaK pe3yibTaT NepecTAHOBOK HECKOJLKMX MHIEKCOB, TOKe HABHIBA-
eTca uaoMepoM tensopa T'.

Huwwe narores cmocofer moctpoenua ofmmx dopmyn suga (1.3) gun
TeH30PHHX QyHKOUHA. i sroro morpebyercs CTPOUTEL AWHENHO HE3ABH-
cumbiii TeEsopHuil 6aswec H (s =1, ..., p) 9epes TeE30pHLIE apTyMeHTH
(1.4). Tocrpoenne asuca H Gymer ocymecTBIATbCA HPH MOMOIYM OIe-
panuii YMHOKEHUA U CBEPTOK M3 ONpelelA0IAX TEeH30POB.

2°, I'pyausl cuMmveTpun TeH:0poB. HoHTpaBapHaHTHbIE KOMOOHEHTEI
A% % Temzopa A [MOIyCKaoOT IPYUNy cuMMerpmu G, 3aJaHEYI0 CHCTe-
Moit 1) MaTpun npeo6pazoBaHUA KOOPIMHAT

lasl (ay=25, g =y@),

dz?

eCJnm s EaH(,lIOfI A3 BCéX MaTpHUIl I'PYINE G BHIIOJNHATCA paBeHCTBA

A‘Ll...’l d1...ar ‘h

r— A A (2.1)
Tpyunsr npeobpasoBamEmit, KoTopeie nomyckaer ¢ympaMeHTaXbHEIH
TEH30] ¢, HA3KBAITCA OPTOTOHANbHEME. WHade roBops, MAaTpHIE IIpe-
06pasoBaHUi A OPTOTOHAJBHHX TPYNO VAOBIETBOPAIOT YKBHBAJEHT-

HEIM CHUCTeMaM YypaBHeHUit
g4 = g*Pabal,, g, = g,.0%05; (2.2)

Jlerko mposepuTh, 910 eciu Trpynna G opTOTOHANBHA, TO M3 YCIOBHAA
(2.1) 06 MHBAPMAHTHOCTH KOHTPABAPHMAHTHHX KOMIOHEHT TeHzopa A
cieyeT VHBAPHAHTHOCTD 2) KOMIOHEHT TeHzopa A ¢ mMOGBIM cTpOeHMEM
WH/EKCOB OTHOCHUTENBHO IpeofpasoBaHuifl KooppmHAT, 00pasyommx
rpynny G. Ilosromy nua oproroHaxbHBIX HpeoOpasoBaHMI MOYKHO I'OBO-
PHUTH IPOCTO O CHMMETpHM TeH30pa W 00 MHBAPMAHTHOCTH BCEX er0 KOM-
OOHEHT OTHOCHTeJbHO TPynun G.

CoBOKyNHOCTD BCeX OPTOTOHANBLHEX HpeofpasoBaHHil, OTHOCUTENb-
HO KOTOPHIX TeH30p A maBapuarTeH, ofpasyer TPyHIy CMMMeTDHH TeH-
sopa A. I'pynma cuMMeTpum HEKOTOPOTO TeH30pa A MOKeT COCTOATH TOJIb-
KO W3 TOk[AeCTBeHHOro mnpeobpasoBaHuA. [[ia IPOM3BOIBHOIO TEH30DaA
BTOpOTO paHTa (HecmmMerpwarOro, A ¥ == A#) rpynma cmmmeTpmm co-
CTOWT W3 JIBYX 3JEMEHTOB: TOMIECTBeHHOTO N[peoGpasoBaHEA M Hpeold-
pasosanug maBepcuu. A NpousBONHHOTO CUMMETPHYHOTO TEH30pa BTO-
poro paHra TPyIIa CAMMeTPHWM COBIATAET ¢ I'PYNNOil COBMEMeHNN Tpex-
OCHOTO 3jnnconga. Eciu TeH30pHEIA 3IIRNCON] ABIAETCA BILIUIICOUIOM

1) O mpoCTOTHL HyMepanns B3JIEMeHTOB MAaTpHI IDYOOH (G OINYCKAeTCs, Tak
YTO B 3AOHACAX a"‘; 0yner BMecTo ot(v)‘;, rge v = 1, ..., kh, a h PaBHO YHCIY dIeMeH-

TOB Tpymnu G.
?) Ecaum rpynma G He OPTOTOHANBHA, TO U3 paBeHcTBa (2.1) He caeqyer ur
aBTHOCTh KOMIOHeHT TeH30pa A ¢ APYTHEM CTPOeHHEM HHJEKCOR,
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BpalleHys, T0 rpynmna cumMerpuu Oyjer Gecxkoneuynoii. Jlaposoji Tensop
BTOPOTO PAHTA WMeeT TPYHIY CHMMETDHH, COBIAJIAIOIIYI0 ¢ IIOJIHOH 0pTO-
TOBAJBHOHA IPyIIoii Bpamesnil, TaK jke Kak X ¢yHjaMeHTaJbHHI TeH30D (.

Paccmorpum mHeckoasko temsopoB Ty, ..., T, wu oGosHaduMm depes
G,, ..., Gy, cootBeTcTBeHHO HMX Tpynnk cummerpmii. I'pymma G, obpaso-
BAHHAA IepecedenueM rpyna Gy, ..., G,,, HasbHBaercs IPYNNO# CHMMeT-
pua cosokyurnoctd rengopos T'y, ..., T',,,. Herpynuo BueTh, 4ro TeH30D
H (T, ..., T,) 6yner jomyckars rpyuiy cummeTrpuu G&; 510 cilemyet
M3 TOTO, Y4T0 KOMIOHEHTH TeH3opa M aABIAOTCA QyHKIUAMYU KOMHOHEHT
Ter30poB T',, KOTOpHe WHBADHAHTHBI OTHOCHTENbHO npeobpasonannii
rpyuns G; mo3ToMy KoMmoneHTH Tensopa M Ttakme OyayT WHBApHAHT-
HH OTHOCHTENBHO rpyunst G. B c¢Basu ¢ »T¥M oOUeBMAHO, 9TO Ipynoa
CHMMETDPHUM TeH30Da, IOJYIeHHOTO KAK Pe3yJIbTaT ONepaliyt YMHOReHUA
M CBEPTHIBAHMSA HECKOJBKHMX TEH30POB, OyIeT COBIANATH ¢ IMepecedeHrmeM
TPYII CUMMETPHUl COCTABIAIMUX TeH30POB HINM MoKeT 06aagarh Go-
Jiee BEICOKOW CHMMETpPHEW M COJEeD/RAT 9TO IepecedeHne KaK LOATPyLmy.

Ecan remsop H ponyckaer rpynny cuMMerpuu (7, TO 9UCI0 JTHHEAHO
HE3aBUCHMHX ciaraemMux p B gopmyne (1.3) BooGme MeHbIne, TeM J'.
Has sanamsoi rpynnsl G M JUIA TeH30pa 3afaHHOrO paHra r 9YHCJIO P
MOKHO BEIYHCJINWTH LIpPK TOMOINY Teopum xapawrepos [1%1%3%] coor-
BOTCTByIOIIME TalJiAMBl JIIA TEKCTYP M KPUCTAJIIURECKUX I'PYIO CAMMeET-
pun faHsl B paGorax [18: 14, 18],

Ecnu temzop H HedeTHOro paHFa JOOYCKAaeT TOJIBKO TPUBUAJIBHYIO
rpyuny (, COCTOAIIYI0 M3 TOKAECTBEHHOI0 Npeofpa3oBaHUA, TO TUCIO
JUHEAHO HEe3aBUCHMBIX cllaraeMeX p = 3'; B 2TOM cjydae TeH30D
H wmeer caMH#i 00muil BuJ.

Ecau tensop H wuerHOro panra, To ero rpymna cuMMmerpud G Bcerpa
COCTOMT II0 KpalHeHd Mepe M3 [BYX DJEMEHTOB: TOKIECTBEHHOTO Tpeol-
Pa30BaENA W HHBepcHU. [iig TPYIIBI CUMMETPUHU, COCTOAINEH TOJBKO U3
UHBEDPCHH M TOMKJECTBEHHOIO NpeoOpasoBaHMA, NPH HEUETHOM 7 MMeeM
H —= 0 u, caegoBatensro, p = (; mpu deTHoM r umeeM p = 37, B 3TOM
caydae TeH30D 4eTHOTO PAHTA MMeeT CaMHlil o6mui BUA.

B dopmyne (1.3) cranapmble KoadduumenTs k B obmeM ciydae
ABIATCA QYHKNUAME COBMECTHHIX WHBapuaHTOB TeH30poB Ty, ... T,
# mo6oro gmcha [JAHHHX CKaJApOB (HAaOpHMep, TEMIepaTypsl, KOH-
nexrpanuy u T. 1.). HeKoTophie 13 COBMECTHHX HHBAPHUAHTOB MOTYT OHITH
NMOCTOAHHHME HapaMeTpaMu, JApyrue — OepeMeHHBIMH.

OGosrauum gepes £y, ..., Oy DOIHEYI0 CUCTEMY COBMECTHHIX WHBApPHAH-
108 [*1°] cuctemul TersopoB Ty, ..., T p,. VI3 MONHOTE CHCTEMEl MHBAPHAH-
TOB CJig/lyeT, 4TO [JIA BCAKOr0 HMHBapmaHTta J, 00pasoBaHHOTO K3 KOMIO-
HeHnT cucteMsl Teazopos Ty, ..., T, nMeeT MecTO QYHKIUOHAJIBHAN CBH3D

J=7(C ..., ).
Ilo ompenenenmio WHBapHWAHTH £2; COXPAHAIOT CBOE BHAUeHHE W CBOI

#aK (YHKOWH KOMOOHEHT jua 00X mpeofpasoBamuil KoopAauHAar,
: MHBAPDHAHTHL MOKHO IOJYYUTh ¢ IOMOIIBI0 OmEpPauuil TeH30PHOTO
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YMHOXeHHA M CBePTOK, B BTOM Cllydae MHBAPHAHTH IIPeJCTABIAIT COGOM
ogHOpOxHKEe moauHOMH (%19 mo KommomeHTam TtemsopoB Ty, ..., T,.

Ilpemmonosxmm, 910 cpemu Tensopos Ty, ..., T, Tensopu I, ..., T,
(1 < v < m) ABAAWTCS MDOCTOSHHEIME JIapaMeTPHIecKMMHM TEHZ0PaMH.

Ilycts cosoxkyumocts rtemsopos T, ..., T',, monyckaer KOHEYHYIO
rpyuny cummerpuu G*.

3adurcupyem sHaUYeBuA KoMmoHeHT TeHsopoB Ty, ..., T, 3aganHBIX
B cucreMe Koopaumat z'. llocae aroro mEBapHamTE {2, CBOEATCA
K ©;, ABJIAKIUMEACA (QYHKOMAMH TOJIBKO OT KOMIIOHEHT TeH30POB
T, ...,T,,, TpugeM B cucTeMe KoopauHAaT ' OyLyT BeDHEl paBeHCTBA
Q. = .o

‘B ;[f)yrnx cHCTeMaX KOOPAMHAT HTH PABEHCTBA BooOme He GyIyT BEHI-
fronuaThea. OgHako 3T pasescTBa OyAYT BHIIOIHATHCS NJA BCEX peol-
pas3oBanMii KOOPAUHAT, ONpeAeleHHHIX Ipynuoii G*, Tak Kak OmpHd DTHX
npeofpasoBaEUAX KOMUOHEHTH Bcex TeHsopos 7'y, ..., T, wHBapmaHT-
HEL. Bemmunas o, Boo6me He 6y1yT MHBAPHAHTHH OTHOCHTENBHO JIOOBIX
npeobpasoBaHUit KOOp}:[I/IHaT flcHo, 9TO HEKOTOpHE ®,, 3aBUCANIAE TOXDb-
Ko OoT KommoHeuT Teasopos Ty, ..., T, UIN TOABKO OT KOMIIOHEHT TeH-
sopos T, ..., Ty, He 3aBHCAT OT Hpeo6paaonaHnH KoopauuaT. Oue-
BUHO, ‘n‘o BCe BEIMYNHH ®, Kak QYyHKIMM KOMIOHEHT TOH3ODOB
T, ..., T, ; MO¥HO PACCMATPUBATH KAK MHBAPUAHTH OTHOCUTEIBHO TPy~
L G* Tarxum o6pasoM, uupapuanTHEE Ko3pduuuentrt k£, B Qopmyne
(1.3) Gyayr dymxqusamu .. Ilpum npuMeHeHMH TOIBKO HpeoﬁpaaoBaHmI
KOODJAWHAT W3 TIPYHIH Gl* BEIMYHHEL &, MOKHO DpaccMaTpuBaTh Kak
GyHKIME TOJNBPKO HHBAPUAHTOB O .

Wnpapuants o, AHATOTHIHH HHBAPUAHTAM IEJOT0 PamMOHAILHOTO
Gasuca. Bemmammer ®, COBIASAIOT C MEJIEM PANMOHATbEEIM 0asucoM npu
IOAXOSIIEM BHIOOpE TIOMTHO CHCTEMBL naBapuanTos £2,. B o6mem caydae
ocofoe B3HaUYeHME HMEIOT IEepeMeHHEe (byHKunonaano He3aBUCHMEIE
mHBapuaHTH. MYHKIUOHANIPHO HE3aBUCHMEIE WHBAPWAHTEL MOYKHO BHI-
Ouparb pasIUdHEIMU CIOCOGAMM.

Qaxrugeckoe nocrpoerne remsopos H  wepes sajlapHEe ONpeesIA0-
mue Teusops T, ..., T, Bcerga BO3MOKHO H COOTBETCTBYIOIIMe o(Ime
mpueMs Oy/IyT BHIABJIEHE Ha OpHMepax.

Jlumeiinylo HesaBMCHMOCTH TeH30poB H & MOKHO ycTaHaBIMBAThL He-
TOCPE/ICTBEHAO HA OCHOBAHMM reOMeTpmechx coof0pasKeHuil WM Ipo-
BEPKOil IpY IOMOIIM BHYACIEHUA COOTBETCTBYIOMMX /eTePMUHAHTOB MK
UpH TMOMOINHA JApyrux ofmux Meronos. B gactrocTH, Tersopu H, uw H,,
JMHEeHHO HE3aBWCHMbI, €CJd OHH OPTOTOHAJBHH MJIH TPYNNOH CHMMeET-
pum reusopos H, u H,, He cOBMANAIOT, TAK KaK B IPOTMBHOM CIydae
9TH ABa TeH30pa GHAmM OH DPONOPUWOHAJBHE, 9TO NMPOTHBOPEIMT YCJIO-
BuamM ux cumMerpuu. OpHako TeH30pH, ofnagalomme ogHOH m
TOW JKe TPYIIOM CUMMETPHW, MOTYT OHTH JWHEHHO He3aBHCHMBIMH.

Hycrs temsopy H , cooreTcTByer rpynna cummerpun G..

B page caydaes YJIOGHO u srrogHo [19] repzoper H Bm6npaTb TaKHM
o0pasoM, 9106 G; 2 G, 2632 ... 2 Gp.
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OdgeBupHO, 9T0 B Ka4ecTBe HEPBHX ¢ AUHEHHO HESAaBHCEMHX TeH30POB
H,, ...,H, Bcerma MoKHO B3ATb ¢ <_ p TeHsopos H, ..., H,, saBucAmux
TOJIBKO OT (YH/IAMEHTAJBHOTO TeH30pa ¢ WM OT § K TeH30pa TPETHero
pamra E:

E = |g¥ |2 (819293 — 919393 + 929391 — 920193 | 939192 — 339991).  (2.3)

ITH TEH30PH COOTBETCTBYIOT M3OTPONMM OTHOCUTENHHO HMOJIHOH WIH
co0CTBeHHOI OpTOrOoHaNbHOM rpynnsl. MsoTponate Tersops H,, ..., Hg
paHra r XOpOoII0 W3BECTHHl W3 JAuTepaTyph [39 10,30],

Jisa W30TPODHBIX TEH30pPOB paHTra r B TPEXMEPHOM LIPOCTPAHCTBE
MaKcmManbHOe 9mcyao g Oymer pasHO [3°]

r=1 2 3 4 5 6 7 8 9 10
g=0 11 3 6 15 36 91 232 603

Bce wmzoTpomHEIE TEeH30pH paHra r OPeACTABIAIT co60lH H3OMepH
tTeasopa M ,, mpmueM

H::...ar _ ga,a, L g“r“T—l (r= Zk),

H:....ar _ Ealaza,gmas L gaf'la" (r= 2k - 1).

Uncno ¢ paBHO 9MCIY pPasiMIHEX JUHEHHO HE3aBUCHMEIX H30MEpOB
rerzopa H, ¢ ygeTom CHMMETDIH KOMIOHEHT TeH30Da g'. Ecnm wncmo r
HEYeTHO®, TO AJIs MOJIHOM opToroHanbHO# rpynmu ¢ — 0. Bee Temsopwn
HEUeTHOTO PAHra, MHBAPHMAHTHEIE OTHOCHTENBHO IOJHOH OPTOrOHAJIBLHOMN
IrpynnH, of6pamainTca B HYJb. TeH30pH HeYeTHOTO paHra, HHBAPHAHT-
HEle OTHOCHTeNbHO COGCTBEHHOH OPTOTOHAJBHON TPYNNH BPAIIEHHS C
A=|a’j] =1, Moryr oTamuaTBCA OT HYJIA TONBKO AisA r > 3.

IIpa r = 3 mmeem H, = F wu, cregoBaTeasHo, q = 1.

Hanpume cummerpuu TeH30pHOH (QYHKOUKM OTHOCHTEJIBHO HEKOTODOM
IPYIIL NEePECTAHOBOK MHAEKCOB YMEHBIIAeT, BooGme roBopsd, YHCIa P
u gq. Qopmyan miaa TeH30pHHX QYHKIUA ¢ HAIMIHEM COOTBETCTBYIOIIE
CAMMETPHY IO MHIEKCAM BCerJa JEerKo NOJYYHTh M3 HOJHHX (PopMya
IpA TOMOIN¥ ONepamudii CUMMETPHUPOBAHUA HMIM AJLTCPHHPOBAHMA IO
COOTBETCTBYIOIIAM MHIEKCAM ¥ ¢ COXPAHCHHEM TOJIBKO JuHeHHO HesaBH-
CHMHIX CJIaTaeMHEIX.

3°. Temsopni, sajgaloIue reoMEeTPUYECKYI0 CHMMETPHIO TEKCTYP #
EpucramnoB [??], Cpena HasHBaeTcA W3OTPOUHOMH, ecim BCe ee CBOMCTBA
B KajKOO# TOYKE WHBAPHMAHTHH OTHOCHTEJNBHO I'PYINE OPTOTOHAJBHEIX
npeoGpasoBanmii. MoKHO pasnm4aTh CIEAYHIMUe ABA THHA M30TPOMHEIX
cpen:

1) m30TPONEHKE Cpeghl OTHOCUTEIABHO IOMHOM OPTOTOHAILHOH TPYIIIE
npeobpasoBamii Koopamaar ¢ A = -1,

2) M30TPOIHHE Cpefkl OTHOCHTENBHO I'DYIIIEI Bpamemm c A =41
(rEpoTpONELIe cpenm)

T
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Jlerko BUeTh, 9TO B TEPBOM CIyYae CBOMCTBA CHMMETDHH XapaKTe-
DPA3YIOTCA BOoJHe QyHIAMEHTAABHKEM TEH30POM ¢. YCIOBHEe AHBAPHAHT-
HOCTH KOMIOHEHT TeH30Pa ¢ MOKHO pacCMaTpHBATh KaK YCJOBHE, OIL-
penensiomee GeCKOHETHO® MHOKECTBO BCEX BONIECTBOHHHX MATPHI —
3JIEMEHTOB UOAHON OPTOTOHAJNBHON I'DYIIIEL

T'pyuna spamenmit ¢ A = 41, onpepensomas TEPOTPONHEE CpPeJIHI,
ABIACTCA MOATPYIION MOAHOR OPTOTOHAILHOA IpynnE. TaKyo MOATpym-
Iy MOKHO BLIIOIHUTDH JONOJHATENIHHKEM K ypapHeRAAM (2.2) TpeboBanmeM
00 WMHBAPUWAHTHOCTA KOMIOHEHT TeHsopa I, ompepenensoro dopmymnoit
(2.3). CnegoBaTesbaO, (ECKOHETHOE MHOKECTBO DIEMEHTOB I'PYNNH Bpa-
MEeHAN ONpe/eNiAeTCA BHOJNHE YCAOBWEM WHBAPHAHTHOCTH TEHBOPOB ¢ H
E. Ot gBa TeH30pa MOKHO PAacCMAaTPHWBATEL KaK TEH30DH, OIpefeaAI0ITe
rpyuny spamerd@it ¢ A = +1.

Hanpme pnsg o603HAYEHHA TpPyON CHMMETPHH MEl BOCHOIB3yeMCs
KpaTkumn cuvpoiaMna, upemnoskeEHEME A. B. IyGuuropsmvm [15: 18],
Coraaceo A. B. llly6umroBy moaBas oproroHanbHas rpynma o6osHA-
TaeTCA CHMBOIOM oo/co « m (00pasyoinme 9JIeMeHTH TIPYIOH: Oepece-
Kaommecs ocd (eCKOHEYHOTO HOPSAMKA M 3¢PKAJbHASA IJIOCKOCTH CHM-
Merpun m). ['pymma BpalleHHS COOTBETCTBYET CHMBOIY ©0/00,

B 2° mpuBeneHn fasHbE 00 o6meM BWe TeHBOPHHX (QyHKIHHE A
TeH30poB JIG0ro paHra NpH HAJXHIAA M30TPONHAH, T. €. KOrJa apryMeH-
TaMu ABJIAOTCA ToabKo g nian g u K.

IIpocreiimprM DpEMepoM aHA30TPOMHOH CPEAB ABIAIOTCA TEKCTYPHL.
TercTypoii HasnBaeTcs TaKaa cpefla, AJA KOTOpPOH BCe ee CBOMCTBA B
Kam/0H TOUKe WHBAPHAHTHH OTHGCUTEIBHO OECKOHEYHOH OpTOroHaIb-
HOM IpPyNmH, cofeprKkameil MOBOPOTH HA JI0O0H yroJ OTHOCHUTENBHO He-
KoTopoit ocm. OUeBUAHO, 4TO IPYNNOE CEMMETPUH TEKCTYP SABIAITCA
TMOATPYOIAMY TOJIHON OpTOroHannHO# rpyunu. [IpooToil amamms moKa-
3HBAET, TO, BKIIYAA [Ba THOA H30TPONHKX CpeX, BO3MOKHE TOJBKO
ceMb pasamYHHX THIOB TeKCTyp. COOTBETCTByOIUE TeOMETpUIeCKHe WJI-
AIOCTPANAN 1A PABIMYHHX THIOB TEKCTYD M COOTBETCTBYIOIHE TEH30PH
¥ BOKTOPHI, 3a/al0I¥e I'PYNIb CAMMETPUHA TeKCTYD, TAHH B HDpHIarae-
Mmoii Tabamue (cTp. 446). CupaseqamBOCTE 3THX pE3yABTATOB JErKO IPO-
BePHUTH HEIOCPeJCTBeHEO.,

ABm30TpONIHAA Cpeja ¢ HENPepPHBHHEM WY JUCKPETHHM CTPOGHHEM
HA3LIBAETCA KPHUCTAJNIOM, €CJIM MOYKHO BBECTH CHCTEMY TPOSKONEpPYOIM-
gecKnx pemerok Dbpase (¢ oguHaKoBRMEH B (QHKCEPOBAHHOH cHCTEME
KOOpAUHAT MEPHOJAME y PAa3HHX pEIeTOK), MMEKMmYI Te 3Ke reoMer-
pUUECKHe CBOWCTBA CHMMETPHH, YTO M PacCMaTPMBAaeMas Cpefla — KPHC-
rana. CopokynBoCcTs pemeTok BpaBe ¢ TaHHNMHA HepHOJAMHA MOMKET JO-
OyCcKaTh TOYeYHEE KOHEYHbIe I'PYIIH CAMMeTPHE. Bma sTux rpymon 3a-
BUCHT OT CTPOGHHA PacCMaTpPABAEGMOTO MHOKECTBA peIIeTOK H OT BHa
9JIEMEHTAPHOr0 IapalljielieNunesa IepruoyoB.

Kax mssectHO [? 18], mmeercs Tompko 32 pasnMYHHX KiIacca CHM-
METPHH KDPHCTAJAAOB, OOHCHBAEMHEX KOHOUHHMHE TOYOYHHIMHA CPyNHaMH.
B ra6amme (crp. 446) npmEBemeHH XapaKTepH3yOmWe NANHKS [IiIA BCEX
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32 KaaccoB KPHCTAJIOB; COOTBETCTBYIOINME TeOMETPHYECKHe (HUTypH
WLIOCTPUPYIOT KOHKAYI0 W3 TPYHN CAMMeTpmu. Ejnpwanme BeKTOpH
e,, €,, e; 00pasylT OPTOrOHAJbHEIA KpHCTanrousmdeckmit Gasmc, Ha
"epTeskaX yKaszaHa OpUeHTAaIuA 3Toro 6azuca OTHOCHTeNXbEO uUryp cmm-
MeTpuM KpHCTaJia. B JeBOM yriy KaKpoil sAdeliku maHo oGozmadende
coorBeTcTBylomelt Tpynmsl mo A. B. Illy6eukoBy, KpoMe Toro, B Kajk-
noit AdYeHiKe NpHWBEeHH CUMBOJH YCTaHOBJEHHOH HAMH COBOKYIDHOCTH
TPOCTHIX TEH30pOB, XAPaKTepH3YWIMUX ¥ 3aJal0luX MaHHEYI TIPymHIy.
OnpejielieANe COOTBeTCTBYIOMUX TeH30DPOB NaHO $opmyrnamu, IpuBe-
JIeHELIMH B 3TOi e TaGmume ).

PaccMoTpmM TeH30pH, OmpefelAl0MUe CHMMETPMH Tpynno KyGmde-
cxofi cmArommu. [[okameM, 4ro TeH30p O UEBapHAHTEH OTHOCHTEJILHO
rpyunu u3 48 mpeofpasoBaBuil, fanmed usomopdHOe IpesCcTaBIeHUe
rpynns 6/4, m 4TO HeT HUKAKUX JPYTMX IPeo{pasoBaHMil, OTHOCUTEN -
HO KOTOpHX Temsop O mHBapuanTeH. [lia JokasarenbcTBa HalieM Bce
BeIleCTBeHHLe IIpeofpa3oBaHUsA, OTHOCHTENbHO KOTODHX TeH3op O
VHBapHAHTeH. YCJIOBHS MHBADHAHTHOCTM KOHTPAaBaPUAHTHHX KOMIIOHEHT
Tezopa O, pPaBHOCHIBHH CleIyOINel cucTeMe HeJIWMHeHHEIX aiareGpamn-
9eCKMX yPaBHEHHI A MeBATH BIEMEHTOB MaTPMIH Hpeo6pa3oBaHHa

i,
la’l: .

a*1a8a71a% + a%,a?,a%,a%, - a*3afyav,ad; = {0 . (3.1)

ITpaByo 9acTs HYKHO HOJOKATH PaBHOH eguHume, ecil ¢ =f =9 =

= 0, m Hyx10 B 0cTaXBHHX caydaax. Ilomaraa snecbo = Puy =6, npm

0 ==y moaxyumM ypaBHeHUsA
(@*1)? (a*1)? + (a%)?(a¥s)? + (a%3)% (a¥3)? =0 (@as=7). (3.2)

Orcioma cmegyer, 9T0
a“ia"i = 0. . (3.3)

Tak kak ompepenmrens |a*;| == 0, To m3 paserctB (3.3) ciexyer, 4to B
KayK[10lt CTPOKe M B KayKIoM CTONGIE MaTpuukl |a”;| nMeeTcs TOMBKO 1O
OHOMY 3JIEMEHTY, OTIAMYHOMY OT HYJA.

Tak wax (a“ )+ (@)t + (@) =1 upm ¢ =P =y = & cormacuo
(3.1), TO mEs KaMOTO BEMECTBEHHOTO dIeMeHTa Marpuus | &% [, ormma-
HOTO OT HYJA, BEPHO PaBeHCTBO

ar, = 41, (3.4)

Ha ocmopammm mepeumcieHHs BCOX BOBMOKHHX caydaeB u3 (3.3) m
(3.4) caenmyer, 9TO MATPHIL, COCTOAIIME M3 DIEMEHTOB (a’y)?, paBEHX 1

1) B sroii Tabnune 0 B fanpHeAmeM CTCICHH BEKTODOB MOHAMAOTCH KaK aaag-
Hu® BJId NOJHagHHe NPOH3BOEHHA.

-
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E = e1e283 — eae1e3 |- €26361 — €3€261 - €3€162 — e1e5e5 —

== A (919293 — 2:9193 +- 329391 — 939,91 +- 33919, — 9,959.),
a e 2

Q= e1e: — ener = (a*10P; — a%2aP1) 9,9, = a%10%, (9,0, — 33,),

—pd 4 4 (a%aB a¥a® a P a¥oad a 5
O =e,! +- e} 4 e = (a"10P10"18°) 4 6%20%10"24% 4- a"30%0"5a%) 5,00, 35,

2
T, =ee} 1 efel+ ele® T, =eieres 1 eseres 1 ereser + eseser + eseres +- ereses,

.3 2 .2 _ 3 __ 2 2
Dy =e’—ese ee1e: —e ey, Do, =eg (e ee, —e,e.8,—eye),

172

— 3__ 2 __ —p2 2
Dy =(e) —e,85 —epeie, —eye, Y,

Dy, = }\,11612 -+ Nnef + X”ae: = Mja‘f;a?;aaas = d"saaas

(AR o A2 ok A =k AL =£ 0, A*® — g8y

C,=D,, + (oijeiejz Casaaaﬂ; o = — ot 0.
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No6aBnenue 1

smbo 0 MOTryT HMeTH CJaeAYIOMMM BHA:

100
010

001

010
001

100

100

, 001

010
001

, 010

100

010
. |100],
001

100 1
, l1oo

T

010.1‘

(3.5)

ITonyumaack cueTeMa, COCTOAMIAS TOMIBKO U3 IecTH MaTpul. Ecam co-
raacHo (3.4) y9ecTh BOBMOKHOCTH B Pa3iIMIMH 3HAKOB A a'y, TO Kajk-

mast m3 mecTn MaTpu (3.5) moposkmaer 8 marpmy mias [a’, [, Hanpumep,
nepBoit u3 MaTpuL (3.5) COOTBETCTBYIOT MATPHIIH

+1 0 0] +1 0 0 )
04+1 0, 0+1 0f,
0 0 +1 | 0 0—1
+1 0 0 +1 0 0
0 —1 0, 0—1 0],
0 0 +1] 0 0—1 (3.6)
—1 0 0 —1 0 0]
041 0], 04+1 0]
0 041 0 0 —1
—1 0 0 -1 0 0
0 —1 0f, 0 —1 0f.
0 041 | 0 o0—1

Kar usBecTHO, IO ompefieeHUI0 TPYHNH CHMMeTpHu Ky6a 6/4 mom-
Hasg cucTeMa Marpun tuma (3.6) Aad Kapo#l um3 MaTpunm cucTeMbi (3.9)
obpasyer IOJHYW IPYNIy MaTpun OpeoOpasoBaHuH cuMMeTpum KyGa
Ras rpynnkl 6/4, coctoameit u3 6 X 8 = 48 marpmm, Korophle opTOrO-
paabHE. TakuM o6pasoM, BCAKAfd MaTPHIA, COOTBETCTBYIOIMAN PEIICHIIO
crcTemul ypasHerndH (3.1) Moxer GHITH TOABKO OJHOH W3 MATPHI, CHCTEME!
(3.6), cocrosmeit uz 48 marpmm. C Apyroii CTOPOHH, Jerko yGemuThCA
B TOM, YTO BepHO W o6paTHOe IMPEIJIOKEHWE: KarK[as MaTphUua U3 Hai-
JIeHHOA cHCTeMH 48 MaTpum faeT pellleHwe CHCTeMB ypaBHeHmA (3.1).

Haiizem rtenmeps MaTpumsl Tpynn Opeo0pasoBapui, coXpaHAWIMUe
mABApHAHTHRIM TeH30p T',;. YcaoBmA HHBADHAHTHOCTH KOHTPaBapHAHT-
HHIX KOMIIOHEHT Tem3opa Ty paBHOCHIBHH CleqyIOmed chcTeMe HeJHHel-
HHX ajre6pamdiecKMX ypaRHeHWH [JA [eBATH 3JeMEHTOB MAaTpPHIH
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npeoGpasoBanma a';
TN + a%a’1a"s + a%a’u’y + a%aPiay +-
4+ a%a’a’y + %Py = 1(1) (3.7
B npasoit sacra (3.7) Ey;kHO mOCTABUThH eIWHHIY, ecid o, B, y pas-
NMYHH, X MOCTABHTH HYJAb, eCJIN OJMHAKOBA XOTA OH OfHA Hapa HHJEK-

coB u3 q, B, y. BosbMem m3 (3.7) ypasHeHUA, AJA KOTOPHX y == f. Jru
YpaBHEHUs MMEIOT BHJ

" a=1, 2,
a*aP.abs + a“aPa?y + a*.aafy =0 (B -1 Z,) (3.8)

Tax rax |a’;] == 0, To M3 cucTemMsr ypasmenwuii (3.8) crenyer, aro
da® = 0. (3.9)

3meck B — mo6oit PurcHpoOBAHHDIE UHAEKC.
Orcrona m w3 ycaosua |a';| = 0 caegyer, 9To B Kakaoll CTPOKe U B

KaKq0M cTo6Ie MaTPHIH | a' ;| mMeeTcs1 TOJBKO ONH 3JeMEHT, OTIMIHBIN
or BHyJdda. Takmx MaTpum ¢ PasHEM CTPOGHHEM HHJIEKCOB y 3JIEMEHTOB,
OTIWIHHX OT HYJs, HMEETCA TOJBKO IMIeCTh:

a; 0 0 a, 0 0 0 a; O )
0 501, 0 0 by, 630 01,
00 ¢ 0 ¢ O 0 0 ¢ (3.10)
‘O a, 0 0 0 a; 10 0 a
0 0 b, 0 b 01, bs 0 0
cg 00 e; 00 0 ¢ 0
YpapHernma (3.7) ¢ pasiuYHBIME MHIGKCAMY o, [, Y AT
aibici: 1 (z:l,,ﬁ) (311)

Jlerko BEAeTH, YTO [aA OPTOTOHAJNBLHBIX TpeobpasoBaHMil, Korga
BHIIOJHEHH YCJIOBUA

3
i 1 wpn i=y,
%a e = {0 pn i == j, (3.12)
BEpPHHI pPaBEHCTBA .
' a;==+1, b=+1, ¢=+41 (3.13)

B ofmeM cayuae A OOJy9eHUA OPeACTABJEHUA I'PYIIIH CHMMETDHNA
3/4 tpe6GoBanue o6 mEBapuanTHOCTY TeA3opa T'; Heo6XoANMO HONONHMTH

1/, 15 JI. 1. Cenos
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yCJOBHEM WMHBAPHAHTHOCTH TeH30pa ¢f, TaK KAK TOJBKO B BTOM CJydae
ycumosua (3.12), BXofsimue B oUpefiesienne KPUCTAJINYECKUX TPYII CHM-
Merpud, GyAyT BLITOJHEHDI !).

Cucrema marpun (3.10) BMmecre ¢ ycaopuamu (3.13) ompeaensier 48 mar-
PWIl TPYNIIE CAMMETPHH 0/4, oflHaKo po6apounke paBeHcTna (3.11) Bhije-
AATOT NOATPYNNY U3 24 MaTpHil, y KOTOPHX b0 a,= b, =c, =1, aubo
cpasy ABa dlieMeHTa M3 TpexX €uced a,, b,, ¢, pasun —1. Haumpumep, us
nepnoii Matpursl (3.10) TOMYIEM TONBKO YeTHPE MAaTPUILbL:

+1 0 0 +1 0 0 )

0+1 0, 0—1 0].

0 0 +1 0 0 —1 } (3.14)
—1 0 0 I—1 0 0

0—1 0, 0 +1 0.1

0 0 -1 0 0 —1] )

Jlerxo nposepnTs, ato HalijleHHaA cucTeMa 24 MaTpuIl, NPEACTaBIAIO-
masA rpyuny 3/4, aBasercs pelieHUeM IIOJHON cHcTeMbl ypaBHeHuii (3.7).
Ipudem ora cuctema Matpun npu|a',l == 0 o6pasyer cucremMy Beex feiict-
BUTEJbHBIX pelieHHIl ypaBHeHuil (3.7) mpm ycaoBum, 910 HCKOMBIE MarT-
PUILI OPTOTOHANLHBL. PaceMoTpuM Teneph YCJHOBHA WHBAaPUAHTHOCTH
reuzopa Ty,

Cucrema ypasHeHUWN 17 @ j 5JeMeHTOB MaTpHIL THpeobpasoBamHusd,
PaBHOCIJIBHASL YCJOBMSIM WHBAPWAHTIOCTH KOHTPABApPMAHTHBIX KOMIIO-
HeHT TeHsopa T, mMecT Buil

a 8 8 3 5
a%aha¥sa®s - a®aa¥a® - a%af a¥.ab = {0’ (3.15)
gpuYeM cmpaBa HYKHO poecTasuth 1 npug =f =2, 9 =0 =3, a =
=B =3, =0 =1, 0 =pf =1, y =0 =2 u NOAOKUTH HIPaBYIO
4acTh paBHOIl HyJIO BO BCCX OCTANBHHX caydasx. Mz (3.15) umeem
mpp o =B =1,y =6 =1,3
L T 3 1 1 T 3 11 1 3
aas=0, aws=0,a%" =0, a'\a’, =0, a'ia',=0, a'\a’y=0, (3.16)
npu g =B =2, vy =06 =1,2
EPA | 2 9 2 2 2 2 1 2 2
a’a' =0, a’a’ =0, a%a'y=0, a%a’; =0, a®a", =0, a’a"»=0, (3.17)
npua ———B =3,'Y =0 -'-_—2,3

3 2 3 .3 3 3 3 2 3 .3
a’al =0, a’a’=0, d’a* =0, ¢’.d® =0, a*a’ ;= 0, a’a’,=0. (3.18)

1) Jlerko opoBepmTh, 9To upH le;] = 1 BepHO paBemcTBOo 2g = T4 Ty The
CBepTKAa LOPOW3BOAWTCA OO [ABYM OAWHAKOBO PACHOJOKCHANM MHNEKCAM; OfHAKO
B5 DTOTO DABEHCTBA He cJeAyeT UHBAPHAHTHOCTH ¢ OTHOCHTEIBHO IpeoGpaso-
paEnid (3.10) ¢ ygerom (3.11).
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Nz 18 ypasmenmit (3.16) — (3.18) u u3 ycaomua ]ai]:[ == 0 caenyer,

UTO B KajKAOH CTPOKE M B KaskoM cTonbume MaTpmnu | a’; | Toabko oxum
9JIEMEHT MOKET OTIHYATBLCA OT HYJA; TaK, eCJaH

i 1 1 3 2 2 3
a, 90, 0a,=a3=0a, =as =a1=a, =0.

TaruM o6pasoM, mody9aeM MaTPHILEI

opu at 0 mpu a', = 0 mpma'y F0
fa'y 0 0 10 a's 0 0 0 af
0 a0, |0 0a%| {a°' 0 0| (3.19)
0 0 a% @ 0 0 | 0 a0

Tpu ypasueana (3.15), Korjia npaBas 4acTh paBEa efunmne mpw a', < 0,
HalT

(@) (@)t =1, (@)% @y)? =1, (@) (@%)? =1. (3.20)

BermecTpennne penienus 3THX ypapHeHuil M ypaBHeHMH, KOTOphle NOJY-
1 ,
9alTCA ARAJOTHYHO, OPH a = 0 m a'y 5= 0 gaioTcsa paBeHCTBAMM

a‘l ESS] t1, (123 = i11 a33 = i17 (3'21)
(112 = :Iji, (123 = j’_i, (131 = i1’
ar‘s = :_I“_:l, (121 = :I_':lv (132‘_-: A;hi‘

U3 mafinennnx sHEaqenuii nis a'; ciaefyer, uTo Kasknaa us Marpug (3.19)
pacmemyiAerca Ha 8 MaTpHI, BCEro NOJYYHM HOAIPYNIY MaTpuIl AJA
6/4, cocroamymwo m3 3x8 = 24 opTorouaanHx marpuy, flcmo, uro
MOJYYeHHHE PEUIeHUs YOBJAETBOPAIOT HOAHOI cucteMe ypasHenuil (3.15)
U BCAKOE BeIeCTBEHHOE peIleHWe COJepyKHTCA B HaflleHHOM.

HobaBienue B KadecTBe ompefenAimell pejmduns tensopa K, ue-
BapHAHTHOT'O TOJBKO [0 OTHOMIEHWIO K rpynme CoGCTBeHHHX BpalleHHil,
npu A = -+1 npusoaur K uckawuenmo marpun ¢ A = —1. Cooryn-
HOCTB JBYX Tenszopos O, u E pojeaser us naijgennoit gaa O, rpynnst
48 MaTpuIl DOArpynmy, cocTosmyio u3 24 Marpunm ¢ A = 1.

CosorynrocTs Tensopos g, T, n E tarme Bhjeaser us 24 matpun,
HalijleHHLIX Aaa rpyoow g, T4, nogrpyuny, cocroamyo u3 12 mMatpmn ¢
A = +41. QaxrTHYecKoe BHIEICGHHE COOTBETCTBYIOMUX MAaTpHI, MOKA3bI-
BaeT, 9TO Ipynns npeobpaszoBaHumi, coomeTcTBymmne CHCTEMaM u3
12 marpun ans reasopos g, Ty, E mrensopos Ty, B, coBnagaioT Mesray
coboii.

IKBHBANEETHOCTh OTMEUYEHHHX B TaGJAUIE TEH30POB H COOTBETCTBYIO-
mUX rpyon CHMMETPHH JJf TeTparoHaJbHOW CHHTOHWH BHITEKaeT U3
caeAyomux coobpaskenmit. I'pynnn cuMMerpHE TeTparoHANBHOU CHE-
TOHMHA MOMXHO IOJYYHTh KaK IepeceYeHre COOTBETCTBYIOMEX IPYNNI CHM-
MeTPUM KPHACTAJJIOB KyOH4eCKON CAHIOHHA M I'DYLI CHEMMETDHE TEKCTYD.

/2 16 1. B. Cenor
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[losToMy BHIlelIeHNE COOTBETCTBYIOMMX MOATLPYNHN U3 I'Pynn Ky6mdecKoi
CHHTOHUHM W M3 IPYHH TEKCTYD MOKHO OCYIEeCTBUTEH IyTeM 00pasoBamusA
COBOKYIHOCTH TEH30DOB W3 TeH30POB, 3aal0MUX COOTBETCTBYIOMUE IPYI-
sl KyOM49eCKOHl CHMMETPHM, W TEeH30DOB, 3a/alOMUX TPYHIH TEKCTYP.
Jlerko ycMoTpeTh HEMOCpPEACTBE€HHO, YTO YCJIOBHE WHBAPUAHTHOCTH OT-
MCUEHHBIX COBORYMHOCTEH TEH30DPOB JJA KayKIOTO M3 7 KJAaccoB TeTpa-
TOHANBHONl CHHTOHMHI ONpejetsieT TPYHNH MaTpun HpeolpasoBaHnii
COOTBETCTBYIOIINX TPYHIAM CHMMETPUM MMEHHO 3THX KPUCTAJJIWYECKUX
KJ1acCOB.

Jasn oBocHopanust Bhifopa TeH30POB, 3aJAIUX CHMMETPHUI0 TeK-
CaroHa/JbHOH M TPHTOHAJBHON CHHrOHHUI, HEOOXOIMMO paccMOTpeThb yc-
JIOBHS HWHRBAPHAHTHOCTH KOMIIOHEHT CJefyomuX mnap TeH30poB: Dy, u
e, Dy, ue’, Dy uel. Yenosue nHBADHARTHOCTH AuajH e, BLieaseT B
KadecTBe JONyCTHMLIX MaTpHIl Ipeo0pa3oBaHWA KOOPAMHAT TOJABKO Mar-
PHUI{HI CAEAYIOEro BHA:

la', a'y ay
}éa21 (lzz (12;{ . (322)
“0 0 41

1
W3 musapuanthocts Dgy, uim Dyy, wnn Dy, craenyer, utoa’y = a’ = 0.

Y

Ecan Bmecro ey llUTpGGOBaTL HHBAapUAHTHOCTH BEKTOpa €3, TO 3T0
npupeaeT K MaTpuliam npeo6pasonaH1m BHAA

a11 a12 0
azj 6122 Of (323)
0 0 41

Taxk rax Dgy, Dy, u Dy, BHpaKaloTCA TOJBKO 9epe3 BeKTopH Gazuca e,
¥ €,, TO HHBADUAHTHOCTH 3THX TEH30DOB CBA3AHA CO CTPOCHHEM MAaTpPHIL
BTOPOTO paHra:

T
a 4@ 2

2 2
a1 4av

p-]

(3.24)

Jlnsa BoisicHenus cTpyKTypsl Matpul D yao6Ho BBecTH KOMIJIeKCHEIH
6asuc no gopmynam

Jp =€ + iey, J, =e —ie,.
B atoM Gasmce tenzopn Dy, Dgy u D,y npuoGperaor Bup
2Dg;, = .713 T .7'23, 4Dg, = (.7'13 + .7'23)2, 2D3d == €3 (.7'13 + .723)-

YcaoBHA MHBAPHAHTHOCTH 3THX TeH30pPOB B BemecTBeHHoM Gasmce
MOIKHO HepemucaTh B YCJIOBUA MHBAPHUAHTHOCTH B KOMINIeKCHOM Gaszmce.
Ecau ¢opmynn mpeobpasoBaHms KoMIiuieKCHOTO 6asmca HMeEOT BHJ,

7

ji = bai] as
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TO cBA3b MesKly MarTpunamu | a'; | m | b'; | ompenenena pasercTsoM

1o 5
’b21 b

1

ay 02
2

a a7

”: - ;u (3.25)

1

N
o= o]

VYcenopme MHBapHAHTHOCW TeH30pa Dy MpUBOANT K CJeAYIOMeHd cu-
creMe ypaBHeHHH jasa b

1l mpu a =38 =171,
0 B ocTadbubX ciydasx,

b bAbY 4 bb%,0", = {

KOTODafA B PACKPHITOM BHAE PABHOCHJIBLHA YpaBHEHHAM

(61 + (B =1, B (%) + by (0% = 0, } (3.26)

I

1
(B (020 =1, b7 (b1 4 B (b= 0,
Jlerko wmaiitm Bce pemeHnﬂ ypasHenuii (3.26), ynopJeTBOpsOmMUe

yeaopuio [b' Jl == 0. Tark kax aJ BemecTBeHnn, To u3 gopmyan (3.25)
caenyer, ato b'; = b u b'y =b*. YuurniBas 870, MOAYUIM ITeCTh MATPHIL

nas | by |:
1 0 e 0 1e? 0
‘01’ [0 & 0 e ( pdvu>. 3.27)
’}01* /10 g 0 e 3 :
10" leo e 0|

OproroHanbHOCTs COOTBeTCTBYIOmuUX Martpun (3.22) nonydwaerca as-
roMatudeckn. G moMombio popmya (3.27), (3.25) u (3.22) nerxo BHILICATE
JBeHaJIaTh MATPHI, COOTBETCTBYIONMX WHBAPHAHTHOCTH TeH30poB D,
e’ XapaxkTepusyomux Kjiacc Mm-3:m rekcaroHadbHoil cunrounu. Wn-
BapuanTHOCTh KoMmOmHammu I),,, e, ompepeisier miecth MATpPHI, NOaY-
qatomuxca uz (3.23), (3.25) u (3.27) m cooTBeTCcTBYWIUX Kiaccy 3 . m
TPUrOHANBHONH CHHIOHHH.

Ycnopus maBapuanTHOCTH Dy, W €,° HECKONBKO BUOM3MEHAIOT ypas-
HeHua (3.26). Paspemienue coOTBeTCTBYWMHUX ypaBHeHHWH IPHBOAUT
K cucreMe jBeHajnati MaTpun. [lepBhie MeCTE U3 HUX, COOTBETCTBY IO
HHBAPUAHTHOCTH €5, COBMAJAIOT ¢ MaTpHuaMu kaacca 3 » m (Dyy, €5), a
ApyIHe IiecTh HOJNYYalTCA W3 NEePBHX HM3MeHeHHeM 3HAaKa BCEX KOM-
ODOHEHT MaTpuy. YcJaoBuA mHBapuarTHOCTH Dy, ¥ €;> TpHBOAAT K MATpH-
namM tuoa (3.22), ¥ B cOOTBeTCTBYIOMUX YypasHeHHax Tmna (3.26) me-
o6xonuMo cupasa BMecTo -1 mammcats + 1. Beaepctsme atoro coorser-
CTBYIOIIEe pelieHUe COAEPIKUT HBeHAANATh MaTpHUI Kiacca m « 3:m

16+
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H elle caefyomue ABeHa[NATh MaTPHI:

0 0 10 0 s 0
0w of, [owv of Jox o,
001 00 +1] 00 1 »
0 0 0t © 0 1 |<: _)
©#o of, [0 of, lto o
00+1] j0oo0+1l Joo 1]

CootBercrByiomue AeHCTBUTENLEENE MATPHUIEl JeTKO BHIHCATL C [O-
mombio gopmynsr (3.25).

TeH30pHBIE napaMeTpHl AJA BCeX OCTalbHBLIX KJIACCOB I'eKCATOHAJb-
HOMH ¥ TPAT'OHAILHON CHHIOHMIl, ABIANIAXCA MOArPYUIaMd TPYNI CAM-
MEeTpHM, W3YYCHHBIX BEHIIe, JOTKO TMOJYYHUTh, paccMarpuBas Tepecede-
HUA COOTRETCTRYIOIUX TPYHI, [1JA ROTOpHX TEH30PHEIE XapaKTepPHCTH-
KM YK€ YCTAHOBJEHBI.

UYro wacaercs poMGHMYecKoil, MOHOKJIMHHOW M TPHKJIMHHOI CHHTO-
HUI, TO yKasaHHEle B TaOJuIe TeH30pHBE XapaKTePHCTAKNA CHMMETPHU
O4YeBMJHEl - HEMOCPEJCTBEHHO. fIcHO, 9TO COOTBETCTBYMIOIUE COBOKYII-
HOCTH TEH30POB, 3ajalolue TPYINIK CHMMETPHUH, HE ONpefedfloTCcA Of-
HO3HATHO.

B raskaom us caydaeB TaONIMILI BMECTO YKA3AHHBIX TEH30POB MOKHO
B3ATH APYIVIO CUCTEMY TEH30pPOB, CBA3AHHVI0O B3aMMHO OHO3HA4YHO C
CHCTEMOH TeH30POB, yKasaHHoil B Tadaune. B wacTtHOCTH, 9IICAO U ITOPAJ-

'KH TEeH30pOB, OIpeleaAnuX CHMMETPHUIO, MOMKHO 6paTB pas3au4IabIMHA.

Hanpumep, BMeCTO TeH30POB, YKA3AHHEIX B TAOMHIE, MOMKHO BOCIIONE-
80BATHCA CJeNyIIIUM COOTBETCTBHEM TIPYII M TEH30pOB !):

m-2:m e;? ey, eg?, 2 e? e? e E,
2:2,  e? el e? E, m e, e, eyl
2.m e, e?, ey, 2 eey, ee3, €6,

2:m el el el Q

Jlerko - BoIpasuTh ‘KayKEHIA- TEH30P W3 ITUX CHCTEM depe3 TeH30pH
ykasanusie B taGaunme. OGpaTHbie CBA3H OYEBMAHK HeNOCDPENCTBEHHO.
Bruimre pacemorper Bonpoc 06 orpejesdeHUM TEH30POB, 3aAaI0MUX IPyl-
IIb! CHMMETPHE KPHCTANI0B 1 TekeTyp. OOpatHas 3ajaga o0 onpejesieHAR

‘OPTOTOHAJBHBIX I'PYNN CUMMETDHM, COOTBETCTBYIOIMUX JaHHOMY TEH30DY,

;Op11a pa3penieHa Bbille B OTACJBHEIX BaKHbIX YaCTHbLHIX CJIydafaX.

i

4°, Tensopnsie PyHEOUIH OT TEH3O0POB, XAPAKTEPUYIOIINX TreoMeTpH-

JMecKHe eBoiicTBa TeKcTyp m KpucrawioB. [lmxe salorca obmme gopMynn
Buga (1.3), BepHHE B HPOU3BOJHHKEX KOODAMHATAX [JJA KOMIIOHEHT BEK-

TopoB A', KOMIOHERT TeH30POB BTOporo panra A, rpersero panra A7* u

- 1) T[iponsBegeHnA BEKTOPOB I HX CTeOEHH [MOHAMAIOTCA HAK [JHajHEE.
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geTBeproro paara AY¢' gaa Texctyp !) ®m KpHCTAaNlNOB B BABHCEMOCTH OT
TEeH30PHEX apTyMeHTOB, JAHHEIX B Tabiaume, OUPONeNAMHUX COOTBET-
CTBYIOIMHEE T'PYUNH CHMMeTpHH.

Tax Kark coBMeCTHHe HHBAPHAHTH TEH30DOB, OHPeAeJAKMUX ['DYHIH
CHMMETPHH, ABJAITCA abCOJIOTHLIMU NOCTOAHHEIMYW, TO WHBAaPHAHTHHIO
rooddunuenrnt k, (s =1, ..., p) npegcraBaalwT co060#l YHCAOBEE WOC-
TOAHHBIE WIH d)vﬂmum KARHX-TU60 CKANAPOB, KOTOPHE, IOMHMO BHJe-
JeHHBIX TeH30POB, TaKMe MOTYT HPHCYTCTBOBATH B LIEpEYHE ONpPEAeIAlo-
MUX BEJAWYIMH.

B ¢opMyaax BeiAcadbl B KaKAOM ¢Iydae TONbKCe p AWHCHHO He3aBH-
CHMBIX cJaraeMbiX. BHIGOD 9THX c/laraeMbIX MOMKHO HU3MEHATh, OJHAKO B
KaKIOM JIPYTOM cJydae COOTBETCTBYMIOMmMII HaGop ciaaraeMhX MOKHO
IpefCTABUTE B BUjle AuHEHHHX KOMOuHauwil w3 BHNOUCAHAHX B opMmy-
nax. Bompoc o Briflope MUHCHHO HE3ABHCUMBIX TEH30POB MOKET 0KAa3aTh
Csl CYHIECTBEHHWM OpPH HCIOJB30BAHUM DA3IMYHBIX AONOJHUTE]bHBIX
[UOOTE3 0 Xapakrepe QYHKIHOHANBHLIX CBAseH (JUHEHHAA 3aBHCHMOCTD
OT HEKOTODPHIX KOMOOHEHT ®W T. I.). M3 atux ¢opMyn nerko monyaurhb
H3BecTHHE JaHAHe [2], KOrAa BHNOOJHEHLI CAEAYIOIMMe YCAOBHA CHM-
MeTpHu:

AV = Ari7 Ak = Al'f]'
AVRL — A AR — gRKL AUKD = AT

JTH ycaoBMA BLINOJAHAKTCA OPU AONOJHUTENTLHBIX OrFpaHHIeHUAX,
KOTOpPLIE HY#KHO HaJ0/KNTh HA MHBapUaHTHBe Kooddummerntsl, Coorser-
creyomue GOpMyan (0JAyIaTCH W3 BHIWCAHHABIX OPH HOMOMA OUEpAXHH
CHMMeTpUPOBAHNA.

Haa mekcmyp
frace oo/ oo -m(g)
Al = 0, AN — /fg“, AL 0, AL klgij gkl + kzgik gil + kag” g.’fk.

Huace oo/oo (g, B) ‘

Az — 0 A k u’ AIJL kEi k, A““ l]/ﬂ( 00/ 00 - m)
Riace m-:m (g, B = e3?)
Ai — O‘ Ai" — klgii + /C?_B”, Al th__ O Am.l “’”(oo/oo m) + k4giaBkl+

+ /%g“‘b"i + kﬁg”b’”' + k7gleu + kngle'k + kog:kBLl + kloB”Bk‘,,
Knace «:2(g, B.=e5’, E)
A'=0, AY=kg" + k,BY,
Atk — k]Eijk + szla ok + ksEijaBka, A{J'kl = AR (m- oo:m).

') Asanornugnie GopMyJIH, cofepKaliWe HETOYHOCTH, OmHan onyGamKoBaHH
8 (®]. 3pecs paHW wuncHopaBAeBHEe (HOPMYJH.
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Kaacc co:m (g, B = €5°, Q = e,e; — e,¢))
At=0, AY=kg¥V + kBY + kQU AU =,
AvEL — Ai.ikl,(m_ o : m) + kugi;le 4 klzgilfgil + klag;lgik ‘{T kmgklgil +
b8 QU - kg -k BIQE 4 ko BRQ - £, QB
Hlnace o -m(g,b = e3)
A= kb, AY = kg¥ + k,bib,
. Ak klgiibk + kzgikbi + ksg]kbi 4 k4bibibk,
Ai]kl — A”"l(oo/oo m) + k]g”bkbl + kﬁgikbibl + kegiibjbh + k-;gklbibi T
+ ksgilbibk + kgg)kbibl + klobibjbkbl,.
Haace oo (g, b = €3, E)
‘ At = kb, AV = kyg" + kb kg,
AR = kygiib" 1 kogifl 4 kag’®bt - ke bibbE 4 ks QibF 4 keQikb' 1k, Qb1
A = AT (0o m) + ky g QK 4 k1pg* QT 4 kypg QR 1 Ferag® QI
+ k18 QA hyog FQUA Kygb b QM kygbiBFQ - QDD (QU = B,

Has gybuneckoil curneoruu

Kaace 6/4 (0})
AT=0, AV =kgl, A% =0, A = AWK (co/co.m) - k0,7,
Kaace 3/4(0,, E)
Al=0, A¥= kgij’ Ailk = EEik Atk = giikl (6/4)’
Knace 3/4(g,Ty,)
At=0, AW=kgl,  Aiv = |T," Atk = AU (§/4),
Kuace 3/2(g, E,Ty) wm (T, E)
Al=0, Afi=lkgh, A= f Eik 4 kT "7,
Atk — ikl (‘6/4) + kaThW—,L kGThiljk + k7Thika.
Kuace 6/2(T,)
Ai=0, AY=kgi, Alikx=0, AU = Aik (3/2),

Tem pazoHarbHAT CUHZOHUI

Knace m-4:m(0,, B = e,})
Al =0, Al = AV (m. co:m) = kgl 4 k,BY,
Ak =0, A = AUK (m. co1m) - ke, OR*
Wnace 4-m(g,T4, B = e5°)
At=0, A= k,gii 4 k,BY,
A% T gy ™ BY 4 ks Td™BY,, A = AR (m.4 2 m).
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Rmace 4:2 (0, B=e/, E),
A =0, AV = kgl 4 kB, Al = Ao :2), AWM = AiM(m.4: m).
Kaace 4:m(0,,Q = e,e; — eye;, B = e)),
A'=0, A7= Ai(co:m), AUt =0,
AT = AT (00:m) + kogOr™ + kn0,Q;.
Raace 4 (g, Ty, Q= e,e, — ey6,, B = e,)
At=10, A¥= AV(c0:m),
Atk = Ak (hom) 4+ by Ty QF, 4+ b, QL T + b QLT B,
A = AURL (& 2 m),
Kaace 4-m (0, b == e,)
A = kb, A7 = kg 4 [gbib?, AU = AUk (co.m), AUK = AUl (m.4:m),
Riace 4(0,,b = ¢, E)
Al =kb, AV = kgV  kobbi - kgQU (QF = Eiip,),

AR = AUF (oo), AU = AWK (o0) kaoOn™™ & 1y 047 Q1.
[excacoraavran cureoHus
haace m-6:m(Dy,, B = es)

Al=0, AY =gV 4 kBY, AW =0, AUk = Aikl(m.co:m),

Kaace m-3:m (D, B = e7)
A =0, A#=lkgi4 kB, Ak =Dy iR = AT (m. o:m).
Iinace 6:2 (D, B=e; E)
A =0, A= kgl 4 kB, A= A% (00 :2), AU = Ak (m coim)
Iinace 6:m (Dgy,, B = e}, Q = e;e, — e,e;)

Al=0, A= A"(co:m), AW =0, AU = 4ill (oo :m),
Kaace 3:m (Dyy,, B =e;,Q = e,e, — eye,)

At=10, A= Aii(oo:m), AWk =k Dyt kDo) Ok,

AT = AR (o0 1 m),
Iimace 6-m (Dg,, b — eg)
Al = kb, AV =k g" 4 kobibi, Atk = p'ik (o0 -m), Akl . Aidkl (o0 -mm).
Haace 6 (Dgy, b = e;, E)
At =Fkb, A= A(c0), AlF= AUk(ce), AU = AUl (c),

T pueonaavHas cuHeoHus

Kuaace 6-m (Dyy, B = &)
A= 0, A= kighi+ kB, AW =0,
AR = AT (me o i m) 4 by Dyq T kD™ 4 kygDgd™™ + ki Dad.
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Knacc 3:2(Dy,, B=e;®, E)
CA'=0, AT =kgh 4 kB, A = AUK (oo : 2) + kyDyl?¥,
Al = AR (m. 00 2 ) + k1 Do Ea + ki E*9D " +
+ kBT Dy + kg EXDg ",
Knace 6 (D, B= e}, Q= ee, — eye;)
AT=0, A= A¥(o0:m), A =0,
AR — A1 (o0 s m) + heanDay ™+ bt Daa™ 4 koo Dy + kagDad™ +
+ kaaDaa "X A hasDad "X - koo D™ Qs + karDad Q-
Knace 3-m (Dy,, b= e;)
At = kb, A= kgt 4 kb, Ak = AU (oo .m) 4 kaD:ihijk!
ATH = AT (00 -m) + ki DoV 4+ ki Dan”B* - ki D™’ + by D01,
Kaace 3 (Dg;, b = eg, E)
A =kb, A= A(c0),
AlR = A1 (o) 4 kyDyp* 4 kg Dyn* QP Al = AiiKL(6),

Pombuunecras cunzonus

Knace m-2:m Dy, g)
Al = 0, Al = k1g“ + kzDthj + lfaDzhia D->ha.? (bopmyaa Nammravrora — Konn),
Ak =0, Ai'm = k1gUgH - kg tg! + ksg''gl* + k4gijDzhm +
+ ksg Do’ + A+keg Do + kaDon” g5 + ksDon" g7 + kyDon" g +
g0 @ IM K feyyg™® M4 keyg? M 4 kg Mitgh 4 by Mingilt
+ hergM g + kygDon” Don™ + keyaDop MI* - kyuDopl’ MF - kg Dop™ M7 -
+ hgg MDD 4 by MUMK (MY = Dg* D).
Raace 2:2(D,,, E, g) '
Al=0, A¥= AY¥(m.2:m),
AUk =k fidk e fida ), ok + ksE“‘“Dgh;j.—l— kB9 MY kB M7, 4
+ kgDon'® EJgMP5 | Al = AK (m.2: m).
Ranace 2.m (D, b= e, g)
Al=kb', A= AU (m-2:m)=lg + kb’ + kg Dys”,
AR =k yg bk - kagkb) + kgg®b' - legb'bb¥ 4 kD Ub" +
A+ keDan "6 + kaDa"b', AVK = AK (m.2; m).

o
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Monokaurnas cuneonus

Huace 2:m(Dy,, Q@ = ees — eyeq, g)
AV=0, A= A2 m)+ k,QU + kQieDy’y, A =0,
AVKL — AURL (222 ) A FoapgHQE! - Joggg P - Jogy g QI - feg gkQH -
+ koo QU - bogr g Q- hrgggQF* Dopl| - hrag@ K QI D ! - kigg g 1Q* Dy -
- A‘31§k’§2“Dgh§7 -+ k:112gjlo-'m[)2h‘az}F + kssgijiJDM;zI- -+ kslbzhijgm +
A Fas Don FQI - higo Do Q1 4 kg2 Dy "% Dot - FeggDorl'Qi* Dot 4-
- kg D™ Dany? - bgg MFIQU 4 hyy M Q2 Dy,
Haace 2 (Dyy,, E,b=e3,¢g)
Al = kb, A= AY(2:m),
AUl = fygiibk - keoghibi 4 feaothi 4 e bibibk - kg Doy bY A+ kg Dy T -
4 2D o b - EegQiibk - Qb - ke QD ke D)l BE 4
b 1y Do b1 A kg QR D
AR = AUK(D 2 ),
Rnace m (D,,, b= e, ¢ = e,)
At = kbt - kot AT = kgl 4 kobibi - kgele! +- kybic? + koo'bi,
A% = Iy - Ieog 00 - legg b+ bbbk + kgglick + Irggtie +
o+ leag et - ke bIbE - ke bicibE - kb'bick 4 kyybicieh 4 kppcbier +
+ kel + kyicicick,
ARl — AN (2 2y = kyglighl 4 kogitgrl 4 kagilgit 4 kygiibhbt +
F Iesg BB - og b - ke bibight - kbibEgit - kgbibi gk  kygg bR +
+ kg ! 4 feyogMhick A kiagtlbic - kiygitbick + kysgitbict 4 kqggebb! -
—+ ]7“17g'i'fcjbl + klsgilc]b}i 4 A-lggklcibv + k%gilcibk + /fng”fc‘b’ —+
- kaacbBibl A fegubicIbib! - kogbBICkD! 1 kogbibible! 4 kyegiiche! -
+ Fasgicie! + kasg'lcich 4= kagchc'c'el + kgogb'bibRb! - kyygte'e! +
—+ kgabibickc! + kggbibicict — kg biblcick 4- kgpcicibhb! - kgge kbl +
o+ kgrc'c'bDY L kggbicictic! - kgocbichcl 4- kyacicibict - kg cicichh,

Ecam Bmecro I),,, €,, €, B KadecTBe ompefedAMUX TEH30POB B3ATH
e,, e, 1 e;, TO moCIeHI0I0 POPMYIIy JJIA TEHE30POB YETBEPTOTO PAHTA MOMK-
HO 3aMeHuTH $opMyJioi
Ay = k'e.eie,e, + kP38 e ezese, -+ k33Re,eme,05 -
+ k337Begege e + k33Feze eqzep + k3 Pege,ene4
+ k*383 - eqegzepe; - k%5%%egeseqe;, (%)

TAe CyMMHEpOBaHHEe IPOM3BOAMTICA MO HHAekcam I, j, k, [, a, P, mpumm-
Malm@EM TOJbKO ABa sHadeHEWsa: 1 m 2. llpocroit mojcwer mokasmiBaer,
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4T0 B 3T0oil popmyise umeercs 41 caaraemoe, mpudyeMm MX JIMHeHHAas Hesa-

BHMCHMOCTH OYeBHJHA HENOCDPEACTBEHHO.

HeTpynno BmmeTh, 4T0 /19 TEH30POB 9€THOTO PAHIA W, B YAaCTHOCTH,
JJdA TeH30POB 4eTBEpPTOro paHra AJsA KJIACCOB MOHOKJIWHHON CHHTOHEHN
2:m, 2 © m cCOOTBETCTBYIOIMME ONPEIEIAOMUE NapaMeTpsl MOTYT OHITD
3aMGHEHB! OJHOU U TOH e CHCTeMOH TEHBOPORB €, €,, U 2.2, IOITOMY MOK-

HO I0Jb30BaThcA OfMHAKOBHIME Popmynamu. Tarkum ofpasom, aja Bcex
KJIACCOB MOHOKJIMHHON CHHTOHHME [JA TeH30DPOB 9eTBEPTOTO PAHTA NPH-
meHmMa dopmyna (¥).

Jlerko Tamske yCMOTpeTh, 9TO TEH30DH Y€TBEPTOrO PaHTa IJd POM-
Oudecko¥ cuHroHWM ¢ 21 nAuHEHHO HE3aBHCHUMEIM WIGHOM IOJyUaTcA H3
Popmyasl (*), B KOTOpO# Hajlo B3ATh WieHbl ¢ | =j, k =1; i =k, j =1
Ai=10j=kunag B.

Takum o6pasoM, ACHO, 49TO IPH IOCTPOEHHH O0IMX GOpMyd A
TeH30PHHX (YHKOUH NePBOHAYANBHBIN 0a3WC apryMeHTOB HHOTJA BEHI-
TOAHO BUIOHW3MEHATH NPHMEHHTEJIBHO K PACCMATPUBAGMEIM OT/AEJbHEM
caydasam.

T pukaurnas cunzonus

Haace 2(Cy)
At =0, AY — obmmit caywait ¢ 9 KoMmoEeATaMH,
AV =0, AYEl _ o6mmi cayuaii ¢ 81 KommoHeHTO.

Kaace 1 (e1, e, e3)
Bce Tenaopu umerT o6mmE BHJ ¢ OTCYTCTBHEM CHMMOTDHH.

5°. Tensopabie ¢yHROUA NIA TEKCTYp K KPHCTALIOB NPH HAXWIHN
AONOJHNTENbHBIX TEH30PHBIX apryMeHToB. JlomycTuM Temepsn, 9T, KpoMe
TEH30pOB, 3aTal0MWUX TeoMeTpUYecKHe CBOHCTBA TEKCTYpP M KPUCTAJJIOB,
cpelH oOOpeleJNdIONNX BeIWIWH — HE3ABUCHMHX apPIYMEHTOB HMeEITCA
eme jpyrue tenzoprl. OWeBUAHO, 9TO B 3TOM CJIy4ae IPYILE ¢CAMMeTPHA
COBOKYIHOCTH OIpEREIAIUX MapaMeTpPoB SMBJIAKTICA COOTBETCTBYIO-
MEMHU FPyOHaMy WIH MOATPYNIAMM TEeKCTYp Wim Kpuctasiron. Iloarpym-
OB, OTIAHYHLIE OT KpUCTaJJoTpadMdecKUX TpPYHI, MOTYT BOSHHUKHYTh
TOJABKO NP paccmMoTpeHuu TekeTyp. [Ipm fgobamiemmm npyrumx teHsopos
K TeH30paM, OIpelelAMUM KPHCTANINIeCKY0 CHMMETpPHI, GynyT Ho-
IyuaThCcsl ONATH TPYHOIH KpHCTANINTECKOH cuMMerpum ambo Trpynma
CEMMEeTDHH CBeJeTCA K TOKIeCTBeHHOMY mpeo6pasoBaHMIO.

Bce moarpynmer gaHHOH TPynOEl KPHCTAJIAIECKOW CHMMETDPHH CO-
Aep:xarca cpen 32 KpHCTAIIHYECKHX T'PYII, MO3TOMY IPH A00aBJICHHN
APYTHX TeH30POB K TeH30paM, 3afalOmMuUM CUMMETPHIO KPUCTAIIOB, TPYyII-
Ob CHMMETPUN COBOKYHNHOCTHM apTyMEHTOB OyAYT LUPHHAIJIEKATH TaKiKe
K OfHOH W3 32 KpHCTANIMYeCKHX CPYIIL.

Coxpamenue 4mcia JIMHEHHO HE3aBACHUMEX KOMIOHEHT y ONpe/esa-
€MOTO TEeH30pa B 06MEM CIydae MOKET BOBHHUKHYTh TOJBKO NPH HAJMYUH
COOTBeTCTByIomell cuMMerpuu. OdUeBMAHO, UTO YOPOIIEHHA B CIyYasAx
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KPHCTAIUB BOZHHKAKT, KOTA COBOKYHHOCTH OUPEJeJAIOMUX Iapa-
MeTpOB JIONYCKaeT HETPUBHAJBHYIO Tpymmy CHMMOTDUM. ITocae BEIsSIC-
'HeHUsl TANA KpPUCTAAIMIECKOH T'PYUIR CHMMETpMH A COBOKYIHOCTH
TEH30PHEX ApTYMEHTOB MOKHO BOCLOJIBL3OBATHCA OJHOM U3 dopmyn B
4° st BHSICHeHHsl CTDPOGHMsl KOMIOHEHT ONpe/ellseMOU TeH3OPHOU
HKITUA.
by T:I(IIM 06GpasoM, MOKHO BOCIIOJIB30BATBCA Jdopmynamm U3 4° sl Y-
TAHOBJEHNUA CTPOEHUs TEH30PHHX (GYHKIHH B obmeM ciydae JJA KpHC-
tamios. A paKkTHiecKoro BHACHEHHA MPUPOJLT cOOTBeTCTBYIOmEX (op-
MyJ HEeoOXO[MMO HM3YyYMTh CBOHCTBA CHUMMETPUM COBOKYHHOCTL BaI[aHHLI)f
apPryMeHTOB, UTO /JIA KPHCTAIJIOB DABHOCHIBHO NPEACTABJICHNIO ompe
JeAIOMEX TEH30POB Yepes COBOKYIHOCTH TEH3OPOB, XapaKTePH3YIOMIX
KpHUCTAJIUIeCKHe KJACCH, OTMEICHHEIE B rabanne. ]

IIpuBeleEHEe BEIIe cOO0pasKeHUs IO3BOJIAIOT JIEIKO [pOaHANH3H
pOBaTh GONBIIOE THUCIO PABHBIX JACTHHX CIydaes, KOIAA IOIOJHATEN b
HbIe TeH30PHl CHEMUAJIBHE MM MMEI0T CIeNUAJIbHEI BU/ B KpHcTaIIodu-
3UYECKUX OCHX.

IIpu HaJIWYUK JOMOJHHMTEIHHLIX TEH30POB CKAJADHL k, » obmem ciy-
qae ABNANTCA (YHKIIAME COBMECTHHX WHBAPMAHTOB MONOTHUTEIBHLIX
TEH30DOB 1 TEH30POB, 33/[AI0IIMX CHMMETPMIO TEKCTYp WM KPUCTAJIOB.
I[lepeMeHHbIE COBMECTHEIC MHBAPUAHTH BOHIKAKOT 33 CHET AOTOIHUTOIE
HHIX TEH30DPOB. Umcdo (YHKIMOHATHHO HE3ABMCHMBIX WHBAPHAHTOB B‘
ofmeM caydae paBHO YHCTY QYHKIHOHAILHO HE3ABICHUMLIX KOMIIOHEHT
IIePeMeHHEIX TeH30pOB. B HEKOTOPHIX YACTHHIX CIydaAx HUHCJIO $yHKIHO-
HAJIBHO He3aBMCHMBIX KOMIIOHEHT MO3KeT ObiTh MEHBIINM.

CRaJspHEE apryMeHTH ©, B (UKCIPOBAHHOM CHCTCME Rozpnnuaé,
B (YHKOUM KOTOPHX MOTYT OBITH OIIPENEJICHL! roadppurnuerTs k£, B 00-
meM Caydae MOKHO BHIODATH TaK, 9TOOHI OHM COXPAHFAIN CBOG SHAUCHIY
[UIsL PasIMIHKX epeMeHHEIX TeH30POB, SKBMBAJNEHTHEIX ¢ TOUKH 3pEHHA
CUMMETPHA TEKCTYP WK KPUCTAJIIOB COOTBETCTBCHHO. Taxue apryMeHTHI,
VCTAHOBIIEHHEE B QUKCHPOBAHHOM cucTeMe KOOPAMHAT, MOTYT OTJIAYaTL:
sl OT MHBAPHAHTOB 2, 1pH JIO0BIX npeoGpasoBaHuAX KOODAMHAT M COB:
majatb ¢ HuMH (®; = ;) B JAHHOH ¢uKcupoBaHHOR cucTEME KOOD
ImHAT,

6°. O TeHsope KpHUBH3HBI PMMAHOBA NPOCTPAHCTBA I 0Go0meHne Teo-
pempi Illypa. Teopusi, passuTas BEIIe, CBsI3aHA HENOCPEJCTBCHHO €O
BCeMM 3aKOHOMEDHOCTSIMH, PAacCMATPHBAEGMEIME B MAaTEMATUKE 1 Quau-
Ke, KOTOphe (OPMYTHPYIOTCA B BIJe BEKTOPHEIX 1 TEH30PHEIX yPaBHOHIN
M KOTOpHle B TOIl MIM WHOH CTEICHM CBj3AHEI CO CBOMCTBAMU I'€OMETpPH-
9eCKO# CHMMETpHH.

CymecTBy0mue IPWIOMKEHUs MHOT000DABHEI: YKAaKeM, HAIpHMEp,
3akoH I'yka MIA TeKCTYp M KPHECTAJIOB, Ibe303JIEKTPHICCKAE I OLTHIE-
ckue 3¢derTs 1 T. I. B KagecTBe OHOTO U3 IPIMEPOB pacCMOTPUM TEH30P
kpuBusEn Kpucropdens — Pumanma R,jg. Hak m3BecTHO, 9TOT TCH3OP
AHTECHMMETPEYEH IPM HepPecTaHoBKe MHJAEKCOB ! ¥ ] JUIA MHJICKCOB kkln
| ¥ cHMMeTpM4eH OTHOCHTEJBHO II@PECTAHOBKM Haphl MHMIEKCOB if M fil.

&
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B crydae TpexMepHOTO IpOCTPAHCTBA CPeiW KOMIOHEHT R, ;;; mMeercs
TOJIBKO IeCTh KOMOOHEHT, KOTOpPhie MOTYT NPHHUMATH HE3aBHCHMEIE IPO-
W3BOJLHEE 3HAUeHNA. OTH IIeCTh KOMIIOHEHT ONPEAeNfAloT IecTh KOM-
HOHEHT CHMMETPHYHOTO TeH30pa BTOpPOro paHra K™", KOTODHIA MOKHO
BBeCTH 10 dopMyie

Kmﬂ = E’iijklnR”kl_ (6.1)
Orcrona
1
Riikl = TEi.‘imEkanmn~ (62)

Kar msBectHO [%1], KOMIOHOHTH TeH30pa KDPHBH3HH YHOBJIETBOPS-
0T TOecTBy DmaHKm

VrRiﬁmn -+ VmRiJ'nr -+ VnRij'rm = O,

vie MHAGKCHL M, B, I' pa3amiHL Mesk1y coboii, a V,, — CHMBOJ KOBapHaHT-
HO#l IPOM3BOJHOM IO KoopAmHaTe I*. JIeTKo ycMOTpeTh, 9TO TOMIECTBO
Branku sKBHEBaJeHTHO CAEAYOIUIEMY TOMKIECTBY sl KOMIIOHEHT TEH30-
pa K™

VoK™ = 0, (6.3)

Ecanm B Touxkax puMaHOBa NPOCTPAHCTBA TEH30D KPHUBU3HHI JOMYC-
KaeT CHMMeTDPHI0 KaKoro-aubo THIA, TO HA OCHOBAHMM PA3BHUTOH BHIIIC
TEOPHUE JIETKO Hanmcath obmgue QOPMYJE, ONpeAeNAloNide KOMIOHEHTH
TEeH30DOB Rijkl u K™ 9epes KOMIOHEHTH TeH30POB, 3afal0IMUX COOTBET-
crByloImue Ipynnsl cumMerpuu. Hampmmep, jas cuMMeTpuMd THIA TeKc-
TYp BepHH clemylomme QOPMYJE: JIA CHEMMETPHH o0/co - M M oo/oo

Kmn — kgm"; (64_)
IJI51 CHMMETPHH 00 + M, M » 00; MM, 00 : 2, 00 M, 00

K™ = kg™ 4 kb, (6.5)

rjge b™ — KOMIOOHEHTH €JMHUIHOI0 BEKTOPA, HANpPABJIEHHOTO BJIOID OCH
coMMeTpuu. AHAIOrWHEe (POPMYIH MOMHO HamwcaThk B jio0oM caydae,
KOT[[a KOMIOHEeHTH TeH3opa K™" pnomyckaloT KaKyo-IuGo KOHEUHYIO
rpyuny cmvMmerpum. HampmMep, mpu Haanmgmm cEMMeTpHH, OTBedalomei
awoboMy M3 NATH KaaccoB kKyOmdeckoil cmarommw, BepHa dopmysa

K™t = frgmn, (6.6)

CiepoBarensHo, B 9TOM ciaydae TeH30p K™" sfipifeTcA IMapOBEIM, TaK jke
Kak ¥ B cJydae NOJHOA W30TPONAN.

Us (6.2) m (6.4)—(6.6) cmemyer coorsercTByiomme GOPMYIH AIA
KOMIIOHEHT TeH30pa

Ryjy,.
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Uz dopmyam (6.4) w ma rompectea Brarku (6.2) caegyer
gmaVak = 0. (6.7)

Pagermcrso (6.7) supamaer coGoit mapectayIo TeopeMy Illypa. ITo Teo-
peme Ilypa W3 HM30TPOOHA TEH30pA KPHUBH3HEL B KAKIAON TOUKe CJEAyeT
TIOCTOAHCTBO KPWBW3HH BO BCEM NPOCTPAHCTBe, TaK Kak m3 (6.7) momy-
qaercs

k = const,.

B parHOM BENTe KOKasareancTBe Teopems Ilypa comepsrmrea oGo6menne
BTOfi TeopeMEl, 3aKJI0YAIOMEeecs B TOM, UTO JJIA BEIHOIHAMOCTH TEOPEMH
Ilypa mer meobGxommMocTd TpeGoBATh NOMHOW H3OTPOUHH KDPHBH3HEI
B KaKHO# ToUKe mpocTpaHcTBa. J[0CTaTOYHO BHIMONHEHWS B KaKHOH TOY-
Ke ycIoBHI CHMMeTp®E TpPynuH 3/2, T. e. WHBADHAHTHOCTE KOMITOHEHT
TeH30po K™ mam R,j," orBocwrenpro 12 mpeo6pasopammit rpymmet
cmmMMmerpu: 3/2. '

Ecam puBmsHa ompejeiieda B KaKIoH TOUYKe TOCTOSHHEIME KOJIH-
HeapHHIME BeKTopaMm b, To TosxmecTBo Bmamkm maer

Vk - b5eV k= 0, (6.8)

¥Ypaseernns (6.8) npepcrapasior cofoit cucTeMy ypaBHEHWH, HATOMKEH
HHX HAa KDPHBHSHY, MJA COOTBETCTBYIOIEX PHMAHOBHX IPOCTPAHCTB

ABTOopH BHpaskawT cpow Gaarogmapmocts I0. U. Cmpormmy, Gecemmt
¢ KOTODHM NOMOIJIN HM YACHWTH IOJOKeHHE /6] B KPECTAJNIOPUIUKE —
ofnacrd Hayxu, WOBO# A HHX.
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JOBABIEHHNE II

MOJEJN CIIJIOWHBIX CPE[l C BHYTPEHHRAMUA
CTENIEHAMA CBOBOJBI 1)

Jd. H, Cedos

Xopomo n3BecTHO, 9TO B COBpPeMeEHON ¢u3umke w Mexammke Tpebyert-
¢A IOCTPOeHWE, BBEEHWE W WCIMOJHh30BAHWE HOBHIX MoJenaeil Temx ¢ yc-
JOKHCHHMME cBoiicteamm. Hacrano Bpema (arTH9eCKoro pasBuUTHA
MaKPOCKONWYECKOH TeOpHWH, B KOTOPOil TpebyeTcA M3ydaTh He TOJBKO
OBWKeHNe Ta30B, HO TAKMKEe W JBIKOHNE TBePABIX HedOPMHDPYEMBIX Tel
B TECHOM B3aWMOJEHCTBNH ¢ H3UKO-XAMUYECKIME IPOMECCaMIT, IIPOMC-
XOMAMAMYE BHYTPH JaHHON YacTWMOH W B €€ B3aWMOJEHCTBUW C COCE[-
HEMHU YacTHIAMK TejJa W C BHeIMHmMHA o0BbeKTaMu. B ociegHme 10H B
MHEPOBOM JUTepaType HOABIAETCA OYeHL MHOTO TeopermieckmxX palor, B
KOTOPHIX BBOJATCA HOBHIE BUAH 00OGMIEHHHIX CHJI W YpPaBHEHHHA COCTOS-
and. Iopasmgmomee wmeao 9Tmx paGor ocHOBaHO Ha HOopMaILHHX MaTe-
MaTWIeCKUX KOHCTPYKOMAX.

IToctpoerme moBHIX Teopwmii CBA3aA0 CYWECTBEHHO C BBEJGHMEM B
KauecTBe ONPeNeNIAN[AX ¥ MCKOMEX XaPAKTOPHCTUK HOBHIX NMOHATHHA W
COOTBETCTBYIONMIMX MATEMATHISCKH 3aJaBAEMBIX BeIWUMH A ONWCAHHUA
CBOMCTB HmpOCTPAaHCTBA W BPEMEHH, NOJIOMKEHUA ¥ COCTOARHWA Ccybcera-
MAOHAJLHLIX YaCTHIN TeJIa W HoJel, ¢ BLIJeJeHMEM 3JIeMeHTapHBIX OIpe-
TenAmuX BeIMUYNH B O0MEX 3aKoHAX OBIGKCHHWA ™ M (HU3MKO-XHMMmYe-
CKEX IpOmeccax. -

Jlaa Golee KOHKPETHOTO OCBEMIEHWS BTOTO BONIPOCA PacCMOTPUM 00-
NYI0 MOCTAHOBKY Ipo0ieM 00 yCTAROBJIGHWH Momejiedl mid OMMCAHHA
IIMPOKKX KJIACCOB ABWKEHWI M POIMECCOB B MEXAHWKE CIJIONTHON CPEXH.

VikaxeM cHAUANA Ha OPUMephl OCHOBHHX XapAKTEPHHX BeJIMIWH.
Ilpm ¢usmuecrkoM mN3yIeHWN IBUKEHWA MATEPHMANBHHX KOHATHHYYMOB
Ae06X0AMMO TOAB30BATHCA IMOHATHAMA BPEMEHM W METPHYECKOTO HIpOCT-
PAaHCTBA TPEXMEPHOTO WM YeTHPEXMEpPHOTO H BCETAA ABYMA CHCTeMaMu
Koopnmaar (puc. 66) 2): cmctemoit koopaumEar Habmonarens z!, 22, 23, z*

1y TexcT mormapa, crenaHEOro Ha OTKpHTHA I1117BceecorsEoro cresfa mo Mexa-
EAKe 25 gmBaps 1968 r. w mameuaTamHOTO B ;KypEajde «IIpmKIajHas MaTeMaTHKa M
MexaHmKa», 1968, 1. 32, Bum. 5.

2) HeKOTOpEE TYMAIOT, 9TO MEXaHMKY MOBMKHEIX HeIPEePHBHEX MaTepnalbHHX
cpex 6e3 CyImeCTBEHEOTO OTPAHAYEHA OGIHOCTH MOMKEO CTPONTE MPH TOMOIIH TOJMBKO
OTHOW M HPHTOM JeKaPTOBOU CHCTEMH KOODHHHAT.” DTa TOYKA 3PEHHS, OTPaKeHHAs
B HEKOTOPHX KHATAaX ¥ ACKPEHHe BHE[pseMad B COHAHMO YIANAXCH, HeBEPHA M Me-
TNaeT MORMMAHWI0 CYIIHOCTH MEXAHWKH M MOCTAHOBOK €6 3anad.

IlyraErna nwTaercd, ¢ OFHOM CTOPOHE, TeM, YTO B Mexammke nedopMHpyeMBIX
TBePHHX Tes OOHYHO paccMaTpPEBAIOTCH TONHKO JMHEADH3OBANHHEE 3afgady, KOrma
B pacuerax MOJKHO CYHTaTh, UTO CHCTEMAa OTCUETa HAGHIONATeNs W COMYTCTBYIOMAs
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O COOTBETCTBYIOINEH Jarpammkesoii cmcremont &f, &2, &3, &* =¢. B ¢n-
smke HploToma MOMKHO Bcerfla CYHMTATh, 9TO HMEET MECTO PaBEHCTBO
z* =§* =t, m paccmarpmBaTh aGCONIOTHOE BpeMA KAK CKaJAPHYIO
mepemenEylo. Koopameata &1, &2, &% ¢urcmpylor mERMBHAyaisHLE Hac-
tuns. B o6meM caygae ofe CHCTEMH KOOpAHHAT IO CBOOMY CYINECTBY —
KPUBOJIMHEHHEIe CHCTEMH KOOPAWHAT.

e

52

x’ &
Pnc. 66.

B MEeTpHYeCKOM pPHMaHOBOM HIpPOCTPAHCTBE A 3JeMeHTa [JIHHH
nMeeM

ds? = gy;daide’ = g;;dEidEL. (1)

KoMImoneHTH TEH30pa £;; OIPEHENAIT METPAKY M ABIAIOTCA OCHOBHEI-
ME XapaKTepHCTHKaME IpOCTpaHCTBa-BpeMeHH. B Mmexamwmke Hrloro-
Ha TEH30p g;; 6BKINWIOB, B CHENWANBHON TEOPHH OTHOCHTEILHOCTH
IICeBMIOEBKJINMIOB; WX KOMIOHEHTH [OOHPEleNAnTcs HabIomaTeleM
TONBKO BHOOPOM, 10 COGCTBEHHOMY YCMOTPEHWIO, CHCTEMH KOOD/H-
Hat 2!, 22, 7%, %

B 00meii Te0OpEA OTHOCHTEJIHHOCTH TEH30D £;; OUPE/eJIAeTCaA U3 ypas-
HeHWH, BHpakalomux co0oil ¢mawdeckue npmemunu. WaBapwadTHHE
nuddepeRnmANbEEE BeIWYUHE, 3a[al0mMue CBOHCTBA METPHYECKOTO TEH-
30pa g;; PAMAHOBA YeTHPEXMEPHOTO IIPOCTPAHCTBA, MOMKHO B3ATH B Ka-
49ecTBe IEPBOl W 0Y6eHb BajKHOM HMINIOCTpalWm, IpEMepa He KJaccude-
CKUX HCKOMEIX ()H3WIECKHX BeJWINH HOBOIO THUIA.

OcHOBHOI MCKOMOI CBA3HI0O B cHCTeMe HaOMIofaTeNs, onpeersomeit
NBUREHNE CPENL, ABIACTCA 3aKOH JBMAKeHWA, TPeCTAaBIAEMIH 9eTHPHMA
$yEROTAMI

o=t (B8, B, ) (i=1,2,3,4). (2)

cmcTeMa coBmafaoT. C pyro# CTOpOHH, TeM, 9TO MeTPHKA COOYTCTBYIONIeH Jarpan-
7KeBOif CHCTeMH KOODAUHAT B TEOPHH KHAKOCTeil H rasoB IPOABAAETCA TOABKO Te-
pes IIOTHOCTH.

Bwmecre ¢ aTEM 9acTo 3aGHBalOT, 9TO BCe Cy(CTaENMmOHANLHEE XAPaKTEPHCTHKH,
TaKme KaK CKODOCTB, YCKODeHHWe, TeH30p cKopocreil jedopManmit u T. I., BBOAATCA
Opy [OMOINM CHCTeMH HaOaloAaTelda OpH CYMECTBeHHOM HCHONb3OBAHWE WOHATHA
0 COIOYTCTBYIOIEil CHCTeMe KOODPAMHAT.
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Hapany ¢ ¢pymrmmamu z’ (E¥) yno6HO BBOAMTL H paccMaTpmBaTh B Ka-
9ecTBe OUPeNeNAIMUX apryMeHTOB A Pas3fnHYHKX (mamueckux (yHK-
nui Upou3BOAILE
i odd i i
X;j =—6—Ej—, Vklxj,...,VthZ... Vkp-rj,... (p=1v,2,3,...). (3)

3oeck depes cuMBOI V, 0603HaTeHA KOBAPHAHTHAA ONPOH3BOAHAA IO

z¥, mpuueM mepBHIe MPOM3BOJHEIE £, PACCMATPHBAITCS NpH PHKCUPOBAH-
HHX B3HAYCHUAX HHAeKCA j KAK KOMIIOHEHTHI BEKTOPA HO HHACKCY i;
9TH BEKTODPHL ONPeMeNInT coGoii KOMIOHEHTH BEKTOpa CKOPOCTH, COOT-
BETCTBYIOMHUE IOBOPOTH, A UPH CPABHEHHW JAHHOTO TMONOKEHWA TeNa C
HEKOTOPHIM MBICJICHHO BBOJMMEIM (HAYAJBHHEIM IOJOIKCHHEM» KOMIIO-
HeHTH TEH30Pa, CBA3AHHOTO ¢ medopMaliueii:

Eii =1/ (é;ii - ;(}ij) = 3 (§pe®i’ i — ée’ij)-

3pmecn depes g‘ﬂ-j (81, &2, g2, &% 0603maYeHb KOMIOHEHTEI MeTpmie-
CKOTO TEH30pa, OTBEYANINET0 «HAYAJIHHOMY NOJOKeHHIO», KOTOPOe BBO-
JATCS ¢ MOMOIIHI0 HEKOTOPOTO COTNIANIeHNA 13 PU3MICCKHEX ¢006 pakeHuil.
B npocreiiimux wacTHHX CIy9aax HAYAJIBLHOE IOJNOKEHNE BBOJUTCA KAK
«HEM3MEHMeMOe TBepIoe Telo», COBHAJaiomee B TPeXMepHOH NpOCTPAHCT-
BEHHOU’ 9acTH ¢ MaHHHM JedOpMHPYEMHIM TEJIOM B HEKOTOPHIH «HAdYalb-
HHI» MOMeHT Bpemenu (cM. [1]).

BumecTe ¢ sakomoM gBmxeHHs (2) HeoGXOXMMO BBOAHTH IepeMeHHEIE
nmapaMeTpe W4 W WX TPAJAMEHTH (KOBapHAHTHLIE MPOW3BOJHHE) pasamd-
HHX HOPATKOB

MA = l-‘l'A (glz §2~1 §3, §4)z kavkz A qul"l'A’ oo (\4)
A4=12,...,N;g=1,2,3,...);

B KA9YecTBe TAKUX MONOJHUTENLHEX NAPaMeTpPOB WA MOJKHO B3ATD:
SHTPOINIO; KOHMEHTPAIHH pasJMIHHX KOMIOOHEHT B CMeCH;
KOMIOHEHTH TeHS0POB OCTATOUHKX JedopMammit ¥ MIIOTHOCTH 1)

macnokanmit 6i”, Sy
KOMIIOHEHTH BeKTODPa 3NeKTPOMATHUTHOTO HOTeHHEmaga A; Aja TeH-

30pa SIAEKTPOMATHATHOTO IO

OIpefleIeHHOTO B COOTBOTCTBYIOMEH WMHEpPOUAJBHOR CHCTEMe KOOpPIWHAT

1) B macToAmee BpeMsi IPOACXOLHT yCOBePIICHCTBOBaHW® M oGobmenne reopmd
WJIACTAYHOCTH foGaBieHMeM HOBHIX IapaMeTPOB W TAKHAM IIyTeM IIOJYYaeTcsd TEOPH
AECHOKanmmi (cM., Hampmmep, [2]).
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Mmarpumei (cM., mampuMmep, [°])

0 B3 —B* cE,
—B3 0 B! ¢E,

B* — B! 0 ¢k
—cE, —cky —cE3 0
rie ¢ — CKopocTh cwera, K, E,, E, — KOMIOHEHTH BEKTOpPA SJAEKTPH-
qecuﬁoii HampaskemEoctH, a BY, B?, B® — KOMmOHEHTH BEKTOpa MarHWT-
HOW WHIYRIWMN;

KOMIOHEHTH TeH30pa HAMATHWYEHHOCTH M Nojapuzammy P =

=1/ (F;; — H;;), npmaem HY ompenenens Marpumeit

0 Hy —H, — Dyjc
— Hg 0 H, — D,/c

Hy, —H, 0 —Dyleil’
Dyjc Dsjc  Dglc 0

Fii=

Hi =

rne H,, H,, H; — KOMOOHEHTH BeKTOpa MATHHTHOH HAIDAKEHHOCTH,
a Dy, D,, D; — KOMIOOHEHTH BeKTOpa dJIeKTPHIECKON HHJYKINW,;

KOMIIOHeHTH! BHYTPEHHHX MeXaHMYEeCKHX MOMEHTOB KOJHYECTB JBH-
JREHUA My, U T. .

ITepeMenHLle TapaMeTPHl p4 MOTYT HMeTH CKAMAPHYIO, TEH30PYI0 HMIH
cumHOpHYW mpupoRy [%%f]. Haaudme nmepeMeHHEIX mapaMeTpoB W4,
KOTOpEIe COrTacHo (4) HeoGXOTUMO OIpeMesaTh DU pelleEwnn 3ajad, 03-
pagaer, 4TO MaydaeMaA MoOfelb CHJOIIHOH cpeftl o6iagaer BHYTpeBEHH-
MH CTSIeHAMA CBOGOJIHL.

XapaxTepHoil ¥ BayKHO¥ 0COOCHHOCTHIO BCeX MAKpPOCKOIMIECKUX MO-
gesielt reopMEpPYeMBIX cpe 1 moixeli OyfeT PyHKIMOHANLHASA 3aBECUMOCTh
MCKOMBIX BeJIMYMH [ TesJl KOHETHRIX PasMepoB OT OIIpeelIAOIuX Ia-
pamerpos. Hampumep, nna medpopmupyeMoro teia KOHEYHHX PasMepoDn
nojHas BHYTpeHHAA sHeprusa U Bcerma Gyjer dyHKIHOHATIOM 0T HyHK-
it 2 (89 mopa (E4).

Bo Muorux ciygasx Ha NpakTHKe MOMKHO TPMHATH 0600IMeHHOE CBOIi-
CTBO a/IUTUBHOCTY BHYTDPEHHEH dHEPTHU ¥ JJIA NoJHOHE sHeprun U moan-
soBarhcsa GopMyno BHIA

U= u’(gijixjir '“1Vk1sz'“ Verji’ I‘LAY“'Y
m
Vi Vi 04, S, Kg)dm +U,,  (5)

Tfe m — Macca HOKOA, dm — 3JIEMEeHT MacChl IIOKOH Cpejs, ¥ — Jo-
KaJabHad BHYTPEHHAA SHEPTHA, PACCIMTAHHAA HA GMHHUIY MacCHl M UpPeJ-
CTABJAIMAA 0G0l (uUaHmIecCKH OIpefeJeHHYI0 (QYHKOWI0 TOJBKG OT
VKA43aHAKX apryMeHToR, upudeM S — paTponad, a K (B = 1,2, ...) —
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m3BecTHNe QyHKNWE KoopAEHAT &' (00o0menme safamHmX (H3MIeCKHX
mocToaHEHX). Ilo oCHOBHOMY (HBEYeCKOMY JONYINEHHIO B JaHHOHW TOY-
Ke BeJINYmHA JIOKAJbHOH yMeNbHOH BHEPTMH U He 3aBUCHT OT TPajMeHTOR
BHICIIETO IOPSAAKA '), He YKAaBaHHKIX B UACIe APTyMEHTOB ¥ (r B § —
QHKCHpPOBaHHKE YHCHA).

B kxaccH4ecKoil TeOPHE YIPYTOCTH (B TPeXMEPHOM €BKIHTOBOM ilpO-
CTPAHCTBE) MMeeM npocTemmi crydail, KOTia

o
U= u(gijv €ijs S1 KB)

B Goustee ¢a0:HELIX HOBHX MOAENAX 2) CIUIOIIHKX CPel B aPTYMeHTax
VAeNBHO| BHYTpeHHE! »HEPrud U MOABJIAITCA TOMOJHUTENAbHEE GU3TKO-
XIMAYECKAe XaPAKTePHCTHKA U4 W TPAJMeHTH Pa3sMUIHBIX MOPAKOB OT
BeNmauE z; 1 pA.

Hanwawe raxkux TpagveATOB B BRIPAJKEHHM [ BHYTpPeRHEN sHEPran
OpHBOXMT K HeoDXOAUMOCTH NEepecMOTPeTh HMemuecd KOHennum o6
VPABHEHUAX [ABMKEHWA H IPONECCoB, 0 KPAeBHX H HAYAJILHHX 3HA-
deHNAX, 0 MeXaHm3MaX BsamMmopeficTBmii, 06 YCIOBMAX Ha CKadRaX U
MHOTHX [PYTHX BONPOCAX.

Cnenuanbro BEIjeneHHAs W OTMeYeHHAdA B fopmyae (D) HOCTOAHHAA
U, B KI1accudecKol TEOPMH YINPYTOCTH COBepPHICHHO HECYMECTBEHHA H
00BI9H0 IoJiaTaercA papHON myno. B Gomee obmeM ciaydae HOCTOAHHYIO
U, He0O6X0MMMO YUYNTHBATE, 1 ¢e HEJIBL3A PACCMATPHUBATE KaX a/ITUTHBHYIO
[eIAYAAY [JNA OTHEJBHHIX YacTeil Teja NPH QaKTHIECKOM paspelie-
AUH Tejia HA pPa3iMYHEC 9acTH. JTO CBA3AHO ¢ TEM, UTO BCAKOE pasfene-
HyUe Tejla Ha YacTH, M3MeIbYeHHe TeJia U T. 1. CBA3aHO ¢ 3ATPATAMY RHEMI-
Hell oHeprmm. B mepBoM HpuOIMKeHNMW HEAAMTHBHOCTH IOJIHON BHYT-
penneit sHepruu U MOMHO YYMTHIBATL 4depes mocrogaEyl U, ¥Yder
usMerenna [/, Ipu HAMEHEHWH HOBEPXHOCTH Telda mpu o6pasoBammy Tpe-
myH, OpH O6GpPA30BAHAM H PA3BUTHHM JAUCIOKANMA W IpHM paspyUICHWA
Tera MMeeT NMePBOCTENEeHHOe 3HAYCHUE.

Jlns ynpyrux Tel NpH HANWYIUH HIONIHPOBAHHHX 0COGEHHOCTEH mM3-
MeHenue mocroaHmoil U, HJAS DaBHOBECHHX IPOMECCOB MOKHO HAaNTH
uepes riofanpHOe WM3MEHEeHWe YOpyroi o»Heprum. Kcam BHyTpHm
Tela mojx [feitcTBEeM BHYTPeHHMX IPOIECCOB WAM Tof JelicTRHeM
M3BECTHHIX BHOMHMX  BO3EeHCTBHH  BO3BHMKAWT WIA  YCTpaHsA-
10TCA HeKOTOpHIe fePeKTH, TO BTO CBABAHO ¢ 3aTpATaMU YHepIud, MCTOY-
HUKOM KOTOPOH MOTYyT OHTH MOJNHAS YOPYTras DHEPTHA Tela W M3BECTHLIS
BHEIIHKe NPHTOKH DHeprud. B HeKOTOPHX caydaax wamenenus U, ana-
JOTWIEHE CKPLITOH TEINIOTe IIABIEHWs WX BooOmie SHEPTHH (a30BHX

[peBpaImenuii.

1) Eme Komn npn cosgasnn Teopny YUPYTOCTH IPefBHAEN W IOApasyMeBan BO3™
MOKHOCTh BBEJIGHHA B aPrYMEHTH 3a/]aBaeMHX (yHROWM BHCIIEX NPOM3BONEHX. M3
CTATHCTHYECKHX TEOPHil UPH IPefleI-HOM IIePeXofe OT AUCKOETHHYYMA K KOHTHHYYMY
moAyuaeTcd, YT0 B aPryMeHTaX YHeJAbHOHW BHYTDeHHEH DHEPIHH & MOTYT DpHCYT-
¢TBOBaTh, BooGme rosops,fOpousBofHEe M060ro mopsanka ms (3).

) B 9acTHOCTH, MOXHO BCIOMEETD MOJENb KEIKOCTE ¢ IysHpbRamm [7].
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Heo6xopumo momueprEyTs 1), 9T0 manbHeiimiee pazpemenne Ha GuU3m-
9eCcKOM OCHOBe mpPOGJIeMH TPOYHOCTH MATEPHAJOB OYIeT TECHO CBA3AHO
¢ maydeHWeM naMeHenmsi U,. OTCyTCTBWe BaKOHUYEHHHX TEOpHA M 3a- )
METHHIX YCIIeXOB B paspelieHHH OCHOBHHIX 337a9 O KPUTEPHAX MPOIHOCTH
MaTepHANOB MOKHO O6BACHATH mrHOpmpoBanmeM Benmdman U,. C npy-
TOH CTOPOHE, YCIIeXH B TEOPUH TPeIMUH B XPYNKHX TeJaX B MEPBYIO ode-
penb CBABAHH € yd4eToM wW3MeHeHHA Bennmuuuu U,

Ilpu pemieEWH HEKOTOPHIX 3ajad B PAMKAX TeOpHH yOPYTOCTH Pac-
4eTHHIC HAIPS;KeHUA B OTAENLHHEX MAJEIX 00JAaCTAX MOTYT BO3PacTaTh
HeOTPaHWYEHHO, M 9TO0 HE CBA3AHO ¢ 3aMETHHM OOIMUM WM Ja’ke MecT-
HEHIM paspymeHueM. B ¢BA3H ¢ HTHM WHOT/IA HeOpHeMJIeMH KpHTepHU
paspymieHns, OCHOBAHHLICE HA MOABJEHHM B YyOPYTOM IOJE PACIETHEIX
HATPSKeHWil, HOPeBOCXOJAMMUX HEKOTOPHE IMpelelbHbe 3HAYCHUA.

Paspymenna KOHCTPYKOUH PpA3IMYHHIX COOPYeHWH WIM MCILITH-
BaeMHX 00pasimoB B o0meM cjyduae NOpPeICTABIAKT coGoM riobanbHEbe
ABJIEHNA TOTO ;K¢ XapaKTepa, KaK sfBIeHWe HEYCTOHIHBOCTH JIBIKe-
HUS W SBJICHWE HEBO3MOYKHOCTM PABHOBECHA HIH HETIPEPHIBHOTO ABHU-
YKEHNS.

B o0meM cayvae KpuTepuu paspyileHus He WMeIT JOKAJIBHOH Hpm-
pormet. TeM He MeHee oueHb 4acTO TiHo0ajbHAA HEYCTOHIMBOCTH OIIpe[e-
JgeTcA BIOJHE JOKAIBHHIMYA YCIOBUAME, OJ(HAKO HEIb3A HEe YIUTHBATE,
9T0 BO MHOTHMX CIydYaAX COOTBETCTBYIONHEE JOKAJbHEE YCIOBHS MOTYT
OHTH TONBKO HEO0XOAHMHMMI, HO HEJOCTATOYHLIME [isfd HAPyDIeHHd yc-
TOWIMBOCTH PABHOBECHWS W [JIA pa3pyMeHuWs NAHHOH KOHCTDYKIMH.

ITpo6remMa KoHCTpyMpOBaHMA Mojelell CILIONIHEIX Cpej, COCTOMT B
YCTAHOBIEHNH XapaKTePUCTHIECKUX BOIMYMH W CUCTEMB (PyHKIHOHANB-
HHIX wid quddepennuanbELX YPpaBEEeHAN I pa3IMIHOTO Pojia f06aBOTHBIX
yeaoBuit, KOTOPHE MO3BOJAKT B KOHKPETHHX Caydadgx (opMyImpo-
BaTh MareMaTHIecKme 3afadud o0 omnpeJeNeHNH B33aKOHOB JBY;KEHH]
z' (E¥) m ¢usmKo-XIMWUECKHX IPOIeccoB, ompefensdeMiX (yHKIHA-
Mz pA (EF).

3ajlaga 0 HOCTPOEHMH MoOJeiedl CINIOMHBIX CpeJ TPUMEHUTEJNLHO K
U3BECTHBIM KJIACCAM PEANBHHX 00BEKTOB M PEANbHHX SBIEHNH IPEACTAaB-
asget coGoil OfHY M3 OCHOBHKIX 3a7a9 (HINYECKOTo mCcaenoBammusa. Pas-
peliieEme 9TOH 3aKaYU CBAZAHO ¢ OHMOPON HA WCXOJHKIE, YHHBEDCAJbHBIE
M 9acTHHE 0a3WCHHE JONYIMeHusa, HA TAHHLIE ONBITOB M HA COTJIACOBAHWE
HabmoMeHn N SMONPUYECKUX H3MepeHHil ¢ TeOPeTHIECKUMM BHBOIAMU
W pacueTaMm B IIpejesiaX TOYHOCTH, HYKHOM HpaKTHYeCKW MWW 3aJaBae-
MOH TI0O CMHICIY TOCTABJEHHHX NpobieM.

IIpemnaraeMas paGora MOCBAMEHA ONUCAHWIO, AHANW3Y M PA3BUTHIO
o6mero MeTofla, MO3BOAAIOMEr0 HA OCHOBAHUA MWUHMMAJIBHOTO IHWCIA JIO-
nymennii UsHIecKoro XapaKTepa YCTAHABJIWBATH JJIA Mojexeli cpenm ¢
BHYTPEHHEMU CTEIeHAMH CBOOOJH YCIOKHOHHEE 3aMKHYTHE CHCTEMH
YpPaBHEBMA W YCJIOKHEHHHE [00aBOYHHE KpaeBHe W IPYrume YCIOBHA,

1) Cu., B gactHOCTH, T. 1] Hacroameit kmmram,

]
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KOHKDeTH3UpYIOIUe OTAEAbHLE MOMENH W YACTHHE NOCTAHOBKE 3amad.
HccnenyemMoe m moJIoKeHHO B OCHOBY, GasHCHO® BapHANMOHHO® ypaB-
HeHHe IpejficTaBaAeT coboit mpocToe W ecrecTBeHHOe 0000IeHme BapHa-
nmonHOro mpuHUENA JlarpaH;xa W BO MHOTHX BaKHEMIIHX CIyYasXx
TMOJMHOCTHI0 COBIAflaeT ¢ XOPONIO M3BECTHHIME OPMMEPAMHA NPHIOKEeHUA B
popvyaupoBru sToro mpuHNEIa [%46°9%1,10]

Rax xopomo u gaBHO yKe m3BeCTHO, BCe OCHOBHEC YPABHEHHS B TEO-
PHH OTHOCHTEJNBHOCTH, B 3JIEKTPOAVHAMHAKE, B AaHAJIUTHICCKON MeXaHUKE,
B TePMO/INHAMAKE PABHOBECHHX IPONECCOB, B TEOPHM YIPYTOCTH, B THUJ-
POAMHAMUKe X BO MHOTHX /[PYTHX CJIydYaaX HOAYYAIOTCA OPU IOMOINA
BAPHAIMOHHOTO ypaBHeHus Jlarpamxa.

Bo MHOruX coBpeMeHHHX (M3MIECKHX TEOPUAX HTOT BAPHALUOHHEIH
OPUENUI mpeficTaBiAer coboit paGounil 4, OO CYIECTBY, eAMHCTBEHHLIH
MCXONHHE PANAOHANBHKEN ammapaT MCCIeTOBAHUA.

IIpoBemennniit amanws mOKasghiBaeT, 4YTO BAPHANUOHHOE yDaBHEHHE
Jlarpamka gua MaTepManbHHX KOHTHHYYMOB U Aad ¢uamdeckux moieil
MokeT OHTH IOJOKEHO B OCHOBY /[AiA JIOHX (QU3WIECKUX MOJeiei
He TOJBKO [iA OOpaTUMHX SBJEHHWIl, HO H B CJIydIasAX HeoGpaTUMBIX
ABJEGHUH,

Ilpu momMomu BapmamuOHHOTO YpPaBHEHHS OKA3aJ0Ch BO3MOKHEIM
00BeMENTS W CHHTE3MPOBATH HA 00meil OCHOBe pasiIMIHEe (EHOMEHO-
JI0TUYecKHe U CTATHCTUIECKUe METONH TeOPMH HeoOpaTHMBIX IPOLEcCOB
B TePMOJUMHAMUKE W MeXaHWKe. B gacTHOCTH, HOABMIACH BO3MOYKHOCTH
HCTOJIKOBATL W ONEHHTHh B paMKaX yKe PAasBHTON TePMOAMHAMUKHM He-
00paTHMHX NPOMECCOB ACCONMUHPOBAHHEIA 3aKOH JJIA OCTATOYHHX ILIAC-
THYecKuX AedopMauuii B MeXaHWYIECKOH TEOPHMH IJIACTHIHOCTH.

WN3BecTHEIM HOBHIM MOMEHTOM B pa3BUBaeMOI Teopumm OyAer mpmMe-
HeHIe YpaBHeHMA B BapUAlUAX

1) Ana onuMcaEWA AeHCTBUTENHHO OCYIMECTBEMBIX B CIJIONMIHHX Cpefax
HeoOpaTHMEIX ABJEHUIT;

2) mus yeTamoBICHUA YPABHEHHSA COCTOSHUA;

3) JiA ycTaHOBIEHHWS KWHETHIECKUX ypaBHEHMIL;

4) naA monyYenmA HAYANBHEIX M KPAEBHIX yCIOBHA K

5) AJisA MONyYeHUA YCAOBUA HA CUIBHEIX pPasphHBaX — CKAYKaX BHYT-
PE CpejbL.

Ilpu passuTHE COBpEMEHHO TEOPHH YCHOKHEHHHX MaKDOCKOIEYe~
CKHUX Mojiesieil cpesi W moiiedl BAyKHO HMeTh SCHOe Ipe/icTaBleHUe O TOM,
9T0 fajke B paMKaX HBIOTOHHAHCKON MeXaHUKM ONUCaHHe ABJEHHI ¢ Cy-
MIECTBOHHHM IPOABJEHHEM BHYTPEHHHX cTeleHell cBOGOAE HEBO3MO-
HO TOJILKO HAa Gase IapHOTO ypaBHeHusa MexaHMKE HpioroHA

ma = F. (6)
! Ypasuenue (6) gocraTouHo B KadecTBe 6asH AJS PA3BHTHA AHAIUTH-
‘ 9eCKOA MeXaHHKKM CHCTEeME MaTepPHAaJbHEX TOYEK, B TeopuH abCOJdI0THO

TBOPAOTO Tejla, aAmalaTmIeCcKOd TeopuH YHOpPYTOCTH, TeOPHM [BHKEHMA
HeaJbHON HECKUMAaeMON JKHUKOCTH M B HEKOTODHX APYTHX CAy9JaAx

o
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HO y;Ke He[[0OCTATOYHO /A yueTa MaKPOCKONHYSCKHX TeIJIOBHIX W HJEKT-
POMAarHATHHX 2¢¢dexrTon.

... B uactHOCTH, ypaBHeHHme (6) He MOKeT CHYIKUTH 0a3mCOM [AA IOIY-
96HHA , MAKPOCKONUIeCKUX 3aKOHOB, DeryJAUPYIOMEX pOCT IIACTHIEC-
KEX Jedopmanmuit, paaa ydera o(PPexToB, CBASAHHEX C U3MEHEHHEM
HeOPePHBHO pacUpefleIeHHHX,; JUCHOKANN, A y4eTa Pa3aUIHEX PO~
neccoB U 3¢PeKTOB, CBA3AHHEHX ¢ MAKPOCKONMYECKUMH TEOPHAMH DJIEKT-
pUYecKOH NOAApPM3ANWA W HAMATHUYABAHHA Cpel, H BO MHOTHUX Jpy-
THX Caydasx.

1 B wactEOCTH, M3BECTHOe ypaBHEHHE MOMEHTOB KOJWYECTB JBUKEHUA
JIIA MaJIEIX 9aCTHIL UJIH 714 KOHeYHHX TeJI He AB//eTCA CIefCTBHEM ypaBHe-
Bud (6), a Apiiercsl HE3aBUCMMEIM (QYHIAMEHTAJILHEM YpPaBHEHMEM, CBA-
3aHHBIM € CHUMMeTpuell 3aKOHOB HPUPOJE OTHOCHTEJABHO TIpPYHIL Bpa-
pIeHUH, Torjla Kak ypasHeHHe (0) CBAsaHO ¢ cHMMeTpHe#d 3aKOHOB IIPH-
POAB OTHOCHTENHHO TPYIIL TPAHCIAIHUI.

AIg MHOTHX KIacCHUeCKHX Mojiejiell CIUIOMIHKIX cpef audpdepernu-
anbHOe ypaBHeHHe MOMEHTOB KOJMYECTB JBIKEHHA CBOJUTCA K YCJO-
BIMIO O CHMMETDHH TeH30Pa BEYTPEeHHUX HANPAKEeHUN MW YAOBIETBO-
pseTcs aBTOMATHYEeCKHU, KOTHA TeH30D BHYTPEHHMX HAIIPAMKEHUN BBOJUTCH
KaK oIpefe/iseMad XapaKTepUCTHKA u3 obmux KouymeHu#d, PUKCHPYIC-
MuX CBOICTBA CpexH.

OTMeruM, 4TO pasBUTHE CTATUCTHIECKUX TEODMil JJf BHBOJA MaKpO-
CKOIIMYECKUX 3aKOHOMepHOCTeii, 0asupyicmeeca Ha ypapHeHuu (06) Ha
MHEKPOCKONIMYeCKOM YPOBHE, BCEIZ[A CBA3AHO ¢ HEKOTOPHIMU CYMIECTBEH-
HHMM [J004BOYHEIMH YHUBEDPCAJBHBIME M YacTHHMH JONYyNIeHHAMY, HE
BHTEKAN[MMHE HEIOCPeICTBeHHO u3 ypaBHeHma (6).

Ob6paruMcst Tenmepb K PasbACHEHHI0 CMEICIA OCHOBHOTO BapHamu-
OHHOI'O ypaBHEHIsE, KOTOpPOe MOKHO B3ATH KAaK HCXOJHOe, 0asHcHOe
ypaBHeHUE JISI MaKPOCKONWYECKMX Cpef ¢ BHYTPEHHUMH CTeIeHAMM
CBOOOIEL.

s mpocrotst u Goablieil O0IMHOCTH PaccMOTPHM JaJMbHEHIOYIO Teo-
PHIO B paMKaX CIEIMUAIbHON TeOPHUE OTHOCUTEABHOCTH B IPEIIOJI0KeHNH,
9T0 IPOCTPAHCTBO — BpPEMsA MCEBAOEBKIHIOBO.

Omuir ¥ Oamkaliliee paccMOTpeHMe IOKAasHBalOT, 9YTO pasBUTHE TeO-
pUH ¢ MCIOOJL30BAHWEM YeTHPeXMEPHOTO TeOMeTPHIEeCKH OIPeIeIeRHOTO
$HU3UIECKOr0 MPOCTPAHCTBA — BPEMEHH U YeTHPEeXMEPHHX BEKTODOB M
TeH30pOB 0UCHL Y00HO, eCTECTBEHHO H B BA;KHHX CJIyJafx ¢ (E3mIeCKOH
TOYKM 3PEHUs COBEPIIEHHO HE00XOAMMO.

B ¢urcuposamvoil cucreMe KoopauHAT HAGIHAATENAs HAPANLY C fell-
CTBUTEJBHEMHA JBIKEHHAMM X OPONECCAMH, OOHCHBAEMBIMH TOYHO MK
npuGIMKEeHHO OpY HOMOMY KYCOYHO-TIAAKHX (QYHROWI

at(E), pAE"), SE ()

BBEAEM MBHICIACHHO HEKOTODHH JOCTATOYHO IMHPOKHH KJIACC KYCOYHO-
rIalKaX [JONYCTUMHX (QYHKOUH, cojlep:Kamjdii IO YCIOBHIO CHCTEMY
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dyaruui (7),
@l (B¥) == 2 (§%) 4- 8at,
Efﬁ?)=:uA(§%—%6uA, (8)
S(E)= S (&) + 89,
u no cmucay seamaun K (EF) momaraem, aro
3Ky () = 0.

QOyuxgur Zi, [4, S paccMaTpuBalTCs B TOYKaX HEKOTOpoit oGxacTh
cucTeMBl cOOBITMIT deTmpexMepHoOro obbema V, mpocTpamcTBa — Bpe-
MEHW, OTPAHWYEHHOI'0 TpeXMepHOM IoBepXHOCTBEIO X, J[anpHeiimee
HOCTPOGHNE CBA3aHO C HPEIION0KeHHeM, 9TO B KJIACCe MOMYCTHMEIX
oyrrumii sapmanue Oz', dp4 m 65 B o6beMe V, HempepHIBHEL BMecTe CO
BCEMM ITPOMIBOHBIMHE, BXONANAMA B BAPHAT(MGHHEE ypaBHeHUA, U 0012~
MAIOT JOCTATOYHHIM IIPOM3BOIOM, a Bapwmanuu Oz, OV,z', ..., 6V,u4,...
BLIpaskaloTcss uepes Qynnmum ' (EY) w p4 (BY) ana peficrnurennHbIX
ABJeHui, depead Bapuanyuu 0x' M Op4 M 4epes MX IPOM3BOJHBIE 11O KOOD-

aWBaTaM z'.
CymectenHOH HOBOH 0COGEHHOCTEIO fajibHelinmei Teopun Gynyr cie-

aylomue o6CTOATENBCTBA:
1) Bapmanmm Oz’ ompejeneHb KaK KOMIOHEHTH HYeTHPEXMepPHOIO

KOHTPARBAPHAHTHOTO BEKTOPa, a Bapmamuu Ou4 — Kak KOMITOHEHTLI
TEH30POB TOIH 3Ke HPUPOFHL, dTO U PA;

'2) Ha rpaHHIDAX X4 NPOM3BONBLHHX 00BeMoB V, < V, Bapmamum
d0r" m ép4 M MX TpOH3ROJHBIE MOTYT OBITH OTJHHYHBI OT HYJIS HB H3BECT-

HOM CTelleHN HPOM3BOJLHHL
OcnoBHOe OasucHOEe ypaBHeRNe HAIIMHIEM B BuJe

5§ Adv+ oW+ iV =0, 9)
V.

rme A — miotHoCTh QyHRNWE Jlarpamsiia.
Jaa marepuaapuo# cpeast A MOKHO 3ajaBaTh $opmydoi 1)

A = — pu(gyj, xif, Vit o, pd, Vepd, oL, S, Kp), (10)

Ifie p — CRAJApPHAS INOTHOCTH (OTHOMIEHME MAacChl HOKOS K TpexMep-
HOMY 00beMy B CONYyTCTBYIOMEil CHCTeMe KOOPAMHAT), U — BHYTPEHH:A

1)K BapbupyemoMy mHTErpany uo V, MOMKHO NPHGAaBHTH WIEHH, yIMTHBAIOUIne
Hanwque BenwmauuH Uy B popmyne (5), Koropas MOEeT BooOINe MeHATHCA 3a CUeT
Pa3BATHA TPaEHANH 2o H MOBePXHOCTeH pa3phBa BHYTPH V.. B mamaraeMoM EmXe oc-
HOBHOM BapHaHTe TEODHH TaKoil fo6aBOYHLIl wieH He BBOJNHTCH.

B aprymentax ¢opMyas paua A cpejH mapaMeTpoB p,A BHJleleHa 3HTpoONNA S,
npuYeM cpefil apTyMeHTOB A He 3HAa9aTCs TPajlueHTH sHTponuu S. Jlampreidnryo reo-
PUI0 MOKHO PAacHpOCTPAHHUTH HEHOCPEACTBEHHO Ha caydal, KOrjila 9BTPOIES He BH-
JeJSeTCA CIeNHMANBRO, A OTORIECTRIACTCA C OAHMM M3 IapaMeTpos W4, BXopmammm
B A BMecTe CO CBOMMH rpafueHTaMu jio0oro mopsaka.
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SHEPrdsA, pacCIUTAHHAA HA eIWHHNY MAacCH OOKOA B CONYTCTBYIO-
med cucTeMe Koopimuar. B chmemuanbHO TEOpHE OTHOCHTEABHOCTH Be-
JMYUHY U MOMKHO PacCMaTPUBATh KaK UeTHPeXMeDHHI cKaaap. llepsrii
3aKOH TePMOAMHAMMKH FJIacHT, 970 QYHKIUIO 4P dT MOKHO BBECTU A
a060it pramaecKkoil 66CKOREURO MAaJIOH 9acTHIH.

YcTaHOBJIeHHE apryMeHTOB M BHAAa (YHKIMM U — 3TO OCHOBHAA (u-
3WYeCKad 3ajada, BOBHHKANMASA IpH KOHKPETH3ANMUH MOLEAM CILIOMI-
HO# cpepn. (DukcupoBaHMe BHYTPeHHeH 5Heprud KaK QYHKIHA CBOHX
apryMeHToB BCerjia CBA3AHO ¢ HEKOTOPHME [AOOYIEHWAMH, YacTh
13 KOTOPHX HHOTZA MOJKET MOKABaThCA 0U€HB €CTeCTBEHHON 1 caMo co6oil
pasyMeromeiics.

Ha npakxruke yacto 3Ha4YeHHA IepPEeMEHHHX HapaMeTPOB MOKHO pac-
CMaTPHUBATL KaK XapaKTePHCTHUKA MAaJIBIX BO3MYINEHWIl, B CBA3ZHM C 9THM
BO MHOTHX CIydasaX (YHKIUIO L MOKHO pPaccMaTpuBaTh MPOCTO KaK HO-
JOKATeJIBHO AePUHUTHYIO KBAZPATUIHYI0 GOPMY OMPEAeISAI0IUX Majbix
mepeMeHHHIX mapaMerpoB. B »Tux caywasx mnpobieMa ompefeleHus
QYHEKOMR & cBOgUTCA K HpoOieMe oNpefeleHHA NOCTOAHHRX Koaddumuen-
TOB COOTBETCTBYIOMmeH Kpagparmdmod ¢opmiul. llpm ompememenum sTHX
K03QpUIAeETOB ONE3HH YCI0BHsA cuMMeTpuu [1112] U MoiKHO omeperhes
HA ONHTHHE AAaHHHE, 4 B HEKOTOPHX CAYJadAX 3HAUeHHWe HTHX K03dn-
I[IeHTOB MOJKHO CBA3ATDH ¢ MOJEKYJIAPHEME IOCTOAHHKMHE HA OCHOBE CTa-
THCTHIECKHUX TeOpHi (Pa3BMBAEMHX ¢ IIOMOIIBI0 CBOMX YHHBEPCAJLHHX H
crenuUIeCKuX Aud AaHHON Mojenu fomymeHnii). Takme Koad@UAIAEHTE
nofob6aE Mogyaw lOHra u xosddumumenty Ilyaccona, KoTopsie ma mpak-
THKE BCET[a MOKHO JIEIKO HAWTH U3 OmHTOB. VX MOKHO BREMHCIHTEH CTa-
THCTHYECKUM IyTeM (HA OCHOBE HEKOTODHX JaJieKO MIYIAX JOMYIeHMI).
OnHako B psAfe cIydaeB pacieTHse SHAUeHHA U3 CTATHCTHKH, BOOOIIE
roBOPsA, HEe COOTBETCTBYIOT OMHITY AJA TBepAHX Tel. Ilas rasos COOTBeT-
CTBHE MEKAY pacuyeTaMy W OIBITOM JIydlle, HO M B 3TOM cjaydae TpedyercA
OHTHAA OpPOBEepKa pesyAbTAaTOB pacieToB. Bce ke craTmeTmdecKue Teo-
pU¥ HO3BOJAKT HAMETHTH HEKOTOPHE COOTHONMEHHA MEKAY MOL00HKIMH
KospdunmenTaMu, He OICBHAHHE B (OHOMEHONOTMIECKMX TEOPHAX, Ha-
IpHuMep, CBA3H MEXAY Ko3QPHUIUeHTAMH TEMIONPOBOJHOCTH, BA3KOCTH
u aupdysuu.

B HbpOTOHMAHCKON MeXaHHKe B HHEPIUAILHON CHCTeMe KOOPAHHAT
o0rraHo BMecTo Popmyant (10) MoHO mOAB30BaTECA OPMYIOiL

A= P (1/27]2 - lL),

rfie ¥ — CKOPOCTH TOYEK CINIOIIHOM Cpe/Hl, & ¥ — TPeXMepHHH CKaJAp,
paBHHI BHYTpeHHeHl 3HEDIHUU.

B y:xe pasBuTHX TeopuaX (GYHKIOHIO A MOKHO CIMTATh HM3BECTHOMH
KAK JJi y/Ke ONpeleNeHHBIX Mofelell MaTepHalbHHEX Cpef, TaK U JiIA
3JIEKTPOMATHMTHOrO moNss. B o0meidl TeopmH OTHOCUTEIBLHOCTH
9acTh BeJIWYWHH A, CBA3aHHAS C TACOTEHWEM, W3BECTHA U CIYIKUT
OCHOBOH LIS OIpefeIeHUsI MeTpUIeCKOTO TOH30pA £;j, IPE/ICTABIAINIEro
rpaBUTANEOBHOE moje. PasnwdAnie oGofmenmAa o0mell TeopHM OTHOCH-
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TeIbHOCTH, BOOGI® TOBODS, BCET[a CBABAHLI ¢ M3MEHEHWEM WIW WHEIM
3aJaHMeM IIIOTHOCTH JArpamKmaHa A.

BakHO orMeTmTH, 4TO ¢ QUBMYECKON TOUKHM 3PEHHA MOMKHO TOBODPHUTH
0 TOM, 4TO (MBUIECKAs CHCTeMa 3a[aHa WIW M3BECTHA, TOAbKO B TOM CIy-
vae, KOTrJa BHYTPEHHAS DHEPIHA MJIW COOTBETCTBEHHO JarpamKmaH
A safamH unm ompeneneHsl [1r 19,1315

TaxuMm o6GpasoMm, ¢ ofmeill ¢usmgecKod TOUKU 3peHUA TpPeGOBAHME O
33AHMM Jarpamxmafa A B (YHKIUA MaKPOCKOMAYECKWX IIePeMEHHHIX
B ypasHenuu (9) Gymer ectecTBeHHHIM. BrmosHenme sToro TpeGoBamus
CBABAHO € HMCHOONH30BAHMEM T'POMAJIHOTO ONBITA, HAKOIIEHHOTO B pas-
JMYHHX QUBWYeCKNX TeOpMAX WM B pasHooOpasHBIX dKcmephMeHTax. Jlo-
IymeHns, BHCTaBAfgeMble mpu QUKcHpoBaumn ¢yHEKIMmm A, Bcerga He-
00X00uMBI B MOTYT GHITH OMPABAAHBI PA3JNIHBIME HHTYUTHBHEIMHE I Py~
ruMH, BooOme ropopsa, HamGolee TPOCTHMHE IPEAMOIOKCHUAMA.

CaMEle HemoCpeCTBeHHKE KOHTAKTH MAaKpPOCKONHYeCKMX TeOpHH ¢
VHMBEDPCATHHNMEA (U3MIeCKAMA TPUHIUIIAMI, ¢ ONHITOM H CO CTATHCTH~
JECKAMM TEOPHUAMM MOTYT W JOJKHEKI OCYMECTBIATHCA NPH 00CYKIeHHMH
npobaeMn purcupopanma GyEKoum A.

O6parmMca Temeps K pasBACHEOHMIO BHPasKeHUA AAA 3aLaBaeMOTO
¢yuxnmonmana OW#*, xapaxrepmsylomero BHemume o6beMHEE B V, &
NOBePXHOCTHHE HA X, B3anMOfeiicTBMA AaHHOH dacti cpedsl B Vg ¢
BHOITHMME TIOJAMM K TEJIaMA W HEKOTOpHe HeofpaTHMsie NeHCTBHA CO-
CeHNX WacTell Cpelbl, IPAMEIKAIOMAX K BHAEICHHOMY 00beMy V, BRodb
MMOBEPXHOCTH X4,

Ipu agmabarraecknx 06PATAMEX HPONECCaX ¥ HPH OTCYTCTBHH BHEOII-
HUX OPHTOKOB HHEPTHA BHYTPU V4 H Ha MOBEPXHOCTH X IaCTO MOKHO
IPAHEATE NPOCTO, ITO

oWw* =0.

B KoHCepBaTHBHHIX cmcTeMaX HeGeCHON MeXaHMKH BCEITA MOKHO CUH-
TaTh, 9ro O0W* =0.

B o6mem ciryuae $eHOMEHONOTHIECKUX TEOPUi NpH HAJNIUA BHEITHEX
K paccMaTpEBaeMoil cpene 06beMHEX H IOBEPXHOCTHHIX IPUTOKOB BHEP-
THE U HEOGpATHMBIX IIPOIECCOB, KOTKA B apryMeHTH A BXOJAT NIpOM3-
BojHHe 1o £¥ wam &' pasamaEmx mopaakos ot z' (EF) m pA (E¥), obmuii
Bun BupaskeEma ansa OW* manwmmem B BuUAe

sw* = § (0085 — @izt —01 ,0p4) dv —

Ve
iy, Kiper-d |
— § (S @y, viadt e 3 MLV e md,
D54 P=0 g=0

(11)

3nech gepes S4 0003HAUEHH [Be CTOPOHBI TPeXMepHOH IOBePXHOCTH
S payrpum V4, Ha KOTOpOil XapaKTepHCTHKM [BMeHHA MOTYT TepleTh
cUIpHEE Da3pHIBH, #y — KOMIOHEHTA eJWHMYHOTO BEKTOPA BHEMHEH
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HopMamu Ha 2y u S, mau S_. Hommomenrh

Kige..d

Q(Qs, QiF7P), M (M4, M)

— HEKOTOpLIC 3ajaBaeMble BHENIHHE 000GIeHHBe «CHIBD. BenwauHa 0
Hrpaer poib aGCoNIOTHON TeMmeparyph, B ee MOKHO pacCMaTpHUBAaTh B
PABHHX cayYafgx KaK OmpefelseMyI0 HIH KAK 3a7aBaeMyI0 BeJIHdHHY.
B dopmymne (11) Bapuanusa sErponnn 85 BBeJeHA KaK BeIMYMHA, HE3aBH-
cumad oT Bapmamuit dz' m OpA.

Saganue ¢ynrmuonana O W* cBasano ¢ npobnemMoil pasjaellellnd B3au-
MojedcTomil ma BHyrpennue u sHemHWe. Hampumep, ecam siexTpoMar-
HHATHOE HOJIe UM FPABUTAIIUOHHOE II0Je PACCMATPUBAITCA KaK BHCIIHNE
00'BEKTH, TO COOTBETCTBYIOIIME IMOTOKM 9HHePruuM I HIeKTpOMarHUT-
HHEX DOHICPOMOTOPHBIX CHJ U AJIA IPABHUTAIMOHHLIX CHJ MPUCYICTBYIOT B
BEIpaskenun s SW*; ecaiu sike 3TH TIOJA BRIYAOTCA B MOJENb CPCIbl, TO
COOTBeTCTBYOINIe IONHEe AudpepeHIHaNs MOKHO BHEIATH uz OW*
¥ WX HYKHO BRJI0YATEH B BhIparkeHume 1aa A. lIpu mepeHeceHHH IOJTHHX

muaddepennmamos  us SW* p 8 Adv menaercss cmoicx A, dopmyra (10)
Mo;keT OHITH 3aMeHeHa Apyroil amaJgorunaHoil GopMyroll, B KOTOPOH BMec-
TO BHYTpeHHeH »HepPrmM R3ATa CcBOOOAHAA DHEPIWA, MIMW DHTAID-
nus, WIH ApyrHe TepMofrHaMudeckue ¢yarqum cocrosuuA. J[asa He-
o0paruMeIX mpomeccos nepeneceHne dineHa O W* meauxom B A HeBO3MOMK-
HO, TaK Kak Bapuanusa 0 W*, Boo6me rosops, HEroJXoHOMHA.

Oupegencnne KOMOOHEHT 0000MEHHBIX MAaCCOBHX U MOBEPXHOCTHHIX
cun Q m M npepcrasisier co0oil mpoGleMy, TeCHO CBA3AHHYIO ¢ Teopueil
MUCCUIIATHBHEIX MEXaHI3MOB, IPH pPENICHWE 3TOH 3ajauu HeH30eKHb
pa3jmgdHbie NOIYMEHHA ¥ KOHTAKTHL ¢ YiKe pPasBHTOH TepMOAWHAMIKOMN
HeoGparuMux asiaenuii. Onpefenenne Q mw M aHAIOTHIHO OCHOBHOM (u-
3MdecKol 3ajade B MexaHmHKe HpooToma 06 ycTaHOBIEHHN 3aKOHOB MIJIA
CHJI, OIpefeleHHHX ypasHenweM IHpoToHA, a B JaHHOM cJydYae Bapua-
ourorHEM ypasuerueM (9). OcoGerHoe UsmIecKoe 3HAUEHTE MOKET HMETh
V4eT CBOHCTE BENNYMH B HOAKHTErPAJbHOM BhIpazkeHum aisa OW* ma
nopepxHoctn paspura  Sy. Omnpenemerne OW* casamo ¢ BrGopoM
OTIPEJISJIOIAX I1ajpaMeTpoB &' U P4, ¢ oIpejlelieHWeM WX BapuHanui wm,
B YACTHOCTHM, CO CBONCTBOM HEHPEepPHBHOCTH BapHAOUWMX HAa CKaYKax.

Basxmo oTMeTuTh, 4TO mpH OUpemeNeHNH WIHW NPHA 3afaHUH BEIAINH
A n SW* praBasawTes obuine 0CHOBH A CAMEX pasHoo0pasHHX Moje-
nei. 970 MO3BOAACT HCIOJb30BATh M CUHTE3NPOBATh OIBIT B PASIHIHBIX
06JacTAX W YCTAHOBMTL HEIOCPENCTBEHHHE CBA3SH MEMKIY Pa3iMgHb-
MHA TeopusamHu. Kpome Toro, BOSHHKAIOT OIIOJHHUTEALHLIE CPENCTBA I
HCIONB30BAHAA CTATHCTHICCKHUX CO00paskenmii.

Yder guccmmaTHBHALIX IIPOIECCOB MOKHO W YHO0OHO NPOU3BOIUTH TIPH
MOMOINY YPABHEHHA [ MPOAYKIHWW SHTPOIMH B 3aKOHAX A JCUCTRH-
TeJHLHBIX JIBHAKEHUIl M HPoI[eccoB. Y paBHeHNe, ONpee/ionee n3MeHeHTe
DHTPOUWY YACTHUIL, IOJYUYeHO HWKe H3 ypaBHeHHm# Jiimepa B o0meii Ba-
pmanmornoit safgade (9). llosokmTenbHOCTH pocTa PHTPONHMHE 3a CUET
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BHYTpEHHUX HeoGpATHUMEIX NPOMECCOB JOJKHA 00ecHedMBATHCA 3aKOHA-
M, sajaiomumu A u oGobmennnie cuianl Q w M piaa  JeficTBUTENBHEIX
ABJIEHWH, ‘

Ilo ocmOBHOMY cMEICHY ypaBHenusi (9) OpHHEMaercsA, YT0 BeJIHYWHA
OW mpejcrasasieTcss MOBEPXHOCTHHIM HHTErpajioM mo X, + Si. Ilpm
Bapmamuax Oz, Op4 W WX NPOMBBOJHHX, OTIMYHHX OT HYIA HA
% -+ 84, Bapmauma OW ompenenserca u3 ypabHerua (9) depes

(SSAdT u dW*.

Ecnu, kpome ypasmenusa (9), Bemmauna 6W ma I, + Si (apm mpo-
u3BoapHEX Oz', P4 U COOTBETCTBEHHO WX IIPOMBBOJHEIX) 3aJaeTCH elme
BHOITHMMH YCJIOBMAMU, TO, Kak OygeT IIOKAa3aH0 HUKEe, TO HPHBEIeT K
HAYaIBHLIM YCIOBUAM, KPAeBEIM YCIOBHAM M YCIOBHAM Ha CKavKe.

Ypasuernue (9) mpm Bapnanuax O0x” m Ou4, PaBHHX HYII BMeCTe CO
CBOMMH IPOU3BOHEMHE HYMHOTO TOPAAKA HA X, -+ Sy, HO IPOMBBOIB-
HHX (AHHEHHO HEe3aBHCHMHX) BHYTpM V), NpPHBOAMT K ypaBHEHUAM
Jditmepa 1)

SA
6——v, 2V, ( : xq>+ e Viks + Qo M,Vapt = 0V,S, (12)
Q 11
SA A SA .
W~—5§“_p9’ SIL——rMA (13)
3necs wepes 6A/0z,", dA/dp4 u 8A/8S o6osHavens: BapmanEOHHEIE
NMpPOA3BOJHEE, HAIIPUMEp:
SA oA adA oA
= — Vi + (14)

—_— VYV —— ...
? » P P 8 P
6xq 0ch 6Vka:q 6\73ka0

Ymuoman ypapmenus (12) Ha z,'. Hocie CYMMEPOBAHHA 1O WHJEKCY i
MoAyInAM

48 ot du? | A dKg s
po dEY T 010_;_.'4‘ + Ma dET 9K, dE + V7, (15)
vie
s i s DA d » Pt
F——.’L‘4.’Ep—6—x—pji—, Fé;:—ﬁrvi,
TaK Hax

s OA D g 0A s\ _ i s SA
Iy S;J?Vsl'q —+ T4 VS(B;E .2?(1 > = Vs <$4 -tq 6xqi>

1) 9TH ypaBHEHHA HONYICHH NLPHAPABHABAHWEM HYAI0 B 00BLEMHOM WHTErpajie
roapduimenros npu §zi, ap,A n 8S ¢ yueroMm paBeHcTB

SA=0A 827 A,  Spt =opt 482 Vpd]  Sdv =V zldr.
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B C@AJIy paBeHCTBAa

oA

0=a >
Tq

2..D 2..p
(%avsqu . xqus$4p) _ oA ( 0z o°x ) )

oz, P \oedoe®  ogtaed

Ypasuernne (15) mpeacrasasier co0odl ypaBHEHHEe IA MIPOLYKIHH
SHTPONHM B YacTHHe, TAK KaK [0 NPHHATOMY YCJOBHIO KOOPAHHATA
&% urpaer poab BpeMeHu. Jlng monydeHUs NPOM3BOTHLIX MO COOCTBEHHO-
My BpeMeHE dT = (g4)~dE* JoCTATOUHO YMHOKHUTL 06€ 9acTH COOTHO-
merus {15) Ha (Z44) -

YpasueHUsa Jiinepa comep:xat B cebe ypaBHeNHsl NMIYJIBCOB U DHEP-
TAM, B B 3aBHCHMOCTH OT CMEICHA IapaMeTpos W4 ypasHeEHA Oiimepa
MoryT comepsath B cebe ypapHeHus Makceemna, ypaBHGHMA XEMUYe-
CKOIl KWHETHKE, DasiNdYHbe ADYIUe BHAL YpaBHEeHWH Jif HMCKOMHX
mapaMeTpoB P4 — XapaKTepUCTHK BHYTPEHHHX cremenmeidl CBOGOIEL.
MosxHO0 norasars [?], 910 BCce cymecTByOMUe MaKpPOCKOMMIECKIE MOJENIH
CHUIOMHEIX CPeJ{, B TOM YHCIe H MOIEJH IIACTHYIECKHX CPEMl, MOKHO II0-
ayuurt u3 GasucHoro ypasmenus (9).

Ypasuerus Jiinepa mpemcTaBasior co6od, Boolme ToBOps, ypaBHe-
HOA ¢ 9aCTHHIMU IIPOMBBOJHEIMY, MOPAZOK KOTOPHIX CBA3AH C HOPAJKOM
NPOUSBONHLIX, BXOAAMUX B apryMeHTH ¢ymkumu Jlarpamxa A, B of-
MeM CJydae 3TOT MOPSAMOK Mo;KeT GHITh AOBONBHO BHICOKHM.

Ecau Adt u SW#* — wernipexmepHBe CKAIAPH, ompejieeHHbe Gop-
myaama (10) u (11), To mocie BapEUPOBAHEA TEPBOr0 MHTETpada U COOT-
BETCTBYIOIIET0 HWHTEIPUPOBAHHA IO 9YACTAM M3 OCHOBHOT'O YPABHEHHA
(9) cemyer gopmyia

6W = S iZ (ngl’p + Qf?'l...jp) le o Vjpézi +
Ea—f—Si P=)
+ Z (]Vizln.ﬂq __!_ AIZ’L..J,I) le . qu(SIJ«A] nde + S VSstnkdc. (16)
=0 B8 4

Kir...i Wir.
3mecs P 'p m N{*" ¢ — HexoTOpHe BeaMINHEL (KOMIOHEHTH TEH30POB),
BEIp’kaloIIKecs: Yepe3 A U Yepes NpOM3BOMHEE OT z' m pA; pTH BeJIMIuU-
HBl MOJNYYalOTCH UpHM Ipeo0pa3oBaHUAX BapHALHK

8§ Adv

Vi
nyTeM WHTerPHPOBAHUA IO YacTAM. TeXHHKa 5THX NpeobpasoBaHMil

PYE

Boo0me He HAaeT OJHOSHAYHOIO ONIpEleNeHHA KOMmOHEHT P;/*"'p g
Ni*a, bTo CBABAHO ¢ BO3BMOKHOCTHIO TpHOHECATh cieBa B (16)
HOCHeNHHH HHTeTpajyl, KOTOPHH TOKIEeCTBEHHO paBeH HYIW, Korga Q°%
GyJeT UPOHW3BOJNBHHIM AHTACHMMETPUYHBIM TEH30POM C HEOPEPHBHLIME
KOMIOHEHTAaMH, WMeOIMUMY HENPePHBHLE NPOW3BOMHEE NIEPBOTO M
BTOPOr0 HOPAKOB B TOYKAX 00heMa, OTPAHMYEHHOTO IIOBEPXHOCTHIO

23 + Sj:-
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9To yTBepskjeHHe OUYEBHHHO HA OCHOBAHWA TeopeMH Iaycca —
Ocrporpanckoro, Tak kak u3 paseHcTBa Q%= —Q% cipemyer, uro

V. ViQst = 0.
B kauecrBe KoMmoHeHT Q% MOKHO B3ATH JNHOHe JHHeHHHE $opmux
TOTO e BHAA, 9TO W B IEPBHX WIeHaX HOJHHTErDAJbHLIX BHIPAKeHHH

B dopmyne (16). OgeBupnO, TO GOPMYJIH, JAOMUC BHpAKEHNe KOMIIO-
HEHT TeH30]OB

k1q...0 kfy...d k] ki
Pivopgie, N ai

yepe3 ImapaMerpsl, XapaKTepH3yIOmue IBH;KEHWE M COCTOSHME FaCTHIL,
He OIIpeJleIeHk OfHOSHAYHO BBUAY HPOUBBOJA B BLibope Q°F,

B cBasm ¢ stuM BosHEKaer mpoGieMa O HEOJHO3HAYHOCTH IOHATHS
TeH30pA SHEPIUU — HMIYJIbca W IpolieMa 0 MPOU3BOJe AJA 3aMaHHAEX
ypaBHeHHil Oiilepa ypaBHEHHI COCTOAHHA BOOOME W, B 9aCTHOCTH, (PYH-
JaMeHTAJbHOTO MOHATHA O BHYTPOHHUX HAIDAKEHUAX.

3aBHCHMOCTh yKa3aHHRX KOMIOHEHT TeH30poB B (opmyme (16)
OLPeAeIANIMUX IAaPAMeTPOB MOYKHO pPACCMATPHBATh M MCTOJKOBHBATH
KaK ypaBHEHUA COCTOSHUA PUBWISCKOH Cpefnl. ITO0 — ypaBHeHHHA, 00006-
mamomure 3akoH I'yka.

Taxkum o6pasoM, Misa QUKCHPOBAHHON CcHCTEeMH ypaBHeHHil OJiaepa
HOABNSAETCA WPOM3BOJ B ONIpEfENeHWH ypaBHeHWH cocrosHmsa. DBoJjee
JeTadbHHI aHAJIU3 MOKA3KBAET, YTO TOUOJHATEIbHEE KPaeBhle W HAYANb-
HEIEe YCJIOBHA HA CUIBHHIX PaspHBax, BHpaykalomue co00il usmiecKue
B3aUMOJeHCTBHA HA TPaHHUNE Tejla HJIM BHYTPW Tela HAa CKAYKAaX, He
MOTYT CJYKUTh OCHOBOH AJIA MCKIIYCHUS YKASAHHON HEOTHO3HATHOCTHA
B YDaBHEHHAX COCTOAHUA.

Ilpm ¢mrcmpoBaHHOI cmcTeMe ypaBHeHHIl Jiljiepa MOKHO M3MEHATH
INIOTHOCTh JIarpamkuaHa A fgo0aBileHMeM HWBEpPreHTHOTO WieHA; He-
TPYAHO BUAETh, 9TO 9TO TAKIKE MOBIeUYeT 3a cob0il m3MeHeHWe ypaBHEHUH
cocrosamd. OgHAKO IOJHOe PHKCHpOBaHHE JAarpaH/KMaHA MOKHO BKJIO-
9aTh B (H3MUECKOe OUpejleleHre MOJenu cuiIomuoi ¢pent. Ourcupona-
HUe CHCTeMHE ypaBHEHHi Jillepa He JaeT HOJHOH ¥ HY:KHOH MEQOpMANHH
0 KOHKPETHOU MOAeId Cpejbl.

EcrectBenHo, 910 HampsixeHWA ONUPCAeNANTCA OJHO3HAYHO, KOTJA
VpaBHEHHA COCTOAHUSA ycraHOoBIeHH. Ho Bech cMBICI 00CyrmmaeMoil He-
OSHO3HAYHOCTH CBfI3aH ¢ TeM, 9TO BCE 3aKOHHI JBHKEHMA M 3aKOHEI IIPO-
I[eCCOB M3MEHEHWA IIapaMeTPOB WA B KOHKPETHHIX 3a/jadax COXPAHATCA
[P HEKOTOPHIX pPasiIMYHLHX BHIAX ypPABHEHHI COCTOAHUI.

Heob6xoqumMo OTMETHTH M HOAYEPKHYTh, ITO BCKPHTAA BHINE HEOTHO-
3HAYHOCTDL HE CBA3aHA CO CHEOUPWKOHA MeTo[a YCTAHOBJEHUA ypaABHOHHH
COCTOAHHA ¢ IIOMOIINBIO Bapuanuornoro ypasmerusa (9). Takoe sxe momo-
;HGHEE JIell BO3HHKAET IPH HCIOJIL30BAHME 00mMEro TepMOgUHAMUIECKO-
ro ypaBHeHHA IPUTOKA Temaa B gudpdepennuanxsaoin popme [14].

Cmpica 9T0#1 HEOJHO3HAUHOCTH MOKHO NOHATH M Pa3bACHUTE IIPH IIO-
Moy cienyomux oomux GEsmIecKAX co00parkeHHil.



]

480 NobGasnenne 11

Xopomo W3BECTHO, 9TO NPH ABIMKEHUE a(CONIOTHO TBEPIHIX TeJ pe-
Imi¢HFE 33[[aYd O BHYTPEHHUX HANDIKEeHUSX B TBEP/IOM Tejie He MMeeT
OupefeNeHHOT0 oTBeTa. B TBepMOM Telle BCerfa MOMKHO IpeACTaBUTH cele
OpUIOMeHHol 00y CHCTeMy BHYTPEHHHX CHI, SKBHBAJEGHTHYIO HYIIO,
Aajif9¥e WAM OTCYTCTBHEe KOTODOH Heabsdg obHapyxuTh. IlpmcyrcrBme
TAKOH CHCTEMH CHJ He HMeeT HHKAKOTO 3HAYCHWUSA.

Jlerxo yOoeauTRCH, 9T0 M ANA MOOHX AedOpPMHEPYEMHEIX Tel, aHAJIOTHY-
HO TOMY HaK m IJd abcoII0THO TBEepABIX TeJ, MOMHO yKasaTh MHOTO
PABIUYHEIX CMCTEM HANPAKeHHil, KOTOpHEe He BJIMAINT HA 3aKOHLI JIBH-
SHEHMS, 1 HOOTOMY HAIMYME WM OTCYTCTBME TAKUX HANDS/ReHHH Helhss
obHapy:kuTh. s pasnudHBIX CHCTEM BHYTPEHHUX HANDIKEHUIl ypas-
HOHUS OBIKEHHS M J00aBOYHbIE YCJIOBUA OJAMHAKOBLI, HO YPABHEHHA CO-
CTOAHHUSA PAa3JINIHEBI.

OueBuHEO, 9TO BONPOC O TaKOH MHOT03HAYHOCTH HE BOBHHWKAET, KOIWA
3apanee MPWHATH ypasHeHuA cocToAHua. OpHaKo B HpofieMax KOHCT-
PYMpPOBAHHA HOBHX MOjeleil, KOIfja yCTAHABIABAETCA CUCTEMAa ypaBHE-
HH COCTOABMA, BONPOC 0 BOSMOIKHOCTH DAa3HOro0 BHOOpA ypaBHEHHIT co-
CTOAHUA BO3BHUKAET 110 CymeCTBY pemaeMOfa 3ajavn. dror BOIIPOC MOKeT
npnoﬁpeTaTb CylleCTBEeHHOEe 3HA'YEeHUE, KOorjga INIOTEOCTL JarpaH:xkuana
3aBUCUT OT IOCIEAOBATEILHOCTH TPATUEHTOB ONpefelsiOmuX Xapak-
TePUCTHK.

Hus Toro urofs MpomeMOECTPUPOBATHL HA HpHUMepe CHPaBeJJIHBOCTH
YKAa3aHHOIO IpeI0Aen s, PACCMOTDIM yPaBHEHHSA TCOPHH YHPYTIOCTH,
OIS KOTOPHIX ypaBHEHUsI COCTOAHUA IpeicraBiedhl $HopMydaMu

(17)

i ou
=° og;;

Buecro ypasmemuii cocrosmms (17) BospMeM Jpyrme ypaBHERHA
COCTOSHHUS B BHJE
L]

pU=p" 107, =V (V= N ()

npudeM Bexmumas N apTHCUMMETPWYHEI, KaK yKasaHo, IO S, j, T. e.
OpefAcTaBIsA0T co60ll KOMIOHEHTH TEH30pa, 3aBUCAMEro JJIf BCEX 3a-
Jlad OAMHAKOBO, HO MPOU3BOIBLHO 3aTaHHEM 00pasoM oT nOGHIX Hapamer-
POB COCTOAHMSA M JI0HX UX NMPOMBBOJHHX 1).

Jlerko y0eagurecsa, 4To Bce BaKOHH ABMKeHMA I AedopManuii 6ygyT
OIIpeleNAThCS He3aBUCHMO OT PV, TAK Kak Ho0aBodYHBe HaOpsiKeHUA DY
VIOBIETBOPSIIOT TOMKEECTBOHHO YDaBHEHHAM DABHOBECHSA

Vip' =0
1) B TeopuH yupyrocTu B 3ala1ax O PABHOBECHM IIPH OTCYTCTBAH BHEHTHAX MaCCO-

BHIX CIUI PEIIeENA JUIA HAUPKeHRH TakKe MOKHO IPECTABHTH B BIje p=p" mompn
HAJNAYAA 3aX0Ha ['yKa mJIH ADPYroro KOHKDETHOTO YDaBHEHHA COCTOSHHA BEANTHAN
N¥si Gynyr GymKOMAME KGODJHHAT M He OYJyT YHABEPCAALHHMH QYHKNAAME (OfH-
HAKOBHIMHE JUIA BCEX 3a/lad) OT XapPaKTePHCTRK ued)opmamfm B wacrHOCTH, coriacHo
(1.8) Kommosentn pY cummerpmanme, Korga N'= ¥ 0%, rge ©@P? — moboi anra-
CHMMETPIIHNi TEH30D.
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M, KpoMe Toro, miA moGoro ofpema V, orpamM4eHHOr0 3aMKHYTOH IO-
BePXHOCTHIO X, MMeeM

\ Vi 6ay dv = § 3oz, - VNIV 02) njdo =
4 b3}

= { v, (Ve V¥ oz) nyds = 0.

B srom caydae oueBMmHO, YTO HAPAMY C HALpPKEHHAMH PY BBORATCH
IHOBEPXHOCTHHE HANOPMKEHHA Tpernero Iopsapxa yRN¥s'. Bxogamue
B TpAaHUYHLIEC YCIAOBHA HOPMAAbHBE COCTABIAIOIUE TPagHeHTa vV,

LOAHMHTEIPAIbHON QYHKIMM B IIOBEPXHOCTHOM MHTerpaje obpaluairca
B HYJb B KKJON TOYKE IOBEPXHOCTH 2 TOKAecTBeHHo. MVHTrerpan mo
awboMy samementy Ac moBepxHOCTH X 1o ¢opmyie [aycca — Octpo-
IPaficKOTO CBOAUTCH K MHTErpany oo KoHTypy I, OrpaHMIHBAIOMEMY
BTOT 3jeMeHT, BaaumojeficTBusa 1o sieMeHTy AG CBOLATCH K B3aWMOACH-
CTBHAM 0O KOHTYpPY [, KoTopme MOKHO paccMaTpHBAaTh KAaK BHYTPEH-
uue. Ecam 6z; = 0 ma I', 10 mmTerpan no Ac¢ pasen mymao. Orciofa

ciegyer, 9To poGaBodHbe HAUpsmenus p u y, N/ B coBOKymHOCTH
He Jai0T BKJIAJA B IHOTOKM SHEPTHU B3AMMO/EHCTBHI (IIPH IPOM3BOJLHKX
BOBMO;KHHX NEpeMeIeHuAXx 0r;) My COCeHAMHU YACTHIAMH, OTHe-
MeHHBIMKA OfjHA OT APYrOM SjieMeHTaMU J000{ HOBEpXHOCTH X, M, Cie-
MOBATEJbHO, ¥ BHENIHHMH TeJaMW Ha TPAHuUNE Tena . HpnmeHeHI/Ie
AHAJOTHIHOTO upeoﬁpasonamm K KOMIIOHEHTaM p'/, ompeneneHasM popmy-
aoi (17), B xovopo#l u mpexacrtaBiser co00il yAENbHYH BHYTPEHHIOIO
DHEPTHIO, IPUBONUT K YPABHEHUIO DHEPIUM ¢ HAIuWIMeM o0MeHa MeXaHH-
9ecKoil paboroit MEKIYy 9YaCTHUAMM, OTHENCHHHIMH OfHA 0T JPYToil ane-
meHTamMu Ac mopepxsoctu X, npu Oz; 5= 0. B aroMm cayuae obmen sHep-
rueii MEKAY COCeTHUMHM YACTHIAMU OCYUIECTBIAETCS TOJHKO 3a CYeT
OOBYHEIX HANpPsKEHUH BTOpOro mopspka p. B cBasu ¢ sTuM HoOpIepK-
HeM, 4T0 B 603eC CIOKHBIX MORENAX HeIb3sd BHYTPEHHHE HOBEPXHOCT-
HhEle B3aMMOJEHCTBHUS CBECTH TOABKO K OOBIMHEIM HAIIPSKEHUSM BTOPOTO
DOpAAKA, II03TOMY HpPUBACHHBE BHITE COO0PAIREHHA IPECTABIINIOT
@HTEpEC.

Bapuamwornoe ypapuenue (9) mossoaser riay0ie YACHUTH CYMECTBO
DOHATHH 06 ypaBHEHMAX COCTOAHMH, O IPAHMYHHX H HAYAIBLHEX yC-
JOBHAX HA CWJILHEZX PaspHBaXx, KOTOPHE He clefyIoT us guddepeRnuanb-
HHX ypaBHeHHUil Ge3 HOMONHATENBLHEHX Homymenmii. (OKasnBaeTcs, 4UTO
BCE TOJNBKO UTO IePEUNCIEHHBE YCJIOBUA M YPABHEHUS TECHO CBI3AHLL
MeKay co0ofi U JOKHE PacCMAaTPUBATHCH B eHHOM KOMILIEKCe,

Ilocuenyomume BHBOAE CEA3aHE ¢ TAKUM Ipeo0pas3oBanmeM (OPMYyJIIBI
(16) pma 8W, 4106 MOAMETETPAJBHOE BHPAIKEHUE COAEP;KAIO0 TONBKO
Bapuamuu 8z' m Op4 u HeszapHCMMHE Ba X -+ S. KOBapMaHTHHE LpO-
msBoaEEre 10 HopMaya Vi oz m VY dp4 (o, p=1, 2, ...) Jlemo B oM,
910 Bapnaunn 8z' m V;02', a rarkme He BCe BHCHOIME TPAJUEHTH
Vie s Vip oz! ma X - S+ MOKHO PacCMaTpPUBATh KAK HE3aBUCHUMELE.




482 Io6asnenme II

B mpocrefimmx dacTHHX CIyJaAX COOTBETCTBYIOmMMEe mIpeobpasoBa-
BEA  Qopmyan (16) jgaa monydeHwMs TpPAHAYHKMX YCHOBWMI OHIH
opom3Befedn MusgmunanM !) [17].  CoorBercTBylomme wactHEHe mpe-
0o6pa3oBaHuA ANA HOJYYeHHS YCIOBMH HA CKAYKAX OUIM CHeJIaHH
M. B. Jlypse [18].

ITpepgmonosxuM, 910 MOBEpXHOCTD 24 + S THagKas, AJIA 3TOrO Joc-
TATOYHO I'IaJKOCTH HOBEPXHOCTH S (Tak Kak o6beM V4 u BuOMpaeMas mo-
BEPXHOCTh X3 IPOH3BONBHE). YKasaHHHE OpeofpasoBanmsa NPHBORAT K

dopmyne
W= § (Pude + PuVadat 4.+ Prpy VIV +

548,
L Magdpt - Mas VBt L My VS0t ds. (19)

B ¢opmyne (19) kommonmenTh BekTOpoB F o, Py, ...y Pir-1) U KOMIO-
HeHTH TeH30DOB .MAO, oo ./ﬁlA(_s_l)'OHpeILeJIQHL.l ONHO3HAYHO I BHIPAKAIOTCA
gepes PivIv L QFvedvyg NRe v L g% koropee we OLpeNenAnTeH
O(HO3HAYHO.

CymecTBeHHOI 0C066HHOCTHIO BEKTOPOB P;, 1 TeH30POB M 45, OIpene-
JeHHHX B TOYKAX 9IeMeHTOB (G HA TPAHWYIHON HOBEPXHOCTH Xz + S,
OyZeT MX 3aBUCHMOCTL He TOJBKO OT OPHEHTANMH 3THX 5JIeMeHTOB,
KaK BTO MMeeT MecTO AiA OOKTHHX HAOPAKEHAHN, HO W OT KPUBH3HH
9THX 3IEMEHTOB H OT ApPyrux GoJjee TOHKHX AuPdepeHnHaIbHLIX TeoMer-
pPUYEeCKAX CBOMCTB paccMaTpUBAaeMBIX 3JIEMEHTOB 2).

WcernpEEME XapaKTePUCTHRAMY CIIOIIHON cpes Oy/AyT UMEHHO BeK-
TOPH Py U TeH30pH Mgz, OHE 3ABHCAT OT FeOMETPHICCKHX ocolenHOCTEl
IUIOM@/I0K, 10 KOTOPHM HPOMCXOJHT B3aWMONENCTBHe, M OT OIpeeNAlo-
MuX mapaMeTpos gepes GyHKmuio Jarpamsa A u gepes Q1 v uw M-I
BXOAAMUX B BHpaskeHme muaa OW*. OueBummno, 910 B dopmyie (11';

1) O6mee npeoGpasoBaEMe B IeTHPEXMEePHOM MPOCTPAHCTBE — BPEMEHH IPH JII0~
6oM KOHeYHOM HOPAAKe IPAafHEHTOB Bapmanuit 0o npomssezeHo B. HexHopo-
BHYOM.

2) Ilepexop ot gopmyast (16) k dopmyie (19) merko mMOAyIuTh HPH OTCYTCTBUH
pefep HIH KOHAYECKNX TOTeK Ha % - S ; IPHE HAIAYHH TAKEX ocoGernocTel Popmy-
aa (19) TarKe BepHA, HO B DTOM cjydae sHadeHne ugrerpana (19) meobxogumo pac-
CMAaTPHBAaTh KaK Ipefes BOXb IJIafKol mosepxmoctH 2 -+ S 49 CTpeMAmeHCcA K IO~
BepxHoctH ¢ pedpamu., M3-3a Haanuna ocofeHHOCTEH U Pa3pPHBOB Y MOJLIHTETr paJIbHOH
¢yeErunm B (19), 3aBucAmEll OT BeKTOpPA 7¢ M ero KacaTeJbHHX IPOM3BOAHHX, IIPH Ie-
pexofie K Ipefeny (K TpexMepmoii moBepxHOCTH X% - S, ¢ AByMepHHME pebpamu)
BO3HHKAIOT {00aBOYHLE HHTErPAJH, B3ATHE 00 ABYMEPHOH mOoBepXHOCTA pebep. DTm
HHTerpajil MOKHO BHIIHCATh, NPMMeHAs mHTerpai (16), He mMeomuii ocobeHHOCTe
Ha pe0pax, cpasy K mOBepXHOCTH ¢ pefpaMm, 3aTeM HAZO NPOU3BECTH Ipeofpa3oBaHme
K popmyae (19); mpu sToM npeoOpa3oBaBEAN BTOPOI HWHTErpal 0T ZEBEPTeHTHOIO Lie-
Ha, o0pamanomuaica B HyIb AJIA I1afK0i HoBepXHOCTA & - S 4+ AJ1A MOBEPXHOCTH ¢

peGpaMu JacT #erxko BHYWCHsCMEE HHTEIPANE oo peGpaM, BooOHie OTINIHKE OT HYIA.
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Kir...j
nast 0W* cymecTBeHHH ToNbKO KOMOMHANMM, cocTaBieHHbe m3 Q' 7

M',‘f""’“, BXOJAIMMe B oOpeeleHNe ﬂ”ia u Map-

Ecan ma wacTu rpammns X, Beawdauna O samama, To Ha OCHOBaHEH
dopmyan (19), npomssona 6z’ ,0p4 u MX HOpMaJALHHX IPagueETOB HA 3,
OOJIyyuM ClIefylmue YCJIOBMA B ToukaX A Ha paccMaTpmBaeMoi ua-

ctu X
Pia = [1a(4),  Map= gap(4) (20)
(i=1,2,3,4 A=1,2,...,N; a=0,1,2, ..., r—1;
B=0,1,2..., s—1),

e fio (A) 1 gap (4), BooGme roBOPA, 3ajaHHbe QYHKIUH B TOUKax A.

a IPOCTPAHCTBEHHOII TPeXMEpPHOH YacTH TPAHUIE X, COOTBETCT-
Bywomei ¢, = const, pasexctsa (20) upencrasisoT co6old HavadLHLIE
ycllopuA B TpexMepHOM 00BeMe, 3aHATOM TEJIOM.

Yenonun (20) na TpexmepHoil gacTE 2, 06pa3oBaHHOI AByMePHOM Tpa-
Humeit Texa 3, M OJHOBDPEMEHHO M3MEHAIOMMMCS BpeMeHeM £, MOKHO
paccMaTpMBAThL KAaK KpPacBLIe YCIOBHA HA I'PaHMNAX IEPEMEHHOTO TPex-
MepHOro o0beMa, 3aHATOrO NAHHEM TejoM. PasemcrBa (20) ma Texymeit
rpaHume ! = const > f, MO}HO paccMaTpuBaTh, BooOIne ToBOpPA, mpOC-
TO KaK COOTHOINEHUA, OIpeelaiolie IPaBre 4aCTH Ha OCHOBAHHYU 3aKO-
HOB [BIGKGHHA, KOTODHE BHJEIANTCA HAYANLHHIMA M KPACBEIMHA YCJIO-
BUAMM.

Hanumem rtemeps ycaosma Ha TpPexXMepHOH MOBEPXHOCTH CHJIBHOTO
paspeiBa S, pacImoJioeHHON BHYTpH JeTHpeXMepHOro obseMa V, comom-
moit cpefsl. lIpumeM, 9To HA OCHOBAHMU NPENBAPHUTEILHBEIX HCCIELOBA-
HUH W COOTBETCTBYIOIMHX THIOTEe3 BCE BHENTHWE BO3JAEHCTBHA HA Cpeny,
pacupefenentke mo S, sriaodentl B OW* (manpuMep, m3MeHeHHMe «aji-
IUTUBHOWY IMOCTOSTHHON U, M, B YACTHOCTH, TEIIOBLIIENCHWE IPH XHUMM-
YeCKHX PeaKNuAX Ha (PPOHTe TOPeHHA WM JeTOHAIMA HIHM MOTJOIeHUe
SHepruM Ha Pas3iWdHOTO pPOJa paspHBax CIUIOIMIHOCTH BIOAL S WHOTHA
MOJKHO pACCMATPHBATEL KAK BHENIHHE BO3HEHCTBYSA; 9TH 3xe dPPeKTR MOK-
HO TPaKTOBATH KAK BHYTpPEHHHE NMPONECCHl, YCIOKHAA H W3MEHAA MJIOT-
HOCTB JIaTPaHKMAHA A U, B 9ACTHOCTH, BHIeNAd BapHAIUI COOTBETCTBYIO-
mero mo0aBOYHOT0 MOBEPXHOCTHOTO MHTETpalla II0 IIOBEPXHOCTH pas-
peBa S). .

IMonaras, aro Bapumanuu 0z’ m Op4 W BCe WX NPOU3BOHHEIS, BXOAWUE
B OW, paBHH HyI0 HA 3, HA HOBePXHOCTH CKadyka S, HOAYINM

0 = 8W = { [(Pide"), + (Pioda) + . .. 4 (Pigrny V502", +
5
+ (gbz'(r-nv'g_l)ézi)_ + (z/’leél"A)+ + (Macdp®) + . ..
coo Tt (Maeny VSO0, + (Mae-ny Ve V0t do. (21)

B ¢opumyne (21) y Bcex Benuudm, 3aBHCAIMX OT HAIpPaBIEHHA HOPMAJH
Ba S, manpme OymeM OPHMeHATH OZHO M TO ;K@ HAmpaBJIcHHe HOPMAJH,

n
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Ha ocrosammm ompepeniennii JP,, ¥ M ag W omepaTopa VY mveem

Pix (1) = F Pz (— n), Mpa (n) = T Map(— 1), =T Vk——r}),
(22)
opuIeM 3HAK MUHYC COOTBETCTBYET YeTHEIM o, P u &, a 3HAK III0C — HE-
JeTHHIM.

Kaxk 6B110 yRAa3aHO, OCHOBHOE YCIOBHE O KJIACCE TONYCTUMEIX PyHKIMiA
COCTOMT B MOPEANONIOKeHWH, YTO UCKOMOe pellieHWe W CpPaBHHBaeMEIe
¢yarnur B o0beMe V,; KycoUHO-HENPEPHBHEI BMeCTe CO BCEMH CBOHMHU
JaCTHHIME IIPOMBBOJHLIMA, INPHCYTCTBYIOIIHMN B OCHOBHOM Bapua-
nuoHHoM ypasHerun (9). OcHOBHO! CMEBICI BBeleHHA OOBEPXHOCTH CHIIb-
Horo paspmma S BEyTpE o0BeMa V, cOCTOMT B TOM, TO IPH MEICICHHOM
mepeceueHUN MOBEPXHOCTH S MCKOMEIE PEUIEHUS ¥ COOTEETCTBEHHO Baph-
MPOBAHHEIE MOMyCTUMEIE GYHKITUA TEPISAT PasphBsl 1), ITH pazpEIBE MOTYT
MeTh PA3IMIHHN XapaKTep, KOTOPHIK, B IACTHOCTH, MOKET OBITh CBA3aH
¢ MOPAJKOM M BHAOM UPOM3BOAHHIX WUIA CaMUX QYHKOHI, TePIAIMUX pas-
peiB Ha S. Hampumep, MOMKHO paccMaTpHBATEL CHIBHBIE PA3PEIBEL THIA
TPEIIMH, B KOTOPLIX CAMH MCKOMBE G yHKIMH BMecTe ¢ JTI00BIMI JaCTHBIMH
NPOMABOAHLIMH PA3PHIBHLI, WK PA3pPLIBH THOA AUCIOKAOWH, B KOTOPHX
MaJjisie TepPEeMemeHns, HOPMANbHEE K TIOBEPXHOCTH S, HEIPEeDHBHE, HO
HepeMemienrA B KAcaTeNbHO! MIOCKOCTH K S Hpu mepexofe ¢ OFHOH CTO-
poust S, Ha Apyryo S_ PaspHBHE, WJIH PAasPHBE THOA YZAPHHIX BOJH
B KJaccUYecKoil ra3oBoil AMHAMHKe, Korja Bce KoopaumHATH z' (mepe-
MemeRNA) Ha S HelpepHIBHE, HO MOTYT TepHeTh Pa2pHIB IPOM3BOJHEIE
ox'Jot .

Ilpu HanMUEH B 9HMCiIC APTYMEHTOB QYRKOUN A IIPOM3BOJHKIX BHICIIE-
0 MOpAAKa

aF ot
g™ .. . OEn
BO3HEKAaeT GONbIIee YNCIO PASIMIHEIX BHAOR BOSMOKHHX CHIBHEIX Pas-
PHIBOB.

B rasopoil fuHaMuKe W B HpPOCTeHIIUX TEOPHAX MeXaHUKH TBEPHLIX
TeJ IPH HOCTAHORKE M pelleHNH KOHKPETHHX 3aAaY BO3MOMKHBI Da’and-
HH¢ CIIy9adm, KOIJJa TUI IOBEPXHOCTHOTO PaspHBA 3aJaeTCA HIHM KOrpa
THII paspHBa OIpefielsieTca B IIPOIIeCCe pemeHu:. '

B cooreercTBUM ¢ 3TMM IpH NPVMEHEHWH BAPUAMOHHEIX ypaBHCHIH
TaKyKe HeoGXONMMO BBOAUTE MJIKM HAXOAUTH KiIacch QyBHKROWIl, cpeau Ko-
TOPHIX JOIYKHO CYMECTBOBATH MCKOMOe pemernme ). B wactrOCTH, eciu
NpPAHATH, 9TO KJACC JONYCTMMHX (QyHKIUE OnpemeiseTcs ClelyIOmuMy

1)B o0meM caydae BOIHYHMHE Pa3pPHBOB MCKOMHX (QYHKRIAN TakKe ABIAITCA
HcKoMEMA. OfHAKO MOJKHO PacCMaTpHUBATh 3afa4d, B KOTOPHX HEKOTODHE Pa3pEIBH
HCKOMHX BeanyiH QHKCAPOBAHBL B [JOIOJHHUTENLHHX YCIOBHAX 3aJIa9H.

2) Takoro pona SONYMEHAS AHAJOIMYHH BechMa O0OMUM AONYIEHUSM O Hempe-
pueHOCTA ¥ pAudpPepeHNUPYOMOCTH Pa3AMYRHX QYHKUUE B MeXaHAKe COJIOMIHOR
CPOZHL,
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YCIOBHAME B TOYKAX IHOBEPXHOCTH S:

(V;éii)+=(V:‘6xi)_ (L:19 21 314’ (X«,-_—O, 11---»"‘1 o '1;r1<r)y

NpHeM (Vfié:ti)Jr, (Vfléxi)‘ LPOM3BOJILHSl M HE3aLICUMBI [DH o == Iy,

ry + 1,. ..,r——1,

Bs. A Bgo A 7. q .

(Vﬂép’ )+ = (V‘ﬂép’ )-— (A = 11 27 vy ‘\1 BL: 0’ 11---131 —;11 S]_\<\S),
(23)

a (Vflép,f‘)“ (V’,Z(SP‘A)_ OpOM3BOJLHH W HEe3aBHCHMH Hpm f =s,, ...

..., s — 1, To aT0 ompefenuT HpPHE mepeXoe Tepes MOBEPXHOCTD S Kiace

pouyctuMux Qymrmmit 27 (81, £, £, E%), HenpepHBHLIX BMecTe CO CBOM-
Mu 7, — 1 KOBADHAHTHHIME YACTHEIMH TPOM3BOAHBIME, X QyHKIME pt
(xt, 2, 2%, z%), HELIPEPHIBHLIX BMeCTe CO CBOMMU §; — 1 KOBapHAHTHEIME
JACTHHIMM IIPOMSBOJHLIME, IPUIeM HOPMAJLHBIE K S IPOM3BOJIHEIE OT dTHX
¢ yHKIuil Gosee BHCOKOTO HOPAKA MOTYT MMeTh OPOM3BOJIBHBIA PasphiB.
B no6asnerne & ycaosuaM (23) sflech IpejIiosaraercd, 9TO BCe BeJIHIM-
HbI, BxogAmue B ypapHenue (9), Ha KasKZo# cTOpOHE IOBEPXHOCTH S He-
IpepHBHK NpPU JBIKEHUH BOIH noBepxHoctu S. W3 mpomssoiabmocTH
v mesasmeuMocTH Bexmums Vidx! m VoduA ma ocmomammu (22) u (23)
us (21) momyduM ciepylomue yCJIOBUA HA MOBEPXHOCTH CKAUKa:

(Piz)y = (Pra)-s (Map)y = (Map)

HpHd’:Ovja"~1r1'—1vB:0117“-731_17 24)
(Pix), = (Piz). =0,  (Map), = (Map). =0 (
opa a=ry, rn+1,...,r—1, B=sy,8+1,..., 81,

Yeaopus (24) MoKHO paccMaTpUBaTh KAK YCAOBHA O HEIPEpHIBHOCTI
(cOXpamsAeMOCTH LI NEepeCeveHNin CKaYKa S MUPOBLIMM JHHMAMM Hac-
THN) Beawdun P, U L ap HA CKAURE S. ITO CBOUCTBO BeNMIUH P u
M ap TPEACTABIACT CO00 WX BAKHYI0 (QU3NIECKYH XapaKTEPUCTUKY.

IIpu Gomee moppoGHOM H3YYEHMH 3afad ¢ Pa3PHBHBIMH pelleHuAMYU
¥, B YAaCTHOCTH, 3ajad, CLA3AHOBX ¢ M3MEHANMMMUCA TPAHUIAME IIO-
BEPXHOCTE CKauka S (HaupuMep, IPHM paclpoCTpaHeHHH IO YaCTHIAM
BHYTDH Cpe/ibl H30JMPOBAHEEX AUCIOKAIMIA, IPY POCTe TPeImMH U B ApPY-
rox cay4asx), MOKHO 0000IuThL OCHOBHOE BapPHMAUUOHHOE ypaBHEHHE
(9) m BRecTH eme j00aBOYHOE BApHUPOBAHNe HOBEPXHOCTH S WM ee Kpa-
eB II0 JArPaHKeBHM KoopauHaTaMm &'

B c¢BA3M ¢ 5TUM A IOTYIeHUs JONMOIHATENIBHHX COOTHOMEHMI, OT-
BEYAIOMHX TAKOTO POJA YCJIOKHEHHHM pAaspPHBHEIM ABIEHUAM B JEHCT-
BEUTEILHEX Telax, Heo0XoAuMo, BooOmeE TOBOPA, YCIOKHATH Baphupye-
MHe $YHKIOUOHAIL B OCHOBHOM BapMANMOHHOM ypaBHeHEmHm (9) 3a cUer

BBejleHEA 106aBounHX 1ienos B W* mim & (A dr, copepsramux coorset-
CTBYKOMHe BAPHANWH JarpaHKeBHX KOODPAUHAT. ITO 06YyCIOBIMBAETCA




486 Tlo6asnenne I1

HEeoOXOUMOCTBI0 YIMTHBATH 0CoObe dHeprermdeckue »PPEKTH, CBA-
3aHHEE ¢ 00PasoBAHMEM MM BO3MOIKHEIM PACIPOCTPAHEHMEM IO YaCTH-
aM CPejH Pa3pHBOB PAa3IUYHO NPHUPOAL. JTH BOOPOCH GyAyT paccMoT-
peHH mofpobHO B Apyroit pabore.
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— JInHedHOM BASKOM HmoKocTM 255—258,
260, 261
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NORIEepOMOTOPHON cuamr 317

HOHAEPOMOTOPHEI 316—319

Cco0CcTBeHHEI Moy 316

SJIGKTPOMATHUTHOTO IIONA ¥ Ccpemsl 320
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— (ynrupn Jlarpamxa 473
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— {(pusndecroe 426

Ilome 34

— BeKTOpHOEe 35

— — noTeHnuajbHOe 44

— — coneHonpanbHoe 113

— TpaBUTaNMOHHOE, ero AuddepeHnaNb-

HBHE ypaBueHms 271

OHOpPORHOE 38

cranAapuoe 34

CHOpOCTE! IoTeHIMANbLHOE 44

BJIEKTPOMATHATHOE 266 M jajee
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IIpeo6pasoBanme KOOPAMHAT IIpM HEePEXORe
oT OnmHOK MHEPLHAIbHONK CHCTEeMBI
K IpYroi B CHenmalbHOM TEOPHHM OTHOCH=
TenpHOCTH 285—287
-— Jlopennia 281, 287, 289,
— — feckoHeuHO Maloe 289
— — 9gacTHoe 290
— OpTOroHAJNbHOEe 289
— NOIMARHHX npouwsBedenuit 53, 57
— cuMBOJI0B Kpucropdensa 86
IIppHOAN HeyORBaHMA JHTDONUA [OJA HM30-~
JIMPOBAHHON cuCTeMEl 245

- oTHocHTenbHoCTH lanunea — HuooToHA
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MeTpruecKoll cucreme 224, 227

— 9Heprum K cpeme 204, 219, 224, 258, 260,
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HposoguMocTs 299
IIpoBogHMK BIeKTpuyeckuit 296
IlponspefeHue BeKTOpHOE 186
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HEIEe 52, 53

— == — QUHanmHHeEe 52, 53

ITpousBofHAA BHAMBUNYanbuad (CydcTam-
NAOHANbHAA, T0odHAA) 36, 39, 192

— HKOHBEKTHBHam 36, 38, 39

— JOKalbHaA (MeCTHa:) 36, 39

— II0 HaIpaBieHUuio 37

IIpousBofdHBIE KOMIIOHEHT BEKTOpa KOBa-

puauTHRE 79, 82

— — TeH30pa KoBapWaHTHEIe 80, 81

IIpom3BonCTBO PHTpommu 261, 263-—265

IIpocTpaHCTBO eBHKIMAOBO 20, 59, 88

— MeTpuyeckoe 20

— MnuKOBCKOro 278, 282, 287

— HEeeBHKIHIOBO 59

— ICeBHOEBKIMAOBO 26, 59, 278

-— cocroAHui 199

IIpouecc 199

— apmabatugeckuit 220, 254

— HeobpaTuMEIL 244

— ofpaTuMbiii 244
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paM sHTpommu 243

nsorepMuyecknii 220, 254
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HepaBHOBeCHEIN 212
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P

T

obpatumerit 213
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PaBHOBECHHIH 212

pas3pHBHHIL 200

¢ mudpdysueit 129
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— %1—- — B HOEaJIbHOR amarkocTH 199,
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creMok 224, 226, 227
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PasMepHOCTH 395

Pa3pHB HEDOXBH:KHEIM 373

— cnabuit 358

— cmiabHH 358, 359

~- =— B DIEKTPOMATHATHOM IToJie 368

— TaHTeHIEANbHHI 366
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PacrnpocTpaHenHe DpaspHBa IO 9acTHIlAM
cpenu 374

Pacxon mCTO9HUKA (CTOKA) 46
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Pemenusa pasphiBHBIE 353, 355
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Har 185

CeBepTKa 62
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— KoOpmMHAaT 22
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291, 465, 466
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KOOpEAHAT OpAMonndeitsas 22
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CKa4YoK paapemenus 367, 375, 382, 388

~— ynanoruewana 367, 375, 382 388

— — Koco#t 390

— — npaMoit 390

Cropocts 28

— %Hocurenbﬂoro H3MeHEeHUA obbeMa
7

— — yonmuaesna 101
— OOBEPXHOCTH pasphiBa 365
— ggfnpoc'rpaneﬂnr{ OpPOrPECCEBHBIX BOJH

— CBeTa 273, 278

— 4pcroit ne(bopMaunn 103

CnomeHue TeH30pOB 55

ComnporuBienne 417, 422

CocToAHMe Havadabmoe 67, 68
«CoCTOAHNE HAYAILHOE» 67 68
Cocroaune cucreMsr 194

— 2_{4paBH0BECH0e' naubojee BepOATHOC

Crun 150, 269

— =-TeH3op 54

CouHop D4
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— wuneanpHaa 160
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CILTONIHAA

CTOH 46

CrpoeHne peaJbHBIX Ted 15—16
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Temnepatypa 215

Tensop 47, 54
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~— anTucHMMerpuyHH# 55, 104, 183, 186
188
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60
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54
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padra P 61

— Pumana — Kpuctodpdeas 89
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TeopeMa MUBBHX CUI IIA  OECKOHEYHO
Majloro o6bpcMa COIOIIHON Cpeasr 192
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— Crorca 111
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Teopua BoaH 350

pucioKanuit 467
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Ougarepa 265
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— obmasa 26, 287, 466, 471—485
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— — — obpeme 218
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Tevyenue Buxpesoe 117
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— OOTeHUMaJXbROC 44, 110, 112

ToK OpOBOXMMOCTH 296

— cMereHnA 298

— Xoaaxa 300
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— — Duaepa 32

TouKk¥ KpUTHUYECKMe 43

— ocobuie 43, 337
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HUil ToKa 4
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— BHUxXpeBaa 115

— TOKa 44, 130

Yaen 350

YMHOEHHE TeH30pa Ha 4Yuclo 55
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— — Jlarpamura 471
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— pMnynecoB 139, 362
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— MOMeHTOB 362
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Y paBHeHHE MOME[ITOB KOJHYCOTBA XBUIKCHISI

KaAa rourkm 147

HepaapuBHOcTH 130, 132, 362

— B HKDUMBOIUHEHHBHX Koopamuarax 179

— B mepeMeHHHX Jlarpamka 132

— — — OJiimepa 125

— B IWJIHHApPUYECKO#! U chepuueckoi

cucreMax koopauuar 180
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